CHinese PuysicaL Sociery | IOP Publishing

CPB

Chinese Physics B

http://cpb.iphy.ac.cn https://iopscience.iop.org/journal/1674-1056

Quantum algorithm for minimum dominating set problemwith circuit design

Haoying Zhang(5KM5 i), Shaoxuan Wang(E2H%F), Xinjian Liu(XI#1%), Yingtong Shen({L#1#), and Yukun
Wang(F K1)

Citation:Chin. Phys. B, 2024, 33 (2): 020310. DOI: 10.1088/1674-1056/ad02e5
Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Threshold-independent method for single-shot readout of spin qubits in semiconductor

quantum dots

Rui-Zi Hu(#H&F¥), Sheng-Kai Zhu(#L=EH)L), Xin Zhang(5K3%), Yuan Zhou(Fi &), Ming Ni({7i#4), Rong-Long Ma(%
28 %), Gang Luo(¥'NI), Zhen-Zhen Kong(fLE E), Gui-Lei Wang(F#£#%), Gang Cao( & Hl|), Hai-Ou Li(Z5¥#ERK),
and Guo-Ping Guo(5 [EF)

Chin. Phys. B, 2024, 33 (1): 010304. DOI: 10.1088/1674-1056/ace3a9

A guantum algorithm for Toeplitz matrix-vector multiplication

Shang Gao(f1 ) and Yu-Guang Yang(#% 52 )
Chin. Phys. B, 2023, 32 (10): 100309. DOI: 10.1088/1674-1056/acbh914

Variational quantum simulation of the quantum critical regime

Zhi-Quan Shi(£ &4), Xu-Dan Xie(#/]F), and Dan-Bo Zhang(3K H.i%)
Chin. Phys. B, 2023, 32 (8): 080305. DOI: 10.1088/1674-1056/accb43

Variational quantum semi-supervised classifier based on label propagation

Yan-Yan Hou({Z i ff1), Jian Li(Z=81]), Xiu-Bo Chen([%:75 %), and Chong-Qiang Ye(/ 525i#)
Chin. Phys. B, 2023, 32 (7): 070309. DOI: 10.1088/1674-1056/acb9fb

Variational quantum simulation of thermal statistical states on a superconducting

quantum processer

Xue-Yi Guo(¥B2~1X), Shang-Shu Li(Z= i 13), Xiao Xiao(X4%), Zhong-Cheng Xiang(#H /L), Zi-Yong Ge(& H 5),
He-Kang Li(Z=%75E), Peng-Tao Song(A# M%), Yi Peng(343i), Zhan Wang(E k), Kai Xu(#FHL), Pan Zhang(7Ki%),
Lei Wang(.#%), Dong-Ning Zheng(# %< ‘T*), and Heng Fan(JA(T)

Chin. Phys. B, 2023, 32 (1): 010307. DOI: 10.1088/1674-1056/aca7f3


https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad02e5
https://doi.org/10.1088/1674-1056/ad02e5
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ace3a9
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ace3a9
https://doi.org/10.1088/1674-1056/ace3a9
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/acb914
https://doi.org/10.1088/1674-1056/acb914
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/accb43
https://doi.org/10.1088/1674-1056/accb43
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/acb9fb
https://doi.org/10.1088/1674-1056/acb9fb
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/aca7f3
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/aca7f3
https://doi.org/10.1088/1674-1056/aca7f3

Chin. Phys. B 33, 020310 (2024)

Quantum algorithm for minimum dominating set problem
with circuit design

Haoying Zhang(7K [t #)!, Shaoxuan Wang(E44%F)!, Xinjian Liu(XIHr&)!,
Yingtong Shen(7L#i#)!, and Yukun Wang(E F3#)l27

1Beijing Key Laboratory of Petroleum Data Mining, China University of Petroleum, Beijing 102249, China
2State Key Laboratory of Cryptology, P.O. Box 5159, Beijing 100878, China

(Received 14 June 2023; revised manuscript received 3 October 2023; accepted manuscript online 13 October 2023)

Using quantum algorithms to solve various problems has attracted widespread attention with the development of
quantum computing. Researchers are particularly interested in using the acceleration properties of quantum algorithms
to solve NP-complete problems. This paper focuses on the well-known NP-complete problem of finding the minimum
dominating set in undirected graphs. To expedite the search process, a quantum algorithm employing Grover’s search is
proposed. However, a challenge arises from the unknown number of solutions for the minimum dominating set, rendering
direct usage of original Grover’s search impossible. Thus, a swap test method is introduced to ascertain the number of
iterations required. The oracle, diffusion operators, and swap test are designed with achievable quantum gates. The query
complexity is O(1.414") and the space complexity is O(n). To validate the proposed approach, giskit software package is
employed to simulate the quantum circuit, yielding the anticipated results.

Keywords: quantum algorithm, circuit design, minimum dominating set

PACS: 03.67.Ac

1. Introduction

Quantum computing is an interdisciplinary field that
combines principles in modern physics and computer sci-
ence. In recent years, quantum algorithms have received
considerable attention from researchers,[!?! attracted by their
unique properties such as superposition, ! interference, ! and
entanglement,®! which enable exponential or square order
speedups compared to classical algorithms. Numerous studies
have explored quantum algorithms, [1->6-15] highlighting their
potential for solving various computational problems.

The minimum dominating set problem, particularly on an
undirected graph, is a well-known problem that belongs to the
class of problems known to be NP-complete,!'®! where NP
stands for non-deterministic polynomial. The concept of a
dominating set has applications in various real-life scenarios,
offering a versatile mapping to a range of problems. Exam-
ples include the optimization of school bus routing, wireless
sensor network management, urban traffic route planning, and
several other domains.!!”! The problem seeks to find a sub-
set of vertices in a graph that dominates all other vertices. In
other words, each vertex in the graph must either belong to the
dominating set or be adjacent to at least one vertex in the set.
Various classical algorithms, such as greedy algorithm!'8! and
genetic algorithm, '] have been proposed to solve this prob-
lem. However, these approaches often yield approximate so-
lutions and are highly dependent on the chosen strategy. Exact

20-26

solution algorithms also exist,! ! but they suffer from high

computational complexity.
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Grover’s search algorithm has emerged as one of the most
widely studied quantum algorithms, with applications in di-
verse problem domains.?’~31 This algorithm employs Grover
iterations, which comprise two essential components: the or-
acle and the diffusion operator. The oracle identifies the tar-
get states, while the diffusion operator amplifies the ampli-
tudes of these states. By performing measurements, the algo-
rithm can identify the target states representing solutions to the
problem with a high probability. Compared to classical algo-
rithms, Grover’s algorithm offers a computational advantage
by requiring only O(+/N) iterations to find a solution in an
unsorted database of size N, significantly outperforming the
lower bound of O(N) evaluations required by classical meth-
ods.

In the field of NP-complete problems, Grover’s algo-
rithm is a popular solution that can solve many problems, in-
cluding the graph coloring problem,!!-13] the shortest path
problem,"#! and the 0-1 knapsack problem.!'3! Therefore,
leveraging the accelerated properties of quantum algorithms,
applying Grover’s search algorithm to the dominating set
problem is an attractive proposition. However, a challenge
arises in the minimum dominating set problem due to the
unknown number of solutions, making direct use of original
Grover’s search algorithm infeasible. In recent years, there has
been substantial research focusing on enhancing Grover’s al-
gorithm for various applications.'3'7] These proposed meth-
ods have limited efficacy when it comes to solving the min-
imum dominating set problem. For instance, the approaches
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described in Ref. [31] can only identify the dominating set
and do not provide a guarantee of finding the minor domi-
nating set. Moreover, the design complexity associated with
the phase gate in Ref. [32] presents challenges. As an alter-
native, Aaronson and Rall presented an approximate counting
algorithm in Ref. [33], which estimates the number of target
solutions within a set without relying on the quantum fourier
transform, resulting in a relatively complex implementation.
Therefore, a universal method is needed to estimate the num-
ber of iterations for Grover’s algorithm.

To address this challenge, we propose a swap test method
to estimate the number of iterations required by calculating
the fidelity between the initial state and the state of the algo-
rithm after one iteration. By exploiting fidelity information,
we can determine the number of iterations for Grover’s algo-
rithm. Using the swap test and Grover’s algorithm, we design
a quantum algorithm for the minor dominated set and subse-
quently obtain the minimum dominated set through classical
post processing. Our proposed method ensures the attainment
of an approximate exact solution and facilitates a simple cir-
cuit design. We outline the algorithm framework and system-
atically design the oracle circuit, diffusion operators, and swap
test circuit, employing achievable quantum gates. The query
complexity and qubit cost of this method are O(1.414") and
O(n) when the number of vertices in a graph is n.

The structure of this paper is as follows. Section 2 pro-
vides an overview of quantum circuits, Grover’s algorithm,
and dominating sets. In Section 3, we present a detailed de-
scription and performance analysis of our algorithm circuit.
We implement the method using qiskit and demonstrate its ef-
fectiveness with two examples in Section 4. Finally, Section 5
concludes the paper.

2. Preliminaries

In this section, we provide readers with some background
knowledge to better understand our method. We describe
qubits and quantum gates!*3! in the context of quantum cir-
cuits, then provide a concise overview of Grover’s algorithm,
and the dominating set problem in graph theory.

2.1. Quantum circuit

In quantum computing, all algorithms can be realized by
quantum circuits which are composed of qubits and quantum
gates.

Qubits The fundamental unit of a quantum circuit is the
quantum bit, known as a qubit, which is the quantum coun-
terpart of classical bits used in classical computing. In the
realm of physics, a qubit can be realized as a superposition
of any two distinguishable quantum states, typically denoted
as |0) and |1). These quantum states can be physically rep-
resented based on the properties of certain physical systems,

such as the spin of an electron or the energy level state of an
atom. In a quantum circuit, a qubit can exist in a superposition
of multiple states, exemplified as a|0) + f3|1), where o and
B are complex numbers, representing the probability ampli-
tudes of the respective states. This property enables quantum
circuits to simultaneously process multiple possibilities, po-
tentially conferring a computational advantage. There are two
types of qubits, the first type is data qubits which are used to
encode the input or output of a quantum algorithm. The other
is the ancilla qubits that are used to store interim or temporary
results during the execution of the algorithm.

Quantum gates Quantum gates are employed to enact all
operations within a quantum circuit, serving as operations or
evolutions within physical systems capable of modifying the
state of qubits. Distinct quantum gates exert diverse influences
on qubits. In our algorithm, we utilize several specific quan-
tum gates, including the Hadamard (H) gate, the controlled-
NOT (CNOT) gate, the Toffoli gate, and the multiple control
Toffoli (MCT) gate.

* H gate The Hadamard gate is employed to generate su-
perposition states of qubits, transforming the |0) state
into |[4+) (H|0) = |+)) and the |1) state into |—) (H|1) =

0)+|1 0)—|1
|~)), where |+) = 221 and |- = 021U,

* CNOT gate It is a two-qubit gate where the upper qubit

acts as the control qubit and the lower qubit functions
as the target qubit. When the gate is applied, it trans-
forms the tensor product state of the two qubits, denoted
as |a) ® |b) into |a) ® |a @ b), where the ® is used to
represent the tensor product in quantum mechanics, in-
dicating the combined state of two or more qubits and
the @ represents the bitwise XOR (exclusive OR) opera-
tion between bit values, indicating the result of applying
XOR to the binary values of the bits.

 Toffoli gate This is a three-qubit quantum gate. There
are two control qubits and a single target qubit. When it
is applied, |ajaz) ® |b) can be transformed to |ajaz) ®
|ajaz ® b).

* MCT gate This gate is similar to the Toffoli gate, which
ap...an) ®
|b) can be transformed to |a; ...a,) ®la; ...a, ®b).

is an n-qubit quantum gate. By applying it,

Here, a,b,a; € {0, 1} represent binary values. We collectively
refer to the CNOT gate, Toffoli gate, and MCT gate as con-
trolled gates. In this context, a visual notation is employed, uti-
lizing a black dot to signify that when the control qubit is in the
state |1), it induces a change in the target qubit. Conversely,
for ease of representation, a white dot is used to signify that
when the control qubit is in the state |0), it likewise influences
the state of the target qubit. In current quantum devices, ba-
sic quantum logic gates, such as single-qubit gates and CNOT
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gates, are implemented using control techniques to manipu-
late individual qubits and establish interactions between them.
These gates are realized on various quantum platforms, includ-
ing superconducting qubits, trapped ions, and hybrid systems
combining different types of qubits.

2.2. Grover’s algorithm

Currently, Grover’s algorithm has been implemented on
various quantum computing platforms including IBM Quan-
tum Experience, Rigetti Forest, and Microsoft Quantum De-
velopment Kit. These platforms provide programming lan-
guages and tools for users to utilize Grover’s algorithm for
tasks such as unstructured database search. Except for the
simulation platforms, there have been several experimen-
tal demonstrations of Grover’s algorithm on different quan-
tum hardware platforms, such as superconducting qubits and
trapped ions. Although these implementations are still limited
in terms of the number of qubits and the level of noise, they
represent significant progress towards achieving practical ap-
plications of Grover’s algorithm on quantum hardware.

The quantum circuit framework employed in Grover’s al-
gorithm is visually depicted in Fig. 1. It comprises two funda-
mental components: the oracle and the diffusion operator. The
oracle plays a pivotal role in this quantum search algorithm
as it is responsible for altering the phase of the target states.
It is worth noting that different problem instances necessitate
distinct oracle configurations, tailoring the algorithm to spe-
cific problem domains. The diffusion operator, alternatively
known as the inversion about the average operator, serves as a
critical amplification step within Grover’s algorithm. Its pri-
mary function is to enhance the amplitude of the target states,
thereby elevating the likelihood of measuring the desired so-
lution. This enhancement is achieved through a process that
reflects the average amplitude across all states, accentuating
those that deviate from this average. The initial setup involves
the utilization of the first n qubits as data qubits, responsible
for encoding the problem’s solution space. Meanwhile, the
final qubit, known as the ancilla qubit, is dedicated to effectu-
ating phase alterations within the target states. Grover’s algo-
rithm encompasses four distinct stages, namely, initialization,
Hadamard transformation, oracle, and diffusion operator.

ES

1 H®n —IH@WH 2‘0®n> <0®n‘,ln HH®n|»

Oracle

Fig. 1. Generalized circuit of Grover’s algorithm.

Initialization In the initialization stage, the data qubits
are initialized in the state |0). The ancilla qubit, on the other
hand, is initialized in the state |1), preparing the system for
computation.

Hadamard transformation Hadamard operations are
applied to both the data and ancilla qubits, the operation facili-
tates the creation of superposition states, endowing all possible
solutions with an equal probability amplitude.

1 2"—1

1X) = NeT ;) /i), (1

and the ancilla qubit is transformed from |1) to |—).

Oracle The oracle, a problem-specific gate, is pivotal in
marking the correct solution with a negative phase. It perturbs
the phases of the target states in a manner tailored to the prob-
lem’s nature. Let the solution set of the problem be denoted as
S. The oracle can be represented as a function f defined as

1, if xes,
fx) = { 0, otherwise. @)
Thus, the effect of the oracle can be defined as
[)n @1[g) = [x)a @ gD f(x)), 3)

where |x), represents the data qubits, and |g) represents the
ancilla qubit.

Diffusion operator The diffusion operator increases the
probability amplitude of the correct solution by adjusting the
phase of the target state, which effectiveness arises from its un-
derlying quantum mechanical principles. It is fundamentally
based on the concept of quantum interference. In quantum sys-
tems, probabilities are determined by the complex amplitudes
associated with each possible outcome. These amplitudes can
interfere constructively or destructively. If a quantum state is
viewed as a vector in a high-dimensional space, the diffusion
operator will rotate this vector closer to the target state.

As we can see in Fig. 1, the operation described as

HE"(205") (07" = L) H™" @)

is the diffusion operator. During this phase, the amplitude of
the marked states is enhanced, while the probability ampli-
tudes of the unmarked states are reduced. As a result, when
the data qubits are measured, the marked states are obtained
with a significantly higher probability. This enables an effi-
cient identification and extraction of the desired marked states
from the superposition of all possible states.

Grover’s algorithm is comprised of repetitively executing
the oracle and diffusion operators, collectively referred to as
iterations. In practical problem-solving scenarios, it becomes
necessary to determine the optimal number of iterations for
Grover’s algorithm. Assuming a search space of size N with
M possible solutions, it has been shown that after an order of
O(\/N/M) iterations, there exists a high probability of obtain-
ing one of the solution states. In essence, the query complexity
of Grover’s algorithm is estimated to be O(1/N/M), provid-
ing a quadratic improvement over the classical approach that
requires O(N /M) oracle calls.

020310-3
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2.3. Dominating set

Giving an undirected graph G = (V,E), there is a vertex
subset S C V, with § # @. For V v € V, either v belongs to S,
or at least one adjacent vertex of v belongs to S. Such an § is
called a dominating set of G. The vertices which belong to S
are called the dominant vertex, and other vertices are called the
non-dominant vertex. The number of dominant vertices for the
dominating set S is defined as y(S). If any true subsets of the
dominating set S are non-dominating, S is called a minor dom-
inating set. The sets with the smallest y(S) in all minor dom-
inating sets are called minimum dominating sets. The mini-
mum dominating and minor dominating sets of a graph are not
unique, but the y(S;) of all minimum dominating sets is equal.
For a more comprehensive description of the dominating set
39401 Figure 2 illus-
trates an example with three vertices, where the dominating
sets can be identified as {A},{A,C},{A,B},{B,C}, {A,B,C},
the minor dominating sets are {A} and {B,C}, and the final

problem, we refer the reader to the books.!

minimum dominating set is {A}.

Fig. 2. An undirected graph G = (V, E) with three vertices.

3. The proposed approach for the minimum
dominating set problem

This section presents the algorithmic implementa-
tion for identifying the minimum dominating set in undi-
rected graphs. Figure 3 illustrates the step-by-step pro-
cess of the algorithm, which aims to leverage quantum
algorithms to accelerate the search for minor dominating
sets. Through the measurement of the quantum circuit, a
set of quantum states describing the states of the vertices
(whether they are dominant or non-dominant) can be ob-
tained. Within this set, the minimum dominating set corre-
sponds to the smallest number of dominant vertices. How-
ever, the measured result represents a combination of minor

* Undirected -

graph G with
n vertex

[o Classical ‘

algorithm
algorithm
\*- ; g \P-

Fig. 3. The process of finding minimum dominating set. The overall al-
gorithmic process entails employing a quantum algorithm to obtain the
minor dominating set of a graph, subsequently employing this minor
dominating set as input for a classical algorithm, and finally outputting
the minimum dominating set of the graph.

® Quantum

Algorithm 1 Quantum algorithm of minor dominating set
Input: An undirected graph G = (V,E).
Output: the minor dominating set of graph G.

Quantum Circuit(2n +2m+ 3)

for vinV do

Define a controlled gate.
|@,) as control qubit.
for uin N(v) do
|@y) as control qubit.
end for
|ay) as target qubit.
end for
Use an MCT gate to record the result of the first phase.
for vinV do
for u in N(v) do
Use a Toffoli gate which the control qubit are |@,) and |@,),
and the target qubit is |cy).
end for
Use a controlled gate to record the result on |e).
Define a controlled gate.
for uin N(v) do
|@.) as control qubit.
end for
|d,) as target qubit.
Use an MCT gate to record the result.
end for
Use an MCT gate whose target qubit is |¢) to flip the phase
of the marked state.

dominating sets, necessitating classical post-processing. The
overall idea of the quantum algorithm is shown in Algorithm 1,
which shows how the search algorithm finds the minor dom-
inating set. In the subsequent sections, we introduce Algo-
rithm 1 in detail.

3.1. The algorithm idea

We present a novel approach for identifying the minor
dominating set in an undirected graph G = (V,E) composed
of n vertices. Each vertex in the graph can be classified into
one of two categories: dominant or non-dominant. Conse-
quently, the search space for the minor dominating set prob-
lem, denoted as S, encompasses 2" possible vertex sets, where
S={Si}i=1,. 2.

The quantum algorithm module is divided into two
phases: the first phase focuses on searching all dominating
sets, and the second phase focuses on searching all minor dom-
inating sets within the obtained dominating sets.

3.1.1. Circuit design for the minor dominating set
problem using Grover’s algorithm

The primary task of this research endeavor entails the de-

sign of a quantum circuit capable of implementing the afore-

mentioned ideas.

tum circuit employed for addressing the minor dominating set

problem. The algorithm proposed in this study builds upon

Figure 4 shows the cases of the quan-

Grover’s algorithm as its foundation. Subsequently, we delve
into an elaborate examination of the five sequential steps con-
stituting the algorithm.
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Fig. 4. The general framework of applying Grover’s algorithm to the minor dominating set problem, the most important parts are the

dominating set detector and minor dominating set detector.

3.1.2. Circuit setup

It is possible to classify the quantum bits into seven dis-
tinct categories based on their specific functions within the
circuit, as shown in Fig. 4. The effect of different qubits is
introduced as follows.

* |@),: The minimum dominating set problem necessi-
tates the utilization of n qubits, denoted by | @), where
x €{1,2,...,n}, in order to represent the search space
associated with this problem.

|a), and |b);:
serves as a repository for storing the outcome of judg-

The state |a) comprises n qubits and

ments obtained during both the first and second phases
outlined in Subsection 3.1. On the other hand, the state
|b) encompasses a single qubit solely designated for
recording the outcomes associated with the first phase.
For the purposes of representation, let us define the
dominant set of the problem as Z. Consequently, the
state |b) can be mathematically defined as follows:

n-{1)

10),
|c)m and |e);: For an undirected graph G = (V,E), we
define

if [p)€Z,
otherwise.

&)

(6)

m = max degree(v).
veV

The state |¢) comprises m qubits and serves as stor-
age for information related to the fulfillment of the first
judgment condition in the second phase of the method
proposed in Subsection 3.1. Specifically, if |c), = |1)
for x € {1,2,...,m}, it indicates that the condition has
been satisfied. Additionally, a single qubit denoted as
|e) is utilized to record the results corresponding to the
state |cy), x € {1,2,...,m}.

|d)m: The state |d) is employed to assess whether one
of the neighboring vertices of the current vertex can be
dominated by other vertices in the dominating set when
the current vertex is changed to a non-dominating ver-
tex. If |dy) = |1) for x € {1,2,...,m}, it signifies that

this condition holds true for at least one adjacent ver-
tex. In the event that |d), = |1), it indicates that all
adjacent vertices of the current vertex can be dominated
by other vertices in the event of the current vertex being
changed to a non-dominating vertex. In other words, the
current vertex satisfies the second judgment condition
in the second phase of the method proposed in Subsec-
tion 3.1.

|¢): Tt is utilized for the purpose of flipping the phase of
marked states and requires only a single qubit.
3.1.3. Initialization
The initialization process is as follows:
lp)@la)®1b)©|c) @ |d) ©e) ©|¢)
=[0)" @ [1)*" ®|0)®[0)*" & [)*" & [1) ®]1).

3.1.4. Hadamard transformation

(N

The Hadamard transformation is applied to both the data
qubits and the phase reversal ancilla qubits. The transforma-
tion can be defined as follows:

2]
|®=MW+M=EJW

0) — 1)
5

In our representation, the state |1) signifies that the current ver-

9)=11) = 19) = ®)

tex is classified as a dominant vertex, while the state |0) rep-
resents that the vertex is categorized as a non-dominant ver-
tex. We take |101) as an example, where the two |1) means
that vertices A and C are dominant vertices, and the middle |0)
means that vertex B is a non-dominant vertex. After Hadamard
transformation on the data qubits, the search space will be en-
coded into the circuit.

3.1.5. Oracle

Before introducing oracle, in order to better understand
the algorithm, it is necessary to introduce two related concepts,
namely garbage qubit and mirror. When a qubit undergoes an
operation and is not reset to its initial state, it becomes un-
usable and is referred to as a garbage qubit. To prevent this,
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a mirror is employed to restore such qubits to their original
states for subsequent use, thereby eliminating a large number
of circuit costs. Consequently, the oracle circuit presented in
this research exhibits symmetry.

The proposed quantum circuit is partitioned into two dis-
tinct phases, aligning with each respective stage elucidated in
the proposition of the algorithm described in Subsection 3.1.
Quantum logic gates are commonly used to express quantum
operations. In graph G = (V,E) with n vertices, we require
the Toffoli gate, MCT gate, and CNOT gate to complete the
circuit. Referring to Fig. 4, the details are given as follows:

Dominating set detector For every v € V, we use N(v) to
represent the adjacent vertices of v, and |@,,) to represent one
vertex set of w =vUN(v). When |¢,,) =|0,...,0) is satisfied,
the set comprising w =0, ..., 0 is identified as non-dominating
set. We mark these dominating sets by introducing an ancilla
qubit |a,). Specifically, we introduce a controlled gate, where
|@,,) serves as the control gate, and |a,) as the target bit. When
l@w) =10,...,0) is satisfied, the target qubit |a,) undergoes a
bit flip operation.

After all the vertices have been done, we employ a con-
trolled gate to map the marked results onto the ancilla qubit |b)
and restore all |a,),cy for subsequent procedures. The con-
trolled gate takes |a,)yey as the control qubits and |b) as the
target qubit. In the case of combining non-dominated sets, no
operations are applied to |b). Conversely, when |b) undergoes
a transformation from |0) to |1), it indicates that the current
set is a dominating set. Thus, if |b) is in the state |0), it sig-
nifies that the current set is a non-dominating set. Otherwise,
the current set is identified as a dominating set.

A%

Fig. 5. Dominating set detector. The circuit is to mark the set that can
dominate vertex A, B and C in the given undirected graph in Fig. 2.
Taking the undirected graph in Fig. 2 as an example, its
corresponding circuit diagram is shown in Fig. 5. Following
the application of the H*3, the state |@)3 represents the super-
position of the search space spanning from |000) to |111). The
initial controlled gate, referred to as an MCT gate, is utilized
to mark the sets in which the vertex A is a non-dominating
vertex.
Notably, when all the control qubits are in the state
|0, signifying that vertex A cannot be dominated in the cur-
rent set, the target qubit |a) is transformed from |1) to |0).

Similar operations are performed on the remaining vertices.
Only when all the marked qubits remain un-flipped, namely
|ai,az,a3) =|1,1,1), |b) is transformed from |0) to |1). The
outcome |b) = |1) serves as a marker for the dominating set.
Consequently, the state |@;, @, ¢3,b) assumes the superstition
of |0000), |0010), |0100), |0111), |1001), |1011), |1101), and
[1111). The resulting dominating sets are [011), |100), |101),
[110), and |111), where |b) = |1). These states correspond
to {B,C}, {A}, {A,C}, {A,B}, and {A,B,C}. The three con-
trolled gates on the right side of the circuit serve to restore the
qubits of the ancillary circuit |a,).

Minor dominating set detector This process is divided
into two phases.

For v € V, set k = degree(v) to denote its degree. We can
employ k controlled gates to determine whether the vertex v
can be dominated after it becomes a non-dominating vertex.
For each u € N(v), the control qubit of each controlled gate is
|@,), where w = vUu and the target qubit is |c,). Then, in-
troduce another ancilla |e), which serves as a marker to record
the sets in which v can be dominated even after it becomes a
non-dominating vertex. This is accomplished by employing a
controlled gate, where |c,) serves as a control qubit. The re-
sulting state |¢) = |1) signifies that the corresponding sets are
non-minor dominating sets, as vertex v can still be dominated
even after it becomes a non-dominating vertex.

For each adjacent vertex u of the current vertex, we can
employ a controlled gate to determine whether u can be dom-
inated after it becomes a non-dominating vertex. The control
qubit of the controlled gate is | @,,), where w = uUN (u) /v, and
the target qubit is |d,). If the target qubit |d,) isin |1,...,1),
it indicates that the adjacent vertices of the current vertex are
already in the dominating set. Therefore, each adjacent vertex
of the current vertex can be dominated even after the current
vertex becomes a non-dominating vertex.

We use an MCT gate to record the result of the states after
performing the above operations, where |d) and |e) are control
qubits, and |a,) is the target qubit. If |a,) is in |1), it signifies
that this set is a minor dominating set. After all vertices in the
set are judged, we employ another MCT gate to mark the mi-
nor dominating sets and flip their corresponding phases. The
control qubits of the MCT gate are |a) and |b), while the target
qubit is denoted as |¢@).

Taking Fig. 2 as an example, its judgment circuit diagram
for vertex A is shown in Fig. 6. The initial three controlled
gates are utilized to assess the dominant ability of the vertex A
subsequent to its removal from the dominating set. The third
controlled gate is used to map the result onto the ancilla |e).

Specifically, it turns the dominating set as well as ancilla into
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(1011) +[100) +[101) +[110) 4 [111))]00)[1).
(1011) +[100))[00)[0), + (|101)[01) ¢+ [110)[10) + [111)[11))[1)e := 61,

with three controlled gates

(€))

where e = 1 serves as an indicator denoting the set in which vertex A can still be dominated even after its removal from said set.

The fourth and fifth controlled gates are used to judge whether the vertices B and C (all adjacent vertices of vertex A) can

still be dominated when the vertex A becomes a non-dominating vertex. The sixth controlled gate maps the result to |a). The five

controlled gates on the right side are used to restore the initial qubit of |c), |d), and |e). Specifically,

controlled gates by B, C

g

(1011)[11)4 +[100)[00)4)|00)¢[0)e + (|101)[01)4|01) +[110)[10)4[10)c + [111)[11)[11)c) [ 1)

(I011)[1)a +[100) [1)a +[101)[1)a + [110)[1)4 + [111)[0)a ) [c)[d) |€)-

Therefore, after the judgment operations based on A and
its adjacent vertices, the set |111) which is a non-minor domi-
nating set is marked.

The aforementioned judgment operations are sequentially
applied to vertices A, B, and C within the overall circuit. The
circuit diagram is depicted in Fig. 7. We use an MCT gate
whose target qubit is |¢) to flip the phase of the minor dom-
inating sets, and the controlled gates on the right side sym-
metrical about the MCT gate are used to restore the ancilla
circuit. The controlled gates situated to the right of the MCT
gate exhibit symmetry and serve the purpose of restoring the
ancilla circuit. This restoration ensures that the qubit value
of the ancilla circuit remains consistent with its state prior to
executing the algorithm in subsequent Grover iterations. The

map to ancilla |a)
.——%
restore operations

(10)

final marked minor dominating sets comprise [011) and |100),
corresponding to {B,C} and {A}, respectively.

O 0O :
/ /
O O ‘
) \
N 0O ) Jany
— T
B_EJ \3—69—
L/ L
) N
A A"
Fany Fany

N

Fig. 6. Minor dominating set detector. The circuit is to mark that a
dominant set containing vertex A (the first line) is still a dominant set
when vertex A is eliminated from the dominant vertex. If so, A can be
eliminated in the dominant set. Similar circuits will be executed in se-
quence for the remaining vertices to check whether this vertex can be
eliminated. Finally, turn the dominant set into a minor dominating set.

A
" "Minor dominafing | " "Minor dominating | Dominating) | Duffision |
{‘___Ls(;\t_@c)fggt_pz__“J [ set detector____ ! | Iset detector| | operation |
o j 185k detector | j operation,
i i
?—ﬁ) 9 ?—ﬁ) ; HIO{H
+ O 1@ HIO{H
i i
O0—0 J)—Cl‘ T ’JD—(L o —e i HIO{H
b4 OBBO+— OO ;-
i ;
i

Fig. 7. The circuit for dominating set problem of the given three-vertex undirected graph. It includes two modules, i.e., the dominating
set detector module and the minor dominating set detector module. The dominating set detector module is employed to identify all
dominating sets within the graph, while the minor dominating set detector module is utilized to identify the minor dominating sets
within the graph. Lastly, the diffusion operation module is applied to amplify the identified collection of minor dominating sets.

3.1.6. Diffusion operation

The diffusion operation, which forms an integral part of
the Grover iteration, can be conceptualized as a reflection of
the state [as described in Eq. (1)]. The operation of this part is

H®"(2|0)(0| —1)H®", (11)

which equals 2|X)(X|—1I.

The circuit diagram depicting the complete process of
finding the minor dominating set for Fig. 2 is illustrated in
Fig. 7, considering the incorporation of multiple measure-
ments. By performing multiple measurements on the data
qubits, we are able to identify the set that contains the fewest
dominating vertices, known as the minor dominating set.

However, before conducting measurements, an important is-
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sue that needs to be addressed is to determine the optimal iter-
ation numbers. In the case of minor dominating set problems,
the number of potential solutions remains unknown, rendering
the direct application of original Grover’s search algorithm im-
practical.

From the practical implementation perspective, the H
gate, CNOT gate, and Pauli X gate in the quantum circuit de-
signed above are basic gates and can be directly implemented
on quantum computers. However, the circuit also involves
multi-controlled gates. For these controlled multi-qubit gates,
we can typically decompose them into combinations of basic
gates and entangling operations, with implementation methods
varying based on the specific quantum platform being used.
There have been numerous studies on the decomposition of

3841451 The seminal work by Barenco

multi-controlled gates.!
et al.'®¥ introduced a technique to decompose an (n + 1)-
qubit controlled single-qubit unitary gate into a combination of
single-qubit gates and controlled-X gates. However, the result-
ing circuit depth and the number of quantum gates employed
exhibit quadratic scaling with the number of qubits. Saeedi et
al."!) proposed a linear-depth, quadratic-size quantum circuit
for realizing an n-qubit Toffoli gate using controlled-rotation
gates. Notably, this method does not require an ancilla qubit.
Da et al.'*?! shows that an n-qubit controlled single-qubit uni-
tary gate can be decomposed into a circuit with a linear depth
of single-qubit and CNOT gates. Vartiainen et al.[*3! decom-
poses multiple controlled gates through the use of Gray code.
He et al.™* proposes a work that only requires O(n) number
of general resources for an n-qubit Toffoli gate. Vale et al.[*]
decomposes multiple controlled gates into single-qubit unitary
gates and controlled-X gates, similarly, no auxiliary qubits are
required. This approach enables achieving linear scaling in

both circuit depth and the number of quantum gates.

3.2. Estimation of the number of iterations of Grover’s al-
gorithm

For problems with known target solutions, the number of
iterations can be determined with certainty. Specifically, if the

number of the target states is known and denoted as M, the re-

quired number of iterations can be calculated as 7 < [ § %] .

After T times of iterations, the target states are observed with
a high probability. However, if the number of iterations is in-
appropriate, the probability of getting the correct result will
decrease. Therefore, if M is unknown, it is difficult to find the
right times to stop iterations.

We propose a more effective method that uses a swap test
to estimate the number of iterations. In the subsequent sec-
tions, we provide a comprehensive and detailed description of
the estimation process. The visualization of one iteration of
Grover’s algorithm is shown in Fig. 8, where |a) is the super-
position state of the non-target solution and |3) is the superpo-

sition state of the target solution. The rotated angle of the one
iteration is denoted as 0, which is the value related to the num-
ber of iterations. Figure 9 shows the swap test circuit. Taking
|@) and G|¢@) as the input of the swap test, the output state is
expressed as follows:

H 1 1
\0,¢»II/> — ﬁ|07¢7w>+ﬁ|17¢7w>

Controlled—SWAP
—_—

1 1
ﬁ|0»¢7'l/>+ﬁ\l»llf»¢>

ﬂ> ‘Oa¢vw>;|lv¢ﬂw>+‘07W7¢>;|17qj7¢>
0 0 1 — 1|1
_ | 7¢,w>;\ v.9) | 7¢,w>2\ V0) 1

where |@) := |@) and |y) := G|@). Finally, we measure the
first qubit in the Z basis and obtain the probability of |0) and

)
P(10) =3 ((0,0,w]+ (0,91 + (1,0,
- <17‘V7¢\)(|O><0\ ®1®1)(\07¢’7W> + |07 IV7¢>
+|1’¢»W> - |17W7¢>)

_1liglw)P
2 )
_ 2
P(I1) =1~ p(j0)) = LT (13)

Through |(¢|y)|?, we obtain the angle 8 of rotation for
one iteration of Grover’s algorithm between |¢) and |y). The
accuracy of the swap test is closely related to the number of
measurements. In general, the accuracy can be increased as the
number of measurements increases, considering that repeated
measurements can reduce errors. The error probability of the
swap test can be reduced to any € > 0 by setting the associated
value using the number of measurements k € (O(log, 1)).!
The current method demonstrates an acceptable trade-off be-
tween precision and the number of measurements required. As
a result, its feasibility is affirmed at present.

13
A

Gle)

)

B o)

Fig. 8. One iteration visualization of Grover’s algorithm.

Fig. 9. General quantum circuit of swap test.
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3.3. Circuit cost estimation

We describe the overall design process of our quantum
algorithm, and conduct a detailed analysis of the circuit cost
associated with the algorithm, as presented in Table 1. For an
undirected graph G = (V,E) with n vertices, we analyze the
cost from space complexity and time complexity.

Table 1. Cost analysis of algorithm.

Number of vertex Qubit cost Gate cost
3 20 83
n 0(n) o(Tn?)

The cost of the qubit in the algorithm is called space
complexity. The oracle we design requires n data qubits and
2m+ n+ 3 ancilla qubits when the maximum degree is m. In
addition, for |@) of n qubits, the swap test requires 2n + 1
qubits. Therefore, we require a total of 2m + 4n + 4 qubits.

The time complexity of the algorithm is determined by
the cost of the quantum gates utilized. However, before delv-
ing into time complexity, it is important to first introduce
the query complexity of Grover’s algorithm. As depicted
in Fig. 8, it can be observed that |¢) approaches |B) after
T=CI (W) iterations. For the scenarios of M < N(N =

2"), it can be deduced that T < [Z,/4%].
the query complexity of this algorithm can be expressed as
O(\/N/M) =~ 0(1.414"). The time complexity mentioned

in Refs. [20,47] corresponds to the query complexity here.

In other words,

It is worth noting that the time complexity of those algo-
rithms is higher than the aforementioned algorithm, denoted
as 0(1.93782") and O(1.8021"), respectively. Next, we an-
alyze the complexity of the algorithm which is related to the
gate cost. In order to execute the algorithm in its entirety, it
necessitates the utilization of n 42 quantum gates in the swap
test and 2n + 1 quantum gates in the first phase of oracle.

The number of quantum gates required by the second
phase of the oracle is related to the degree of each vertex in
the undirected graph, rendering it infeasible to provide a pre-
cise numerical value. In order to assess the worst-case sce-
nario, we consider a fully connected graph, where the gate
cost amounts to 4n> — 3n + 1. Additionally, the restoration
of ancilla qubits necessitates an equivalent number of gates
as the first and second phases. Within the diffusion operator,
the incorporation of 2n + 1 quantum gates is essential. Conse-
quently, after T iterations, a total of quantum gates amount to
(T +1)(8n% +6) + (n+2), which is expected to yield superior
results in the majority of cases.

After getting the minor dominating set through the algo-
rithm, we can use the classical computer to get the minimum
dominating set with O(M) where M is the number of minor
dominating sets obtained by the quantum algorithm. However,
this cost has little impact on the overall cost.

The complexity of this algorithm is more optimistic than
that of classical algorithms. In the classical algorithms, Fomin
et al. proposed a theory in Ref. [25] that focuses on reducing
the search space and accelerating the algorithm’s efficiency.
However, this approach is limited to graphs with a minimum
vertex degree of 3. The query complexity associated with
it is denoted as O(1.93782").
established a correlation between the time complexity of the

Grandoni, on the other hand,

minimum set cover problem and the minimum dominating set
problem in Ref. [47], this method by leveraging dynamic pro-
gramming techniques reduces the complexity of the minimum
set cover problem, the time complexity of the minimum dom-
inating set problem was also improved to O(1.8021"). Al-
though these methods yield accurate results, their elevated
time complexity poses a challenge for current computing ca-
pabilities. Consequently, reducing time costs through the uti-
lization of quantum algorithms holds significant promise.

3.4. The success rate of algorithm

The success rate is one of the important indicators to mea-
sure whether the algorithm is excellent. As far as this method
is concerned, one of the root causes of the error is the pro-
cess of calculating 6. According to the cost analysis in the
above section, the cost of calculating 6 for the swap test cir-
cuit is negligible in terms of the overall cost. Consequently, by
conducting multiple measurements, the cumulative impact on
accuracy can be disregarded.

We consider the impact on the success rate from the dif-
ferent ratios of M and N. Figure 8 reveals a correlation be-
tween the success rate and the proportion of the final state that
is projected onto the |B) state. The rotation angle after T it-
erations is given by 76 + &, where T = Cl(ﬂ/%e/z). The
success rate, denoted by P, corresponds to P = sinz(TG + g)
As known in Ref. [27], O is related to M and N, and the rela-
tionship is 8 = ZaIcsin\/W . Therefore, by deduction that P
is related to A where A = /M/N. Subsequently, we analyze
the impact of 1/A on probability P, and the results are shown
in Table 2.

Table 2 shows that the algorithm we presented has a high
tolerance to the uncertainty of the high ratio A = \/W
However, in the case of M > N/2, the algorithm directly de-
generates into a classical brute force search algorithm. For the
low-ratio A searching problem, one can use the Grover-long
algorithm proposed by Long in Ref. [48], which has improved
Grover’s search algorithm to have zero theoretical failure rate
by using rotation instead of phase inversion. However, execut-
ing this algorithm becomes more challenging when the value
of M is unknown. In such cases, we can utilize the swap test
method mentioned in the preceding section to address this is-
sue.
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Table 2. Relationship between A and P.

1/A 4/3 V2 V3 5 10 50 100
T 0 0 1 3 7 45 75
P 0.75 0.5 0.933 0.990 0.994 0.998 0.998

4. Simulation of minimum dominating set algo-
rithm

We simulate the quantum algorithm using a Python
software package called Quantum Information Science Kit
(Qiskit). The software package uses Open QASM or Open
Quantum Assembly Language developed by IBM and is used
in all IBM quantum hardware. As examples for our simula-
tion, we consider two undirected graphs with three vertices
and eight vertices, respectively.

4.1. Simulation of three-vertex graph

Taking Fig. 2 as an example of three-vertex graph, we can
get cos O = 1/2 through swap test circuit, then obtain the itera-
tion T =CI (@) = 1. The simulation results are shown in
Fig. 10, where the abscissa represents the set and the ordinate
represents the probability. For the three-vertex graph, there
are 8 combinations from |000) to |111). After one iteration of
the algorithm, only [100) and |011) can be obtained through
measurement and their respective probabilities are close to
0.5. Through the algorithm, the minor dominating sets {A}
and {B,C} are obtained with a high probability. Among these
sets, we identify {A} as the minimum dominating set, which
exhibits the smallest cardinality among all dominating vertex

sets.
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Fig. 10. Using qiskit to simulate the graph shown in Fig. 2, two minor
dominating sets are obtained through measurement, with a probability
of 0.5.

4.2. Simulation of eight-vertex graph

We randomly generate a graph with eight vertices as
shown in Fig. 11. From the swap test circuit, the angle is
calculated with cos @ = 228/256, then we get the iteration
of T = 3 according to 6. Figure 12 shows the simulation
results after 2000 times measurements. As we can see, the
dominating sets are obtained with a high probability. The
dominating sets corresponding to the measurement result are
{A,C,D}, {A,B,C,E}, {B,F}, {D,F}, {A,C,G}, {B,C,G},
{C,E,G}, {A,F,G}, {E,F,G}, {B,C,D,H}, {C,E,H},

{A,F,H},{E,F,H}, and {C,D,G,H}. Among these sets, the
minimum dominating sets are identified as {B,F} and {D, F}.

Fig. 11. An undirected graph with eight vertices generated randomly.

0.08

0.06

Probability
o
IS
=

Fig. 12. The simulation result of the graph shown in (a). After mea-
surement, the probability of each target state is about 0.07.

To verify the correctness and effectiveness of the algo-
rithm for any graph, except the simulations of the above three-
and eight-vertex graphs, we also performed experimental ver-
ification on graphs with different numbers of vertices, partic-
ularly 2, 4, 5, 6, and 8 vertices. The results of the experimen-
tal verification are presented in Table 3. It can be observed
that the accuracy of the algorithm is close to 100 percent, in-
dicating that it performs well in correctly identifying graph
properties. Additionally, the running time of the algorithm is
reasonable, considering the complexity of the task. However,
due to limitations in computer memory capacity, we were only
able to verify graphs up to 8 vertices. Based on the results
presented in Table 3, it can be concluded that the circuit run-
ning time and accuracy of the algorithm are acceptable for the
tested graphs. Furthermore, the current experimental results
show that the proposed algorithm outperforms the method de-
scribed in Ref. [47]. We are confident that the algorithm will
yield even more promising results as computer memory capac-
ity expands.

Table 3. Execution efficiency of undirected graphs with different vertex
numbers.

Vertex number 2 4 5 6 8
Circuit running time (s) 0.53 0.76 1.05 1.38 2.99
Precision 1.000  1.000 1.000 0.998 0.990
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5. Conclusion

In this paper, we present an automated quantum algo-
rithm utilizing Grover’s search algorithm to solve the problem
of finding the minimum dominating set in undirected graphs.
Comparative analysis with classical brute force search demon-
strates a quadratic improvement in query complexity, render-
ing our algorithm more efficient and accurate than existing
classical approximation algorithms. Our designed oracle ex-
hibits a gate cost and circuit cost of O(n*) and O(n), respec-
tively. Furthermore, we propose a novel method for estimat-
ing the number of iterations by leveraging fidelity obtained
from the swap test. This method features a simple circuit
design, easy implementation, and broad applicability to any
problem addressed by Grover’s algorithm. Experimental val-
idation supports the superior performance of our method in
accurately determining the optimal number of iterations.

To demonstrate the effectiveness and efficiency of our al-
gorithm, we conduct simulations using Python and the qgiskit
package developed by IBM. We showcase its performance
on undirected graphs with three and eight vertices, show-
casing the algorithm’s accuracy in obtaining minor dominat-
ing sets with high probability. Subsequently, classical post-
processings are employed to transform these minor dominat-
ing sets into minimum dominating sets, significantly reduc-
ing the search space and enabling accurate solutions within a
short time. All the quantum circuits in this study are manually
designed. However, future research should explore the auto-
matic design of quantum circuits for a given graph. In this
work, we employ a simulation platform to verify the accuracy
of our proposed methods. In the future, we plan to optimize
the quantum circuit implementation and conduct experiments
on real quantum computers. Additionally, we will investigate
the impact of hardware noise on the performance of the circuit
implementation.
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