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Disordered superconducting materials like NbTiN possess a high kinetic inductance fraction and an adjustable critical
temperature, making them a good choice for low-temperature detectors. Their energy gap (∆ ), critical temperature (Tc),
and quasiparticle density of states (QDOS) distribution, however, deviate from the classical BCS theory due to the disorder
effects. The Usadel equation, which takes account of elastic scattering, non-elastic scattering, and electro–phonon coupling,
can be applied to explain and describe these deviations. This paper presents numerical simulations of the disorder effects
based on the Usadel equation to investigate their effects on the ∆ , Tc, QDOS distribution, and complex conductivity of the
NbTiN film. Furthermore, NbTiN superconducting resonators with coplanar waveguide (CPW) structures are fabricated
and characterized at different temperatures to validate our numerical simulations. The pair-breaking parameter α and the
critical temperature in the pure state T P

c of our NbTiN film are determined from the experimental results and numerical
simulations. This study has significant implications for the development of low-temperature detectors made of disordered
superconducting materials.

Keywords: effects of disorder, NbTiN, superconducting film, Usadel equation, complex conductivity, super-
conducting resonator
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1. Introduction
Low-temperature superconducting materials such as

NbTiN, as well as its parent compounds NbN and TiN, have at-
tracted significant attention due to their potential applications
in low-temperature detectors and circuit quantum electrody-
namics. NbTiN and NbN possess a high ∆ and Tc, making
them ideal for implementation in superconductor–insulator–
superconductor (SIS) mixers and hot-electron bolometer
(HEB) mixers.[1–3] NbTiN and TiN are also promising can-
didates for microwave kinetic inductance detectors (MKIDs)
because of an adjustable Tc and large kinetic inductance
fractions.[4,5] Moreover, NbTiN and NbN are well suited for
applications in circuit quantum electrodynamics due to a high
Tc and ∆ , particularly in environments with strong magnetic
fields.[6] These superconducting materials, however, are not
immune to disorder effects on their basic parameters, such
as the ∆ , Tc, and QDOS distribution.[7–10] One kind of dis-
order effect, named magnetic impurities, in materials is re-
ported to lead to the transformation of superconductors into
insulators,[11] the appearance of pseudo-energy gaps, and the
enhancement of pair-breaking effects in materials.[12,13] The
generalized Usadel equation, which takes account of elas-
tic scattering, non-elastic scattering, and electro–phonon cou-
pling, is often introduced to solve diffusion, interface, and
pair-breaking effects.[14] Here, we introduce the Usadel equa-
tion to simulate and describe the disorder effects in supercon-
ducting materials.

In this paper, we firstly introduce the Usadel equation and
the related complex conductivity formulas. Then, we present
numerical simulations by taking into consideration the Us-
adel equation to investigate the disorder effects on the ∆ , Tc,
QDOS, and complex conductivity of NbTiN superconducting
film. Finally, we describe the experimental methodology by
characterizing the disorder effects in NbTiN superconducting
resonators.

2. Complex conductivity based on Usadel equa-
tion
The Usadel equation — a simplified version of the Eilen-

berger equation[15] — offers a more general and non-linear
approach to describe superconductivity under the diffusion
limit.[16] The superconducting state is described by the pair-
ing angle θ(x,E), which is a complex function depending on
space (x) and excited energy (E), in the Usadel equation. The
variable θ ranges in magnitude from 0 to π/2, while θ = 0
corresponds to the normal state. The QDOS of superconduct-
ing materials is Nqp = N0 Re(cosθ), where N0 is the QDOS in
the normal state at the Fermi energy. The Usadel equation in
one dimension and equilibrium can be expressed as[14]
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+∆ (x)cosθ = 0, (1)

with

∆ (x) = nsVeff

∫ h̄ωD

0
tanh(E/2kBT ) Im(sinθ)dE, (2)

where Veff is the BCS-like interaction potential, h̄ωD is the De-
bye energy, DS is the diffusivity constant, τsf is the spin-flip
time, ϕ is the usual superconducting phase, Ax is the vector
potential, and ∆ is the energy gap. The first term in Eq. (1)
describes the diffusion in superconductors, which is often in-
cluded in interface problems.[17] The second and fourth terms
describe respective energies of excitation and pairing inter-
actions, the same as the BCS description. The third term in
Eq. (1) describes the pair-breaking effects, which can lead to
the smearing of coherence peaks in the QDOS and the reduc-
tion of the ∆ . As we focus on the study of the pair-breaking
effects of superconducting materials, i.e., no diffusion and in-
terface issues, Eq. (1) can be simplified with DS = 0 as fol-
lows:

iE sinθ −α cosθ sinθ +∆ (x)cosθ = 0, (3)

where α is the pair-breaking parameter.
The complex conductivity σ = σ1 + iσ2 is a crucial pa-

rameter for calculating the surface impedance of a supercon-
ducting film and characterizing electromagnetic responses of
superconducting detectors. The classical superconductors’
complex conductivity was originally derived by Mattis and
Bardeen,[18] and later extended by Nam to the Green’s func-
tion form of the pairing angle.[19] The extended version is writ-
ten as

h̄ω
σ1

σn
=
∫ −Eg

Eg−h̄ω

dEg1
(
E,E ′

)[
1−2 f

(
E ′
)]

+2
∫

∞

Eg
dEg1

(
E,E ′

)
[ f (E)− f (E ′)], (4)

h̄ω
σ2

σn
=
∫

∞

max(Eg−h̄ω,−Eg)
dEg2

(
E,E ′

)[
1−2 f

(
E ′
)]

+
∫

∞

Eg
dEg2

(
E ′,E

)
[1−2 f (E)], (5)

where E ′ = E + h̄ω , f (E) is the Fermi distribution function,
g1(E,E ′) = Re[cosθ(E)] · Re[cosθ(E ′)] + Re[i sinθ(E)] ×
Re[i sinθ(E ′)], and g2(E,E ′) = Im[cosθ(E)] ·Re[cosθ(E ′)]+
Im[i sinθ(E)] ·Re[i sinθ(E ′)]. In the absence of pair-breaking
effects (α = 0), Eqs. (4) and (5) can be simplified to the clas-
sical complex conductivity formulas.

3. Numerical simulations for disorder effects
To understand the disorder effects on the characteristics

of superconducting films, it is essential to simulate their ef-
fects on key parameters, such as the ∆ , Tc, QDOS, and com-
plex conductivity. Disordered superconductors exhibit a phe-
nomenon known as the smearing of the coherence peak in the

QDOS distribution, described by the function of cosθ . The
pair-breaking parameter α is introduced in the Usadel equa-
tion to account for the disorder effects in superconducting
films. The larger α is, the lower and broader the coherence
peak (E = ∆ ) in the QDOS distribution becomes. To obtain
the QDOS distribution of disordered superconducting materi-
als, cosθ needs to be solved from Eq. (3), which is essentially
a quartic function about cosθ . By solving equations with the
numerical solutions and considering the physical meaning of
cosθ , we can calculate the complex functions cosθ and sinθ

about E at a certain α .
Figure 1(a) illustrates the simulated results of QDOS dis-

tribution with respect to E for different values of α . Smearing
of coherence peaks in the QDOS can be clearly seen, just as
observed by reported results.[11] Figure 1(b) presents the dis-
tributions of cosθ and sinθ about E when α/∆ = 0.05. Our
numerical simulation results, obtained by solving Eq. (3), fur-
ther confirm that the pair-breaking effects in superconducting
materials do result in a minimum excitation energy (Eg) that
is smaller than, rather than equal to, the ∆ . According to the
Abrikosov and Gor’kov model, the relationship between the
pair-breaking parameter α and the minimum excitation energy
Eg is Eg/∆ = (1− (α/∆)2/3)3/2.[20]
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Fig. 1. (a) Simulated results of the distribution of the QDOS distribu-
tion with respect to E for different values of α . (b) An example of the
real and imaginary parts of cosθ and sinθ distributions about E when
α/∆ = 0.05.

As mentioned before, the ∆ of superconducting materi-
als also needs to be reevaluated in numerical simulations due
to the pair-breaking effects. According to Eq. (2), ∆ is re-
lated to the complex function sinθ . To solve ∆ , we adopted
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iterative approaches in simulations. Using the Matsubara rep-
resentation, we rewrite the formulas of ∆ and α in disordered
superconducting materials as follows:[21,22]

∆ cosθ (ωn)−ωn sinθ (ωn)−α sinθ (ωn)cosθ (ωn) = 0, (6)

∆ = 2πkBT
∞

∑
n=0

(sinθ(ωn)
/[

2πkBT
∞

∑
n=0

(
1

ωn

)
− ln

(
Tc

T

)]
,

(7)

where ωn = (2n+1)πkBT are the Matsubara frequencies with
n = {0,1,2, . . .}. To solve ∆ , we begin by guessing an ini-
tial value for ∆ (here, we choose 1.76 · kBTc). Next, we solve
sinθ(ωn) under all Matsubara frequencies using Eq. (6). We
then substitute the solved sinθ(ωn) into Eq. (7) to obtain an
updated value of ∆ until its convergence is achieved.
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Fig. 2. (a) The simulated normalized energy gap ∆ /∆ P(0) with respect to the
normalized temperature T/T P

c under different α . (b) Simulated results of the
normalized energy gap ∆/∆ P(0) with respect to α when T = T P

c /14.

Figure 2(a) shows the dependence of the normalized en-
ergy gap ∆/∆ P(0) upon the normalized temperature T/T P

c un-
der different α . Here, ∆ P and T P

c denote the ∆ and Tc of su-
perconducting materials in the absence of the pair-breaking
effects (i.e., a pure system). In this figure, the dependence of
∆ and T based on the BCS theory is also plotted for compari-
son. It can be seen clearly from Fig. 2(a) that as α increases,
the Tc of superconducting materials decreases at a much faster
rate than ∆ at 0 K (∆(0)). Furthermore, the ratio ∆(0)/(kBT P

c )

is no longer a constant with α increasing, as confirmed by re-
ported scanning tunneling spectroscopy experiments.[23] Fig-
ure 2(b) shows the ∆ of the superconducting materials as a
function of α when T = T P

c /14. As α increases, the ∆ of

the superconducting materials gradually decreases. When α

exceeds 0.4∆ P(0), the ∆ of superconducting materials de-
creases rapidly and drops to zero at 0.5∆ P(0), as predicted by
Skalski.[11]

The simulated results indicate that pair-breaking effects
have a negative correlation with the Tc of the superconducting
materials. The results are in accordance with the pair-breaking
theory introduced by Abrikosov and Gor’kov for magnetic im-
purities in a superconductor.[24,25] According to the theory, the
Tc of the superconducting materials is written as

ln
(

T P
c

Tc

)
= ψ

(
α

2πkBTc
+0.5

)
−ψ(0.5), (8)

where ψ is the digamma function. We solve Tc via numerical
iterations. The simulated results are shown in Fig. 3.
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Fig. 3. Simulated results of the normalized temperature T/T P
c with re-

spect to α .
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ulated results using the BCS theory.
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Once the Tc, ∆ , and complex functions cosθ and sinθ are
determined via numerical simulations, we can utilize Eqs. (4)
and (5) to calculate the complex conductivity of the supercon-
ducting materials. This, in turn, enables us to derive various
other electrical properties. Figure 4 presents the simulated
complex conductivity of the superconducting materials at a
frequency of 5 GHz and the Tc in a pure state of 14.1 K under
different α . The dotted line represents the simulated results
based on the BCS theory for comparison. From Fig. 4(a), we
can see that as the temperature approaches the Tc, the real part
of the complex conductivity approaches one. The degradation
of superconductivity with the increasing pair-breaking level is
also expected, as shown in Fig. 4(b).

4. Experimental characterization on NbTiN res-
onators

To validate our numerical simulations of superconducting
materials in accounting for disorder effects, we chose NbTiN
superconducting films as our subjects. To prepare our samples,
we deposited a 130 nm thick NbTiN film on a 330 µm thick
silicon wafer using reactive DC magnetron sputtering in a mix-
ture of Ar and N2. Using e-beam lithography and reactive ion
etching techniques, we fabricated a set of 10 planar CPW res-
onators that were capacitively coupled to a straight feed line
on the NbTiN film. The dimensions of the CPW resonators

were carefully designed, with the center conductor and gap set
at 3 µm and 2 µm, respectively. Similarly, the center conduc-
tor and gap of the CPW feed line were designed at 10 µm and
6 µm, respectively. The normal state sheet resistance Rs, mea-
sured at 15 K and Tc, is measured at 53.2 µΩ·cm and 14.1 K
with our fridge, respectively.

The experimental sample, after cutting and cleaning, was
mounted within a sealed gold-plated brass block connected
to printed circuit boards (PCBs) with transition structures us-
ing aluminum wire bonding. The PCBs were then soldered to
coaxial connectors for cable readouts. Beryllium copper pres-
sure pads were employed to ensure an optimal thermal con-
tact. The sample block was subsequently connected to an ex-
ternal vector network analyzer (VNA) through coaxial cables.
Figure 5(a) provides a visual representation of the completed
structures. Figure 5(b) depicts the installation of the sample on
the 300 mK cold head of our adsorption refrigerator, as well
as the setup and a diagram used during testing.

The transmission coefficient S21 of the feed line of the
NbTiN sample at different temperatures was obtained using
a heating device. Figure 5(c) illustrates the typical char-
acteristics of one of the resonators, the absorption dip for
different ambient temperatures. The temperature-dependent
resonance characteristic is essentially induced by changes
in complex conductivity, which can be expressed as δ f0/ f0 =

αkiδσ2/(2σ2), where αki is the kinetic inductance fraction.[26]

Block

NbTiN sample PCB 

SMA connector 

Lip

Tc=14.1 K

Superconducting cables

50 K cold stage

4 K cold stage

LNA

Sample block

VNA
1 2

+30 dB
-40 dB

-30 dB

+35 dB

300 K

50 K

4 K

0.3 K

0 0.5 1.0 1.5 2.0 2.5
0

1

2

3

4

N
q
p
/
N

0

Lumped Res 2
Fitting with α=0.02831 meV 

MB fitting

DOS of this NbTiN film
BCS
DOS with α=0.02831 meV

0 1 2 3 4 5 6
T (K)

T (K)

-7

-6

-5

-4

-3

-2

-1

0

δ
f

0
/
f

0

(d)

(a)

E/∆

-12

-16

-14

-18

-20

-22

-24

-26
4.16 4.17 4.18 4.19 4.20 4.21

Frequency (GHz)

S
2
1
 (

d
B

)

6

5

4

3

2

1

(b)

(c)

Fig. 5. (a) A photograph depicting the connection and assembly of the sample chip within the block. (b) Visual representation of the sample block’s installation
within the absorption refrigerator, together with a schematic diagram outlining the testing methodology. (c) Typical characteristics of one of the resonators,
the absorption dip for different temperatures. (d) The relationship between the normalized resonant frequency of the resonator and the temperature.

027401-4



Chin. Phys. B 33, 027401 (2024)

Consequently, the numerical simulations and the parame-
ters of the superconducting film enable the prediction of the
temperature-dependent variation of the resonant frequency of
a superconducting resonator made of disordered materials.
Figure 5(d) illustrates our experimental and numerical simu-
lated results for the temperature-dependent relations of reso-
nance frequencies. The experimental results are shown in blue
stars, while the numerical simulated results are shown in pink
dotted lines. In contrast, the black dotted line indicates the
numerical simulated results using BCS theory. It can be seen
that for our NbTiN sample with disorder effects, our numerical
simulations that take the Usadel equation into consideration
are more consistent with the experimental results. Based on
our simulations and fitting results, the pair-breaking parame-
ter α of our NbTiN sample is determined at 0.02831 meV, also
corresponding to 0.013 ·∆ P(0) in our film, and the kinetic in-
ductance fraction is 0.22. The inside figure in Fig. 5(d) gives
the QDOS distribution of our NbTiN sample. Note that the
measured Tc of 14.1 K reflects the Tc under disorder effects.
Thus, by incorporating the value of α obtained for the NbTiN
sample and by examining the relationship between the Tc and
α , the critical temperature in a pure state T P

c of our NbTiN
sample is characterized at 14.359 K.

5. Conclusion
We have presented numerical simulations and discussions

of the disorder effects on the basic parameters of the super-
conducting thin film, such as QDOS, the ∆ , Tc, and complex
conductivity. To validate our theoretical study and numerical
simulations, we have fabricated and characterized a supercon-
ducting planar resonator composed of the NbTiN film. The
disorder-induced pair-breaking parameter α = 0.02831 meV
and the critical temperature in the pure state T P

c = 14.359 K of
our NbTiN sample are successfully characterized via numeri-
cal simulations and experimental results. This study should be
applicable for the characterization and optimization of super-
conducting resonators in the presence of disorder effects.
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