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Rational solutions of Painlevé-II equation as Gram determinant
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Under the Flaschka—Newell Lax pair, the Darboux transformation for the Painlevé-II equation is constructed by the
limiting technique. With the aid of the Darboux transformation, the rational solutions are represented by the Gram deter-
minant, and then we give the large y asymptotics of the determinant and the rational solutions. Finally, the solution of the
corresponding Riemann—Hilbert problem is obtained from the Darboux matrices.
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1. Introduction

The six Painlevé equations (A—Pyy) are a class of nonlin-
ear ordinary differential equations which have long been stud-
ied. It originated from when the Painlevé school tried to an-
swer Picard’s question in Ref. [1] in the late 19th century. Be-
cause the general solutions cannot be reduced to elementary or
known functions, today it is often regarded as a nonlinear type
of special function. Due to transcendency, the solutions to the
Painlevé equations are often called the Painlevé transcendents.
In the late 1970s, Painlevé equations garnered new attention
when they were found to be “integrable”, thus not only ex-
tending the tools to analyze their solutions, but also expanding
the theory of integrability. Although these Painlevé equations
were first derived from strictly mathematical considerations,
these Painlevé equations have appeared in many physical ap-
plications. Perhaps Ref. [2] is the first example of these appli-
cations. Subsequently, Painlevé equations were widely used in
many aspects of physics. For example, in Ref. [3], the authors
showed that the density matrix of a one-dimensional system
of impenetrable Bose gases at zero temperature can be pre-
cisely represented by the solution of a nonlinear differential
equation: the Painlevé transcendence and its generalization.
In Ref. [4], the authors gave a detailed derivation by using
the Painlevé equation to describe the dynamics of the elec-
trons and holes in a semiconductor. In Ref. [5], by using an
auxiliary nonlinear Schrédinger equation, the authors found
that the second Painlevé transcendent solution can be used to
study the propagation of the optical pulses in single mode dis-
persive fibers. In addition, the Painlevé equation also has a
good application in the light—matter interaction in nematic lig-
uid crystals,[®! the high-energy physics!”! and the planar fluid
flow. 8]

We are particularly interested in certain pattern formation
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related to rogue waves in integrable nonlinear waves and their
connection to the Painlevé transcendents. Very recently, the
locations of the rogue wave patterns in nonlinear Schrédinger
equation and the lump patterns in Kadomtsev—Petviashvili
equation are found to be determined by the root structure of the

%=1 1t has long

Yablonskii—Vorob’ev polynomials hierarchy. !
been observed in Ref. [12] that the Painlevé-II rational solu-
tions can be represented by the Yablonskii—Vorob’ev polyno-
mials, so the root structure is exactly the pole structure for
Painlevé-II rational solutions. This directly inspired us to add
to the ample existing studies of Painlevé-II rational solutions
from a different perspective.

The general formula of Painlevé-II equation is given by

2
Py =2p" = zpy+zm=0. 1

As mentioned, the general solutions of Painlevé equations are
transcendental. However, Painlevé-II equation is known to
have rational solutions for some special parameters. Indeed,
in Ref. [12] Yablonskii first found an iteration formula for
the rational solutions with m € Z in Eq. (1), and Airault!!?!
showed that the parameter choice is both necessary and suffi-
cient. Like soliton solutions in integrable systems, the ratio-
nal solutions can be given by Bécklund transformations. The
Bicklund transformation for Pailevé-II equation is given by
Lukashevich in 1971.1'4 In 1985,!!! Murata derived the ra-
tional solutions of the second and the fourth Painlevé equation
with different integer parameters, and in particular showed the
necessary and sufficient conditions for rational solutions to ex-
ist. There are numerous studies of rational solutions!!3:16-21]
through the Bicklund transformation.

Painlevé equations are considered integrable in the sense

that they admit Lax representation. Indeed, Painlevé-II equa-
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tion admits the following Flaschka—Newell Lax representation

dv
7:AFN .
31 (A:y)v,
AN (2sy) —6iA% —3ip? —iy 6pA +3ip/ +mA~!
YT epA —3ip +mA~! 6iA2+3ip?+iy |
v _ Ny, FN(y.y._ |~1A P
The compatibility condition
oy an TATBT]=0

yields the Painlevé-II equation (1). Due to integrability, one
powerful tool for analysis of the Painlevé equations is the
Riemann—Hilbert problems. The book!??! is a particularly
comprehensive and systematic documentation of this modern
subject. The Riemann—Hilbert problem is also used to study
the rogue wave patterns that we are interested in. Specifically
in literature, 23! the authors found that in semiclassical focus-
ing nonlinear Schrodinger equation, near a gradient catastro-
phe point, universal “rogue wave”-like patterns form can be
mapped to the poles of the Painlevé-I tritronquée solution. In
Ref. [24], the authors analyzed the asymptotics of the infinite
order rogue waves, and the asymptotics in the transitional re-
gion was related to the Tritronquée solutions of Painlevé-II
equation.

There are many ways to derive Painlevé-II rational solu-
tions. One standard method is the Backlund transformation,
given nearly 50 years ago. However, to the best of our knowl-
edge, few has studied the rational solution of Painlevé equa-
tions with the Darboux transformation?>2¢! directly. The Dar-
boux transformation for Painlevé-II rational solutions is still
an open problem up to now. Observe that the dy-equation
in the Lax pair (2) is similar to the spectral problem in the
AKNS system. It is also shown that the Painlevé-II equa-
tion is related the modified Korteweg—de Vries equation via a
self-similar transformation.>’=3%! Thus it is natural to borrow
the idea from the Darboux transformation of AKNS system to
construct the solution of the Painlevé-II equation.

In the present work, we modify the Darboux transforma-
tion to construct the rational Painlevé-II solutions. Under the
same framework, we also derive the rational solution with a
Gram determinant representation. With our determinantal for-
mula, we get the asymptotics of large y by expansion. The
rational solutions of Painlevé-II equation are often compared
to the soliton solutions in integrable nonlinear wave equations,
since they can be represented by determinantal formula, and
correspond to fully discrete spectral data etc.!*”! However, the
Flaschka—Newell determinantal formula is different from our
Gram determinant formula. Indeed, in our Darboux transfor-

mation, all of the spectral data are at the same point so we

have to employ limiting technique. The process is much more
like deriving the rogue wave solutions in integrable nonlinear
waves. The Gram determinant representation is also compa-
rable to rogue waves. This also in a way attests to the con-
nection between the roots of Yablonskii—Vorob’ev polynomial
(poles of Painlevé-II rational solutions) and rogue wave pat-
terns found in Refs. [10,11].

for Painlevé-II has even one more difference, the general-

However, the transformation

ized Darboux—Bécklund transformation we used is not the so
called auto-transformation in comparison, which we believe
also makes our work even more interesting.

Ultimately we believe to study the rogue wave pattern,
Riemann-Hilbert method can give us a better analytical han-
dle, therefore we always have the Riemann—Hilbert problem
in mind. In Ref. [24], the authors studied the asymptotics of
infinite order rogue waves via the Riemann-Hilbert method,
which was first constructed by using the Darboux transforma-
tion. Based on this idea, we are able to solve the Painlevé-II
Riemann—Hilbert problem given in Ref. [31].

The innovation of this paper consists of the following
two points: (i) We derive the rational solutions of Painlevé-
II equation via two types of generalized Darboux transforma-
tion. In the first case, from the “seed solution” p =0, m =0,
we give the iterated Darboux transformation at the same spec-
trum A; = 0 and derive the corresponding Bicklund transfor-
mation. Compared to some other rational solutions in inte-
grable systems, the derivation of Painlevé-II rational solution
is more difficult. To achieve it, we would need to use special
limiting techniques: the Darboux transformation is iterated at
the same spectrum and the spectrum A; must be chosen at a
special point. In the second case, we rewrite the generalized
Darboux transformation by another equivalent formula and de-
rive the rational solutions as a Gram determinant. In particu-
lar, we can analyze the asymptotics of large y by this formula.
(i) Our generalized Darboux transformation can be used to
construct the solution of Riemann—Hilbert problem given in
Ref. [31], which provides a new way for solving the corre-
sponding Riemann—Hilbert problem for the Painlevé-II equa-
tion.

The outline of this paper is as follows. In Section 2, we
give detailed derivation of rational solutions via the general-
ized Darboux transformation. Then, we also give the corre-
sponding Bicklund transformation. In Section 3, the general-
ized Darboux transformation is rewritten as another equivalent
formula, which gives the solution in Gram determinant form,
and can be used to analyze the asymptotics for large y. In Sec-
tion 4, we give a brief introduction to the Riemann—Hilbert
problem given by Ref. [31] and solve it with the aid of the

Darboux transformation. The final part is the conclusion.
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2. The Darboux transformation of Painelvé-II
equation

In this section, we would like to construct the general-
ized Darboux transformation of Painlevé-1I equation and de-
rive the rational solutions. The rational solutions of Painlevé-
IT equation play an analogous role as the solitons of the inte-
grable partial differential equations. However, to the best of
our knowledge, the rational solutions of Painlevé-II equation
have never been constructed by the well known Darboux trans-
formation. From the Lax pair of Eq. (2), we can see that the
dy-part of Lax pair is the same as the dx-equation, what we
usually call the Lax equation, in the Lax pair for the defocus-
ing NLS equation,*?! while the dA-part is different. It has
two types of singularity. One is at A = o and the other one is
at A = 0. What is more, the d A-equation contains a constant
m, which leads to a new difficulty in the Darboux transfor-
mation. To overcome these difficulties, we use two kinds of
limiting skills following the original idea of the so-called gen-
eralized Darboux transformation.*33*! We want to emphasize
here that there is a difference between the rational solutions of
Painlevé-II equation and the higher order rogue wave of inte-
grable equations. The former ones are meromorphic functions
with simple poles in the complex plane but the latter ones are
global solutions in the (x,)-plane. The detailed derivation is
shown as follows.

To construct the rational solutions, we start with the “seed
solution” p = 0, m = 0. Since the dy-part of Lax pair is the
spectral problem of AKNS system, we can set the Darboux
transformation matrix as

M A] #1603
A=Af ¢plospr’
where ¢, is a special solution of Lax pair Eq. (2) with A =

. . i v—2iA3 T.
A1 € iR, thatis ¢y = e(CiAy=2i20)o3 ¢ and ¢ = [c1,e2] isa
constant vector to be determined. We use 03 to denote one of

Ti(Asy) =1h

3)

the three Pauli matrices

01 0 —i 10
For convenience, denote the entries of ¢p; (j = 1,2,...) and
¢[.k] (j=1,2,...,k=1,2,...) as follows:

J
, K
el o-lfl o

J:2

The Darboux transformation is given as follows. Let
v; =T (A;y)v, then v satisfies a new Lax pair equation

dv
a2 = AN G,

ANAsy) =T (M) Ty N (Asy)

+ T (Ay) AN ()T (Any),
v
Tyl = BN (A;y)vy,
BiN(Azy) = Ty (Asy)Ty ' (A3y)

+T1(A;) BNy T H(Asy). (6)

Equipped with the Darboux transformation defined
above, we know that the original Lax pair (2) is converted to
a new one by replacing p,m with plYl my. In the transformed
Lax pair we use the superscript [1] in pl!l to mean the first or-
der rational solution, and the subscript in m; is the constant in
correspondence with plil.

Expanding BFN(A; y) at A — oo, the first order rational
solution pl!l is given by

2i (A —A{) 1,191,

(P
R P R P
21 (A — AF) o
— ot (4 21)({[)1,1‘?{2’1,2 %)
|d1.11* — @12l

which imposes one symmetric constraint for ¢q: ¢1,1¢’[72 =
¢T’1¢1,2-

In Ref. [34], the authors showed that the dy-equation in
the new Lax pair is valid, i.e., it has the same form except with
new p under this transformation. Therefore we only need to
check whether the Darboux transformation also satisfies the
dA-part of Lax pair. Plugging the Darboux matrix Eq. (3) and
the original seed solution p = 0,m = 0 into the new Lax pair,
we have

AN(Asy) =

M2 didios (11
(A-27)° dlosehn

B H27l1—)»1* P1$]03
A=A{ @03

X (6i1263+iy63 —|—m171 61)

Af =L p10]03
I,— =1 1 . 8
. ( A ¢TG3¢1> ®

A=A ¢19]os
A=A ¢l

Expanding Eq. (8) in the neighborhood of A = e and compar-
ing the coefficient of the off-diagonal part of Eq. (8), we know
that the coefficient of 1~ is

4idi 1,197, N 24iA} 11},
my = —
|¢1,1|2—|¢>1,2|2y |p11]* — |12/

which should be a constant independent of y. Therefore, the

©))

spectral parameter A; is chosen to be zero and the entries of ¢

should satisfy |¢ 1| = |¢12|. To achieve this, we can set the
T

constant vector ¢ as ¢ = (1,—1)", then ¢1,19], = 11012

and @1 1| = @12

. Note that now both the numerator and

120205-3



Chin. Phys. B 32, 120205 (2023)

the denominator are zero. Expand for infinitesimal 4;, we get
my = 1, and the first order rational solution p[l] is

1
pl=—. (10)

In order to generate the 2nd order rational solution, the

second fold Darboux transformation matrix can be set as

N Lz d)[l] [I]T

(s
A— )LZ ¢[21]T03¢2

y)=1-

Y

where c;S[z]] is defined as

¢[21] =Ti(A2,y) 2, (12)

and ¢, = e(Fi2y-2i13)05 0 Recall ¢ = (1,—1)T, then v, =
T»(A;y)v; satisfies the new Lax pair

Jdv
T)f = AN Ly)vs,
ASN(A5y) =T (As9) T H(Asy)
+T(A;9) AN (A )T ' (23),
Jdv
(Tyz = BN (Ay)vs,
SN (Asy) =Ty (Asy) Ty ' (Asy)

+ T (A:y) BN ()T, ' (Ay),  (13)

with new rational solution p[z] and new constant m;. The off-
diagonal term of B2F N is exactly p[z], therefore the second or-

der rational solution p/? is given by

R _ [1]+2i (A2 =A%) ¢[21]1 [21]2*
"ﬁzl‘ —’¢>2]2‘

(14)

To find my, expand AI;N (A;y) at A — oo. The coefficient of
A lis

‘ ;jm[z”lf%*z (3012 +y+623)
- 2,2
“ﬁ ] +‘¢[217]2‘2 i
T
gl 2 (b} e

(1o ot

We first look at the first term

Substituting Eq. (10) into Eq. (15), 3pl!2 +y+ 6l2z is a func-
tion of y. If Eq. (15) is a constant, then the spectral parameter
=A; =0. When A, = A4, the
function ¢z[21] is degenerate. Thus the Darboux transformation

A must also be zero, i.e., A,

is no longer valid. Following the idea in Ref. [33], we can
introduce the generalized Darboux transformation and modify
gbm as d)[ll] with the following relation:
o

a )«2 12 l]

Applying the generalized Darboux transformation, the second

o\ = (16)

order rational solution p[2/ can just be given by replacing ¢[21]
with ¢l

In fact, if we want to derive the kth order rational solu-
tions for the Painlevé-II equation, the spectral parameters Ay
in the kth iteration will always be zero. We can construct the
kth iteration of the Darboux transformation by continuing the
above procedures. Begin by setting the kth step Darboux trans-
formation matrix as

I
Ti(Asy) =1~ ; (17)
21— )Ll ¢[1k B 3¢[1k 1]
where ¢[]k71] is defined as
Sl
It (M, Asy) -+ To (A, Aas )T (A, A y) i)
A (A k1 A=A
(18)

. Civ—2iA3 )
with ¢ = e (-12-2i42)03 . Then the kth order rational solu-

tion p¥l is given by
AL O L NI PR
k—1]|2 k—1]|?
TR

Correspondingly, the kth transformed Lax pair becomes

(K]

p=p (19)

Jdv
T/Ik = AN (Asy)vr,
AN (L) =T (AT (Asy)
+ T (M) A (AT (Asy),
Jdv
Tyk = BN (A;y)vr,
BN (A:y) = Tey(A:0)T; ' (A:)

+ T (L) BEN, (AT (Asy). (20)

Similar as above, the coefficient of A ! in the off-diagonal el-
ements in AFN(A;y) is

¢[k 1]¢[k 1)+
o

nmy = 21 (l] l*)

Do
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—3i (A —A)) ‘ +‘¢ ‘ k71]+mk_1 1)
b ol
Substituting Eq. (19) into Eq. (21), we have
my = =31 (A4 —4) [lk’l_l]‘ +‘¢[1k’;1]‘2 [kfl]
oy [t

N (p[k} ,p[k—u> {3 (p[k—1]> +y] Ymy. (22)

k=1 to plM is usually called a

A transformation from p
Biécklund tranfsformation, therefore Eq. (22) can be regarded
as an incomplete Bicklund transformation, with the coefficient

%=1 t6 be determined. If in Eq. (22), the coefficient of
k—1]

of py
pg‘ 1] can also be written as a relation between p[k] and p[
then Eq. (22) will complete our transformation. Next, we give
a lemma about the symmetry of ¢[1k71], which will help us
complete the Bicklund transformation.

Lemma 1 Let ¢, = e(-1h0-2i47)

T, Define the vector ¢,ka1]

% ¢, and the constant
vector ¢ = (1,—1)

;Ekil] =T 1(A1,A5y) -
(k=1,2,..

“T1(A1, A ) To (A, A y) i,
D, To(A, Ay) =1Do. (23)

Then for A;, & € iR, ¢ "
relation:

satisfies the following symmetry

o aey) = (o (2]
= - [y "ar iy

LS e )

é (M, Ay)

In comparison, the vector (,b[lk_ Tin generalized Darboux trans-
formation defined in Eq. (18) satisfies a different kind of sym-

metry relation
o1y sy) = (Dol M (asy)
= (1l Afsy) = ol M (A1), 25)

with 4; € iR.
Proof Using induction.
T
—idy=2iA} iAjy+2iA}
e 1My—2i |7_el 1Y +H2144

When k= 1,4, =0, ¢ =
immediately satisfies the sym-
metry relation Eqgs. (24) and (25). Supposing that these sym-
metries are valid under the (k — 1)th step Darboux transforma-
tion, we only need to check that in the kth step, these symme-

tries are still valid. To prove it, we rewrite Eq. (23) as

¢/[<k_ = Ti—1 (A1, A y)d’[k %,
6= Do Ay Ti i Acy) b, (26)

</>1k 2](1)1 —2],+63 (k2] _
ld)k 2”0 ¢[Ik—2] 1

. By a simple cal-
M—1=X Y P

where T 1(A1,A4:y) = T —

Cal Z(Tk—z(llvxk—lsJ’)"'Tl(llvlk—ls))d—’k 1)
I(Ny_1)k=2

culation, d),[(k_l]
S e
ko = P —A ¢[1k72],”r0_3¢

Itis clear that if (5,[!(72] and ¢[1k

Egs. (24) and (25) respectively under this assumption, then
(k1]

is equal to

)cb[k 2@

2 satisfy the symmetry relation

will also satisfy the symmetry Eq. (24) when A; € iR.
Next, we give the proof of Eq. (25). From the definition

of cz)[lk*]] in Eq. (18), we know that the entries of cZ)Ekil] can be
written as
ST gy O B )
bR = T ey
_ k—1],%
czs[kfl],*()L . ): ok ld)l[c,l } ()‘lvlk;y)
Lo WY (A7) A=y
1 k=10 as.
¢[ ](/1 y) = 0" 1¢)1[c,2 ](z'lﬂﬂ‘k’y)
b2 T T (e P
I (A A )
Afy) = . (28
¢12 (l ) a(k]:)k,] )ka:ll* ( )
which indicates ¢} "'(Azy) = (~1) "ol (Aiy) =

(—1) ¢[ ](/ll*,y) ¢[ 1x (A];y), it completes the proof.

Based on the symmetry relation in Lemma 1, when 4; =
0, we have

o1 0) = (~1F el o)
= (=) 0 = =1, M (0y), 29)
substituting Eq. (29) into Eq. (22), we can get an explicit rela-

tion between pll and plk—1],

(p¥ = pl1) ((—1)“31?;“] +3 (p[’“”)2 +y>

+my_1 = my. (30)
Then the Bicklund transformation between p[k} and p[k_l] is
_ my — Mg—
pl = ply o 3D

(~113pl 3 () 4y

Summarizing the above calculation, we obtain rational
solutions of all orders. In Ref. [13], Airault pointed out that
m € Z is the necessary and sufficient condition for Painlevé-II
solution to be rational. By uniqueness, we conclude all gen-
eral rational solutions are given by our generalized Darboux
transform in Theorem 1.

Theorem 1 Setting 4; = —A;" = 0, the generalized Dar-
boux transformation matrices for the Painlevé-II equation (1)
are given by

TH (Ay) = Ti(Asy) - Ta(As) T (A3 ), (32)

120205-5
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where

A ¢[1k71]¢[1k71].”r63

Ti(Asy) =1— T =7
A=A gl g gl

(33)

and qb[lk*l] is defined in Eq. (18). By expanding T¥/(1;y) in
neighborhood of A = oo, the rational solutions of Painlevé-II
Eq. (1) can be given as

pR(y) = 2i lim ATH (A7),
A—eo

SAM-AGheE L,
- 1 |? n%
= Jell] <ol

where p is the seed solution p = 0 in Eq. (3).

We remark on the specificity of Painlevé-II rational solu-
tions in the transformation.

Remark 1 It is clear that each Painlevé-1I equation (1)
involves one constant m, and that from our transformation in
each iteration, we take a different value of my. Therefore,
the Bécklund transformation between two rational solutions
is not the auto-Bécklund transformation. For each order of
the rational solutions, the constants my, differ. This makes our
Bécklund transformation different than what usually appears
in integrable partial differential equations.

We derived the Bécklund transformation (31) through
generalized Darboux transformation. In fact, apart from this
method, we can also give a Biacklund transformation for p[k]
from Eq. (1) itself. Before discussing it, we first give a propo-
sition about the Schwarzian derivative.

Proposition 1 The Schwarzian derivative S(o) =

2
d (Gy") — % (ﬂ) (331 is invariant under the Mobius group

dy \ oy Oy
o = &1, where ad — be # 0.
Proof From the Mobius transformation o = ?gj_z, we
have
con+do—an—b=0. (35)

Taking the derivative of Eq. (35) with respect to y for once,
twice and thrice respectively, then we have

(Gn)y oy Ty [c
(6N)yy Oy —My | |d| =0, (36)
(6M)yyy Oy —Myyy| L@

which indicates

(on)y oy -1y
(6M)yy Oy —Myy|=0. (37
(ON)yyy Oyyy —Thyy

Through a simple calculation, we can get the relation between
o and 1,

20,15 Oyyy — 3115 O, — 2110, Ny + 30,15, =0,

N wwﬁ(%):mmﬁ(w){ 38)
o, 2\0y Ny 2\
which is exactly the Schwarzian derivative. This completes
the proof.
Next, we give the Bécklund transformation in another
way following the idea in Ref. [36]. For convenience, we
rewrite Eq. (1) in equivalent form

d dp 2 2

— 42 el -= Zm=0. 39
(dy+ p)<dy p) 3P 9
19y

Setting p = 5 2= and substituting into Eq. (39), we have

d oy |loy 3/0y\*| 1o, 2
) S22 ()| LBy S0, (40
(dy+oy>[2 o, 4\o 3,7 T3m =000

2
. Oyyy Oyy . . . .
Notice %% — % (% is the Schwarzian derivative of o,
v y

which is invariant under the Mébius transformation (Propo-

sition 1). Thus, it is natural to introduce the Mobius transfor-

mation group ¢ = ?QIZ, ad — bc # 0, and substitute it into
Eq. (40),
< d mny 2eny ) 1Ny 3 (n.vy)2
R + 7 — —_ — 7
dy nm, en+d/)|2mn, 4\ 1
1 /Ny  2cmy 2
—_— | =-— -m=0. 41
3(17), n+d) 3" @1

Moreover, imposing that Eq. (41) satisfies the transformed
Painlevé-1I equation, i.e., it has the same form as Eq. (40),
except with a different constant 7,

<d+nw> 1%_3<%>2
dy ny 2n, 4\n

1 rlyy 2~
S (A% Zm=0 42
3(ny)y+3m ) (42)

then the identity between the difference of two Painlevé-
1oy 1My _ _ Ty

> 2 oy 2ny — centd’

Bécklund transformation for Painlevé-II solutions with respect

IT solutions can be regarded as the

to different constants m and m. Subtracting Eq. (42) from

Eq. (41), we have
2
1My 3 <n>
2 n 4\ ny

2cny
cn+d

2 cmy 2
—= —(m—m)=0. 4
Sena’ t3mmm =0 “3)
Equivalently,
2 -
17y, 3 (%) _ (m—m)(cn +d) —|—1y. (44)
2n 4\n 3eny 3

Next, substitute Eq. (44) into Eq. (42),

@) (5 )
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Iy 2.
———=y+-m=0. 45
37, y+ 3m (45)
Direct computation shows the relation between m and 7, that

1 nyy into Eq. (43), the Bécklund
is thus given by

<Ny _ - (14 2m)
ent+d PP T T 351324y
Furthermore, from this Bicklund transformation (46) and the
), the Bécklund
transformation about the Painlevé-II equation can be given by
2m=+1
ﬁ—m, m=F1—nm. 47

In the following section, we will prove in Theorem 2

ism=—1—n. Plugglngp

Tl+d

(46)

discrete symmetry (p(y),m) — (—p(y),—m

p:

that the constant my corresponding to the kth order rational
(=) k. If we set (—1)k2plk—1] =
2plll — p, then the two Bicklund transformations

solution p is my =
p. (=DF
Egs. (31) and (46) are equivalent.

3. The asymptotics for large y

In the last section, through generalized Darboux transfor-
mations (32), we obtain the rational solutions in Eq. (34). The
Bécklund transformation (31) is also directly given from iter-
ation. In this section, we will continue to discuss some prop-

the rational solutions in Eq. (34) are in abstract form, which
does not lend itself to easy analysis of their properties. In this
section, following the idea in Ref. [37], we convert the gen-
eralized Darboux transformation (32) into another equivalent
formulation and rewrite the rational solutions as a Gram deter-
minant. A great benefit of this type of formula is that it can be
easily used to analyze the asymptotics for large y. The detailed
calculation is shown as follows in Corollary 1.

Corollary 1 The generalized Darboux transformation

matrices (32) can be rewritten as the following equivalent for-

mula:
M(2:y) =1-YiM ™' DY, 03, (48)

where
1
7 0 -0
1 .0

Y=o el Y], D= |7 1 , (49)
111
! )

with ¢l = %alll' . , and the elements M;; in M are de-

1 1=

erties of the rational solutions of Painlevé-II equation. So far, fined by expanding % ¢1 3¢| at Ay = —AF = 0, that s
|
Slosg  —2isin|[(h =) (222 4247 + 207 +9))]
A — 2'1* A —A,*
Y l 22 (92 2 2-1
) (=2i) (1) (4 = AP (21 +2A] +2M/1*+y) .
B Ol — AT
=1 (21—1)! (M —A7)
k k ' ‘
Z ZM,‘jﬂ,l’_lﬂ,l*J*l + ﬁ(l{{+l,lr’k+l), 50

1j=1

Then the kth order rational solutions of Painlevé-II equation
can be given by

. det(G)
W= 51
det(M)’ D)
M Y} . _
where G = Yoo ol and Yy ; (j = 1,2) represents the jth
1k,
row of Y;.

Proof 3 A simple way to obtain the generalized Darboux
transformation is by using the limiting technique. We use an
alternative form of the k-fold Darboux transformation matrix,

seel37]

TH(Ay)=I+YM 'D Yo, (52)

where Y = [b1,02,...,¢0r], ¢ is the special solu-
tion of Lax pair Eq. (2), ¢ = e(’ilky’zmks)@(l,—l)T,

with A = A € iR, and M = (‘ﬁ"*j’f) , D=
! 1<,i,j<k
diag (A —Af, A — A4, A — A7),

Recall the rational solutions of Painlevé-II equation is re-
covered by Eq. (34). We have proven that all the spectral pa-
rameters A; (i=1,2,...,k) are equal to 0, so we set the spectral
parameters Ay, A3, ..., A as

A'2:‘(327 2'3:8% cey

D3 = ¢1(&3),

M= &, ¢ =P1(&),
Ok = d1(&). (53)

Directly substitute the above to the Darboux matrix (52) and
take the limit & — 0, i = 2,3,...

mula (48). Correspondingly, the rational solution of Painlevé-

,k, then we can get the for-
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II equation can be given with the following formula:

plH — 21/111_1&7@1['5] (Ay), (54)

which equals to Eq. (51), it completes the proof.

Apparently the rational solutions in Egs. (34) and (51)
have different forms, each of which has its own advantage.
The former can be used to derive the Béicklund transforma-
tion, to which the latter does not have an obvious connection.
However, the latter writes all rational Painlevé-II solution in
a compact formula. Moreover, the formula is made up of
determinants, which renders analytical properties for large y
asymptotics very accessible. Using the new representation,
we find the constant my, in Eq. (1) for the kth order rational so-
lution p¥, thus also completing the Bicklund transformation
Eq. (31).

(<2in)(-1)7 :

i+j—2

Theorem 2 The constant my; in the Painlevé-II equation
Eq. (1), corresponding to the kth order rational solutions pl
in Eq. (51) is equal to (—1)* k.

Proof Following the idea in Ref. [38], we first expand
p" Eq. (51) at the neighborhood of y = co and substitute this
series into the Painlevé-II equation (1). Then the constant my
can be calculated by comparing the coefficients of y polyno-
mials. Clearly, the rational solution Eq. (51) is the quotient of
two Gram determinants, thus we can look at the denominator
and the numerator separately. Firstly, we discuss the asymp-
totics of the denominator det(M ). From the definition of M;;
in Eq. (50), we know that while M;; does not generally admit
simple formula, the leading behavior for large y is quite easy

to compute:

+O(7),

M,'J' =
0,

(=D =-DIG+j-1)

i+ j is even,
(55)

i+j is odd.

Based on this asymptotical expression in Eq. (55), when y is large and & is even, the denominator det (M) can be expanded in

the following formula:

—2iy 0
2iv(—iv)2
| 0 . ‘)(3‘))
SO
det(M) = 0 )
—2i (_ ,)k72 i
(kljz)!(lliq) 0 =
0 Zi)’(*i)’)k
G—1)1(k+1)
. —2iy(—iy)k2
—2iy (kljz()!(lkyil)
—2iy(—iy)? —2iy(—iy)*
213 21(k—2)1(k+1)
2y aiyigt
T | =) k-1) ((k—2)1)2(2k—3)
0 0
0 0
0 0
L3
11
3 5
e e
_ Y =1 K+l
(2131 (k—=1N*| 0 -+
0
0

—2iy(—iy)* 0
k—2)1(k—1)
0 ZiY(*iY)k
(*—1)1(k+1)
—2iy(—iy)t 0
21(k—2)1(k+1) o ,
2iy(—iy) k2—1
0 weniees | o0
iy 6
2)1(k—2)!(2k—3)
0 2iy(—iy)* 2
(—D)I(k—1)1(2k—1)
0 0 +OoGE
2iy(=iy)? 2iy(—iy)
3 (k—1)1(k+1)
2iy(=iy)* 2iy(—iy)**?
315 31(k—1)!(k+3)
2iy(—ip)* | 2iy(—iy)*?
(k—1)!1(k+1) ((k—1)1)2(2k—1)
ﬁ 0 R ()
1
yan) 0 B ()
1 :
5= 0 0 2
N o [reoth). (56)
I
0 -5 =7 3
.1 1 1
e == =
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Similarly, when y is large, the numerator det(G) can be expanded as

—2iy(—iy)F2

—2iy 7(1{ D) 0 1
—2iy(~iy)® —2iy(—iy)* 0 (=iy)?
213 20(k—2)1(k+1) 2!
*21)( iy *2iy(*.iy)2"’4 0 0 (*iy.)"*2
(k=2)!(k—1) ((k—2)N2(2k—3) , » . &-2)! i
d(@) = | 0 0 DR L ey ot
0 0 2iy(~iy)* 2y(—ip)*?  (=iy)?
315 31(k—1)!(k+3) 3!
0 0 dycivk e D2 (it
o (k—1)1(k+1) 'ZIS 1) =D
(=iy)*— : ( iy)
1 (kz2) -1y (kzl)! 0
1 1 1
VoL E 0
305 w1 O 0 3
T T .
. 11 .1 9 . o 1
2k(—iy k-1 =1 k+1 2%k=3 2 2_
S G e N T T | ] 57)
213! (k=1 0 0 1 1 i1
5 7 Tk+3 2
: 1 B 1 1
0 1T 7 k+3 k-1 2
1 1 1 0
| X
Therefore, Y. -
= BB | gy (60)
’ y
= o), (58) - -
y det(H, The upper left block of H, is a Hilbert matrix, while the lower
where H. is a block matrix defined by right block is the negative of a Hilbert matrix. Employing ba-
M1 % ﬁ 0 0 sic property of Hilbert matrices, we can derive the following
11 1 dentity
3 3 o1 O 0 identity:
I S B 0 koo
He= 5800 %7 0 0 |69 L (H:), =k
3 3 T ij=1
0 0 -5 -3 ==
oo b 31 51 : :1 Hence pll = —% + O0(y~2). Substituting into Eq. (1) and com-
I 25 T == SR paring the coefficient of y°, we know that the constant
Here we use the subscript e to mean the even case. With a  mygt be —k. Analogously, when k is odd, we may still ex-

simple calculation, we have

pH = 2 (—(1,1,---,1>He

11 1\
1> = - -2

y

|

1 1

11

3 5

ok (_iy)k 11

det(M) = (—iy) S|k B2

(213! (k—1)1)* |0 -

0 .

(VI

pand both the denominator and the numerator. In this case, the

denominator and the numerator have the following expansions

asy — oo

1

Lo

k+2

L

19 .. 0 .

ST R4t 61)
T3 §

0 -5 —3 )
.l 1 1

0 —t ~&m2 " %3
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1 1
1
35
2k(—i )szl %kﬁ
det(G) = - Y e 0 ---
2131 (k=1H7 o .
0 -
1

A similar asymptotic formula as Eq. (60) for pl¥ with odd k
can also be obtained, with H, replaced by H,,. The subscript
o indicates the odd case. In the odd case, H, is instead given
by

1 1
1 ? % 0 R 0
35 w2 0 0
L L
1 L 9 .. 0
Ho= "7 %00 21 1 (63)
. O B i
) -5 77 =)
oo : 3 :l ]
_() N | -~
For this matrix, we have
k
Y (HSY), =k
ij=1 ’

Consequently, the asymptotics of pl¥l becomes plkl = k/y+
O(y~2). Substituting this expression into Eq. (1), then we ob-
tain that the constant my, is equal to k.

Example Next, we compute here the first several rational
solutions derived from the generalized Darboux transforma-
tion. When k = 1, the Darboux transformation T'(A;y) and

P ° 3
k+2 2
[ i

0 . 0o L
2k—1 2 2_
0 -1 -1 -1 H+o0r). (©2)
o -1 _1 _ 11

3 7 =2 2
: L :l 1
0 —t-mz ~=32
1 1 - -~ 1 0
\
the first order solution pm are

i [—1-1 1
Ti(Asy) =T1— — =z, 64

When k = 2, the Darboux transformation T2 (A;y) and the
second order rational solution p?! are

—4idy3—6iA—3y% 2idy>—6id1—3y%

Nin .\ 2A2y(y3+6) 202y(y3+6)
TP(A:y) =1+ _2iAy3—6iA+43)? 4idy’+6iA+3)% |
22y(33+6)  242%y(y3+6)
2(y°-3)
R_ 2V —7)
pl = : (65)
y(?+6)

Obviously, the first order rational solution pm satisfies
the Painlevé-1II equation (1) with m; = 1 and the second or-
der rational solution pm satisfies it with my = —2. Similar to
the rational solutions of KdV equation,3°) both the rational
solutions p!!l and pl2 are meromorphic functions with simple
poles. Indeed these solutions have different analytic properties
from the rogue waves, even though in Ref. [11] the authors
showed the close connection of the two, which is an important
motivation for our study. In Fig. 1, we show the location of

zeros and poles of higher order rational solutions.

10t (a) (b) 15( (c)
. 10} o .
6 . .. ®e . 0 'o...‘:.. 10 ‘0.'0:"...’
d . . e 0. %00 < %% % 0as G0 200
. 500N ®e e S %% N 5t .:.; %, : 0: :: o: . ::::E’::EE
s 2 DR T R R B O o e s S > S8 Neetoe
= o ® = ) ) we vee = YOO Komel s Dl T
S . . 8000 ccesc o000 ® S e ee
E g g E O sozohnd E s25zoat
- AR I prssoui 5 j22zons
° ® o -5 P A e A Lt e
6 %o e T ° o o5 0:..:: 10 04;:.::::::..
A T ‘o8 - sosis e
—10 —15
—10 -6 —2 2 6 —-15 —-10 -5 0 5 —15 —-10 =5 0 5 10
Re(y) Re(y) Re(y)

Fig. 1. The poles (green) and the zeros (blue) of the rational solutions of Painlevé-1I equation. The corresponding parameters are mg = 9 (a),

mis = —14 (b) and m g = —18 (c), respectively.

4. Riemann-Hilbert representation about the
rational solutions of Painlevé-II equation

In the previous two sections, we constructed two types
of Darboux transformations about the rational solutions and

derived the corresponding Bicklund transformation. Both of

them are studied under the Flaschka—Newell Lax represen-
tation Eq. (2). It is well known that the Painlevé-II equa-
tion has three different Lax representations, i.e., the Flaschka—
Newell Lax representation, the Jimbo—Miwa Lax representa-

tion and Bortola—Bothner representation. In Ref. [31], the au-
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thors gave a detailed introduction of the three representations
and constructed three different Riemann—Hilbert problems ac-
cordingly. In this section, we will give the solution of the first
(Flaschka—Newell) Riemann—Hilbert problem for Painlevé-II
equation.

First we give a brief review of the Riemann—Hilbert prob-
lem corresponding to the Flaschka—Newell Lax representation
from Ref. [31].
of fundamental solution matrices V..(A;y) and Vh(A;y) of

Firstly, the authors constructed two types

the Flaschka—Newell Lax pair Eq. (2). The former solution
Vo (A;y) has a convergent expansion when |A| is large and the
latter solution is given in the neighborhood of A = 0. Then

there exists a so-called monodromy matrix G,,(A;y) such that
Vo(A3y) = Vo(A;9)Gry 0 < 4] < oo (66)

One can show the following symmetry of Vi (A;y) and
Vo(4;y):

Gle(—l;y)oq = Voo(}l;y),

0 (=1

m%&%wmzwuwhqwﬂ O}-&D

The general formula of the connection matrix G, is given by

G, = [(_1)m+016(2a)1 ((Zéc))mﬂ’ a # 0. Define two sec-

tional matrices M,,(A;y) depending on these two fundamental
solutions V. (A;y) and Vy(A;y), that is,

Vo(diy)ei®®los g —mos (4] > 1,
Myu(Asy) = { %((A;;}))eie(l;y)o‘s)tmm’ :A: <1, (68)
|
M, (A;y) = (=) o1
Min(2:y) = { w1

where T'0"! (A;y) is the generalized Darboux transformation
defined in Eq. (48).

Proof Based on the basic property of Darboux trans-
formation, we know that T (Asy) e~ 1993 can solve the Lax
pair Eq. (6) with p taken as the mth order rational solution
pl" and the constant as (—1)"'m. From the symmetry in
the dy-equation of the Lax pair, we have 61 BN (—1;y)o] =
BN (A;y). Therefore, the Darboux transformation matrix also

have symmetry
o T (—A;y)01 = T (Asy).

In addition, the Darboux transformation matrix has a con-
Notice that T al-
most coincides with the fundamental solution Vi.(A;y) de-

vergent series expansion for A — oo,

fined in Ref. [31], except for a sign difference for even

where O(A;y) = Ay + 2A°.
Riemann-Hilbert problem for M,,(A;y).

Riemann-Hilbert problem 15!l Let m € Z and y € C,
seek M, (A;y) satisfying the following conditions.

(i) Analyticity M, (A;y) is analytic for |A| # 1, and
M, +(A;y), My, —(A;y) are the continuous boundary values
from the interior and the exterior.

(ii) Jump condition When |A| = 1, M,,(1;y) satisfies

the following jump condition:

This immediately gives a

My, (Asy) = M, (Asy)Am% ¢~ 1000y
x Gl elfAn)osp—mos 31— 1 (69)

(iii) Normalization When A — oo, M, (A;y) is normal-

ized with the following formula:
lim M,,(A;y)A"% =1. (70)
A—o0
Then the rational solutions are given by
[m] o 2 1 Al#»mM A’
p™(y) = 2i lim m12(A5y)

= —2i lim A'7"M,, 01 (4;y). (71)

A—roo

To solve this Riemann—Hilbert problem, in Sections 2 and
3, we constructed two types of generalized Darboux transfor-
mation and derived the general rational solutions of Painlevé-
II equation. The solution of the Riemann—Hilbert problem 1
can be directly given by the Darboux transformation.

Theorem 3 The solution of Riemann-Hilbert problem 1
can be given by

(i) (—1)"F o Ao,

(72)

m+1

Mm7+(l;y):(fl) 3 G3T[m](7t;y)(*1) > 63efi90‘3Gn:16190‘3)Lfmo‘3’

m. With the discrete symmetry of the Painlevé-II equation
(p(y),m) = (—p(y),—m), we can take a simple transforma-
tion to T (4;y), and now the formula is valid for all m € Z.
Thus, we have derived the connection between the generalized
Darboux transformation and the Riemann—Hilbert problem 1
when |A| > 1. For |A| < 1, the solution of the Riemann Hilbert
problem 1 can also be given by the jump condition. Therefore,
the solution of the Riemann—Hilbert problem 1 is given in the

whole complex plane C, that is,

M, _(Asy) = (—1)%63’1”[”1] ()L;y)(_l)mT“G3)L—nzd37
Mm.,+()L§y) = (—l)

X efieﬁj;G’;leieGj;A*mGj;. (73)

m+1

F o (4;y)(—1)"

m

03

120205-11



Chin. Phys. B 32, 120205 (2023)

5. Discussion and conclusion

In this paper, we construct the general rational solutions
to Painlevé-1I equation by the generalized Darboux transfor-
mation. We are able to compactly write the rational solutions
as Gram determinant. In the generalized Darboux transfor-
mation, the spectral parameter A; is chosen as a special value
A1 = 0. Under this condition, the fundamental solution ¢
becomes a polynomial. In particular, the spectrum in the Dar-
boux transformation is a removable singularity, which is simi-
lar to the study of rogue wave. In Section 2, we use two meth-
ods to derive the Bécklund transformation of the rational so-
lutions. One is directly from the Painlevé-1I equation itself,
and the other one is derived from the iteration steps in the Dar-
boux transformation. The two transformations are shown to be
equivalent by a simple transformation. In addition, from the
exact form of rational solutions simply represented by Gram
determinants, we can also analyze the asymptotics of large y.
In Section 4, we prove that our Darboux transformation can
solve the Riemann—Hilbert problem in Ref. [31], which has
never been reported before.

It is known that the generalized Darboux transformation
can be used to derive the rogue wave of NLS equation and
the rational solutions of Painlevé-II equation, both written as a
Gram determinant. In view of the result in Ref. [10], we con-
jecture that there exist certain connections between these two
kinds of solutions. Our goal is to continue the study of this
topic via the Riemann—Hilbert problem in the future.
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