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The utilization of qudits in quantum systems has led to significant advantages in quantum computation and information
processing. Therefore, qudits have gained increased attention in recent research for their precise and efficient operations.
In this work, we demonstrate the complete population transfer between the next-adjacent energy levels of a transmon
qudit using the Pythagorean coupling method and energy level mapping. We achieve a |0⟩ to |2⟩ transfer with a process
fidelity of 97.76% in the subspace spanned by |0⟩ to |2⟩. Moreover, the transfer operation is achieved within a remarkably
fast timescale, as short as 20 ns. This study may present a promising avenue for enhancing the operation flexibility and
efficiency of qudits in future implementations.
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1. Introduction

Qudits (quantum computational units with d energy lev-
els) have been a significant resource for quantum information
and computation.[1–4] Benefiting from the extra energy levels
and the larger Hilbert space, the utilization of qudits instead of
qubits can enhance the efficiency of quantum gates,[5] increase
noise tolerance,[6,7] and improve channel capacity.[8] A crucial
technical requirement for practical applications of qudits is the
controllable population transfer between energy levels. Espe-
cially, complete population transfer between non-adjacent en-
ergy levels provides a pivotal mechanism for preparing and
manipulating quantum states, making it an indispensable tool
in a wide range of qudit-based applications, such as quantum
error correction[9] and remote entanglement.[10]

Realizing population transfer between adjacent energy
levels in a qudit is relatively straightforward, but it becomes
more challenging when attempting to transfer between next-
adjacent levels. Several methods have been developed to
perform such a transfer, including pulse trains consisting of
multiple adjacent-transfer operations, stimulated Raman adi-
abatic passage (STIRAP)[11,12] and optimal control.[13] How-
ever, these approaches suffer from either long operation time
or complicated optimization procedures. The Pythagorean
coupling approach[14] may be an under-explored solution that
provides a convenient avenue for rapid exchange of quantum
information between next-adjacent energy levels without the

need for special pulses or optimization. This approach has

been demonstrated on a superconducting phase qudit,[15] but

the very finite anharmonicity of the phase qudit led to a tran-

sition from SO(4) to SU(4), which significantly limited the

transfer speed, and the transfer fidelity was also adversely af-

fected by the short qudit lifetime.

The transmon[16,17] is a promising qudit platform[18–20]

due to its long coherence time,[21,22] adequate anharmonic-
ity for gates as short as tens of nanoseconds with little leak-
age, and its compatibility with multi-level readout.[18,23] In
this work, we reposition the Pythagorean coupling as a valu-
able method for qudit operations by combining it with a more
appropriate type of qudits. Using the method of Pythagorean
coupling and energy level mapping, we experimentally inves-
tigate the population transfer process between next-adjacent
energy levels in our transmon qudits. We also explore the
timescale for fast and leakage-free complete population trans-
fer allowed by the anharmonicity of our transmon qudit, and
we find it comparable to the transfer operation between adja-
cent energy levels, as short as 20 ns.

2. Theoretical model

Consider a 4-dimensional cyclic nearest-neighbor-
coupled system, where |0⟩, |1⟩, |2⟩, and |3⟩ represent the
eigenstates of the four energy levels. The Hamiltonian of the
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system is represented as

𝐻

h
=


0 V01 0 V03

V01 0 V12 0
0 V12 0 V23

V03 0 V23 0

 , (1)

where Vi j (∈𝑅) describes the coupling strength between the
ith and jth energy levels. According to the work by Suchowski
et al.,[14] a complete population transfer between |0⟩ and |2⟩
occurs when the values of Vi j satisfy the relation

V01 =
Γ c√
1+ k2

,

V12 =
Γ (a+ kb)√

1+ k2
,

V23 =
Γ (b− ka)√

1+ k2
,

V03 =
Γ ck√
1+ k2

,

(2)

where k ∈𝑄, a, b, and c form a primitive Pythagorean triple
(PPT for short, which can be represented by two odd numbers
p and q with (a,b,c) = (pq, p2−q2

2 , p2+q2

2 )), and Γ represents
the proportional coefficient between Vi j and PPT. The time pe-
riod required for the system to evolve for a complete popula-
tion transfer between |0⟩ and |2⟩ is given by

TCT (p,q) =
π

Γ
√

p2 +q2
. (3)

If q = 1 and p2 ≫ 1, then

TCT ≈ π

Γ a
, (4)

which is mainly determined by Γ a.
Since k is the extra degree of freedom for the dynamics,

we can set one of the Vi j terms equal to zero by choosing the
value of k, for example,

(1) k = 0, so that V01 = Γ c, V12 = Γ a, V23 = Γ b, and
V03 = 0;

(2) k = −a/b, so that V01 = Γ b, V12 = 0, V23 = Γ c, and
V03 =−Γ a;

(3) k = b/a, so that V01 = Γ a, V12 = Γ c, V23 = 0, and
V03 = Γ b.

We reduce the four coupling coefficients to three by se-
lecting proper values of k, which brings convenience to the
implementation of the Hamiltonian.

3. Results
We demonstrate the process of population transfer be-

tween next-adjacent energy levels on superconducting trans-
mon qudits, where the first four energy levels are taken into
consideration. Our experiments involve two qudits, denoted as
Q1 and Q2, with their basic parameters listed in Appendix A.

The reasonable anharmonicity ensures fast population transfer
while avoiding leakage, and large T1 protects the population
from decay. Moreover, the population of the four energy lev-
els can be obtained simultaneously from a single-shot read-
out. We realize the couplings Vi j by applying a multi-tone mi-
crowave pulse ∑𝒱i j cos(ωi jt) to the qudit. The frequency of
each tone is determined by ωi j = ω j −ωi, where ωi represents
the eigen-frequency of |i⟩, and the amplitude of each tone 𝒱i j

is calibrated individually through a Rabi experiment between
the energy levels |i⟩ and | j⟩, with the corresponding oscillation
frequency Ωi j/(2π) =Vi j.

We investigate the complete population transfer between
|0⟩ and |2⟩ on Q1 with k = 0, so the couplings satisfy V01 :
V12 : V23 = c : a : b, as shown in Fig. 1(i). We initialize the
system to the state (1,0,0,0)T, where the population of |0⟩ is
unity and |1⟩, |2⟩, and |3⟩ are all unoccupied. With V12 = Γ a
being constant at 1.5 MHz, we vary the strengths of V01 and
V23, and then measure the population of each energy level af-
ter a time TCT (p = 3, q = 1), noting that TCT (p > 3,q = 1)≈
TCT (p = 3, q = 1). Figure 1 illustrates that a complete pop-
ulation transfer between |0⟩ and |2⟩ occurs when the values
of Vi j satisfy the Pythagorean coupling relation. We observe
three PPTs corresponding to (p,q) = (3,1), (p,q) = (5,1),
and (p,q) = (7,1), as denoted by + markers for the simulated
results in Figs. 1(c) and 1(g), and x markers for the experi-
mental results in Fig. 1(g). The experimental transfer matches
well with the simulated results for small Vi j, but a slight de-
viation appears at large Vi j. This discrepancy arises from the
strongly nonlinear behavior of the IQ mixer under the high-
power multi-tone microwave pulse, which makes the actual
Vi j differ from the expected intensity. Our results show a max-
imum |2⟩ population of 90.72% (Fig. 1(i)). We note that the
readout error is uncompensated in these measurements, and
the actual transfer population is higher (see more details in
Appendix A).

In the previous study[15] on phase qudit, due to weak an-
harmonicity, a strong microwave pulse caused the dynamics
of the qudit to transit from SO(4) to the full SU(4) dynamical
space, thereby preventing population transfer as Vi j increased.
Here, we attempt to investigate the critical driving strength for
our transmon qudit by increasing Vi j while maintaining a ra-
tio of (a,b,c) = (3,4,5). Regrettably, the poor coupling of Q1

with its driving channel forces us to proceed with the exper-
iment using Q2, despite its unstable energy levels and read-
out fidelities. As indicated by the experimental results, over
the entire range of available drive strengths, the evolution of
each energy level corresponds well with the simulated SO(4)
dynamics based on the Hamiltonian (1), thus confirming that
no transition to SU(4) occurs (Fig. 2). This implies the an-
harmonicity of our qudit facilitates fast next-adjacent energy
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level operations. We successfully achieve a complete popula-
tion transfer between |0⟩ and |2⟩ in 20 ns, which is a timescale
comparable to adjacent energy level transfers, as shown by a
red dot in Fig. 2(f). The variation in brightness of the experi-

mental data in Fig. 2 is caused by the instability of the readout
fidelity. In the simulation, the nonlinear pulse intensity and the
effects of rising and falling edges of the pulses are taken into
consideration (further details are available in Appendix C).
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Fig. 2. The population of four energy levels with respect to V12. We
proportionally increase the values of Vi j while keeping the ratio of
V01 : V12 : V23 = 5 : 3 : 4. Panels (a), (c), (e), and (g) present the nu-
merical simulation results of the evolution. Panels (b), (d), (f), and (h)
show the corresponding experimental data. The red dot in (f) shows a
transfer operation as fast as 20 ns.

We conduct further investigations on the transfer process.

The propagator for the complete population transfer between
|0⟩ and |2⟩ is determined by the PPT as

𝑈 =


0 0 1 0
0 a

c 0 b
c

1 0 0 0
0 b

c 0 − a
c

 . (5)

We utilize quantum process tomography (QPT) to benchmark
the fidelity of the transfer operation. The quantum process is
represented by

ρ̂final =
15

∑
k,l=0

λ̂kρ̂initialλ̂
†
l χk,l , (6)

where λ̂k represents the identity matrix or d2 −1 generators of
SU(4) group. The process fidelity is calculated by

F =
tr
(
χidealχexp

)
tr(χideal) tr

(
χexp

) , (7)

and one can find more details in our previous work.[23] Fig-
ure 3 shows the experimental and theoretical χ matrix of the
process, with a process fidelity of 71.05%. The dominant
error arises from the poor readout fidelity and stability of
|3⟩, which results in inaccuracies in the matrix elements χk,l

(k, l ∈ [9,15]). To mitigate the impact of this error, we re-
strict our analysis to the subspace spanned by the first three
energy levels |0⟩, |1⟩, and |2⟩, and define the process in this
subspace by truncating the χ matrix to its first 9 × 9 ele-
ments. The fidelity of the transfer process in this subspace is
97.76%. In addition to the state preparation and measurement
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(SPAM) errors, experimental imperfections, such as nonlin-
earity in the multi-tone microwave pulse, signal distortion and
the frequency splitting caused by charge noise, also introduce
operational errors during the transfer process. Furthermore,
decoherence further decreases the fidelity of the process.
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Fig. 3. The χ matrix for the process of complete population transfer
between |0⟩ and |2⟩ with (a,b,c) = (3,4,5). Panels (a) and (b) show
the ideal χ matrix obtained via numerical simulation. Panels (c) and (d)
show the experimental χ matrix.
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Fig. 4. The population evolution for four energy levels of a qudit as a
function of microwave pulse duration. The colors represent the qudit’s
energy levels. The experimental data is shown as dots, while the sim-
ulated results, which consider SPAM error, nonlinear drive, and pulse
shape, are displayed as lines. The violet inverted triangles illustrate
the population transfer from |1⟩ to |3⟩. Panel (a) corresponds to the
case of k = −a/b and (a,b,c) = (3,4,5), with the mapping given by
|i′⟩= |(5− i) mod 4⟩. Panel (b) corresponds to the case of k = b/a and
(a,b,c) = (3,4,5), with the mapping given by |i′⟩= |(i+1) mod 4⟩.

Finally, we demonstrate the complete population transfer
between |1⟩ and |3⟩ using a method of energy level mapping.
For example, for the case of k =−a/b, we apply the mapping
|i′⟩= |(5− i) mod 4⟩ to the energy levels, where |i⟩ represents
the energy levels in the Hamiltonian 𝐻 , and |i′⟩ represents the
energy levels of the transmon qudit. With the mapping, the

Hamiltonian parameters V01 : V23 : V03 = b : c : −a and V12 = 0
are mapped to V0′1′ : V1′2′ : V2′3′ = b : −a : c and V0′3′ = 0. So,
the transfer between |0⟩ and |2⟩ of the Hamiltonian is mapped
to a transfer between |1′⟩ and |3′⟩ of the transmon qudit. As
shown in Fig. 4, the population transfer between |1′⟩ and |3′⟩
is observed experimentally for both cases of k = −a/b and
k = b/a with their corresponding mappings. The experimen-
tal results agree well with the simulation, where SPAM error,
drive non-linearity and pulse shape are taken into account.

4. Conclusion
In this study, we achieve complete population transfer be-

tween |0⟩ and |2⟩ as well as between |1⟩ and |3⟩ in a transmon
qudit using Pythagorean coupling and energy level mapping.
Our experimental results demonstrate high-fidelity population
transfer with a timescale comparable to the transfer between
adjacent energy levels without any leakage out of SO(4) dy-
namics.

Our results have important implications for manipulating
qudit states and can play an important role in a wide range
of scenarios. For instance, the transfer operation provides a
way to realize modular quantum computation by protecting
one level from the environment while coupling another level
strongly to the environment, where the two levels serve as a
computing node and a microwave interface, respectively. This
precise and efficient operation in qudits opens doors for the
qudit-based quantum computation, communication, simula-
tion, and cryptography. We hope that our findings will inspire
further research on qudits and contribute to unlocking the po-
tential of qudit-based quantum information processing.

Appendix A: Characteristic parameters of the
transmon qudits

The experiments in the main text involve two transmon
qudits, denoted as Q1 and Q2. We characterize their basic pa-
rameters, and list them in Table A1. The ratio of E j and Ec

for Q2 is smaller than Q1, which results in the instability of
resonant frequencies for the higher energy levels. We can ob-
serve a beating pattern in Ramsey fringe experimentally for
the higher energy levels of Q2, which affects the accuracy of
drives, and further affects the readout fidelity and stability for
the higher energy levels. Although Q1 has more stable perfor-
mance, its weak coupling to the drive line limits the gate speed
and forces us to turn to Q2 to demonstrate fast transfer.

We also characterize the state preparation and measure-
ment (SPAM) features of the two qudits, as summarized in
Table A2. We can mitigate this error by employing a Bayesian
correction using the matrix presented in Table A2. Conse-
quently, in Fig. 1 of the main text, we state that the actual
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population of |2⟩ after the transfer process exceeds 90.72%.
We note that the preparation and readout fidelity of Q2 is much
lower compared to that of Q1, thus necessitates Bayesian cor-
rection during the QPT investigation.

Table A1. Basic parameters of the two transmon qudits.

Parameter Q1 Q2

ω01/(2π) (GHz) 5.355 4.594

ω12/(2π) (GHz) 5.127 4.353

ω23/(2π) (GHz) 4.873 4.075

T |0⟩,|1⟩
1 (µs) 180±3 196±4

T |0⟩,|1⟩
2 Ramsey (µs) 76±2 45±4

Readout frequency ωr/(2π) (GHz) 7.2173 7.1587

E j/Ec 89 62

Table A2. Preparation and readout fidelity.

Q1 detect |0⟩ detect |1⟩ detect |2⟩ detect |3⟩
Prepare |0⟩ 0.99104 0.00831 0.00060 0.00005

Prepare |1⟩ 0.05353 0.94459 0.00071 0.00117

Prepare |2⟩ 0.02428 0.02995 0.94498 0.00079

Prepare |3⟩ 0.03780 0.00689 0.04419 0.91112

Q2 detect |0⟩ detect |1⟩ detect |2⟩ detect |3⟩
Prepare |0⟩ 0.87694 0.10642 0.01261 0.00403

Prepare |1⟩ 0.15437 0.82276 0.01765 0.00521

Prepare |2⟩ 0.13586 0.04199 0.80759 0.01456

Prepare |3⟩ 0.17675 0.03698 0.12436 0.66190

Appendix B: Non-linearity of the drives
In our experiments, the microwave pulses are modulated

by an IQ mixer. However, we observe that the IQ mixer suf-
fers from nonlinear effects when the signal strength is high.
For instance, during the calibration of V23 for Q1, the corre-
sponding Rabi oscillation frequencies exhibit a clear nonlinear
relationship with the drive amplitude, as shown in Fig. B1. We
incorporate this effect into our numerical simulation.
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Fig. B1. An example for the non-linearity of microwave drives.

Appendix C: Numerical simulation of the evolu-
tions

We develop a simulation model considering several ex-
perimental imperfections. Firstly, the microwave pulses em-
ployed in our experiments possess a linear rising and falling

edge of 10 ns. As a result, we adjust our simulation to mimic
these experimental conditions. Secondly, we observe that
the nonlinear effect becomes more pronounced when apply-
ing a multi-tone pulse compared to calibrating the single-tone
pulses individually. Consequently, we incorporate a nonlinear
correction parameter for each drive into our simulation model,
which is multiplied by the drive strength. This adjustment al-
lows us to appropriately account for the nonlinear effect. Fi-
nally, to facilitate a more accurate comparison between the ex-
perimental and simulation results, we introduce a set of coef-
ficients, and multiply a coefficient by the numerical probabil-
ity for each energy level. These coefficients serve to simulate
SPAM errors, enhancing the overall correspondence between
the experimental and simulated outcomes.

In the main text, the simulated results shown in Fig. 1 are
from an ideal model without any modifications. While for the
simulation shown in Fig. 2, we consider the rising and falling
edges of the pulses and driving non-linearity. Since the prepa-
ration and readout fidelity is unstable for Q2 during the period
we take the data, we cannot compensate this error with a fixed
matrix, so this error is remained uncorrected. And for the ex-
periment shown in Fig. 4, we do all the above modifications in
our simulation.
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