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We focus on the Mach—Zehnder interferometer (MZI) with the input of a coherent beam and one of the bright en-
tangled twin beams with an external power reference beam employed for measurement. The results show that the phase
sensitivity can reach sub-Heisenberg limit and approach quantum Cramér—Rao bound by changing the squeezing parame-
ters and the photon number of the coherent beam, under the phase-matching condition. The absence of the external power
reference beam will degrade the performance of the phase sensitivity. Meanwhile, this scheme shows good robustness
against the losses of the photon detectors. We present a detailed discussion about the phase sensitivities when the inputs are
two coherent beams, or a coherent beam plus a single-mode squeezed vacuum beam based on the MZI. This scenario can
be applied in the field of phase precision measurements and other optical sensors.

Keywords: Mach—Zehnder interferometer, phase sensitivity, quantum squeezing

PACS: 42.50.—p, 42.50.St, 03.65.Ta

1. Introduction

Interferometers play an important role in the field of pre-
cision measurement.!!~!! One of the most typical interferom-
eters is the Mach—Zehnder interferometer (MZI). A general
MZI is composed of two beam splitters (BS) and is used to
measure phase shift variations in the two paths. The measure-
ment sensitivity of such phase shifts can not surpass 1/v/N
when the inputs are the combination of a coherent state and
an vacuum state, where N is the total photon number of the
inputs, and 1/\/1V is named as the shot noise limit (SNL) or
the standard quantum limit.!?!

In order to beat SNL, non-classical states such as the
single-mode squeezed vacuum state and two-mode squeezed
vacuum state are employed.[!*1%] Then the phase sensitivity
can reach 1/N, which is also named as the Heisenberg limit
(HL). When inputs are Fock state, NOON state and entangled
coherent state, the phase sensitivity can also reach sub-SNL
and HL.>17-18] However, there are many potential problems.
For the NOON state, this input state has been shown to be very
sensitive to losses, and the maximum photon number N re-
mains very low in experiments.

Recently, due to the good performance in phase estima-
tion, a coherent state and a single-mode squeezed vacuum

U0 Caves et al.

state have been investigated by many groups.
claimed that when one of the inputs is a coherent state, the op-
timal state of the other input is the single-mode squeezed vac-

uum state,'> which has been employed in LIGO.!"®! When
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the inputs are the combination of a single-mode squeezed vac-
uum state and a coherent state, several detection methods are
proposed, such as intensity detection, balanced homodyne de-
tection and parity detection.!®! Different detection methods
can lead to different optimal phase sensitivities. In order to
achieve the optimal phase sensitivity, all the possible measure-
ment strategies need to be taken into account, which is impos-
sible. Fortunately, quantum Fisher information (QFI) and its
related quantum Cramér—Rao bound (QCRB) are introduced
to find the optimal theoretical phase sensitivity without con-
sidering the specific measurement strategies.

The QFI is an effective tool in the estimation process
when the inputs are the coherent state, Fock state, single-
mode squeezed vacuum state, and single-mode squeezed co-

[19-28] However, with an external phase refer-

herent state, etc.
ence beam in the detection process, the QFI can be different,
which is observed by Jarzyna et al.!'! In addition, Takeoka et
al. used a phase-averaging method to solve this problem.?!
Later, You et al. claimed that the two-parameter phase es-
timation and the phase-averaging method is equivalent with

(241 They also pointed out that it needs to take

specific inputs.
the reference beam into consideration when a phase reference
beam is employed. Then, the detection strategy with external
beams has aroused much concern.

Recently, squeezing and entanglement-assisted input
states are proposed.!!72°-331 Under the condition of the

squeezing-assisted input,['’->! the intensity difference detec-
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tion with an external power reference beam is employed. In
the detection process, the conjugate beam offers an external
power reference and the phase sensitivity can reach sub-SNL.
However, they only consider the condition that one of the in-
puts is the vacuum beam and the advantage of the external
power reference beam is not shown. Meanwhile, the optimal
phase sensitivity can only reach sub-SNL. In this paper, we fo-
cus on the phase sensitivity with one coherent beam plus one
of the bright entangled twin beams (BETB). Moreover, we aim
to show that when the inputs of the MZI are a coherent beam
plus one of the BETB, the optimal phase sensitivity can reach
sub-HL and approach QCRB.

This paper is structured as follows. In Section 2, the
scheme with intensity difference detection is introduced. The
QFI and the QCRB are introduced. In Section 3, we analyze
how the phase sensitivity is affected by the factors. The im-
pacts of the detection efficiencies of the photon detectors are
also studied. Then, detailed comparisons are shown in Sec-
tion 4. Finally, the conclusions are drawn in Section 5.

2. The proposed model and phase sensitivity es-
timation

2.1. The scheme and operator transformation

In the first part of Fig. 1, we show the generation pro-
cess of the BETB, which is named as the two-mode squeezed
process.**371 This two-mode squeezed process can be ac-
complished by the FWM experiments.*3#!1 The FWM trans-
formation can be expressed as

41 = coshrdgy+ sinhrbge161 ,

by = e'® sinhra; 4 coshrby, €y

where r is the parametric strength of the FWM, 6; = 20,ymp,
and Opump is the phase of the pump beam; do (&8) and l;o
(138) are annihilation (creation) operators of the input modes
of the FWM, respectively. We denote (dy) = |o,|ei%, with
|at,| and ¢, being the amplitude and phase of the coherent
beam. The photon number N, is equal to |ay|>. For the
MZI, the intensities of the amplified probe beam and the gen-
erated conjugate beam are () = <¢ﬂd1> =GNy+G—1and
(Leon) = (l;;in) = (G —1)Ny +G— 1. Here, G = cosh’r and
it is defined as gain; d@; (d{), by (lAﬁl) are the annihilation (cre-
ation) operators of the output modes of the FWM. Here, the
BETBs mean the conjugate beam and the probe beam after
FWM.

Next, a coherent beam and one of the BETBs enter the
BS. For the BS, the input-output relationship can be shown
asdp = %cﬂ + i%éo, and ¢ = i%dl + %éo, which suggest
that the transmissivity and reflectivity of the BSare T =R = %
Here ¢y (&), @ (a}) and ¢, (¢]) are annihilation and cre-
ation operators of the input-output modes of the first BS;

(¢0) = |otc|ei%, o and ¢, are amplitude and phase of the co-
herent beam. The photon number N, is |c.|?. The total trans-

formation of the operators in the scenario is given by

1, . PO
Gouw =5 (' = 1)(VGao + VG — Thye'®)

1 )
+§(ie‘¢+i)€0, )

and the intensity after the MZI is (I,) = (4 ,dou) =
}T [m1(GN4o + G — 1) +4sin ¢+/G cos ¢g+/NyoN, +myN,], with
the notations m; = 2 —2cos¢ and my = 2+ 2cos¢, ¢g =
@, — @.. Note that, in the parts of input—output relationship and
error propagation formula, we assume ¢; = 0 and ¢, = ¢. The
intensity of the external power reference beam, (f,), is equal

t0 (Icon); dout (agm) is the annihilation (creation) operators of
the mode after the second BS.

bo

Coherent beam | e}

BS
ay az » M
a Phase ¢»
as
B Phase ¢,
M M BS
I Qout

PD

M

Fig. 1. The scheme for phase sensitivity measurement based on the
Mach—Zehnder interferometer (MZI). For the MZI, the inputs are one
of the bright entangled twin beams and one coherent beam. The inten-
sity difference is employed for the measurement process. M: mirror;
FWM: four-wave mixing; BS: beam splitter; PD: photon detector; B:
beam block; dashed line: the vacuum beam.

2.2. Phase sensitivity estimation with intensity difference
detection
According to the error propagation formula, the phase
sensitivity A¢ as the uncertainty in estimating the phase shift
¢ is
VA g
[C
The intensity difference detection signal can be expressed as
(I B) = (@} Gout — BIBQ = (I,) — (I;). Then the slope can be
expressed as

A¢ = 3

. I 1.
@ e =| 252 = L sing (@ + 6 -1~
a9 2
+ cos ¢ cos @q VGy/ NaoN:|, 4)
while the variance of intensity difference is
Nl g = (Pg)—(Ip)
2 2
(Mmoo cos“¢  3cos¢
= ( 26 (1+ =55+ =57) 6+ 1) Mo
+sin¢ cos ¢gvV'G(1+ (cos ¢ + 1)(1 — G)) /NaoN
Gsin2 2
+( 51;1 ¢+cos¢—&écos (]))NC
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sz sin” ¢
+(Z2+ )6 -, 5)

The photon number of the inputs is given by

N = (I,)+ (I.) = GNap+ G — 1 +N.. 6)

Therefore, the SNL and HL of the scenario in Fig. 11is 1//Np
and 1/Ng.

2.3. The QFI and QCRB in two-parameter phase estima-
tion
For the parameter estimation process, the QCRB is
(A)? > F(¢)~!. The inputs in Fig. 1 are pure states. Un-
der this constraint, the QFI F(¢) is

F(¢) =4Re((dp¥|dp W) — (DWW )(W|dpy)),  (T)

and dy ¥ = Jdy/d ¢, y is the state after the phase shift. In order
to avoid the potential unavailable measurement strategy, two-
parameter phase estimation is necessary. As shown in Fig. 1,
there are two phases ¢ and ¢, in the two arms of the MZI, and
we define the two-parameter QFI as

P= ®)

Fej Fu
Fji = 4Re((9;y|oy) — (djwlw)(yloy)),  (9)

where j, k € (+,—). Fj is the Fisher matrix element F. Re(-)
means the real part. Here, ¢ = (¢o + ¢1) and ¢_ = (¢ — ¢1)
mean sum and difference of the phases in the two arms of
MZI; djy = dy/d¢;. The state after the phase shift can be
= UB|y;,). B is the BS unitary transfor-
mation operator, and U mean the phase shift unitary opera-
tors. B = eM/4 and M = a4} €o+éod1 U = eil®dbar+oiéier) —

eileor gif-0- K — (a2a2+c ¢1)/2,N_ = (azazfc é1)/2;
|win) is the state before the first BS. Then

Ao, AP AP 1| Fo —Fi
AQ_AY. A }EDF[—M Fiy } (10)

displayed as |Wou)

and Dp =F__F,, —F_ F,_. We only focus on the phase dif-
ference ¢_. Therefore, (A’¢_) > L and F = F__ %

The detailed expression is shown in Appendlx A.

In Fig. 1, the inputs are one kind of two-mode squeezed
state and a coherent state, which can be expressed as |y;,) =
D.S(E)D,|0,,0,.), where |04,0.) represents the vacuum state;
D, = e%d' ~ia (P — % -ai%) ig the displacement opera-
tor with o, = |a|ei% (o = |a|e'%); S(E) is the two-mode
squeezing operator which is defined as $(&) = e&"@—8d'5",
where & = rei®, 4 (a") and b (b') are annihilation and
creation operators of mode a (b), respectively. Substituting
Eq. (1) into Eq. (10) yields

F_ = Ng+2(G—1)N,,
F,+ = F+, = —ZG\/ GNa()Nc Sil’l(Pd,

Fip = G((2G—1)Noo+G—1)+ an

The QCRB can be better with a larger F. Then the QFI F can
be maximized with F_, = F;_ =0.

3. Analysis of the phase sensitivity
3.1. Results

According to Egs. (3) and (11), figure 2 shows the phase
sensitivity versus phase shift and phase difference with r =
0.65, Nyo = 0.1, and N, = 0.5. The lower value A¢ repre-
sents the better phase sensitivity. In this scenario, with one of
the BETB entering the MZI and the other one being employed
for detection, the phase sensitivity can beat HL in Fig. 2(a),
and the optimal phase sensitivity approaches the QCRB. In
the inset of Fig. 2(a), it is apparent that the optimal phase sen-
sitivity can approach QCRB. In Fig. 2(b), with the variation
of the phase difference, the phase sensitivity can be optimal
with ¢4 = k7 (k is an integer). When ¢q = k7t + 7 /2, both the
QCRB and the optimal phase sensitivity with intensity differ-
ence detection become the worst. The optimal phase sensitiv-
ity with intensity difference detection can only approach the
QCRB when ¢g = kx. Under this constraint, in the following

part, we take ¢q = O for simplification.

(a)1.3 (b)
: 10!

> S
EoopInTINIT LTI 18
& o. b
< <}
A a9

: 100,

0.4 e
3m/4 T 5m/4 37/2 0 /2 T 3m/2 27

Phase ¢ Phase difference ¢q

Fig. 2. Phase sensitivity versus phase shift (a) and phase difference
(b). Others parameters are r = 0.65, N,o = 0.1, and N, = 0.5. In (a),
¢q = 0. BETB: bright entangled twin beams; SNL: shot noise limit;
HL: Heisenberg limit; QCRB: quantum Cramér—Rao bound. The inset
of (a) is the zoom of the phase sensitivity and it shows that the optimal
phase sensitivity can not achieve the QCRB.

As shown in Fig. 3, the phase sensitivities vary with the
squeezing parameter r, photon number Ny, and N.. When
Ny = 0.1 and N, = 0.5, the phase sensitivity and the QCRB
can beat HL with r < 0.8 in Fig. 3(a). When r increases, the
phase sensitivity with intensity difference detection and the
QCRB can only reach sub-HL. The optimal phase sensitivity
always approaches QCRB with the increase of r. In Fig. 3(b),
the optimal phase sensitivity and the QCRB beat HL. when
Ny is less than 0.2. When N, becomes larger, they can reach
sub-SNL. The optimal phase sensitivity approaches SNL when
Nao > 1. Figure 3(c) shows that both the optimal phase sen-
sitivity and QCRB can reach sub-HL when N, < 0.9. They
become worse than HL. when N, becomes larger. In Fig. 3,
only the photon number Ng > 1 is considered.

014203-3



Chin. Phys. B 33, 014203 (2024)

1

,_
<
s
e 2 o @
S )
K

Phase sensitivity
(=}
o

Phase sensitivity

I
IS
:
jos]

- HL
- = QCRB
0.3

(b)

-
N
—~
O
N

Phase sensitivity

N
06070809 1 1112131415 0.2 0.4
Parametric strength r

Photon number Ny

0.6 0.8 1 04 06 08 1 12 14 16 1.8 2

Photon number N,

Fig. 3. Phase sensitivity versus parametric strength r (a), photon number N, (b), photon number N, (c), with r = 0.65, N,o = 0.1, and

N. = 0.5. The other parameters are the same as those in Fig. 2.
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Fig. 4. Phase sensitivity versus parametric strength r (a) and photon
number N (b). Ny = 0. TSVB: two-mode squeezed vacuum beam.
The other parameters are the same as those in Fig. 2.

m
]
U1 =
-
buut boutT
FBS T
B
n
V2 =
=t
Qout QoutT
FBS T,

Fig. 5. The device for phase sensitivity measurement with transmis-
sivity efficiencies 77 and T, of the photon detectors. Fictitious beam
splitters are employed to represent the losses of the photon detectors.
The other parameters are the same as those in Fig. 2.

In the above subsections, we show the phase sensitivity
with the inputs of a coherent beam and one of the BETB. In
fact, when the photon number of the coherent beam N, is zero,
this scheme becomes the same as the scenario in Ref. [17].
If the squeezing parameter r is zero, for the MZI, the inputs
are two coherent beams without the reference beam. With
Ny = 0, the inputs in Fig. 1 become a coherent beam and one
of the two-mode squeezed vacuum beams (TSVB). The other
one of the TSVB is employed as the external power reference
beam. The phase sensitivities versus parametric strength r and
photon number N, are shown in Fig. 4. We immediately no-
tice that the QCRB can beat HL and the optimal phase sensi-
tivity with intensity difference detection is worse than SNL. In
Fig. 4(a), the QCRB can only reach sub-SNL when r is more
than 0.95 with N. = 0.5. With r = 0.65, the QCRB can beat
HL when N, < 1.1 in Fig. 4(b). Therefore, for the input of a

coherent beam plus one of TSVB based on the MZI, the inten-
sity difference detection is not preferred.

3.2. Non-unit photon detection efficiency

In this subsection, we consider the condition that the de-
tection efficiency of the photon detectors is not ideal in Fig. 5.
Then the transformation of the operators in the scheme is ex-
pressed as

dout = VThdow ++/ (1 —T2) 02,
BoutT - \/Tll,;out + V (1 - T])ﬁl,

where 0, (01) and Aoyt (laomT) are the annihilation operators

12)

of the two input-output modes of the fictitious BS, respec-
tively. 71 and 7> represent the transmissivity of the detector.
Only the losses of the photon detectors are considered and we
assume that there are no losses inside the interferometer. The
slope is given by

~

SRR 3
‘8<I T>‘ ’ d(l_p)
dp | 1799

and the variance of intensity difference is A?f_pr (Details

) 13)

can be seen in Appendix B). As displayed in Fig. 6(a), with
T, = 0.2 or 0.5, the phase sensitivity is always worse than
SNL. With 75 = 0.8, the phase sensitivity can beat SNL when
T; is larger than 0.73. When the photon detector has no loss
(T = 1), the phase sensitivity is better than SNL with 77 larger
than 0.58. In this case, the better phase sensitivity can be
achieved by the lower loss. According to Eq. (13), the trans-
missivity 77 has no effects on the slope. The phase sensitivity
is worse than SNL when the external power reference beam
is absent (77 = 0). The external beam can boost the phase
sensitivity by reducing the variance and keeping the slope un-
changed. Note that the intensity difference detection will be-
come intensity detection with 77 = 0. The phase sensitivity
can not beat SNL in this case. In Fig. 6(b), the larger the value
T, the better the sensitivity. The phase sensitivity can beat
SNL with 75 larger than 0.76 with 77 = 0.8. When T} =1,
the phase sensitivity can still reach SNL with 7> = 0.7, which
shows the good robustness of this scenario. In Fig. 6, with
r =1, Ny = 10 and N, = 107, the optimal phase sensitivity
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with intensity difference detection can not surpass the HL with
h=T=1.

10°

H
<

Phase sensitivity

H
<
b

0 0.2 0.4 0.6 0.8 10.2 0.4 0.6 0.8 1

Transmissivity T Transmissivity Th

Fig. 6. Phase sensitivity with the increase of transmissivity 77 (a) and
T» (b), for r = 1, Nyg = 10, and N, = 102. The other parameters are the
same as those in Fig. 2.

4. Comparison
4.1. Two coherent beams with an external coherent beam

Next, another special scenario is considered. As shown in
Fig. 7, two coherent beams enter the MZI, and another coher-
ent beam is the external beam. Here, d;, 131 and ¢y are annihi-
lation operators of the input modes. N,», Ny, and Ny, are the
photon numbers of the coherent beams. The intensities of the
external coherent beam and the input coherent beam are the
same as the intensities of the BETB in Fig. 1. Consequently,
Nip =GNy+G—1,Npy=(G—1)Nyy+G—1,and Ny =N.,.
The SNL and HL in Figs. 1 and 7 are kept the same. The
QFI > = Npy + Nep — N80 g, — 7 — 905: @ and
@2 are the phases of N, and N.,. When ¢gp = 0, the QFI is
maximal and QCRB A¢ can reach \/ﬁ (in this subsec-
tion, only ¢4, = 0 is considered). With the error propagation
formula, the slope yields

‘ I co)

i |
=55 |= ‘5 sin9Nez +cos 9/NioNez — 5 singNea ., (14)

and the variance becomes

o 1 . 1
A2Ifco = ZmlNaZ +8in¢/NpNeo + ZmZNcQ + Np2
= Ngo + Npp. (15)

Neo = %mlNag + sin /N Ng + imchg. We also impose
¢1 =0 and ¢, = ¢ in the error propagation formula. As dis-
played in Fig. 8, with the employment of the external beam,
the QCRB can not surpass SNL. In Figs. 8(a) and 8(b), when
the inputs are two coherent beams and another coherent beam
is employed in the intensity difference detection, the phase
sensitivity is worse than SNL. As displayed by Egs. (14)
and (15), when the external coherent beam is employed, the
slope is unchanged and the variance becomes larger. Because
Neo > 0and Ny, > 0, and N, + Npp > No. Hence the external
coherent beam can not boost the phase sensitivity and makes
it worse. As shown in Fig. 8(a), with the increase of N,g, the
photon number of the external coherent beam is larger and the

phase sensitivities with the intensity difference detection can
never approach SNL. Meanwhile, the QCRB can only reach
SNL. In Fig. 8(b), the phase sensitivity with the intensity dif-
ference detection is worse than SNL with the increase of the
photon number N,».

PD
BS
M i AN l
v N
Phase ¢,
\ A
ay U M
BS Phase ¢o
o

Fig. 7. The device for phase sensitivity measurement based on the
Mach—Zehnder interferometer with two coherent beams and another co-
herent beam as the external beam. The other parameters are the same as
those in Fig. 1.
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Fig. 8. Phase sensitivity versus parameter N, (a) and N, (b), for r =1,
Ny = 10, and N, = 102. TCB means the phase sensitivity with two
coherent beams and the intensity difference detection. The QCRB1
and QCRB2 are the quantum Cramér—Rao bounds with bright entan-
gled twin beams and two coherent beams. The other parameters are the
same as those in Fig. 2.

4.2. One coherent beam plus one single-mode squeezed
vacuum beam

Next, the scheme in Fig. 1 is compared with that of
the coherent beam plus single-mode squeezed vacuum beam
scenario, which has an importance in LIGO.['®] The genera-
tion process of the single-mode squeezed vacuum beam can
be described by the single-mode squeezed process, which is
S3(&3)|0). Here |0) means the vacuum state and S3(&3) is the
single-mode squeezing operator. S3(&3) = el (@°=&(a"7)2,
and & = r3el®, r3 and ¢3 are the squeezing parameter
strength and phase of the single-mode squeezing operator. In
the coherent beam plus single-mode squeezed vacuum beam

input scenario, the QCRB can reach 1/4/N,3e23 +sinh’r3
Nge?s. Ny is the
photon number of the coherent beam. The photon number in-

and the optimal phase sensitivity is 1/

side the MZI is N3 + sinh2r3. The phase sensitivity can reach
HL when N3 ~ sinh2r3 ~ 713/2. Meanwhile, the maximum
value of the squeezing degree r3 can reach 1.7 (15.3 dB) in
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Ref. [42]. In this case, the QCRB and the optimal phase sen-
sitivity can reach HL, respectively. Considering the phase in-
sensitive intensity squeezing degree being less than 10 dB, G
is below 5.5 (r < 1.5).

As shown in Figs. 9(a) and 9(b), with N3 = sinh’r3, the
QCRB of the coherent beam plus the single-mode squeezed
vacuum beam can surpass HL. With 3 = 0.8, the QCRB of
the coherent beam plus the BETB can beat HL.. However, they
are still worse than that of the coherent beam plus a single-
mode squeezed vacuum beam. Note that the two scenarios
have the same photon numbers Np and the BETB have been
the TSVB with N, = 0. In Figs. 9(c) and 9(d), the practical
experiments conditions N3 > sinh?r3 are considered. In this
case, both the QCRBs of the Fig. 1 and the coherent beam
plus the single-mode squeezed vacuum state scenario can only
reach sub-SNL. However, with the increase of the squeezing
parameter r (r > 1.86), the QCRB with BETB can beat QCRB
of the coherent beam plus a single-mode squeezed vacuum
beam in Fig. 9(c). In Fig. 9(d), the BETB have become the
TSVB, and the QCRBI can still beat the QCRB2 (r > 1.8).
According to Fig. 9, in the HL scale, the QCRB of the sce-
nario in Fig. 1 is worse than that of the coherent beam plus
a single-mode squeezed vacuum beam. However, in the sub-
SNL region, with the high squeezing parameter r, the QCRB1
can beat the QCRB2. Though the squeezing parameter cannot
be experimentally realized at present, it is hopeful that it can
be achieved in the future.
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0.005

Fig. 9. Phase sensitivity versus parameter r. In (a) and (b), r3 = 0.8, and
in (c) and (d) r3 = 1.5. Nyo = 0.1 in (a) and (c). In (b) and (d), N, = 0.
N3 = sinh?r3 in (a) and (b). N3 -+ sinh®r3 = Np, and they have the
same SNL and HL. QCRB1 and QCRB?2 are the quantum Cramér—Rao
bounds of Fig. 1 and the scenario with the input of a coherent beam
plus a single-mode squeezed vacuum beam. The other parameters are
the same as those in Fig. 2.

5. Conclusion

In conclusion, this paper presents the phase sensitivity
with the inputs of the BETB and coherent beams based on the

MZI. The optimal phase sensitivity with intensity difference
detection can reach sub-HL and approach QCRB while an ex-
ternal power reference beam is employed. When the inputs are
a coherent beam plus one of the TSVB, the QCRB can beat HL
and the optimal phase sensitivity with the intensity difference
detection is worse than the SNL. We have a detailed discus-
sion about the detection efficiencies of the photon detectors.
The results show that the external beam play a vital role in the
measurement process and the absence of the external beam
can degrade the performance of the phase sensitivity dramati-
cally. The QCRB of the scheme can be better than that of the
coherent beam plus a single-mode squeezed vacuum beam in-
put scenario with the high squeezing parameter. Meanwhile,
the external coherent beam can not boost the phase sensitiv-
ity when the inputs are two coherent beams. This method of
employing the external power reference beam offers a novel
measurement way for the phase precision measurement.

Appendix A: Exact expression of the QFI ele-
ments

The QFI matrix elements can be expressed as

F_ =Re[—(a]éod}éo) + (a]éodréy) + (@184d; o)
—(@r1&iaeh) + (aleo)? + (are))? —2(aleo) (@i é))),

F_y =Im[(@léoajar) + (] éocheo) — (aréjalar) — (areheheo)
— (ajéo)(@}ar) — (ajéo) (@jco) + (@ref) (ajar)
+(@eéh)eheo];

Fy— =Im[(alaialéo) + (ehoaleo) — (ala1aiéy) — (Egéoarcy)
— (@jar)(ajco) — (¢héo) (@i co) + (ajar) (are))
+(eheo@e))],

Fyy =Rel(ajaajar) + (alaiéyéo) + (eheoalar) + (€5éocheo)
—(@lar)(aja) —2(aja)(€héo) — (€héo) (¢5¢0)]

Im(-) represents the imaginary part.

Appendix B: Slope and variance of intensity dif-
ference with non-unit photon detection efficiency

The slope is given by

I pr)| (1. .
‘T’—’§T251n¢(GNa0+G—1—NC)
+T>¢c0s 9/ G /NN,

and the variance of intensity difference A%/_gr yields

; (BI)

N*I_gr =|(Pgr) — (I_1)’|

1 2
= (ZszlG_ (G- 1)) Ny

| 1
+ ZT22SH12 ¢G(Na0 +Nc) + RTgm%Nc
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1G(G— 1)(%sz1 _ T1>2(Na0+ 1)
+%Tzzsin2¢(G—l)(Nc+l)
—I—TzSiHQﬂ/@[(G— l) (%szl —2T1)

1 1
+ ZTZmlG‘i‘ ZT2m2:| v/ NaoNe

1 .
+ ZTZ(I —T»)(4sin ¢/ GN Ny
+myN.+m(GNy+G—1))

+T(1=T1)(G—1)(Nao+1). (B2)

In this part, for simplification, we assume that ¢q = 0.
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