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We investigate the chiral edge states-induced Josephson current–phase relation in a graphene-based Josephson junc-
tion modulated by the off-resonant circularly polarized light and the staggered sublattice potential. By solving the
Bogoliubov–de Gennes equation, a ϕ0 Josephson junction is induced in the coaction of the off-resonant circularly po-
larized light and the staggered sublattice potential, which arises from the fact that the center of-mass wave vector of Cooper
pair becomes finite and the opposite center of-mass wave vector to compensate is lacking in the nonsuperconducting re-
gion. Interestingly, when the direction of polarization of light is changed, −ϕ0 to ϕ0 transition generates, which generalizes
the concept of traditional 0–π transition. Our findings provide a purely optical way to manipulate a phase-controllable
Josephson device and guidelines for future experiments to confirm the presence of graphene-based ϕ0 Josephson junction.

Keywords: graphene, circularly polarized light, staggered sublattice potential, ϕ0 Josephson junction
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1. Introduction

Graphene, a flat monolayer of carbon atoms arranged in
a two-dimensional (2D) honeycomb lattice, was studied the-
oretically in 1947.[1] It was viewed as a thriving theoretical
toy model until the realization of graphene in experiment in
2004.[2] By using the tight-binding model, there are two in-
equivalent corners K and K′ in the first Brillouin zone, around
which is a conical band structure described by the massless
Dirac equation.[3] Owing to its linear electronic spectrum,
graphene has become a new type of “relativistic” material,
where some unobservable relativistic phenomena in high en-
ergy physics, such as Klein tunneling and anomalous Klein
tunneling,[4–8] can be easily mimicked and tested in con-
densed matter physics. Graphene not only provides a highly
practical and prospective platform for studying fundamental
physics, such as half-integer quantum Hall effect,[9] specu-
lar Andreev reflection,[10] topological phase transition,[11–14]

and superconductivity,[15–18] but also has extraordinary ap-
plications in future, such as next-generation electronics and
photonics,[19,20] device physics,[21] and heterostructure.[22]

With the rise of graphene, the research about two dimen-
sional materials, such as silicene,[23] 2D transition metal
dichalcogenides,[24–26] and phosphorene,[27,28] flourishes and
continues to provide a fertile ground for applications such as
energy storage and novel topological electronic devices.[29–31]

Josephson effect, the flow of supercurrent between two
pieces of superconducting material separated by a thin layer
of insulating material, was first predicted by English physi-
cist Josephson and then was verified in experiment by An-
derson and Rowell.[32,33] In this case, the minimal Joseph-
son free energy appears at zero phase difference by calculating
the phase-difference-dependent Josephson free energy, which
is called 0 Josephson junction. When the insulating mate-
rial is replaced by a ferromagnetic metal, i.e., superconductor-
ferromagnet-superconductor junction, the minimal Josephson
free energy may appear at π phase difference and the di-
rection of the critical supercurrent may be reversed, which
is called 0–π transition and is suggested as a promising
device to realize qubits.[34–36] When the minimal Joseph-
son free energy appears at ϕ0 phase difference (ϕ0 ̸= 0,π),
the finite supercurrent exists at zero phase difference. This
Josepshon junction called ϕ0 Josephson junction with an un-
conventional supercurrent-phase relation J = Jc sin(φ − ϕ0),
which was discussed in the nanowire-based Josephson junc-
tion applied by the Rashba spin–orbit coupling and the Zee-
man field,[37,38] the magnetic field-modulated quantum spin-
Hall insulator,[39] the one-dimensional topological interface
states constructed in a 2D honeycomb-lattice system,[40] the
magnetized topological insulator interfaces,[41] the electrically
modulated silicene nanoribbon,[42] a Bi2Se3-based Josephson
junction in the presence of an in-plane magnetic field,[43] and
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the quantum anomalous Hall insulator.[44] These Josephson
junctions play an important role in the design of supercon-
ducting circuits,[45–48] which stimulates researchers to study
the Josephson effect constantly.

The graphene-based Josephson junction was studied
widely.[49–54] The bipolar supercurrent in graphene was
observed.[50] A π Josephson junction was predicted.[51]

The PbIn–graphene–PbIn Josephson junction would facili-
tate the development of superconducting quantum informa-
tion devices.[52] Supercurrent rectification effect in graphene-
based Josephson junctions was discussed.[53] Electric con-
trolled ϕ0 Josephson junction was investigated in twisted bi-
layer graphene in theory.[54] However, the realizations of
topological edge states-induced ϕ0 Josephson junction in
graphene were rare. Although the edge states-induced ϕ0

Josephson junction were discussed in silicene and other
2D materials,[40,42,44] the realization of superconductivity in
graphene is easier than the one in this materials experimen-
tally. So, in this work, we discuss how to realize topological
edge states-induced ϕ0 Josephson junction in graphene. The
schematic diagrams for graphene-based Josephson junction is
shown in Fig. 1. The chiral edge states is induced by the off-
resonant circularly polarized light, which was studied in both
theory and experiment.[55,56] The staggered sublattice poten-
tial induced by SiC substrate will modulate the chiral edge
states in the middle region,[13] which is the key point for the
realization of ϕ0 Josephson junction.

SiCSuperconductor Superconductor

x =0 x =L

Fig. 1. Schematic diagram for graphene-based Josephson junction. The
zigzag graphene nanoribbon is divided into three regions consist of two su-
perconducting regions and a normal region. The superconductivity in left
and right regions are realized by applying an s-wave superconductor. In the
normal region, the graphene nanoribbon is deposited on an SiC substrate.
The off-resonant circularly polarized light irradiates three regions. The chi-
ral edges with spin degeneracy are shown in the middle region.

The paper is organized as follows. We firstly give the
model and basic formalism. Then, the numerical results and
theoretical analysis are presented and discussed. Finally, the
main results of this work are summarized.

2. Models and methods
We consider a zigzag graphene nanoribbon which is de-

posited on an SiC substrate and irradiated by an off-resonant
circularly polarized light. The Hamiltonian of the zigzag
graphene nanoribbon is

H =−t ∑
⟨i, j⟩

c†
i c j +∆ ∑

i
µic

†
i ci + i

η∆ω

3
√

3 ∑
⟨⟨i, j⟩⟩

νi jc
†
i c j. (1)

The first term of Eq. (1) is the nearest-neighbor hopping of
electron with the creation (annihilation) operator c†

i( j) (ci( j)) at
i ( j) site and the hopping integral t = 2.82 eV. The symbols
⟨i, j⟩ and ⟨⟨i, j⟩⟩ represent nearest neighbors and next-nearest
neighbors, respectively. The second term of Eq. (1) denotes
the staggered sublattice potential term with the site energy ∆

and the sublattice index µi = 1 (−1) for A (B) sublattice. The
third term of Eq. (1) is the Haldane term which is induced
by the off-resonant irradiation with the illumination parameter
∆ω . η = 1 (−1) represents the right (left) circularly polar-
ized light. When the next-nearest-neighbor hopping is anti-
clockwise (clockwise) in the plane, the symbol νi j is equal to
1 (−1).

According to the tight-binding model, the energy bands of
zigzag graphene nanoribbon with different parameters ∆ and
∆ω are shown in Fig. 2. The quantum anomalous Hall effect
is induced by irradiating off-resonant left (right) circularly po-
larized light, shown in Figs. 2(a) and 2(b).
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Fig. 2. Dispersion relations of a zigzag graphene nanoribbon by irradiating
off-resonant left (right) circularly polarized light for panels (a)–(c) ((b)–(d)).
(a)–(b) There is no SiC substrate. (c)–(d) There is an SiC substrate. The unit
for energy is 1 eV and the width of nanoribbon W = 60 atoms.

It is obvious that the light-induced edge states are inde-
pendent of the polarization of light. But, when the staggered
sublattice potential is considered, shown in Figs. 2(c) and 2(d),
the light-induced edge states are dependent on the polarization
of light. The intersection of edge states moves to K (K′) val-
ley when the left (right) circularly polarized light is irradiated
on the zigzag graphene nanoribbon. In order to investigate
the properties of edge states modulated by the cooperation of
the off-resonant light and the staggered sublattice potential,
the uniform Hamiltonian for top and bottom edge states is ap-
proximately given as[57,58]

ℋs = s(h̄vkx +η∆), (2)

where s =+ (−) denotes the top (bottom) edge state, ∆ is the
site energy of sublattice from the contribution of SiC substrate,
and the velocity approximately equals the light-induced gap
divided by the distance of two valleys, i.e., v = (

√
3∆ω/πt)vF

with light-induced gap ∆ω , the hopping integral t = 2.82 eV,
and the Fermi velocity vF = 1×106 m/s.
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In our system, shown in Fig. 1, the electron and hole ex-
citations are described by the Bogoliubov–de Gennes (BdG)
equation(

ℋs(kx)−EF ∆ ′

∆ ′* EF −ℋs̄(−kx)

)(
ue
vh

)
= ε

(
ue
vh

)
, (3)

where the basis vector of BdG Hamiltonian is (ckσ ,c
†
−kσ̄

)†

with ckσ (c†
−kσ̄

) annihilating (creating) an electron with spin
index σ (σ̄ ) and momentum k (−k). Here we ignore the spin
index in BdG equation due to the spin degeneracy. ℋs =

s[h̄vkx + η∆(Θ(x− L/2) +Θ(x+ L/2))] with the Heaviside
step function Θ(x). EF is the Fermi energy of system. ε is
the excited energy (relative to the Fermi energy) of electron
and hole. ue and vh represent the electron and hole wavefunc-
tions in the normal region, respectively. In the superconduct-
ing region, ue and vh denote the electron-like and hole-like
wavefunctions, respectively. ∆ ′ = ∆0 e iφL (R) in the left (right)
superconducting region with the zero temperature energy-gap
function of s-wave superconductor ∆0 and the phase φL (R).
For the convenience of discussion, we consider the set with
ℋ+ due to the symmetry of edges. By solving Eq. (3), the
excited spectrum of electron and hole in the middle region are
derived as

εe = h̄vke
x +η∆ −EF, εh =−h̄vkh

x +η∆ +EF. (4)

The uniform spectrum in both superconducting regions is

ε =
√
(h̄vks

x −EF)2 +∆ 2
0 . (5)

The wavefunctions of electron and hole in the middle regions
are

ψe = e ike
x(1,0)T, ψh = e ikh

x (0,1)T. (6)

The wavevectors of electron and hole are given by Eq. (4)

ke
x =

ε −η∆ +EF

h̄v
, kh

x =−ε −η∆ −EF

h̄v
. (7)

The eigenstates of qausiparticle in left and right superconduct-
ing regions are

ψ
±
SL (R) = e ik±s x(e±iβ , e−iφL (R))T, (8)

where + (−) represents quasi-electron (quasi-hole) wave-
function. The wavevector of quasiparticle k±s is derived as

(EF ±
√

ε2 −∆ 2
0 )/h̄v through Eq. (5). When ε < ∆0, β =

arccos(ε/∆0). When ε > ∆0, β =−i arcosh(ε/∆0).
In the short-junction regime, due to the continuity of

wavefunction at interface, the wavefunctions in both mid-
dle and superconducting regions at interfaces are continu-
ous, i.e., rψ

−
SL|x=0 = Ψ |x=0 and tψ+

SR|x=L = Ψ |x=L in which
Ψ = aψe + bψh and r, a, b, and t are the probability ampli-
tudes of the corresponding wavefunctions. Obviously, when

r, a, b, and t are treated as four variables, there is a system of
linear equations made up of four equations. In order to ensure
the nonzero solution, the value of determinant of coefficients
is equal to zero. Thus, we obtain

sin
1
2
[(ke

x − kh
x)L−2β +φ ] = 0, (9)

where φ = φL − φR is the phase difference between left and
right superconductors. From the above equation, it is easy to
obtain (1/2)[(ke − kh)L − 2β + φ ] = nπ with integer n. By
some calculations, we can get

ε =±∆0 cos(1/2)[(ke − kh)L+φ ]. (10)

These levels are called Andreev bound state (ABS) levels
which make the Cooper pair cross the normal region.

3. Results and discussion
3.1. Andreev bound state levels

In the short-junction regime, The ABS levels are calcu-
lated by Eq. (10)

ε =±∆0 cos
(

φ

2
− η∆L

h̄v

)
. (11)

It is obvious that the effective phase shift happens in the coac-
tion of left (right) circularly polarized light and SiC substrate.
The phase difference-ABS levels are shown in Fig. 3. The
ABS levels are symmetric about phase difference φ = π with-
out SiC substrate, shown in Figs. 3(a) and 3(b). In other words,
there is no phase shift in the presence of only polarized light.
In addition, it is difficult to distinguish the effect of left circu-
larly polarized light and right circularly polarized light from
Figs. 3(a) and 3(b). In the coaction of left (right) circularly po-
larized light and SiC substrate, shown in Figs. 3(c) and 3(d),
the effective phase shift happens and the directions of phase
shift for two types of circularly polarized light are opposite,
which aries from the fact that the direction of valley polariza-
tion is dependent on the polarized direction of light, shown
in Figs. 2(c) and 2(d). By using the values of parameters in
Fig. 3, the effective phase shift can be estimated by Eq. (11),
i.e., 2[η(∆L/h̄v)mod2π]+π . It is easy to obtain that the ef-
fective phase shift is approximately equal to 2.6505 (3.6325)
for left (right) circularly polarized light, which are well con-
sistent with the numerical results in Figs. 3(c) and 3(d). Ac-
cording to the periodicity of Eq. (11), the effective phase shift
is approximately equal to 2[η(∆L/h̄v)mod2π) ≈ η0.488 for
left (right) circularly polarized light, which indicates that the
left circularly polarized light and the right circularly polarized
light make the effective phase shift opposite completely. The
effective phase shift will bring ϕ0 junction.
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Fig. 3. (a)–(d) Andreev bound state levels versus the phase difference with
illumination parameter ∆ω = 0.2 eV. The black (red-dotted) line denotes
Eq. (11) with positive (negative) sign. The junction length L is 10 nm.

3.2. The ϕ0 junction and −ϕ0 to ϕ0 transition

According to Eq. (11), the relation between the Joseph-
son current J and the positive ABS levels at zero temperature
is given as[59]

J =−2e
h̄

dε

dφ
. (12)

Figure 4 shows the Josephson current as a function of the
phase difference. The shape of black line reveals the Joseph-
son junction is a traditional 0 junction in the presence of off-
resonant circularly polarized light without substrate, which is
consistent with the characteristic of ABS levels in Figs. 3(a)
and 3(b). In the coaction of off-resonant circularly polarized
light and SiC substrate, from Eqs. (11) and (12), when phase
difference φ = 0,

J =+(−)
e∆0

h̄
sin(−η

∆L
h̄v

)

as cos(−η(∆L/h̄v)) > 0 (< 0). By using the values of pa-
rameters in Fig. 3, when the left (right) circularly polarized
light is irradiated in Josephson junction, the Josephson current
is approximately equal to 0.241 (−0.241) as phase difference
φ = 0, which is consistent with the numerical results in Fig. 3
with red-dotted blue-dotted lines. This is the characteristic of
ϕ0 junction. By some simple calculations, it is easy to obtain
ϕ0 = 2η [(∆L/h̄v)mod2π]≈ η0.488, which is consistent with
the phase shift of ABS levels in Figs. 3(c) and 3(d).

Figure 5 shows the Josephson current as a function of the
illumination parameter ∆ω with the staggered sublattice po-
tential ∆ = 0.13 eV and phase difference φ = 0. The Joseph-
son current displays a nondamped oscillation with variation of
∆ω , which is consistent with Eq. (12) as φ = 0. Interestingly,
the behaviors of nondamped oscillation for left and right cir-
cularly polarized lights are opposite completely, which means
that −ϕ0 junction can be changed to ϕ0 junction by modulat-
ing the direction of polarization of light. This is similar to the
traditional 0–π transition. Thus, the transition phenomenon in
Fig. 5 is called as −ϕ0 to ϕ0 transition, which is the generaliza-
tion of 0–π transition. It is easy to make −ϕ0 to ϕ0 transition

become 0–π transition by adjusting the illumination parameter
∆ω and the direction of polarization of light.
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Fig. 4. Phase difference-dependent Josephson current with illumination
parameter ∆ω = 0.2 eV. The black line denotes the case of left (right) cir-
cularly polarized light without substrate. The red–dotted (blue–dotted) line
denotes left (right) circularly polarized light with SiC substrate-induced gap
∆ = 0.13 eV. The unit for Josephson current is e∆0/h̄. The junction length
L is 10 nm.
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Fig. 5. Illumination parameter-dependent Josephson current with ∆ =
0.13 eV and phase difference φ = 0. The black (red–dotted) line represents
the case of left (right) circularly polarized light. The unit for Josephson
current is e∆0/h̄. The junction length L is 10 nm.

In order to clarify −ϕ0 to ϕ0 transition clearly, we
calculate the phase-dependent free energy of Josephson
junction,[60] which is defined as

F =
h̄
2e

∫
φ

0
J dφ .

The position of minimal free energy decides the type of
Josephson junction. The minimal free energy is at φ = 0
with ∆ω = 0.2 eV and ∆ = 0, which is called 0 junction and
shown in Fig. 6 with black line. When the staggered sublat-
tice potential is considered, shown in Fig. 6 with red–dotted
(blue–dotted) line, the minimal free energy is at φ = 0.49
(−0.49) in the presence of right (left) circularly polarized
light, which is well consistent with the analytical solution
(ϕ0 = 2η [(∆L/h̄v)mod2π]≈ η0.488) from Eq. (11). It is ob-
vious to find that the type of Josephson junction transitions
from 0.49 junction to −0.49 junction by changing the direc-
tion of polarization of light, shown in Fig. 6, which is similar
to the case that the type of Josephson junction transitions from
0 junction to π junction (0–π transition). So, the transition in
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our paper is called −ϕ0 to ϕ0 transition, which generalizes the
concept of 0–π transition. The difference between these two
types of transition is that the transition of Josephson current
at zero phase difference is the signature of −ϕ0 to ϕ0 transi-
tion (shown in Fig. 5) while the critical current transition is the
signature of 0–π transition.

 

-0.2

0

0.2

0.4

0.6

F

0.8

1.0
 

-1.0 -0.5 0 0.5 1.0

η/↩1
η/1

φ/0.49φ/↩0.49

φ(π)

Fig. 6. Phase-dependent free energy of Josephson junction with ∆ω =
0.2 eV. The black line represents the case of left or right circularly polarized
light without staggered sublattice potential. The red–dotted (blue–dotted)
denotes the case of left (right) circularly polarized light with staggered sub-
lattice (∆ = 0.13 eV). The unit for free energy is ∆0. The junction length L
is 10 nm.

4. Conclusion
In conclusion, a light-modulated topological edge states-

induced ϕ0 junction is found in a graphene-based Josephson
junction. In the nonsuperconducting region, the center of-
mass wave vector of Cooper pair becomes finite and the op-
posite center of-mass wave vector to compensate is lacking in
the coaction of the circularly polarized light and the staggered
sublattice potential, which is the physical origin of ϕ0 junction.
In addition, by changing the direction of polarization of light,
−ϕ0 to ϕ0 transition is found, which generalizes the concept of
traditional 0–π transition. These results provide experimental
proposals to realize graphene-based ϕ0 Josephson junction and
promise potential applications in phase-controllable Joseph-
son devices.
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