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Molecular-frame photoelectron momentum distributions (MF-PMDs) of an H+
2 molecule ion in the presence of a pair

of counter-rotating circularly polarized attosecond extreme ultraviolet laser pulses is studied by numerically solving the
two-dimensional time-dependent Schrödinger equation within the frozen-nuclei approximation. At small time delay, our
simulations show that the electron vortex structure is sensitive to the time delay and relative phase between the counter-
rotating pulses when they are partially overlapped. By adjusting time delay and relative phase, we have the ability to
manipulate the MF-PMDs and the appearance of spiral arms. We further show that the internuclear distance can affect the
spiral vortices due to its different transition cross sections in the parallel and perpendicular geometries. The lowest-order
perturbation theory is employed to interpret these phenomena qualitatively. It is concluded that the internuclear distance-
dependent transition cross sections and the confinement effect in diatomic molecules are responsible for the variation of
vortex structures in the MF-PMDs.

Keywords: photoelectron momentum distribution, attosecond pulse, vortex

PACS: 33.80.–b, 42.65.Re, 87.15.mn, 87.15.ht DOI: 10.1088/1674-1056/ad011a

1. Introduction
The rapid development of ultrashort laser pulse

technology[1–3] has provided essential tools for investigat-
ing electron dynamics in atoms, molecules, and solids, which
bear the promise of electron control in matter. Many ultrafast
measurement techniques, such as phasemeters,[4] streaking
cameras,[5,6] and attoclocks,[7] are based upon photoioniza-
tion and the subsequent induced processes. In recent years,
elliptically or circularly polarized attosecond pulses and their
combinations have been used to probe atomic and molecu-
lar structures using photoelectron momentum distributions
(PMDs).[8–15] The PMD originating from the ionization of
atoms and molecules by intense laser pulses convey valuable
and fruitful information about the target electrons. Different
parts of PMD not only reflect certain aspects of the target
structure information but also encode different ionization dy-
namics in the laser-matter interaction. Both the atomic and
molecular PMDs under extreme ultraviolet (XUV) laser have
been investigated by many theoretical groups. For example,
Murakami and Chu[16] exemplified the mechanism of symme-
try breaking in the H atom PMD. Wu and He[11] showed that
atomic PMD under two-color XUV lasers can be affected by
both the relative phase and time delay between the two lasers.
Yuan et al.[15,17] proved the dependence of molecular-frame

photoelectron momentum distribution (MF-PMD) on molec-
ular orbital symmetry. Furthermore, the interference between
directly ionized electrons and rescattered electrons can also
affect MF-PMD. The photoionization of H+

2 molecular ion
by elliptically polarized UV laser pulses has been studied by
Zhang et al.,[8] and it has been shown that the MF-PMD de-
pends further on the laser ellipticity and internuclear distance.

The experimental investigations on PMDs for understand-
ing the structure information and ionization dynamics of atoms
and molecules are also continuing.[18,19] Odenweller et al.[19]

studied the electron emission from the H+
2 molecule ion and

found that the complex laser-driven electron dynamics can be
encoded in the unexpected PMD.

In recent years, creating and manipulating vortex states
of light beams[20,21] and electron vortices[10,21–25] have at-
tracted considerable attention, since vortices can be charac-
terized by intrinsic orbital angular momentum in, e.g., twisted
light beams and electron beams. Taking the hydrogen atom as
an example, the vortex quasiparticles in the atomic wavefunc-
tions were studied under the short rectangular half-period elec-
tric field pulse.[26] When two circularly polarized laser pulses
are used for ionization of atoms or molecules, the vortex-
shaped momentum distributions[24,27] has been discovered as
a new feature of laser-induced electron wavepackets interfer-
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ence. The time-delayed counter-rotating circularly polarized
attosecond pulses were proposed to generate vortex-shaped
photoelectron wave packets in the photoionization of helium
atom[22,28] and hydrogen molecular ion.[29]

Electron vortex is generated in the counter-rotating cir-
cularly polarized laser field. The electron vortex structure[22]

caused by the interference effect of two pulses has a time de-
lay that changes within one cycle.[30] The vortices in molecu-
lar photoionization[26,28,31] was studied by applying either the
photoionization of monochromatic field[24,25] or dichromatic
field.[10,24,26,28] In addition to the time delay, the control of
other laser parameters is also an interesting topic discussed by
many researchers. It is shown that the photoelectron momen-
tum, electron ejection angle, relative carrier envelope phase,
and time delay between two circularly polarized pulses are re-
lated to spiral vortices. Furthermore, vortices are found not
only in photoionization, but also photodetachment[31,32] and
photodissociation.[29]

The simplest molecule H+
2 has served as an ideal proto-

type to explore the ultrafast dynamics in diatomic molecules,
such as high harmonic generation,[33–35] the double-slit inter-
ference effect,[36,37] the dissociation of molecule,[29,38,39] and
so on.

In the present work, we investigate the interaction of H+
2

molecule ion with a pair of counter-rotating circularly po-
larized laser pulses. The ultrafast attosecond timescale al-
lows us to ignore the rotational and vibrational effects of
atomic nuclei,[40–42] which are in picosecond and femtosec-
ond timescales, respectively.

This paper is structured as follows. In Section 2 we briefly
introduce the numerical method and model system for solv-
ing the time-dependent Schrödinger equation (TDSE) and ex-
tracting physical observable. The simulation results and cor-
responding discussion are presented in Section 3. The sum-
mary and conclusion are made in Section 4. Unless specifi-
cally stated otherwise, atomic units (a.u.) h̄ = me = e = 1 are
used throughout this paper.

2. Theory and models
For an aligned homonuclear diatomic molecule in the

presence of an ultrashort laser pulse, we can ignore the vi-
brational and rotational degrees of molecules and only con-
sider electronic movement under the combination of electric
field from external laser field and the electrostatic field from
molecular nuclei.[37,40] In the circularly polarized laser fields,
a reduced two-dimensional (2D) model can be employed to
capture the essential physical significance. In this work, we
adopt the reduced 2D TDSE under the frozen-nuclei approxi-
mation as follow:

i
∂ψ (x,y, t)

∂ t
= Hψ(x,y, t), (1)

where the system Hamiltonian H = T +V0(x,y)+𝑟 ·𝐸(t) in-
cludes the kinetic energy term of electron T = (p2

x + p2
y)/2 and

the field-free potential V0(x,y),

V0(x,y)=−
1√

(x−Rc/2)2 + y2 +a
− 1√

(x+Rc/2)2 + y2 +a
,

(2)
where Rc = 2 is the internuclear distance of H+

2 molecular ion
at equilibrium, and a = 0.5 is the soft-core parameter. For
Rc = 4, we further employ the soft-core parameter a = 0.73 to
correctly reproduce the ground state energy of H+

2 molecular
ion.

The interaction between external laser field and the elec-
tron is given by VI = 𝑟 ·𝐸(t). The laser electric field is de-
scribed by

𝐸(t) =𝐸1(t)+𝐸2(t), (3)

where 𝐸1(t) and 𝐸2(t) are two circularly polarized laser
pulses in sequence with a time delay td

𝐸1(t) =
1√
2

E0 f (t) [êx cos(ωt +φ1)+ êy sin(ωt +φ1)] , (4)

𝐸2(t) =
1√
2

E0 f (t− td){êx cos [ω(t− td)+φ2]

± êy sin [ω(t− td)+φ2]
}
, (5)

where φ1 and φ2 are the carrier envelope phases (CEPs) and
the sign± denotes the helicity of (counter-clockwise or clock-
wise) circularly polarized laser pulses. A slowly varying tem-
poral envelope function of f (t) = sin2 (πt/T ) with duration
T = nT0 is employed here, where T0 = 2π/ω is the optical
cycle (o.c.). In this work, the pulse lasts for 10 optical cy-
cles (n = 10). In our calculation, we focus on the single-
photon ionization process, which means that the electron can
be ionized by absorbing only one photon. In the present work,
we choose the two laser fields with the wavelength of 30 nm
(ω = 1.52 > Ip = 1.1, where Ip is ionization energy of the
ground state of H+

2 molecular ion at Rc = 2) and the peak in-
tensity of I0 = 1014 W/cm2. The molecular alignment is set
along the x axis.

This study utilizes the split-operator fast-Fourier trans-
form algorithm to solve the 2D TDSE.[43] The real time prop-
agation of wave function from t to t +∆t can be expressed as

ψ(t +∆t)≈ e−iV ∆t/2 e−iT ∆t e−iV ∆t/2
ψ(t). (6)

The initial state is set as the ground state of H+
2 molecu-

lar ion, which can be obtained by imaginary time propagation
with an arbitrary non-trivial state.

In our simulation, the spatial dimension ranges from
−150 to 150, which contains 1024 grid points in both the x
and y dimensions. A cos1/8 boundary absorber placed at x,y =
±130 is used to avoid the nonphysical reflection of wave func-
tions. The step size of time propagation is set to be ∆t = 0.01.
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After the laser field is finished, wave functions are fur-
ther propagated for an additional five optical cycles to ensure
that all the ionized components of electron wave function are
far away from the nuclei. Then we seperate the photoelectron
wavepacket by applying the mask function. The ionized wave
packet is obtained by ψion(x,y) = [1−M(rb)]ψfinal(x,y). Here,
ψfinal(x,y) is the wave packet at final time and M(rb) is a mask
function

M(rb) =

{
1, r ≤ rb,

exp[−α(r− rb)], r > rb,
(7)

with α = 1, r =
√

x2 + y2, and rb = 10 which corresponds to
the boundary of the bound-electron wave function. Finally,
wave functions in momentum space can be obtained by apply-
ing Fourier transform to the ionized wave function as

ψ̃(px, py) =
1

2π

∫∫
ψion(x,y)e−i(xpx+ypy) dx dy. (8)

The 2D MF-PMD is given by

∂P
∂ px∂ py

= |ψ̃(px, py)|2. (9)

3. Results and discussion
In this work, the initial state of the hydrogen molecular

ion H+
2 is the ground state, which is denoted as 1sσg. As the in-

ternuclear distance varies, the initial electron density distribu-
tion of the H+

2 molecular ion also changes. This is illustrated in
Figs. 1(a) and 1(b) for internuclear distances of Rc = 2 and 4,
respectively. The wave function of the H+

2 molecular ion can
be approximately described as the symmetric superposition of
the wave functions of two hydrogen atoms positioned along
the molecular axis at ±Rc/2. In the case of equilibrium at
Rc = 2, the electron densities of the two hydrogen atoms over-
lap significantly, resulting in an ionization potential energy of
Ip = 1.1. However, when Rc = 4, the overlapping between the
two hydrogen atoms is reduced, leading to a decrease in the
ionization potential energy to Ip = 0.79.
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Fig. 1. The initial electron density distributions of H+
2 in the ground state

(1sσg) at two different internuclear distances: (a) Rc = 2, (b) Rc = 4.

We first investigate the MF-PMDs of H+
2 molecule ions

under the influence of a pair of counter-rotating circularly po-
larized attosecond pulses at various time delays td. In the left
panels of Fig. 2, we demonstrate the MF-PMDs of the H+

2

molecule ion by left and right circularly polarized laser pulses
with time delays of 0, 1, and 1.5 o.c., respectively. The right
panels depict the corresponding Lissajous figures of the elec-
tric fields. The comparison among these three situations indi-
cates that different time delay results in very different distri-
bution patterns in the MF-PMDs. In the top two panels, when
there is no time delay between two counter-rotating pulses,
the total electric field is reduced to a purely linearly polarized
pulse along the x axis, and parallel to the molecular align-
ment axis. In this case, the MF-PMD is a typical six-petal
structure.[41,44] The two panels in the middle row display the
MF-PMD (left) and corresponding Lissajous curve (right) in
the case of 1 o.c. time delay between two counter-rotating
pulses in sequence. From Fig. 2(b), it can be seen that when
td = 1 o.c., the electric field mainly lies along the x axis. The
corresponding MF-PMD show a significant vortex structure.
When the time delay is continuously increased to td = 1.5 o.c.,
the total field has both x and y components, with peak intensity
in y axis stronger than that in x axis. The MF-PMD demon-
strates dominant distribution in the py direction, which is sim-
ilar to the MF-PMD of H+

2 in the perpendicular geometry, as
discussed in Ref. [44].
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Fig. 2. The MF-PMDs (left panels) and corresponding Lissajous curves of
electric field (right panels). The H+

2 sits at its equilibrium internuclear dis-
tance Rc = 2. From top to bottom panels, the time delay are 0, 1, and 1.5 o.c.,
respectively. The laser parameters are: central carrier frequency ω = 1.52,
peak intensity I0 = 1014 W/cm2, the carrier envelope phase φ1 = φ2 = 0, and
pulse duration τ = 1.0 fs.

Our numerical results can be understood by the attosec-
ond perturbation ionization theory.[45,46] For H+

2 molecule
ions with two identical centers, the corresponding MF-PMD
can be approximated by the superposition of the ionization
probabilities of two identical hydrogen atoms. For circularly
polarized pulses, the photo-ionization in the x and y directions
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can be obtained by calculating the modular squares of the tran-
sition amplitude in the x and y directions,[15]

|A(x)
σg |

2
∝ 2|σ (x)|2E2

x cos2
θ cos2

(
𝑝 ·𝑅

2

)
ψ

2
1s(|p|), (10)

|A(y)
σg |

2
∝ 2|σ (y)|2E2

y cos2
θ cos2

(
𝑝 ·𝑅

2

)
ψ

2
1s(|p|), (11)

where σ (x) and σ (y) are x- and y-geometry transition cross sec-
tions, and θ is the angle between the electron momentum p
and molecular axis (that is x axis). The total photoelectron
momentum distribution P can be decomposed into two com-
ponents

P = |Aσg |2 = |A
(x)
σg |

2 + |A(y)
σg |

2 = Px +Py, (12)

where Px and Py are the ionization probabilities due to the x and
y components of the electric field, respectively. The photoelec-
tron momentum distribution is linearly related to the electric
field amplitude and transition cross section.

The cross section σ (x) related to the parallel geometry
transition to σu (m = 0), and σ (y) is connected to the vertical
transition πu (m =±1), therefore they can also be rewritten as
σ‖ and σ⊥, respectively. At Rc = 2, the transition cross sec-
tions from the ground state to σu and πu are σ⊥ = 528.5 kb
and σ‖ = 38.95 kb, respectively.[41] The contribution of the
πu (vertical transition geometry) channel is more significant
than that of the σu (parallel transition geometry) channel. The
significant difference between parallel and perpendicular ge-
ometries are demonstrated obviously in Figs. 2(a) and 2(c).
In panel (a), the y component of the electric field is canceled
due to the 0 time delay between two counter-rotating pulses,
therefore the MF-PMD is characterized by the typical structure
in the parallel geometry.[40] In Fig. 2(c), although the electric
field in x axis does not vanish, its magnitude is much smaller
than that in y axis. Considering that σ⊥� σ‖, the contribution
of parallel geometry is negligible, and perpendicular geometry
is dominant, no obvious vortex structure can be observed.

However, we can adapt the relative ratio between the par-
allel and perpendicular geometries, which makes them compa-
rable. In Fig. 2(b), when the time delay is 1 o.c., the total com-
bined electric field has much smaller y component than the x
component. Considering the fact that σ⊥� σ‖, the ionization
yield in parallel and perpendicular geometries are expected to
be comparable, strong interference effect and electron vortex
structure can be observed. Although this is single photon sin-
gle ionization, we should expect two spiral arms only, but there
are “six spiral arms”. Such “six-spiral-arm” structure is due to
the contribution of parallel geometry which has six-petal struc-
ture from the confinement effect.[41] The difference phase in
parallel and perpendicular geometries produces strong inter-
ference between them, which gives birth to the vortex struc-
ture.

In the scenario of atomic spirals,[22,24,30,47], the interfer-
ence between ±m (m 6= 0) partial waves plays a crucial role in
the formation of vortex structures. To understand the vortex
structure of H+

2 , it is essential to examine the m value of the
photoelectron in the final state. Clearly, in case of Figs. 2(a)
and 2(d), only the m = 0 partial wave contributes to the final
state of the electron. On the other hand, for the other cases,
both m = 0 and m =±1 partial waves can be present in the fi-
nal state. The interference of all three partial waves will even-
tually results in more intricate vortex structures than the two-
spiral-arm vortex, assuming that the yield of each partial wave
is comparable.

From the above discussion, we know that the vortex struc-
ture appears if the yields of parallel and perpendicular geome-
tries are comparable. To achieve such a condition, we can
manipulate the relative phase and time delay simultaneously.
If the time delay is small enough to ensure a large overlapping
between two pulses, we can always adjust the laser parameters
to keep Emax

x ≈ 4Emax
y .
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Fig. 3. The MF-PMDs (left panels) and corresponding Lissajous curves
of electric field (right panels). From top to bottom panels: (a) and (d)
td = 0.5 o.c., φ1 = π , φ2 = 0; (b) and (e) td = 0.75 o.c., φ1 = 0.5π , φ2 = 0; (c)
and (f) td = 1 o.c., φ1 = φ2 = 0. The rest laser parameters are: central carrier
frequency ω = 1.52, peak intensity I0 = 1014 W/cm2, and pulse duration
τ = 1.0 fs. The H+

2 sits at its equilibrium internuclear distance Rc = 2.

In Fig. 3, we demonstrate several examples that pro-
duce visible “six-spiral-arm” vortex structure. In the top pan-
els, td = 0.5 o.c., φ1 = π , φ2 = 0; in the middle panels,
td = 0.75 o.c., φ1 = 0.5π , φ2 = 0; and the bottom panels have
td = 1 o.c., φ1 = φ2 = 0. In top panels, when the time de-
lay is 0.5 o.c., the relative phase is φ2− φ1 = −π . When the
time delay is increased to 0.75 o.c., the relative phase should
be adjusted as φ2− φ1 = −π/2. Then in the bottom panels,
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if the time delay is 1 o.c., the relative phase difference need
to be set as φ2− φ1 = 0. All graphs in left panels give very
similar “six-spiral-arm” vortex structure. To maintain the sim-
ilar MF-PMDs, 2π relative phase compensation is required for
per optical cycle time delay increasing. As the time delay ex-
pands, the spiral arms in MF-PMDs become more elongated
and slender.[48] In addition, as the time delay increases, the
yield of the y-component laser field will continue to grow, and
the yield of perpendicular geometry will become more pro-
nounced.
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Fig. 4. The MF-PMDs (left panels) and corresponding Lissajous curves of
electric field (right panels). The H+

2 sits at its equilibrium internuclear dis-
tance Rc = 2. From top to bottom panels, the time delay are 0.5, 1.5, 2.5,
3.5, and 4.5 o.c., respectively. The rest laser parameters are: central carrier
frequency ω = 1.52, peak intensity I0 = 1014 W/cm2, the carrier envelope
phase φ1 = π , φ2 = 0, and pulse duration τ = 1.0 fs.

Figure 4 demonstrates MF-PMDs for fixed phase differ-
ence at φ2− φ1 = π , but vary the time delay from 0.5 o.c. to
4.5 o.c. by 1-o.c. increment. On the top two rows, where the
time delay td < 2 o.c., the “six-spiral-arm” vortex structure
are clearly visible. In the middle panels, when td = 2.5 o.c.,

the vortex structure still exists, but the two arms on the x
axis diminish, and connect to the other arms. Since now
Emax

x ≈ 2Emax
y , it does not guarantee the comparable yields

in both parallel and perpendicular geometries. If we fur-
ther enlarge the time delay, as displayed in bottom two rows,
Emax

x � 4Emax
y , the yield in parallel geometry is smeared out,

and the MF-PMD reduces to “two-spiral-arm” vortex, which
is typical vortex of single photon single ionization by a pair of
counter-rotating circularly polarized attosecond pulses.[24]

Other than the equilibrium internuclear distance, the hy-
drogen molecular ion H+

2 can vary its internuclear distance.
As mentioned above, e.g., H+

2 with Rc = 4 has a different
ground state energies. Actually, it also has different transi-
tion cross sections. Some early studies[41] showed that when
Rc = 4, σ‖ = 413.9 kb, σ⊥ = 284.8 kb, the transition cross
section in the x direction is slightly larger than that in the y
direction. Therefore, we can expect different behavior when
H+

2 is radiated by the same counter-rotating circularly polar-
ized pulses. In Fig. 5, we display the MF-PMDs (left panels)
and the Lissajous curves of electric field (right panels) for H+

2
with Rc = 4. All the laser parameters are the same as Fig. 2.
In the top two rows, where Emax

x � Emax
y and σ‖ > σ⊥, the

yield from parallel geometry dominates the MF-PMDs in both
cases, because the yield of perpendicular geometry transition
vanishes. Only in the case of bottom panels, when time delay
td = 1.5 o.c., Emax

y ≈ 2Emax
x , the yield from perpendicular ge-

ometry can be compared to that from parallel geometry transi-
tion, a clear “six-spiral-arm” vortex structure occurs. If we ig-
nore the nodes that caused by the confinement effect,[41,49] this
vortex shows typical “two-spiral-arm” vortex in MF-PMD.
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Fig. 5. The same as Fig. 2 but with different internuclear distance Rc = 4.
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4. Summary and conclusions
In summary, by numerically solving the two-dimensional

TDSE in the frozen-nuclei approximation, we have investi-
gated the MF-PMDs of H+

2 molecule ion by a pair of counter-
rotating circularly polarized laser pulses with time delay.
When the time delay is small enough that one component of
the electric laser field is partially canceled, the regular “two-
spiral-arm” vortex in single photon single ionization turns
into “six-spiral-arm” vortex or smear out the vortex structure.
These effects are due to the combination effect of different
transition cross sections in parallel and perpendicular geome-
tries, and the confinement effect of diatomic molecules. By si-
multaneously varying the phase and time delay of laser pulses,
we can control the appearance and disappearance of such “six-
spiral-arm”.

For H+
2 at non-equilibrium internuclear distance, the

same behavior can be observed. However, due to the varia-
tion in transition cross sections and their relative ratio over Rc,
the vortex generation parameters are different. For instance,
the cases of Rc = 2 and 4 have opposite MF-PMDs when they
have the same 0 relative phase and same td = 1 o.c. or 1.5 o.c.
time delay. It implies the possibility of using molecular elec-
tron vortex as strong spectroscopic instruments to investigate
molecular structure and dynamics. The clear distinction in
MF-PMDs provides us a novel tool to identify the molecular
structure information, e.g., the chemical bond length. Addi-
tionally, the molecular vortex structure produced by counter-
rotating circularly polarized pulses may be used to probe the
electron dynamics in chiral molecules by photoelectron circu-
lar dichroism.[50]

In this work, we have only investigated the simplest
molecular prototype system. Future research may be extended
to more complex molecule, such as carbon dioxide, carbonyl
sulfide or benzene which have many electrons.
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