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We present an optimal and robust quantum control method for efficient population transfer in asymmetric double
quantum-dot molecules. We derive a long-duration control scheme that allows for highly efficient population transfer by
accurately controlling the amplitude of a narrow-bandwidth pulse. To overcome fluctuations in control field parameters, we
employ a frequency-domain quantum optimal control theory method to optimize the spectral phase of a single pulse with
broad bandwidth while preserving the spectral amplitude. It is shown that this spectral-phase-only optimization approach
can successfully identify robust and optimal control fields, leading to efficient population transfer to the target state while
concurrently suppressing population transfer to undesired states. The method demonstrates resilience to fluctuations in con-
trol field parameters, making it a promising approach for reliable and efficient population transfer in practical applications.

Keywords: population transfer, quantum optimal control theory, quantum-dot molecules
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1. Introduction
Population transfer is a fundamental concept in various

domains of quantum physics, including quantum information
processing, quantum computing, and quantum optics.[1–5] Its
primary objective is manipulating a quantum system from its
initial state to a desired target state, which can be achieved
by applying external control fields, such as laser pulses, elec-
tromagnetic fields, or magnetic fields. By carefully designing
these control fields, it becomes possible to efficiently control
the dynamics of the quantum system, ultimately enabling the
transfer of population between different states.[6–12]

Several coherent quantum control techniques have been
widely used to achieve population transfer, such as stimu-
lated Raman adiabatic passage (STIRAP),[13,14] shortcuts to
adiabaticity,[15–17] and composite pulses.[18,19] By formulat-
ing the population transfer problem within an optimal control
framework, quantum optimal control theory offers a power-
ful tool for finding optimal control strategies that maximize
transfer efficiency while including constraints on the control
fields.[20–29] In practical applications, it is vital to develop ro-
bust quantum control strategies that account for uncertainties
and disturbances arising from fluctuations in control field pa-
rameters or environmental noise sources. However, ensuring
the effectiveness and reliability of population transfer in quan-
tum systems remains challenging, as it requires designing op-
timal control fields capable of overcoming such uncertainties.

To demonstrate robust optimal control, we take the semi-

conductor quantum dots (SQDs) as an example, which pos-
sess discrete energy levels, high nonlinear optical susceptibil-
ity, and exceptional controllability and adjustability.[30–34] By
arranging two or more coupled quantum dots separated by a
tunnel barrier, a fascinating system known as a “quantum-dot
molecule” can be formed, showcasing molecular-like struc-
tures and captivating quantum phenomena arising from the
coherent tunneling of charge carriers between the individual
quantum dots. These phenomena can be effectively harnessed
for various practical applications.[35–43] We concentrate on
achieving optimal and robust population transfer in an asym-
metric double quantum-dot molecule (ADQDM).[44–48] The
present system consists of two SQDs with distinct band struc-
tures connected through tunneling. Extensive research has
been conducted on such systems, revealing intriguing opti-
cal phenomena such as tunneling-induced transparency,[49–51]

tunneling-induced optical limiting,[52] tunneling-induced Tal-
bot effect,[53] and tunneling-induced phase grating.[54–56]

In this work, we show how to apply analytical
methods[57–60] for achieving optimal control of population
transfer by manipulating the spectral amplitude of a narrow
bandwidth pulse. However, this method suffers from long
pulse durations and high sensitivity to control field parameter
fluctuations. To overcome these limitations, we utilize a fre-
quency domain quantum optimal control theory (FDQOCT)
method[27–29] to find optimal control fields in the broad band-
width regime. Unlike time-domain methods[24] that shape the
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temporal field directly, FDQOCT optimizes complex spectral
fields in the frequency domain. By optimizing the spectral
phase while preserving the spectral amplitude, we can achieve
spectral-phase-only optimization, reducing the search space,
conserving laser energy, and emphasizing quantum coherence
effects. Our results demonstrate efficient population transfer to
the target state while suppressing undesired state populations,
even in the presence of fluctuations in control field parameters.
This work presents a valuable approach for finding robust opti-
mal control schemes to mitigate uncertainties and fluctuations
in practical applications.

The paper is organized as follows. In Section 2, we briefly
describe the model and the solution approach for the asym-
metric double quantum-dot molecule, and the overview of the
FDQOCT algorithm employed. In Section 3, we present nu-
merical simulations and discussions on the population transfer
in two distinct regions: narrow bandwidth and broad band-
width of the laser pulse. Finally, we conclude our findings in
Section 4.

2. Theoretical model and optimization methods

We consider an ADQDM composed of two single SQDs:
the left SQD and the right SQD. These two SQDs have differ-
ent band structures and are connected through electron tun-
neling. ADQDMs can be fabricated using self-assembled
dot growth technology. For example, they can be grown
on GaAs(001) substrates utilizing molecular beam epitaxy
and precise atomic layer etching techniques.[45] As shown in
Fig. 1(a), this system consists of three levels denoted by |1⟩,
|2⟩, and |3⟩. The ground state |1⟩ defines a level in which two
SQDs are not excited. The direct exciton state |2⟩ stands for
the level at which an electron is excited to the conduction band
in the left SQD to form an electron–hole pair, and the indirect
exciton state |3⟩ has one hole in the left SQD and one electron
in the right SQD.[44] A laser pulse ℰ(t) is introduced to couple
the ground state |1⟩ and the direct exciton state |2⟩, which can
be further coupled with the indirect exciton state |3⟩ through
electron tunneling.

Fig. 1. Schematic illustration of energy level configuration of the asymmetric double quantum-dot molecule in (a) the bare energy
basis (|1⟩, |2⟩, and |3⟩), and (b) the dressed energy basis (|A⟩, |B⟩, and |C⟩).

The total time-dependent Hamiltonian can be written as
H(t) = H0 +Hint(t) (h̄ = 1) in the energy basis (|1⟩, |2⟩, |3⟩)
with

H0 =

E1 0 0
0 E2 0
0 0 E3

+

0 0 0
0 0 Te
0 Te 0

 , (1)

Hint(t) =−

0 µ 0
µ 0 0
0 0 0

ℰ(t), (2)

where E j represents the energy of state | j⟩ (with j = 1,2,3),
Te is the electron tunneling coupling coefficient, and µ is the
electron dipole matrix element for the transition |1⟩↔ |2⟩. The
eigenstates of H0 read

|A⟩= |1⟩, |B⟩= 1√
2
(|3⟩− |2⟩), |C⟩= 1√

2
(|3⟩+ |2⟩), (3)

with the corresponding eigenvalues ωA = E1, ωB = E2 − Te,
and ωC = E3 +Te, considering the degeneracy of the two exci-
ton states. In the above basis, the total Hamiltonian H(t) can

be expressed as

Hd(t) =

 ωA Ω(t) −Ω(t)
Ω(t) ωB 0
−Ω(t) 0 ωC

 , (4)

where Ω(t) = µℰ(t)/
√

2 represents the effective Rabi fre-
quency. The dressed basis forms a three-level system in a V-
shaped configuration in Fig. 1(b), with states |B⟩ and |C⟩ be-
ing symmetric and antisymmetric delocalized states, respec-
tively. These states represent coherent superpositions of the
direct and indirect exciton states.

To simplify the following theoretical description, we de-
fine the effective Rabi frequency as

Ω(t) = Re
[∫

∞

0
Ω(ω)exp(−iωt)dω

]
, (5)

in terms of a complex function Ω(ω) in the frequency domain,
where Ω(ω) = A(ω)exp[iφ(ω)] is a product of a spectral am-
plitude A(ω) and a spectral phase φ(ω). In this work, we ex-
plore how to find optimal time-dependent control fields [i.e.,
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Ω(t)] by analytical designing the spectral amplitude A(ω) in
Subsection 2.1 and by optimizing the spctral phase φ(ω) in
Subsection 2.2.

2.1. Population transfer by controlling the spectral ampli-
tude

To obtain an analytical solution, we transform the Hamil-
tonian given in Eq. (4) into the interaction picture without
utilizing the rotating-wave approximation. The transformed
Hamiltonian, denoted as Hd

I (t), is expressed as

Hd
I (t) =

 0 Ω(t)eiωBAt −Ω(t)eiωCAt

Ω(t)e−iωBAt 0 0
−Ω(t)e−iωBAt 0 0

 , (6)

where ωi j = ω j −ωi represents the frequency difference be-
tween states |i⟩ and | j⟩, with i, j = A,B,C.

To achieve high-efficiency population transfer from |A⟩ to
|B⟩ or |C⟩, we can derive an analytical time-dependent wave
function for the V-type three-level system. The system is cou-
pled with a time-dependent coupling Ω(t), which is turned on
at the initial time t0 and turned off at the end time tf. The
time-dependent unitary operator U(t, t0) of the system can be
expanded using the Magnus expansion.[61–64] Considering the
first leading term U (1)(t, t0) = exp[−i

∫ t
t0 dt ′Hd

I (t
′)], the time-

dependent wave function of the system can be given by

|ψ(t)⟩=U (1)(t, t0)|A⟩

= cosθ(t)|A⟩+ i
sinθ(t)

θ(t)
[θB(t)|B⟩+θC(t)|C⟩], (7)

where θ(t) =
√

|θB(t)|2 + |θC(t)|2 represents the total com-
plex pulse area with the complex pulse areas θB(t) =∫ t

t0 Ω(t ′)exp(iωABt ′)dt ′ and θC(t) =
∫ t

t0 Ω(t ′)exp(iωACt ′)dt ′.
Using Eq. (7), we can analytically realized that it is possi-

ble to achieve a complete population transfer from |A⟩ to |B⟩ or
|C⟩ by setting the values of the complex pulse areas according
to

|θB/C(tf)|=
π

2
+ kπ, |θC/B(tf)|= 0, (8)

where k ∈ N, and the final time tf corresponds to the instant
when the coupling is switched off.

By performing the frequency-domain analysis, we can de-
sign the time-dependent coupling’s spectral amplitude A(ω) to
achieve these desired pulse area values. Specifically, we adopt
a Gaussian-frequency distribution for the spectral amplitude
by

A(ω) = A0 exp
[
− (ω −ω0)

2

2∆ω2

]
, (9)

where A0 represents the amplitude, ω0 the central frequency,
and ∆ω the bandwidth. The corresponding time-dependent
control field reads

Ω(t) =

√
2
π

A0

τ0
exp
(
− t2

2τ2
0

)
cos(ω0t), (10)

with the pulse duration τ0 = 1/∆ω . By controlling these pa-
rameters with A0 = |θB/C(tf)| and ω0 = ωB/CA, and choosing
∆ω narrow enough, we can achieve efficient population trans-
fer from |A⟩ to |B⟩ or |C⟩ at the final time tf.

2.2. Population transfer by optimizing the spectral phase

The above-mentioned control scheme revolves around
manipulating the spectral amplitude, which requires control
fields characterized by long pulse durations and precise con-
trol parameters. As a result, the efficiency of the control
scheme is greatly impacted by fluctuations in the control
field parameters and decoherence arising from the surround-
ing environment.[48] To tackle these challenges, we use the
FDQOCT method developed in Refs. [27–29] to determine
optimal time-dependent control fields by optimizing the spec-
tral phase while keeping the spectral amplitude unchanged.
This approach, utilizing spectral phase-only optimization, of-
fers several advantages. Firstly, it reduces the search space,
leading to more efficient optimization. Secondly, it highlights
the impact of the spectral phase in quantum control. Impor-
tantly, this method maintains the laser energy input without
making any alterations.

To employ the FDQOCT method, a dummy variable s≥ 0
is used to track the changes of the spectral phase φ(s,ω) from
an initial guess φ(si,ω) to the optimized one φ(sf,ω) and the
corresponding variation of cost functional, which is the popu-
lation PB/C(s, tf) of the target state |B⟩ or |C⟩ at the final time tf.
The objective is to increase the value of PB/C(s, tf) by updating
the spectral phase from φ(s,ω) to φ(s+δ s,ω), which can be
formulated as

g0(s) =
∫

∞

0

δPB/C(s, tf)
δφ(s,ω)

∂φ(s,ω)

∂ s
dω ≥ 0. (11)

In addition, we include two equality external constraints
Ω(s, ti) = 0 and Ω(s, tf) = 0 into the optimization, which limit
the turn-on and turn-off times of the optimized control fields
within the range [ti, tf]. These constraints can be formulated by

∫
∞

0

δΩ(s, ti/f)

δφ(s,ω)

∂φ(s,ω)

∂ s
dω = 0. (12)

To find the spectral phases that satisfy Eqs. (11) and (12)
starting from an initial guess, the FDQOCT method employs
the following optimization algorithm:

∂φ(s,ω)

∂ s
= g0(s)

∫
∞

0
S(ω ′−ω)

2

∑
ℓ=0

[Γ −1]0ℓ
δQℓ

δφ(s,ω)
dω

′,

(13)
where Q0 = PB/C(s, tf), Q1 = Ω(s, ti), and Q2 = Ω(s, tf). The
elements of the symmetric matrix Γ are defined as

Γℓℓ′ =
∫

∞

0

δQℓ

δφ(s,ω)

∫
∞

0
S(ω ′−ω)

δQℓ′

δφ(s,ω ′)
dω

′dω. (14)
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A normalized Gaussian function S(ω ′ − ω) =

exp[−4ln2(ω ′ −ω)2/σ2] is introduced as a convolution fil-
tering method to locally average the inputs δQℓ/δφ(s,ω) by
choosing an appropriate value for the parameter σ .

3. Results and discussion
3.1. Numerical simulations for the first approach

To examine the first approach, we employ the analyti-
cally designed pulse as described in Eq. (10), with ω0 = ωBA,
to achieve population transfer from state |A⟩ to state |B⟩. In
our simulations, we take parameters E1 = 0.1 eV, E2 = E3 =

0.4 eV, and Te = 0.5 meV. Figure 2 demonstrates the final pop-
ulations of the target state PB and the undesired state PC as

functions of the amplitude A0 (i.e., the pulse area θB) and the
frequency bandwidth ∆ω . For the sake of simplicity, we define
θB/C ≡ θB/C(tf) and PB/C ≡ PB/C(tf). The results indicate effi-
cient population transfer to state |B⟩ can be achieved when the
pulse bandwidth is sufficiently narrow. Interestingly, ampli-
tudes of A0 = π/2 or 3π/2 lead to high-efficiency population
transfer to the target state |B⟩, in line with the pulse-area condi-
tions in Eq. (8). Specifically, when ∆ω = 0.01 Te, the transfer
efficiency PB can reach a value of 0.999 while effectively sup-
pressing the population of state |C⟩ with PC(t) < 10−5. How-
ever, it is worth noting that in the case of a broad bandwidth
regime, the excitation to state |C⟩ also becomes significant due
to θC ̸= 0 in Figs. 2(c) and 2(d).
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Fig. 2. [(a), (b)] The dependence of the final populations PB and PC on both the amplitude A0 and the frequency bandwidth ∆ω by using
Gaussian pulses with the central frequency ω0 = ωBA. [(c), (d)] PB and PC as functions of ∆ω with A0 = π/2. [(e), (f)] PB and PC as
functions of A0 with the bandwidths ∆ω = 0.01 Te (red solid line), ∆ω = 1.0 Te (blue dashed line), ∆ω = 10 Te (black dotted-dashed line).

To better understand the impact of bandwidth ∆ω ,
Figs. 2(e) and 2(f) plot the cut lines of PB and PC as functions
of A0 for three bandwidths: ∆ω = 0.01 Te (narrow bandwidth),
∆ω = 1.0 Te, and ∆ω = 10 Te (broad bandwidth). In the case
of broad bandwidth, it is evident that the Rabi oscillations are
incomplete, and the maximum population of the oscillation de-
creases as ∆ω increases until it reaches a fixed value. This
implies that the pulse-area conditions cannot be satisfied with
broad bandwidth. However, a complete Rabi oscillation can be
observed in the case of narrow bandwidth. The transfer to the
target state occurs at A0 = π/2+ kπ (k ∈ N), where the pulse
area is precisely satisfied. Furthermore, the central frequency
ω0 exactly resonates with the transition frequency ωBA.

3.2. Numerical simulations for the second approach

We now explore the second approach, which involves uti-
lizing the FDQOCT method to search for optimized spectral
pulses in the broad bandwidth regime. In particular, we se-
lect a broad bandwidth of ∆ω = 10 Te as an example for our
simulations. We initialize the input with a zero spectral phase,
φ(si,ω) = 0. Additionally, we set the filtering function with a
bandwidth of σ = 0.15 eV and ω0 = ωBA. To obtain general-

ized results, we conduct the FDQOCT simulations for various
values of the amplitude A0, scanning it from 0 to 2π . We em-
ploy the FDQOCT algorithm throughout the optimization pro-
cess to optimize the spectral phase while keeping the spectral
amplitude at A0.

0 1.0 1.50.5
0

0.5

1.0

2.0 0.9535 1.0
0

1.0

2.0

1.0465

Frequency (w0)

0 2.01.0
(a) (b)

P
B

A0 (p)

A
0
 (
p
)

f(w)(p)

Fig. 3. The optimal simulations for the frequency bandwidth ∆ω =
10 Te. (a) The cost functional as a function of the amplitude A0. (b) The
corresponding optimized spectral phases. The optimization process is
terminated when the objective value is converged to 0.999.

Figure 3 shows the cost functional, i.e., the final optimal
population PB, and the corresponding optimal spectral phases
as functions of the amplitude A0. To facilitate readability, we
perform an overall phase shift to attain a minimum value of
0 and then modulate the phases to ensure it falls within the
[0,2π] range in Fig. 3(b). It is observed that the FDQOCT
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method can find optimal control pulses capable of achieving
high-efficient population transfer, with PB > 0.999, as long as
the amplitude A0 exceeds a certain threshold A0 ≥ 0.61π .

In the following analysis, we examine the results for A0 =

π as an example to investigate the optimized control pulses
further. Figure 4 illustrates the optimized control pulse and
the corresponding time-dependent populations in three states.
Specifically, as a comparison, Fig. 4(a) depicts the fixed spec-
tral amplitude A(ω), described by Eq. (9) with ∆ω = 10 Te,
and the initial spectral phase φ(si,ω), which are used in the
FDQOCT simulation. The corresponding initial temporal con-
trol pulse is shown in Fig. 4(b). Figure 4(c) shows the popu-
lation evolution of the three states driven by the initial control
pulse. Due to the broad bandwidth, the initial pulse with a flat
spectral phase, i.e., φ(si,ω) = 0, leads to a notable population
transfer to the undesired state |C⟩.

Figure 4(d) plots the optimized spectral phase achieved
through the FDQOCT optimization. To obtain the optimized
temporal pulse, we incorporate the fixed spectral amplitude
A(ω) and the optimized spectral phase φ(sf,ω) into the in-
verse Fourier transform, as expressed by Eq. (5). The resulting
optimized temporal pulse is shown in Fig. 4(e). Compared to
the initial pulse, the optimized spectral phase reduces the peak
intensity of the optimized temporal pulse while significantly
extending its duration. However, it is important to note that
the time duration remains much shorter than that of the nar-
row bandwidth pulse with ∆ω ≪ 1.0 Te. Figure 4(f) shows the
corresponding dynamical evolution of the populations in the
three states achieved using the optimized control pulse. Al-
though the spectral amplitude is kept unchanged as the ini-
tial one, the optimized time-dependent pulse via the spectral-
phase-only optimization maximizes the population transfer to
the target state |B⟩ while significantly suppressing its transfer

to the undesired state |C⟩.
We finally analyze to assess the impact of experimental

errors on the population transfer driven by the optimized con-
trol fields. Specifically, we focus on errors resulting from vari-
ations in the amplitude and central frequency of the control
fields.

Figure 5(a) depicts the dependence of the final popula-
tion PB on the control field’s amplitude A0 and the detuning
δ = ω0 −ωBA. The final population in the target state PB con-
sistently remains above 0.999 across a wide range of parame-
ter values. This observation underscores the robustness of the
population transfer process against experimental errors, high-
lighting the reliability of the optimized control fields. To fur-
ther explore the effect of the pulse amplitude variation, we plot
the corresponding cut lines of PB as a function of the pulse am-
plitude A0 with δ = 0 in Fig. 5(b). The results demonstrate a
monotonic increase in transfer probability with an increasing
pulse amplitude (A0). Notably, when the value of A0 exceeds
0.8π , the transfer probability consistently exceeds 0.999. Ad-
ditionally, we investigate the impact of variations in central
frequency by plotting the cut lines of PB against detuning (δ ),
with the amplitude fixed at A0 = π , as shown in Fig. 5(c). The
population transfer of PB greater than 0.999 can be achieved
when detuning varies within the range of [−1.2, 3.9] meV.

In addition, we also perform similar simulations for
achieving reliable and efficient population transfer to the sym-
metric delocalized state |C⟩, not presented here. It is worth
noting that the results of the robustness of the population trans-
fer process remain consistent across these simulations. This
further emphasizes the robustness and effectiveness of the op-
timized control fields, even in the presence of experimental
errors resulting from variations in pulse intensity and central
frequency.
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Fig. 5. The robustness of population transfer to the target state |B⟩ by
using the optimized control pulse: (a) final population PB versus the
amplitude A0 and the detuning of the optimized control field, and the
corresponding cut lines at (b) δ = 0 and (c) A0 = π .

4. Conclusion

In summary, we have presented an implementation of
population transfer in the ADQDM, explicitly targeting the
transfer from the ground state to the delocalized states. These
delocalized states correspond to the maximal coherent super-
position states between the direct and indirect exciton states.
In the case of narrow bandwidth, we utilize a control pulse that
satisfies the pulse-area conditions, leading to complete popu-
lation transfer from the ground state to the desired target state.
On the other hand, when dealing with a broad bandwidth, we
employ the FDQOCT method to search for the optimal spec-
tral phase while maintaining a fixed spectral amplitude in the
frequency domain. The resulting optimized control pulse en-
ables high-efficiency population transfer to the desired state
while exhibiting robustness against variations in both the pulse
amplitude and central frequency. Our work offers a valuable
strategy for achieving population transfer in the ADQDM sys-
tem and holds significant potential for applications in quantum
information processing.
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