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Readout errors caused by measurement noise are a significant source of errors in quantum circuits, which severely
affect the output results and are an urgent problem to be solved in noisy-intermediate scale quantum (NISQ) computing. In
this paper, we use the bit-flip averaging (BFA) method to mitigate frequent readout errors in quantum generative adversarial
networks (QGAN) for image generation, which simplifies the response matrix structure by averaging the qubits for each
random bit-flip in advance, successfully solving problems with high cost of measurement for traditional error mitigation
methods. Our experiments were simulated in Qiskit using the handwritten digit image recognition dataset under the BFA-
based method, the Kullback-Leibler (KL) divergence of the generated images converges to 0.04, 0.05, and 0.1 for readout
error probabilities of p = 0.01, p = 0.05, and p = 0.1, respectively. Additionally, by evaluating the fidelity of the quan-
tum states representing the images, we observe average fidelity values of 0.97, 0.96, and 0.95 for the three readout error
probabilities, respectively. These results demonstrate the robustness of the model in mitigating readout errors and provide
a highly fault tolerant mechanism for image generation models.

Keywords: readout errors, quantum generative adversarial networks, bit-flip averaging method, fault tolerant

mechanisms
PACS: 03.67.Ac, 03.67.Pp, 03.67.Lx

1. Introduction

In the era of noisy-intermediate scale quantum (NISQ)
computing, quantum machine learning has garnered signifi-
cant attention and research accomplishment. 2! It has demon-
strated remarkable contributions to various fields including
high-energy physics, quantum chemistry, and artificial intelli-
gence, holding great promise for practical problem-solving in
quantum computing.>*! In particular, quantum generative ad-
versarial networks (QGAN) have shown great potential in gen-
erative tasks, which are used to generate real-world instances,
mainly in image generation, quantum state tomography, stock
futures, etc.[>! Compared to classical GAN, QGAN effi-
ciently handle high-dimensional data representation and gen-
eration, harnessing the benefits of superposition and parallel
computation.!>78] In 2019, Seth Lloyd et al. systematically
investigated the theoretical framework of QGAN, marking a
new era for this field.[”! Subsequently, Christa Zouf, Stefan
Woerner, and others utilized QGAN models to generate dis-
crete data, further advancing the capabilities of QGAN.[8-10]
In 2021, Jian-wei Pan, He-liang Huang, and their team suc-
cessfully demonstrated image generation on a superconduct-
ing device, paving the way for QGAN to be deployed in
real-world scenarios and opening up new avenues for prac-
tical applications.”) Leveraging their exponential computa-
tional speed advantage, QGAN have emerged as one of the
most popular quantum neural network models in current re-
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However, QGAN still encounters some challenges in
quantum devices, especially readout noise caused by mea-
surement instability. This problem can significantly affect
the statistical results and the expressiveness of the overall
circuit.['1=131 At the same time, it dominates and becomes
the most important error type compared with other noises in

14-16] Although some classical error correc-

quantum circuits.|
tion methods like quantum error correction codes and zero-
noise extrapolation techniques, etc. can mitigate certain types
of noise, they are unable to effectively tackle the underly-
ing problem of readout errors caused by inherent instabil-
ity in the measurement gates.!!’~!%1 Therefore, classical sta-
tistical based post-processing techniques are used to solve
this problem.!'>?°1 This method involves measuring the con-
ditional probability at each ground state and creating a re-
sponse matrix for estimating the expected value of the true
observables, which can mitigate readout errors in QGAN. 2!l
However, the process of measuring the bias for each ground
state requires a significant consumption of measurement shots,
making it impractical for scenarios with limited measurement
budgets and medium to large-scale quantum circuits.!>16-22]
To address the above problems, we use an efficient and
economical method called bit-flip averaging (BFA).!>3! BFA
method simplifies the model of the response matrix by aver-

aging the qubit flipping over the entire quantum circuit. By
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measuring only the elements of the first column, it becomes
possible to estimate the entire response matrix. Therefore,
BFA resolves the cost issue associated with full error miti-
gation and effectively mitigates readout errors using a finite
number of measurements. This approach reduces the measure-
ment cost from 0(22") to O(2"), providing a viable solution
for mitigating readout errors in medium to large-scale quan-

(241 In this paper, we design a scheme that can in-

tum circuits.
geniously integrate the BFA method and QGAN, and propose
a new QGAN model that includes a fault-tolerant mechanism.
We performed a simulation of the QGAN-based handwritten
digit image recognition generation task on Qiskit. In this sim-
ulation, we do not consider readout errors caused by phase
flips because they have no effect on the statistical results of

[21.23] For the error mitigation process, we

the quantum circuit.
follow two main steps. Firstly, we analyze the influence of
noise on the quantum circuit and compute the response matrix
using the BFA model. Then we utilize the response matrix
to estimate the true probability distribution after each training
iteration on the QGAN-generated images. Our results show
that new QGAN with BFA method can generate realistic im-
ages when the readout error probability is p = 0.1 or lower.
Furthermore, within a constrained cost framework, full error
mitigation only handles readout errors with probability as low
as p = 0.01. To quantify the effectiveness of error mitigation,
we employ metrics such as Kullback-Leibler (KL) divergence
and state fidelity, both of which provide promising results.
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Our study shows that this new quantum neural network model
can effectively handle readout errors at high error thresholds,
thereby enhancing the overall robustness of the model. By
transitioning QGAN from an idealized environment to a re-
alistic and noisy domain, our study successfully bridges the
gap between theory and reality and addresses the challenges
posed by noisy environments. Thus, our study provides an
efficient approach to the problem of image generation in prac-
tical, noisy quantum computing scenarios, providing valuable
insights into noise-related challenges and their solutions.

2. Related work
2.1. Quantum generative adversarial networks

The principle of QGAN is illustrated in Fig. 1, comprising
a quantum generator and a classical discriminator. In QGAN,
classical data can be encoded as quantum states, wherein a
vector v; in a normalized N-dimensional complex or real
space can be represented as a logN quantum state |v;). The
covariance matrix of classical vectors can be expressed as the
density matrix p = p; Z’}’ [vj)(vj|, where p; represents the
probability of each quantum state |v;) in the N-dimensional
vector. This allows classical information, such as images, au-
dio, stocks, etc. to be encoded in a normalized quantum form,
harnessing the exponential computational advantages offered

by quantum systems.l25’26]
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Fig. 1. Describe the working principle of the generated adversarial network. The yellow part is the quantum generator, and the dotted line on

the far right is the classical discriminator.

Therefore, the essence of training a quantum generative
adversarial network (QGAN) lies in generating a statistical
distribution in density matrix form that closely resembles the
real probability distribution. We represent the true proba-
bility distribution Py (x) by sampling the classical training

X =x%x!,... x*1, where s is the number of data sets. In the

context of image generation, these classical probability dis-
tributions are utilized to represent quantum image informa-
tion. Specifically, the input state of the quantum generator
is composed of random noise, which is employed to generate
a fake probability distribution denoted as P,(x) that approxi-

mates the true probability distribution Py (x). The discrimi-

040304-2



Chin. Phys. B 33, 040304 (2024)

nator is trained on a classical computer and takes as input the
probability distribution generated by the generator and the true
probability distribution. Its output is a binary classification,
where a value of “true” indicates that the input probability dis-
tribution aligns with the real probability distribution, while a
value of “false” signifies a mismatch between the input proba-
bility distribution and the real one. The generator aims to fool
the discriminator by generating realistic data, while the dis-
criminator provides feedback to the generator by distinguish-
ing generated data from real data. This is a training process
involving adversarial games, and the training stops when the
Nash equilibrium point is reached. At this time, the generated
results are very close to the real probability distribution.

2.2. Full error mitigation

The traditional full error mitigation method is mainly di-
vided into two parts:

(1) Calibration and measurement process, which is used
to measure the readout error model M in the fixed device
before designing the parametric variational unitary gate and
training the QGAN. In n-qubit quantum circuits in noisy envi-
ronments, we introduce the positive operator valued measure
(POVM), which uses the n-bit string x to represent the mea-
surement operator of 2" elements as I, = |x)(x|. In the mea-
surement process, we assume that the observed measurement
outcome is |y), and its real outcome is |x), so the new POVM
element can be reduced to the diagonalized form

My =Y (y|Mx)x)(x], xe€{0,1}", (1)

where M is the response matrix, its approximate unbi-
ased estimate can be obtained by normalizing the empirical
average!?" after multiple measurements of different ground

states. For simple understanding, we write the response matrix
0.6 0.3
04 0.7
the measurement result (1| for the actual outcome (0| is 40%,

of a qubit as M = } . The probability of obtaining

while the probability of obtaining the measurement outcome
(0| for the actual state (1| is 30%. We generalize it to n-qubit
quantum system, then the response matrix can be written as

p(e’ |c!) - p(a’" | o™
, o e{0,1}". (2
/ﬂ|

p(a"[ot) - p(c™|c")

The matrix in Eq. (2) captures the error probabilities
associated with each quantum state across n qubits. Here
p(c”"|o™) represents an element of the M matrix, denoting a
conditional probability that explains the likelihood of observ-
ing the state |6™) as |6""). The response matrix M has a total
of 2%" parameters, requiring normalization through multiple
measurements of these 22" parameters to obtain statistically

significant results.

(2) The inverse of the response matrix M is used to esti-
mate the true probability distribution in each training iteration
for QGAN to reduce the readout error

Pre = M ! Preadouts A3)

where Preagout and Pypye represent the probability distribution
in the presence of readout errors and the true probability dis-
tribution in the absence of readout errors, respectively.

The readout noise is correlated with the device in which it
occurs, resulting in the identical readout noise for any quantum
circuit within a given device. Consequently, by performing
a calibration measurement once, we can utilize error mitiga-
tion techniques to alleviate errors in other quantum circuits, >}
However, this full error mitigation approach requires multi-
ple measurements for each computational basis, resulting in a
measurement cost of O(2%"). In the next chapter, we design
an executable algorithm on the QGAN network in conjunction
with an efficient and cost-saving bit-flip averaging approach to
error mitigation.

3. Algorithm analysis and design
3.1. Model design

In order to measure quantum circuits of a specific struc-
ture in calibration ease, we need to assume the corresponding
structure of QGAN in advance, mainly a quantum generator
and a classical discriminator. A quantum generator is used to
generate fake samples, consisting of a parameterized quantum
circuit (PQC), as shown in Fig. 2. [28-301 The PQC is composed
of multiple layers of parametric variational unitary gate, such
as Ry(0), R.(0), etc. These gates represent parametric angles
of rotation around the Y or Z axis, where 6 represents the an-
gle of rotation. Additionally, there are global parameter gates,
which are untrained quantum gates responsible for connect-
ing different qubits, such as CNOT and CZ gates, representing
controlled NOT and controlled Z gates respectively.3!! The in-
put to the quantum generator is a random angular noise vector
rotated around the Y axis

2) = |Win) = @ Ry (i) {0[1(0]2 - (0],
(71 Ry (05)] (0", )

where the gate Ry () on the first layer corresponds to the Y-
rotation gate with a random parameter o;, o;€[0, ], the math-
ematics of R,(0) and R,(0) are expressed as
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Fig. 2. (a) The structure of the quantum generator. (b) The structure
of a classical discriminator. The discriminator consists of four layers
of neurons, with the first layer as the input layer, the second and third
layers as hidden layers, and the last layer applying a sigmoid activa-
tion function to the output. (c) A parameterized quantum circuit, which
is the basic structure of a quantum generator. It consists of a global
unitary gate and a trainable parameterized unitary gate. The parame-
ters are optimized for each training and the results are obtained through
measurement.

The essence of the PQC is a variational quantum algo-
rithm that transforms the initialized quantum state through uni-
tary gates with variational parameters. The output formula of

the variational quantum algorithm is as follows:

(@ UOHU(6 )

/
X <H ®leczk,k+1> |Win)

J=1

) U(6)))

2" —1
Z \/171|l>7pl S [0? 1]7 (6)
i=0

where |y;) represents the generated quantum state, and the
coefficient p; represents the probability of the measurement
result corresponding to the ground state |i). U (/) represents
a unitary gate on the ith qubit in the kth layer, which includes
gates such as R, (0) and R.(0) as described earlier. CZ denotes
the controlled-Z gate that operates on two qubits. All unitary
gates within the same layer are represented by a tensor prod-
uct. The total number of layers in the quantum circuit is de-
noted as ‘I’. Finally, the result of the density matrix is obtained
by projection measurement, and the measurement operator is
the tensor product of all qubit projection operators.

In the image generation study conducted in this paper, we
employ a quantum circuit consisting of four sub-generators,
each with a specific structure as depicted in Fig. 3. These sub-
generators are responsible for generating different parts of the
image, which are eventually combined to form a complete im-
age. Here, each subgenerator follows the same architecture
and consists of four qubits. The first layer acts as a random
initialization layer, and the PQC is represented by Eq. (6). The
probability distribution generated by the sub-generator is ex-
[GY(z),...,G9(z),GW ()], where G¥) (z)
represents the projection measurement result on the ith sub-

pressed as G(Z) =

generator.

As shown in Fig. 2(b), the structure of the discrimina-
tor adopts a classical full-connected neural network architec-
ture designed for binary classification. The output of the dis-
criminator is recorded as D(x) and D(Gy, (z)), which represent
the evaluation results of the discriminator on the real sample
and the generated sample, respectively, expressed as “true” or
“false”. Among the neurons in different layers, the initial input
layer contains 64 neurons, which are subsequently fed to the
first hidden layer using the ReLU activation function, and the
hidden layer maps 64 neurons into 16. Finally, these 16 neu-
rons are mapped to a final single sigmoid activation function

for nonlinear output, producing values from O to 1.

" > }Iw (a) —Ry(@)—Ry( 912—RY(9227—K972—R}’(932
in a1)

|90m> }I%a)ll - —Ry(a)—Ry(64) RY(QH)—ZT 2(07.4) Ry(os4) z
|90in> } loa 4) —Ry(@)}—R (6, 5)—R (b2 0)——— Z R(075)—Ry(0s5)———— Z «E

Initialization layer

First layer Fourth layer

Fig. 3. (a) The combined image generated by the 4 quantum generators. (b) The specific structure of each quantum generator used in the
experiment. The first layer is randomly rotated Ry, gates. There are four layers in the middle layer, and each layer consists of a layer of R, gates,
a layer of R, gates and a layer of CZ gates. The last layer is the measuring gate.
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3.2. Bit-flip averaging

Unlike full error mitigation, >3]

bit-flip averaging
(BFA) simplifies the structure of the response matrix by av-
eraging different bit-flips, as shown in Fig. 4. The bit-flip op-
erations have minimal cost and high fidelity, especially when
integrated with PQC. Furthermore, classical X-gates used for
post-processing are executed on classical computer without in-
curring the overhead of quantum resources, so we do not need

to consider the negative impact of bit-flips.[*3]

2o
44— 1 — A

PQC

Fig. 4. The principle of bit-flip averaging. Bit-flips are represented by ran-
dom X-gates while ensuring that the probability of being flipped to each
ground state is the same. In the calibration phase there is no PQC structure
(shown in the green border) and the response matrix is computed by measur-
ing the initial state |0000) result. In error mitigation, the quantum generator
containing the PQC structure is used to measure the readout results and esti-
mate the true results based on the response matrix, where a bit-flip averaging
operation of the same principle is performed before the measurement. The
corresponding classical X-gate operation is used in classical post-processing
to flip the corresponding flipped qubits again to ensure consistent results.

The initial response matrix in full error mitigation is
shown in Eq. (1), where each element of the matrix is a
conditional probability that the measured ground state is ¢’
when the true ground state is o, denoted by the equation
Ms o1 = p(0'|0).

In the context of BFA, the initial conditional probability
of different true ground state after a random bit-flip becomes
p(X/o’'|X/ ), where we use the X-Pauli operator X to denote
the bit-flip operation, and j denotes randomly flipped qubits
expressed in binary integer form. For example, j = 1011 im-
plies that the X-Pauli operator X 1°!! performs the 1st, 3rd and
4th qubits flips on the target state, which for an n-qubit ground
state would result in a flip of 2". This random bit-flipping en-
sures that any ground state can be randomly flipped into any
computational basis in the same Hilbert space. For any condi-
tional probability p(c’|o) in the full error mitigation matrix,
the formula for averaging over all possible random flips on the
ground state is as follows:

1 . A
Moo = ﬁ(6/|6) = ?Z(X'/G/p(]d), @)

J

where p(o’|o) is a new conditional probability after bit-
flip averaging. From this equation we have p(c’|o) =
p(X/0'|X/ o), therefore, the elements of this response matrix

are symmetrically equal on the diagonal and the antidiagonal.

This symmetry-equal structure can be obtained by bit-flip av-
eraging, where the result of measuring only part of the ground
state can represent the whole matrix. Therefore, the first col-
umn element of the matrix can be obtained based on the mea-
surements under bit-flip averaging when the input ground state
is |0---0),, to represent the entire BFA matrix

p(d’|o) = H(X® o]|0---0),), ®)

where the ground state ¢’ is represented as binary integers, i.c.,
if 0 and ¢’ are [01) and |10), respectively, then it can be ex-
pressed as X(19[01) = |11). The formula says that for any ele-
ment p(o’|o) of the matrix, it can be represented by a different
conditional probability in the first column, and for clarity and
visibility we can write 5(X° &][0---0),) as 5(X° o). In ad-
dition, this formula has another meaning, which expresses the
probability of an error at different qubits. Suppose that in a
bit-flip averaging of two-qubit system, the probability that the
ground state |01) undergoes bit-flip averaging to obtain the re-
sult [10) can be expressed as 5(X(1901) = 5(11), which cor-
responds to the probability that the first and the second quan-
tum bits are in error (the elements of the first column of the
matrix represent the probability of error for different qubits).
Based on this symmetry and antisymmetry, this new matrix
can be expressed as a succinct sparse representation for ease
of computation: M = ¥, ip( 7)X/, where p(}) is the probability
of error for different qubits corresponding to different j. To
ensure the symmetry and antisymmetry of such matrices, we
need to use the same flipping principle for bit-flip averaging of
the output of the parametrized quantum circuits, then use the
response matrix M for error mitigation according to Eq. (3).

3.3. Loss function

The loss function of the quantum generative adversarial
network is defined with reference to the classical model as

L<9g’ ed) = LxnPyaa(x) [ng (x)}
+Ep()[(1 — Do, (G, (2)))] ©)

where Dg,(x) and Dg,(Ge,(z)) represent the outputs of the
discriminator when given real and generated samples, respec-
tively. G, (z) represents the measurement results generated by
the generator, and x is the real sample. The generator aims to
minimize the loss function in order to generate probability dis-
tributions that closely resemble real data. On the other hand,
the discriminator aims to maximize the loss function by opti-
mizing its parameters. This optimization ensures that D(x) as-
signs high probabilities to real samples classified as real, while
D(6,) assigns low probabilities to generated samples labeled
as real.[3¥

However, classical GAN often encounter the problem of
vanishing gradients in the generator during discriminator feed-
back. To alleviate this problem, a possible solution is to train
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the generator and discriminator independently using a non-
saturated loss function. By adopting this approach, we can al-
leviate the problem of vanishing gradients and facilitate more
efficient learning of the generator and discriminator.[®] The
loss function is rewritten as

LG(Gga ed) = *Ex~p(z) [Ded (Ggg (Z))]a (10)
Lp (Gga ed) = 7Ex~pdata(x) [Ded (x)]
—E,p(ollog(l —Dg,(Gg,(2)))].  (11)

Equations (10) and (11) denote the loss functions of the gen-
erator and discriminator, respectively. We fix the generator,
calculate the derivative of the loss function, and derive the op-
timal value of the discriminator D (G, (z)) as follows:

Dopi (Ge, (2)) = 5———5— (12)

Equation (12) represents the output value of the discrimina-
tor when the loss function reaches the extreme point, where
Pyaa(x) and Pg,) represent the probability distribution of real
data and generated data, respectively.

Next fix the discriminator and substitute Doy (G, (2))
into the loss function. When Fyy(,) = Pg(x), the loss func-
tion of the generator is minimized. In this case, the probabil-
ity distribution generated by the generator approaches the real
probability distribution, and the discriminator can no longer
distinguish the real data from the generated data, indicating
that the Nash equilibrium point has been reached.

3.4. Model training

3.4.1. Data preprocessing

36,37

We use Pytorch! for classical training and IBM

Qiskit[*¥3%1 to simulate the associated quantum circuits and

readout errors, in addition, we use “Mitiq” package to imple-
ment the “full error mitigation” approach. The dataset used in
this paper is images of handwritten digits with a resolution of
8 x 8 pixels, as cited in Ref. [40]. Since the color and posi-
tion of each image pixel are represented by classical numbers,
we can represent the pixel position and color information in
image using quantum states and their coefficients according to
the quantum image (FRQI) encoding method.!*!~*31 We set the
number of iterations to 350 and use the Adam optimizer, and
set the initial learning rates of the generator and discriminator
to g = 0.05 and op = 0.001 respectively. Subsequently, we
trained the QGAN following the training procedure outlined
in Table 1.

3.4.2. Training process

We use the “QuantumCircuit” class in Qiskit’s QasmSim-
ulator simulator to build quantum circuits and define methods

(441 To obtain the subgener-

to represent various unitary gates.
ator results, we generate a quantum state for projection mea-

surement, yielding a new set of measurement probabilities

vP(l)(])71P<l>(2N_l)}v
N=4, (13)

where P<i>( Jj) represents the measurement probability of the
jth quantum state in the ith sub-generator, where j € [0,2"]
and N is the number of qubits. In the context of an image, it
represents information related to the jth pixel. G® represents
a part of handwritten digital image content generated by a sub-
generator. Therefore, the entire image can be represented as
follows:

g=[x,.. M) Ng =4, (14)

Algorithm 1 Training process

1. Select a handwritten digit recognition image dataset and set a random number seed.

2. Build a quantum circuit and measure the error model using the BFA method.

3. Construct four quantum sub-generators and a classical fully connected neural network,

setting the number of circuits per subgenerator, n = 4. Initialize different

learning rates ag = 0.3 and op = 0.01
Wight: Generator 6 = Rand num between |0, 7|
Discriminator random parameter y
Epochs: K =350

1: while 6, y less than K do

2 Train the discriminator on real and generated data:

3 Computer the loss function according to the updated parameter y

4: Computer Gradp = dL/dy

5 Update y = vy — opGradp

6 Train the generator on generated data:

7: Perform projection measurements on the resulting quantum states and use the measured error model M
(response matrix) for error mitigation.

8: Computer the loss function according to the updated parameters 6

9: Computer Gradg

10: Update 6 = 6 — o Gradg

11: Representation as an image based on projection measurements

12: return result
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where Ng represents the number of sub-generators. In our
case, we utilize 4 parameterized quantum circuits (PQC) to
represent the synthesis of images consisting of 2* pixel points
generated by each sub-generator. During training, we update
the gradient of the loss function by backpropagation in a clas-
sical computer. For the classical discriminator, its gradient can
be directly calculated as

JdL(0,
VYLD(ega9d> = ((;},Y)’

Y= 6q. 15)
The gradient V,Lp (Og, Bd) represents the derivative calcula-
tion of the discriminator loss function Lp (6, 64) with respect
to the weight parameters Y of the discriminator’s fully con-
nected neural network.

In the quantum generator, we use the unbiased estimation
method, ! which is obtained by computing the original ex-
pectation twice. Its gradient formula is as follows:

1
ngLG (x) = E [LG(91762,...,91+7...,9,,,}/)
7LG(61,92,...,91_,...,9n,'}/):|~ (16)

This formula represents the partial derivative of the loss func-
tion of the sub-generator with respect to the /th parameter 6;.
Here (6;)" = 6, 4 7/2 denotes the rotation of the gate param-
eter 6; by /2 and — /2, respectively.

T T T T T T
1.4 * Loss function for generator
: . « * Loss function for discriminator
*
1.2 **fty e * s
2F - e 1
1.0t
0.8¢
0.6+ o **ﬁi‘;,fﬁi = * r* *ﬁ*{-‘*;**gi*‘****‘f'
' *
0.4

0 50 100 150 200 250 300 350
Training epochs

Fig. 5. The loss function for training images in a noise-free environ-
ment. The gray dots are the loss function of the quantum generator,
and the red dots are the loss function of the classical discriminator. The
figure shows the loss function for every five iterations, fitting an approx-
imate curve and plotting the confidence space.
Our training process achieves the optimization of the loss
function by continuously updating the gradients of the gener-

ator and the discriminator, and the formula is as follows:

0" =01 —ag VoLg (6,,64), 17)
Y =7""—ap VyLp(6y, 64). (18)

The index “k” in the equation represents the kth iteration dur-
ing the training process. oOg and op represent the learning
rates of the generator and discriminator, respectively. 6 and
7* represent the parameters of the generator and discriminator

updated during the kth iteration. Figure 5 shows the loss func-
tion we trained in the noise-free environment. When the final
loss function no longer changes, the Nash equilibrium point is
reached, *®! indicating that our image synthesis has converged
to the optimal training expectation.

3.4.3. Error mitigation

In order to simulate readout noise in the same training en-
vironment, we utilized the “ReadoutError” class in Qiskit and
set the probabilities of three different readout error probabili-
ties (bit error flip rate) as p = 0.01, p = 0.05, and p = 0.1.147]
Following the principle outlined in the “Bit-flip averaging”
section, we constructed an error model by measuring the read-
out probability distribution. To incorporate random bit flip-
ping, we designed a loop structure after constructing the quan-
tum circuits. Within this loop, we introduced random numbers
while traversing the circuit. Specifically, when generating ran-
dom numbers, if the value was less than 0.5, we applied an X -
gate flip to the corresponding qubit. This randomized process
ensured that each qubit underwent a probabilistic flip opera-
tion. Through these steps, we were able to mitigate the effects
of coarse measurements, thus creating a more robust and ac-
curate error model. In both the full error mitigation method
and the bit-flip averaging (BFA) method, we performed the
calibration process by measuring it 120 times. For the BFA
method this involved looping through the process 120 times
to acquire the necessary measurement data. It is worth not-
ing that while classical computers can simulate a large number
of circuit measurements, real quantum computers have limita-
tions in terms of the number of measurements they can per-
form at a manageable cost.

To ensure that the experimental setup closely reflects the
constraints of real quantum devices and increase the realism of
the experiment, we intentionally refrained from simulating a
larger number of measurements. This approach aligns with the
limitations imposed by current quantum hardware and allows
us to better understand and address the challenges associated
with practical implementation on real quantum devices. 3]
After measuring the error model, denoted as M, our approach
aligns with the error mitigation technique described in the
“Full error mitigation” section.**=>!] This involves estimating
the true density matrix after each iterative training and ulti-
mately encoding authentic density matrices into visually com-
pelling digital images. In our setup, since the discriminator
runs on a classical computer, our focus for error mitigation is
the quantum generator in QGAN. To estimate the true proba-
bility distribution Py, we need to compute its inverse from
the measured response matrix

Prye = M ' Preagout, (19)

where M ! represents the inverse of the response matrix M.
Piye and Preygoyt denote the true quantum state distribution in
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the absence of noise and the measured quantum state distri-
bution in the presence of readout errors respectively. In order
to calculate the inverse matrix quickly and conveniently, we
use the method in Ref. [23]. The first step of this method is
to diagonalize the response matrix M. Next, we supplement
and analyze the solution process of the inverse matrix to better
understand the response matrix M. Its diagonalization can be
realized by using the Hadamard matrix. The transformation

equation is as follows:

H"MH®" =Y p;Z/. (20)

Equation (20) represents the diagonalization matrix obtained
through the Hadamard matrix transformation. Here H®" de-
notes the Hadamard matrix for n qubits, while Z/ represents
the phase-flip operator, which operates on the same principles
as X/. The diagonal elements of the Pauli matrix Z/ corre-
spond to the phase-flip operation

Z] = I (—1)"k = (—1)"7. 2D

Equation (21) represents the ith diagonal element in Pauli’s

matrix Z, i-j is the dot product. It can be expressed in the

form of a Hadamard matrix

(_1)ij J_ @n
7 —Z =V2'H",

where H;; is the corresponding element in the Hadamard ma-

H,'j =

(22)

trix. Thus the eigenvalues of M can be given by diagonal
elements of }-; p; Z

Ai = ZPJ i ZPJ

2”(Hf]?’”[ﬁl, — A=

)Y =2y HE'p;
J

V2T HE"p. (23)

The Hadamard matrix transformation can also be repre-
sented by A;, which is the ith eigenvalue and A represents the
set of eigenvalues for all elements. In Eq. (23), p is a probabil-
ity vector composed of p; values, corresponding to the values
in the first column of M. Therefore, the inverse transforma-
tion of diagonalization can be expressed as

= diag(1/Ag,....1/Azm1). (24)

Equation (24) is the projection of H®" M~ H®" on different
Pauli matrices Z/. Finally we de-diagonalize the matrix with

H@nM—lH®n — A—l

the formula

a0) = 5 (A" Z))
1

NG

Based on the equation Tr(Z(s) Z(t)) = 2" 8y, the coeffi-
cient g(j) is obtained by multiplying A~! with different Z/

(H"A™), > M ' = Zq )X, (25)

matrices. It serves as a coefficient for M ! and is multiplied
by different X/ matrices to obtain the inverse matrix after di-
agonalization cancellation.

We find that the inverse matrix is a simple symmetric
structure. Combining Egs. (19) and (25) allows us to per-
form error mitigation on the estimation of the quantum circuit.
The quantum generator estimates the true density matrix at the
output of each iteration, and each training result restores an
approximate true probability distribution.

4. Simulation analysis

We performed image training in three different environ-
ments: a noise-free quantum circuit, the BFA method, and
full error mitigation with readout noise. Simulation experi-
ments were conducted to demonstrate the advantages of the
BFA method in mitigating errors during image generation.
Figure 6 displays the results of image generation, illustrating
that training the model with readout errors causes difficulties
in generating realistic samples. However, our observations re-
vealed that using the BFA method allows us to generate images
that closely resemble those generated in a noise-free environ-
ment. This empirical evidence highlights the effectiveness of
the BFA method in reducing the impact of readout errors and
improving the quality of generated images. By incorporating
the BFA method into the training process, we achieve signifi-
cant improvements in image generation performance.

In order to quantify the performance of image genera-
tion, we evaluate its metrics using the Kullback—Leibler (KL)
divergence,>?! which measures the similarity between the
probability distributions of generated samples and target sam-
ples

Px)
0(x)’

where Q(x) represents the probability distribution of the gen-
erated data, while P(x) represents the target probability distri-

DxL(P| Q)= ZP (26)

bution and S is the pixel distribution of the image composition.
The formula represents the discrepancy between the probabil-
ity distributions formed by the values of each pixel.[>3>4 A
lower value of KL divergence indicates a closer resemblance
of the generated probability distribution to the true probability
distribution.

During training, the KL divergence between the gener-
ated image and the real image is computed in post-processing
on a classical computer after every ten iterations of image gen-
eration, the results are shown in Fig. 7. During the training
process, the KL divergence decreases as the number of train-
ing times increases and the value of the KL divergence tends to
minimize after the system reaches the Nash equilibrium point.
The convergence of the KL divergence is very stable in an en-
vironment without readout errors, when the value stays float-
This
shows that our model is able to generate highly realistic sam-
ple distributions and in the absence of errors, demonstrating
that our QGAN structure can effectively solve the pattern col-

ing around 0.03 after more than 300 training sessions.

lapse problem.
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000000
E]llﬂ

Fig. 6. The training results of 8 x 8 pixel handwritten digit images. (a) The images generated in the noise-free environment, (b) the images
generated using the BFA method in the readout error simulation, and (c) the generated result under readout error without using any error

mitigation method.
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Fig. 7. The three plots depict the KL divergence as a line graph, with different colors representing different mitigation methods. The green
line represents error-free mitigation, the red line represents the BFA method, the blue line represents full error mitigation, and the gray line
represents a noiseless environment. Each corresponding scatter plot is fitted with a line to illustrate the trend of the KL divergence. (a) KL
divergence at a readout error probability of p = 0.01, (b) KL divergence at a readout error probability of p = 0.05, and (c) KL divergence at a

readout error probability of p =0.1.

We conducted simulation experiments on readout errors,
and by observing the experimental results, we found that the
KL divergence of the model output showed extremely high
fluctuations and oscillations at the beginning of the training pe-
riod without any error mitigation measures. Despite improve-
ment during the continuous optimization process of machine
learning, the KL divergence value never converges to a min-
imum value due to the readout noise present in the measure-
ment circuit itself. This experimental result clearly demon-
strates that the continuous optimization training model is un-
able to resolve errors caused by readout noise, even when the
probability of readout error is very low (e.g., p = 0.01).

Through the application of the BFA method, we observed
significant improvements. First, during the calibration phase,
we performed 120 projection measurements for each quantum
sub-generator. Considering that the sub-generator is a four-
qubit quantum circuit model (shown in Fig. 3), the time com-
plexity of the measurement is satisfying O(2"). From the ex-
perimental results in Fig. 7, we can clearly see the effective-

ness of the BFA method in error mitigation. When the readout
error probabilities are p = 0.01 and p = 0.05, the KL diver-
gence values converge to 0.04 and 0.05, respectively, which
are almost equal to the convergence values of the KL diver-
gence in the noise-free environment. Even with an readout
error probability of p = 0.1, the KL divergence converges to
a satisfactory level close to 0.1. While it may not achieve the
same level of performance as in the absence of readout errors,
it is still capable of generating reasonably realistic images, as
illustrated in Fig. 6. In the context of full error mitigation,
the response matrix cannot faithfully represent the error model
during the calibration phase due to limited measurements and
the necessity to measure every ground state. Additionally, the
Kullback-Leibler (KL) divergence for the three readout error
probabilities reaches a convergence turning point quite early
and then remains at relatively high values thereafter.

To evaluate the error mitigation performance of the BFA
method in terms of flexibility and generalization, we employ
state fidelity>>°! as a measure. However, since the discrimi-
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nator is a classical model, real images are represented directly
as classical pixel values without quantum encoding. There-
fore, it is not possible to quantify the quantum state fidelity
of real images. As an alternative, we compute the fidelity be-
tween the quantum states generated by different error mitiga-
tion methods in the training batch and the corresponding quan-
tum states generated in the noise-free environment with the
same training parameters. This experimental condition guar-
antees that there are only readout error-induced gaps between
the two resulting quantum states. The formula for quantum
state fidelity is as follows:

ngelity _ [TI' /0_1/2p 0_1/2]7

where o denotes the quantum state generated in a noise-free

27)

environment, p is the quantum state corrected by the BFA
method, the full error mitigation method and the error-free
mitigation environment for different noise levels. Similarly,
every ten training iterations, we ignore the image generation
link, only calculate its density matrix, and average the fidelity
of multiple training to get the result shown in Fig. 8.

Figure 8 illustrates the fidelity under different error mit-
igation methods for various readout error probabilities. We
found that using the BFA method could reach a higher fidelity
level in each training epoch. With all three different probabili-
ties of readout noise, the BFA method can keep the average fi-
delity of the density matrix after error mitigation around 0.96,
generating our desired target quantum state through the higher
level of fidelity.

1.00 ~— . T T T T 1.00 1.00
0.95¢ 0.95¢ (b) Error-frée mitigatizm 0.95 (c)
5, L > L Full error mitigation > L Error-free mitigation
= 0.90 = 0.90 BFA method 5 0.90 Full error mitigation
< 0.85F 5 0.85 F« . . < 0.85k BFA method
=R = a7 . i) L
2080 £ 0.80F 2 0.80 8%
= | Error-free mitigation 0 L 3 IR
® 0.75 Full error mitigation 0.75 n 0.75
0.70} BFA method | 0.70k 0.70
06550 100 150 200 250 300 350 %% 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350

Training epochs

Training epochs

Training epochs

Fig. 8. As shown in the above figure, the gray dots represent the case without error mitigation, the blue dots represent the BFA method, and
the red dots represent full error mitigation. We can plot the corresponding curves and confidence intervals based on the data points. (a)—(c) The
fidelity of states in different scenarios corresponding to readout error probability of p = 0.01, p = 0.05, and p = 0.1, respectively.

In contrast to the BFA method, the full error mitigation
approach did not achieve the expected results. Even at a lower
error probability (p = 0.01), the fidelity value of 0.87 is less
than ideal. Furthermore, at p = 0.05 and p = 0.1, the aver-
age fidelity of the density matrix sharply drops to around 0.5.
This signifies that under the full error mitigation approach,
the QGAN struggles to generate high-fidelity target quantum
states. In the absence of error mitigation methods, we observe
that it is impossible to generate high-fidelity samples regard-
less of the training parameters. Even in the best-case scenario
(p = 0.01), the maximum fidelity is only around 0.85, which
does not allow us to achieve the desired results. Through fi-
delity experiments, we once again demonstrate the effective-
ness of the BFA method for the QGAN model, especially when
dealing with readout error probabilities below 0.1.

5. Conclusion

We combine QGAN with the BFA method to form the
training mechanism of the BFA-QGAN model. This model
can obtain an accurate error model in a limited measurement
environment and can achieve error mitigation with high fault
tolerance performance. >’ Simple classical post-processing
methods prove that variational quantum algorithms under
high-cost measurement shots can be presented in the form of
high-fidelity output density matrices. Through our model, the

problems caused by readout noise to QGAN are solved.

Relative to the full error mitigation method, the BFA-
QGAN model can effectively handle measurement noise up
to a threshold of 0.1, which strongly verifies the robustness of
QGAN in this paper. Furthermore, fidelity experiments con-
firm that our study is not limited to image generation, demon-
strating the potential to be applicable to various generation
tasks, thereby enhancing the generalization ability of the fault-
tolerant mechanism. (0!

Moving forward, our future research endeavors will fo-
cus on exploring fault tolerance mechanisms in large-scale
quantum circuits with an increased number of qubits. Addi-
tionally, we will investigate methods for enabling QGANS to
achieve superior generalization capabilities in noisy environ-
ments. The theoretical framework and practical implementa-
tion presented in this study serve as a valuable reference for
the advancement of quantum machine learning in noisy envi-
ronments. Furthermore, we offer valuable insights for explor-
ing quantum neural network models incorporating more robust

fault tolerance mechanisms.[01:62]
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