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Topological states switching and group velocity control in
two-dimensional non-reciprocal Hermitian photonic lattice

Yu Lin(#£7%), Yuandan Wang(F ¢ H)), Junhao Yang(#18%%), Yixuan Fu(ff 2 %), and Xinyuan Qi(GF#iit)"
School of Physics, Northwest University, Xi’an 710127, China

(Received 30 June 2023; revised manuscript received 23 October 2023; accepted manuscript online 24 October 2023)

We proposed a model with non reciprocal coupling coefficients, in which the imaginary parts y indicate the phase
delay or exceed term. The distributions of band structure and the group velocity are both characterized as a function of
the coupling. we studied the system’s topological states and group velocity control. The results show that the movement
and breaking of Dirac points exist in the energy band of the system. By changing the coupling coefficients, the conversion
between any topological states corresponds to different Chern number. Topological edge states exist in topological non-
trivial systems that correspond to the two different Chern numbers. Besides, it is also found that both the coupling coefficient
and the wave vector can cause the oscillation of the pulse group velocity. At the same time, the topological state can suppress
the amplitude of the group velocity profiles. Our findings enrich the theory of light wave manipulation in high-dimensional
photonic lattices and provide a novel view for realizing linear localization and group velocity regulation of light waves,

which has potential application in high-speed optical communication and quantum information fields.

Keywords: Dirac point, imaginary coupling, Chern number, group velocity

PACS: 42.70.Qs, 03.65.Vf, 42.79.Gn

1. Introduction

In recent years, topological photonic systems have at-
tracted much attention from researchers, who have performed
extensive studies on different topological photonic systems
and achieved rich research results.!!! The study of topological
photonic systems started in 1979, with the one-dimensional
(1D) Su-Schrieffer—Heeger (SSH) model proposed by Su et
al.”?! as a representative example, which realized topological
phase transition through staggered coupling in the lattice.!>*]
Based on this, topological photonic devices have gradually at-
tracted attention.!>~”1 The SSH model has chiral and particle—

[8.9

hole symmetries,!®! and many novel phenomena have been

discovered by studying the SSH model, such as topological
invariants, topological phase transitions, edge states, etc.!!]
With the progress of research, two-dimensional (2D) topolog-
ical photonic systems have aroused great interest.!'!! Quan-
tum spin Hall effect (QSHE) and quantum valley Hall ef-
fect (QVHE) with time reversal symmetry can be realized
in 2D photonic crystals.['”? QSHE can be realized in pho-
tonic crystals with strong spin—orbit coupling,!'3! where spin-
up and spin-down bands are inverted and separated by a

band gap,!'¥!

each spin sector having a nonzero Chern num-
ber with opposite signs. Therefore, there exist topologically
protected edge states propagating along the system bound-
ary, with opposite spins and directions. These edge states
are immune to disorder-induced backscattering. QVHE can
be realized in photonic crystals with honeycomb or hexag-

onal lattices,!!3] where valleys correspond to two inequiva-
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lent Dirac cones at K and K’ points. By introducing a stag-

gered potential or breaking the sublattice symmetry,!'6-18]

a
band gap can be opened at the Dirac points (DPs), and val-
leys acquire opposite Chern numbers.!'°! Therefore, there ex-
ist topologically protected edge states propagating along the
system boundary, *>!] with opposite pseudospins and oppo-
site group velocities. Both QVHE and QSHE based photonic
topological insulators (PTIs) preserve time-reversal symmetry,
and moreover, these PTIs can also host higher-order topolog-
ical phases, such as second-order PTIs with corner states or
third-order PTIs with hinge states. [22-26] 1 2008, Haldane and
Raghu proposed a method of breaking time reversal symmetry

[27.28] which can realize one-

29,30

using magneto-optical materials,
way transmission of chiral edge states of light.?>*] Wang et
al., successfully observed the robust one-way transmission of
edge states in a 2D magnetic photonic crystal experiment. 3!}
However, most of the aforementioned 2D photonic systems
require the time reversal symmetry breaking,*?! and are non

[33-38] The studies in 2D non-reciprocal Hermitian

Hermitian.
photonic systems are still rarely reported.

In this paper, we constructed a 2D non-reciprocal Hermi-
tian photonic lattice and studied theoretically and numerically
the system’s topological states and group velocity control. By
changing the coupling coefficients, we analyzed the movement
of DPs in the energy band structure, and the transformation be-
tween any topological states corresponding to different Chern
numbers. Finally, we studied the impact of the topology on the

group velocity.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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2. Topological state and dispersion curve

This section presents a 2D non-reciprocal coupled Her-
mitian photonic lattice and its unique properties. Figure 1
illustrates the structure of this lattice, which consists of two
straight waveguides, A, (blue) and B,, (red), forming a unit
cell (red dashed box). Each unit cell has an imaginary cou-
pling coefficient +iy between the two sublattices. The system
can be modeled by coupled mode equations for the amplitudes

ay and b, of the sublattices A and B, respectively:

.da .
- dZ" = (t+iY)bp+ Aans1 +an-1) + 8(bns1
+bn—l)_6(bn+1+bn—1)eiiky+tbn_1’ (1
db
i dZ” =t —1Y)an+A(bpt1+bu—1)+ 6(ans

+an71)—0(an+1+an71)eik"+lan+17 ()

where n is the number of cells; A is the intralayer coupling co-
efficient; the interlayer coupling within a cell is non-reciprocal
coupling with different imaginary coupling coefficients t - i7;
the interlayer coupling between cells is 6 and ©. z represents
the propagation distance of the wave packet, a,, b, are the field
amplitudes of waveguides A,,, Bj,.

u_ Uy

Fig. 1. (a) Schematic diagram of a 2D non-reciprocal Hermitian photonic
lattice with two sites per cell. (b) The effective 1D chain structure of the
model in (a).

For reduction of calculation, we simplify the Bloch
Hamiltonian of the system to a 1D narrow-band chain model
that is periodic along x and confined along y. Applying Bloch’s
theorem: any1 = ape'X, bpy1 = bye'X. In the momentum
space, the equation can be written as

. d fa,\ an
—HMQJ_HQJ. 3)

So the Hamiltonian H (k) is written as

—iky
H(k)z( "o e ) )

u_+se' m

where m = 2Acosk,; s =t —20cosky; uyr = u=+1iy and
u=t+28cosk,. Fora given k,, when g # 0 and u_ # uy,

equation (4) describes a 1D narrow-band chain model with
non-reciprocal intra-cell coupling, as shown in Fig. 2(b). Ana-
lyzing the Bloch Hamiltonian reveals that it satisfies H T=H,
indicating that the system is a Hermitian system with real en-
ergy spectra.

The dispersion relation can characterize and predict light
transmission behavior in periodic photonic crystals. The
Bloch Hamiltonian is given by Eq. (4), and a solution of the
equation gave the dispersion relation, which was the expres-
sion of the system’s energy band structure

Es(k)=mE\/s>+ePsuy +e Osu_+uu_. (5

The dispersion relation can characterize and predict a 2D
Brillouin zone (BZ). We divide it into several small squares
and calculate each square’s Berry curvature. We use the Chern
number efficient method to simplify the calculation to solve
whether the system has topological properties and transform
the Berry curvature integral into a linear algebra problem. 4]
This method is based on the Haldane model,?%#11 which as-

sumes that the Hamiltonian can be expressed as

4
H(k) =Y di(k)o;, (6)
i=1
where 0; is the Pauli matrix and d;(k) is the real function. For
such Hamiltonian quantities, the Berry curvature can be ex-
pressed as

F(k)=2Y edi(k)d;(k), @)
i<j
where g;; is the Levi-Civita notation. The Berry curvature
can be transformed into a linear problem by fitting d;(k) with
a cubic function

F(k) = [d(k) x Vid(K)] - C, ®)

where d(k) = [d,(k),d2(k),ds3(k)] and C is a constant. This
linear problem can be solved by computing the dot product of
[d(k) x Vid(k)]-C and C, and then integrating the result to
obtain the Berry curvature. Finally, the Chern number can be
calculated by substituting the Berry curvature into the integral
formula for the Chern number.

The 2D non-reciprocal Hermitian system can be solved
for whether it has topological properties by the above stale ef-
ficient method. We solve the topological states of the system
separately when 6 = ¢ and 6 # 0. When 6 = o, the coupling
coefficient A = 0, t = 0.5 are fixed, and the Chern number of
the system is calculated. The state is determined numerically,
and the calculation results show that when the coupling coef-
ficient § = 0.5 and Yy = 0, C = —2, corresponding to a topo-
logical non-trivial state; when the coupling coefficient 6 < 0.5
and Y > 0.3, C = —1, corresponding to another topological
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non-trivial state; when the coupling coefficient 8 > 0.5 and
v > 0.3, C = 0, corresponding to a trivial topological state.
The robustness of the topological state is further calculated,
and it is found that the topological state remains unchanged
when A € [0,0.1].

When 8 # o, the coupling coefficient A = 0.5, § = —1,
t =2, o0 =1 is fixed, and the Chern number of the system is
calculated. It is found that C = 0, regardless of the value of
the imaginary coupling coefficient ¥, implies that the system
is in a topologically trivial state. For a fixed coupling constant
A=0,6=—1,t=2, 0 =1, the band structure of the Bloch
Hamiltonian H (k) is shown in Figs. 2(a)-2(c), where we plot
the dispersion relation as a function of the wave vectors k, and
ky.

When the intralayer coupling constant A = 0, the system

@ a=0,+=0 ©

A=0.1,v=0 ® a

is chiral symmetric and preserves CH (k)C~! = —H(k). The
band structure of the Bloch Hamiltonian ¥ = 0 is shown in
Fig. 2(a); due to the chiral symmetry of the system, the upper
and lower bands are symmetric, and there are two band inver-
sion points at (ky,ky) = (1/2,7/2), (ke ky) = (—7/2,—7/2).
Because of the imaginary coupling constant y = 0, the bands
are also symmetric about the origin, and there are three DPs lo-
cated at the edge (A2,A3) and center (A;) of the BZ, with the
edge DPs being symmetric about the origin (ky,k,) = (0,0).
The 2D Dirac states reported to date are distributed only at
high symmetry points in the BZ, and the low-energy dispersion
of these Dirac states is isotropic due to symmetry constraints.
Ref. [42] reported in 2022 that the Dirac states in antimony

films are located at general momentum points.

A=0,v=1

kOl

x x

2
=90 ]
R
32 w2 i "
Ty o " "m O e ﬂz
- Ry K, W2 wn W2k,

Fig. 2. The dispersion relation distribution is plotted. (a)—(c) The energy band diagrams corresponding to the imaginary coupling coefficients
vy for 0, 0.3, and 1, respectively, with the remaining parameters set to A =0, § = —1, =2, and 6 = 1. (d) and (e) The energy band curves

corresponding to parameters 8 = 0.5, 1 = 0.5, ¢ = 0.5. (f) The energy band curve corresponding to parameters § = 0.3, 7 = 0.5, c = 0.3.

A DP at a non-high-symmetry point of an optical system
can be realized by adjusting the imaginary coupling coefficient
in a 2D photonic crystal, as shown in Fig. 2. When the imag-
inary coupling coefficient increases gradually to y = 0.3, the
DP shifts from the edge of the BZ to the center of the BZ,
and the DP at the center breaks. Under this condition, there is
only one non-high symmetry DP, The imaginary coupling co-
efficient can be interpreted as a phase factor that modifies the
hopping amplitude between neighboring sites in the photonic
crystal. This phase factor violates the time-reversal symme-
try and leads to a non-reciprocal propagation of light. Con-
sequently, the dispersion relation is distorted and shifted by
the imaginary coupling coefficient. The DP, which is a degen-
erate point of two bands with opposite parity, is sensitive to

the phase factor and can be manipulated or split by tuning the

imaginary coupling coefficient. The band gap, which is deter-
mined by the band inversion between the two bands, is also
influenced by the imaginary coupling coefficient. When the
imaginary coupling coefficient is sufficiently large, the band
inversion can be reversed and the band gap can be opened. as
shown in Fig. 2(b). When the imaginary coupling coefficient y
increases further, we find that the DP moves wholly and again
breaks. The band gap widens with the rise of the imaginary
coupling coefficient. By adjusting the coupling coefficient, we
provide a simple model and method to locate the 2D DP at a
general momentum point.

Figure 2(d) shows the band structure for 6 = 6 =1 =0.5.
Due to the chiral symmetry of the system, the upper and lower
bands are symmetric, and there is no degenerate point in the

design, only two band sharp points. When the intralayer cou-
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pling coefficient A = 0.1, the chiral symmetry of the system
is broken. In Fig. 2(e), due to the breaking of chiral symme-
try, the balance of the upper and lower bands is destroyed, but
the two band abrupt points at (ky, ky) = (7/2,7/2), (ke,ky) =
(—=m/2,—m/2) are not broken due to the breaking of symme-
try, and as A increases, the maximum value of the band in the
range of ky = —m/2toky =n/2 and ky = —m/2 to ky, = /2
increases, and the maximum value of the band in the range of
ke = |m/2]| to ky = || and k, = |7 /2] to ky = || decreases. By
adjusting the coupling coefficient, we provide a simple model
and method to make the 2D DP at a general momentum point.

When the system is in the topologically non-trivial state
corresponding to C = —1, the band structure shows that, com-
pared with the topological state corresponding to C = —2, the
overall dispersion relation decreases inward, and the maxi-
mum value of the dispersion relation is lower. Nevertheless,
the broadband sharp points do not disappear, as shown in
Fig. 2(f).

A comparison of the six band diagrams reveals that there
are always two sharp points in each band and that their po-
sitions do not depend on the imaginary coupling coefficient
7. The analytical solution indicates that the strong points are
located at (ky,ky) = (7/2,7/2) and (ky, ky) = (—7/2,—7/2).

3. Research on topological states

However, not all topological systems exhibit con-

sistent boundary state behavior under open boundary
conditions.!*>*! Therefore, in specific studies, the system
structure and boundary conditions must be considered to deter-
mine the energy spectrum of topological systems under open
boundary conditions.

When the intralayer coupling coefficient A = 0 and the
other coupling coefficients are y =0, § = 0.5, + = 0.5 and
o = 0.5, the system is in the topological state when Chern
number C = —2. Figure 3(a) shows the energy spectrum struc-
ture of the system with an open boundary in the y direction
and an even number of lattice points, assuming n, = 40 and
Ny, = 80. There are zero energy degenerate bands in the en-
ergy spectrum of the system and several particular degener-
ate points in the bulk state. The numerical solution indicates
that the positions of these points are k, = +1.04, +2.08, where
there are four-fold degeneracies of n, and the intracell cou-
pling u4 vanishes, that is, t + 28 cosk, + iy = 0, as shown by
the blue dashed line and the intersection point with the bulk
state. If an odd number of lattice points N, = 81 is chosen
in the y direction, a flat band appears in the open boundary
energy spectrum throughout the BZ, as shown in Fig. 3(d).

N, =80

i
1
1
1
1
1
'
1
1
T
1
1
i
1
I
'
1
1
1
1
1
1
1
1
1
'
1
'
T
'
1
i
1
1
1
1
1
L

N,=81

_§7T —2.08 —=1.04 0

x

1.04 208 7 —7—-2.08—-1.04 O

x

—0.58 0 0.58 ks
k

x

Fig. 3. Spectral distribution of topological states. (a) and (d) The open boundary energy spectrum corresponding to the topological state with
Chern number C = —2 when A = 0. (b) and (e) The open boundary energy spectrum of the system at A = 0.1, compared with (a) and (d). The
rest of the parameters for y=0, § =0.5,7 = 0.5, 6 = 0.5. (¢) and (f) The open boundary energy spectrum corresponding to the topological state
with Chern number C = —1; parameters forA =0, 6 =6 =0.3,y=0.1, =0.5.

When the intralayer coupling coefficient A = 0.1, fig-
ures 3(b) and 3(e) show the change of the energy spectrum
structure of the open boundary in the y direction when the
intralayer coupling coefficient A # 0. Figure 3(b) is the en-
ergy band diagram when the number of lattice points is even
(Ny = 80), indicating that when the intralayer coupling coeffi-
cient A changes within a small range, it has a particular impact
on the energy spectrum of the whole system. First, it changes

the edge state of the system, making it from a topologically
protected zero mode to a topologically protected near-zero
way; second, it changes the symmetry of the system, mak-
ing the upper and lower energy spectra no longer symmetrical
but does not affect the position of the degenerate points in the
bulk state. The bulk state is still decayed at k, = +1.04,+2.08.
For the energy band diagram with an odd number of lattice
points (N, = 81), the change of the energy spectrum diagram
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is consistent with Fig. 3(d), and a zero-energy flat band ap-
pears throughout the BZ. The appearance of these states is
closely related to the specific shape and topological properties
of the lattice. However, increasing the number of lattice points
does not change the existence and position of bulk degener-
ate points and topological edge states because the appearance
of these states depends on the specific shape and topological
characteristics of the lattice rather than just the increase in the
number of lattice points.

In general, the intralayer coupling coefficient A affects
the edge state of the system: when the intralayer coupling co-
efficient A = 0, the edge state of the system is a topologically
protected zero mode; when the intralayer coupling coefficient
A # 0, the edge state of the system is a topologically protected
near-zero mode.

The number of lattice points in the y direction affects the
appearance of the zero-energy flat band in the open boundary
energy spectrum, regardless of whether the system is topolog-
ically trivial or non-trivial. No flat band appears in the whole
space when the number of lattice points in the y direction is
even. When the number of lattice points in the y direction is
odd, the zero-energy flat band always exists, regardless of how
the coupling coefficients change.[*>#6! In summary, we pro-
pose a method to realize a flat band at a single lattice point
without considering the amplitude and phase of the lattice
points.

Figure 3 has simplified the 2D photonic crystal into a 1D
non-reciprocal narrow-band chain model along the y direction.
This narrow-band chain model simulates the light wave trans-
mission behavior.

=
o)
.E

. 3

- a

[}

2 0

£ 20

& -

A 2
a
3
(o}
o
5

0 25 500 25 50
Lattice site, N,

Fig. 4. Numerical simulation of topological states. (a) and (c) The light
wave dynamics process of the topological edge state of the system when
the Chern number C = —2, parameters for A =0, § = 0.5, t = 0.5,
0 =0.5 y=0. (b) and (d) The light wave dynamics process of the
topological edge state of the system when the Chern number C = —1,
parameters for A =0, 6 =0.3,1=0.5,0 =0.3, y=0.1.

Figure 4 illustrates the light wave transmission process at
the boundary of a finite system under the topologically non-

trivial condition. Assuming y = 25, the number of lattices is
N, = 2ny, = 50, the wave vector k) = 7, and a Gaussian wave

packet is used for excitation. Figures 4(a) and 4(c) show the
evolution of the edge states under topological non-trivial con-
dition when the system’s Chern number C = —2, with the cou-
pling coefficients A =0, 6 = 0.5, =0.5,0 =0.5, y=0. We
observe topological edge states at the upper and lower waveg-
uide edges, and the waveguide is localized on the outermost
waveguide. Figures 4(b) and 4(d) show the evolution of the
edge states under topological non-trivial condition when the
system’s Chern number C = —1, with the coupling coefficients
A=0,6=0.3,1=0.5,0 =0.3, y=0.1. We observe that the
light wave oscillates and couples with other waveguides, but
due to the topological property of the system, the light wave
eventually localizes on the edge waveguide, which is the topo-
logical edge state.

4. Study on group velocity control

This section investigates how to control the photonic crys-
tal’s group velocity by tuning the system’s coupling coeffi-
cients. The group velocities k, and k, of the wave packet along
the x and y directions, respectively, are obtained by solving the
first-order derivatives of Eq. (8) concerning vy, and vy, .

The formula for the group velocity vy is derived as fol-
lows:

v, = dE+ _ sink,A 7 ©)

dix \/e”‘>'(B+C+D+E)

where A = (<24 £ (1+ ¢ *)*#(6 — 6) — (—1 + *b)iyo
4(e'™8 — 0)(=6 + e'™o)cosky)), B = &M (t + iy +
28 cosk,)(r — 20 cosky), C = e™ (212 + 9% +2(82 + 02)),
D =4t(8 — 6) +4t(8 — o) cosky, +2(8% + 62) cos2k,), E =
1> — iyt — 280 +2tS cosk, + 2iyo cosk,.

Figure 5 shows how tuning ¥, an imaginary coupling co-
efficient in our system, affects group velocities along x. Fig-
ures 5(a)-5(c) illustrate how v, varies with k, for different
values of y. When y = 0, there are three points where vy = 0,
corresponding to the edge and center of the BZ. The band
jump point in the band structure remains a discontinuity in
vk, regardless of y. When y = 0.3, v, changes slightly: it be-
comes flatter around the center point and reaches higher max-
ima and lower minima. As Y increases further, these trends
continue: v; becomes more gentle at the center and more ex-
treme at other points. Increasing y does not affect the zero
group velocity points. Still, it causes vy, to increase or de-
crease continuously depending on k, and become flatter at
the center. Figure 5(d) shows v, under topological condi-
tions. There are still three points where v, = 0, as in the
non-topological case, but there is no abrupt change at the
band jump point; instead, two group velocity bands intersect
at (ky,ky,vi, ) = (£7/2,£7/2,0). The overall variation of vy
is also significantly reduced due to topological suppression.

114213-5



Chin. Phys. B 32, 114213 (2023)

v=0 v=0.3
51 () 570
S 0 w
5. @S e T
kyo Tk k:) Ry
y= v=0
57()
& = -5
TE T 4 T /
> D —~__ <0
k() -E%JT ky k 0 —n{ kll

Fig. 5. Group velocity control in the x direction. (a)—(c) The group ve-
locity variation curves for the topologically trivial state, with the same
parameters as Figs. 2(a)-2(c). (d) The group velocity variation curve for
the topologically non-trivial state, with the same parameters as Fig. 2(d).

v=0.3
1)

Fig. 6. Group velocity control study in the y direction. (a)-(c) The group
velocity variation curves for the topologically trivial state, with the same
parameters as Figs. 2(a)-2(c). (d) The group velocity variation curve for
the topologically non-trivial state, with the same parameters as Fig. 2(a).

The formula for the group velocity v, is derived as fol-
lows:
dEL eikyisu+ — e Mg
Vk, = =
Y dky

(10)

2\/52 + elkysu+ +e P+ uyu_

Figure 6 shows the group velocity variation curve in the

y direction. Figures 6(a)-6(c) illustrate how increasing 7y af-
fects vi,. Unlike vy, vy, is not zero at the edge of the BZ; it
has a value of 50 whenvy = 0. As 7 increases, vy, decreases
at most points except for the center point, where it remains
zero. The slope around this point is also tiny and close to zero,
which may result in localized or dispersion-less transmission
of light waves. In addition, v, is negative for most values of
ky in in the range of 0 to 7, indicating group velocity deceler-
ation. Thus, we observe group velocity acceleration, deceler-
ation, and zero group velocity within one period. Increasing y
does not change these phenomena significantly; it only causes
, to decrease further. Figure 6(d) shows vy, under topologi-
cal conditions. The variation of v is tiny under this condition;

only near (0,0) is there a noticeable curvature that may cause
light wave diffraction due to topological suppression of group
velocity variation.

5. Conclusion

As one of the most attractive optical systems for light ma-
nipulation, non-reciprocal photonic lattices provide abundant
means to realize the topological edge states and regulate the
group velocity. This paper presents a theoretical design of the
non-reciprocal Hermite 2D photonic lattice, and the topolog-
ical phase transition, topological edge state, optical transport
behavior, and group velocity change in the non-reciprocal cou-
pling photonic lattice are studied. The research results show
that when the imaginary coupling coefficient ¥ < 0.3 and inter-
layer coupling coefficient § < 0.5, the system has a topologi-
cally non-trivial state of C = —1; when the imaginary coupling
coefficient ¥ = 0 and the interlayer 6 = 0.5, the system has a
topologically non-trivial state of C = —2. When the imaginary
coupling coefficient ¥ = 0, the system energy band is symmet-
(0,0).
large system, the system has a zero-energy flat-top band when

ric relative to the wave vector (ky,ky) = In a finitely

the lattice number in the direction y is odd. The study of group
velocity shows that zero group velocity points exist regardless
of the topological property of the system. However, the topo-
logical state can suppress the amplitude of the group velocity

profile. To sum up, this work realizes different topological

states of system and localized states of light waves in 2D pho-
tonic lattices, enriches the connotation of optical transmission
and group velocity regulation in 2D non-reciprocal Hermitic
photonic lattices, and has particular theoretical guiding sig-

nificance in the fields of optical communication and photonic

device fabrication. [47:48]
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