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Majorana quantum computation offers a potential approach to securely manipulating and storing quantum data in a
topological manner that may effectively resist the decoherence induced by local noise. However, actual Majorana qubit
setups are susceptible to noise. In this study, from a quantum dynamics perspective, we develop a noise model for Majo-
rana qubits that accounts for quasi-particle poisoning and Majorana overlapping with fluctuation. Furthermore, we focus
on Majorana parity readout methodologies, specifically those leveraging an ancillary quantum dot, and carry out an in-
depth exploration of continuous measurement techniques founded on the quantum jump model of a quantum point contact.
Utilizing these methodologies, we proceed to analyze the influence of noise on the afore-mentioned noise model, employ-
ing numerical computation to evaluate the power spectrum and frequency curve. In the culmination of our study, we put
forward a strategy to benchmark the presence and detailed properties of noise in Majorana qubits.

Keywords: Majorana zero mode, topological quantum computation, topological devices, decoherence and

noise in qubits
PACS: 71.10.Pm, 74.20.Mn, 03.65.Yz, 03.67.Lx

1. Introduction

Non-Abelian anyons offer a novel methodology for
potentially achieving fault-tolerant quantum computation,
wherein quantum information is encoded using non-local de-
grees of freedom and quantum operations are manipulated in
a manner that is topologically protected.!'"81 Of particular in-
terest in this context are the Majorana zero modes that can be
potentially hosted by topological superconductors, which are
widely regarded as the most realizable candidates for topolog-
ical quantum computation. °->4

Numerous theoretical proposals have been put forward
regarding the readout and manipulation of Majorana qubits

(2325421 In these designs, the

in superconducting nanowires.
qubit is encoded in a non-local manner using the parity of pairs
of Majorana zero modes. In topological quantum computing,
the readout of Majorana parity is of significant importance,
and a number of methods have been proposed for this purpose.
These include projective measurement schemes!>°! and con-
tinuous measurement approaches with the use of quantum

[2643] a5 well as a conductance-based readout

dot ancillaries,
method in a dot-free configuration under a tunable magnetic
flux.[3%1 A recent publication!**! briefly discusses the above
different techniques used for Majorana parity readout. Among
these methods, the use of quantum dot ancillaries for measure-
ment displays considerable promise due to its scalability.!?*! In

work by Steiner et al.,'¥! a continuous measurement scheme
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employing quantum dot ancillaries is suggested to distinguish
between Majorana parities. Specifically, the power spectrum
of current correlation is utilized under the diffusion limit of
a quantum point contact to achieve this objective. Building
upon this idea, we examine the physical parameter discussed
in Wiseman and Milburn’s work[*’! and derive the power spec-
trum of current in the quantum point contact utilizing the quan-
tum jump model. Based on this model, we then study a read-
out method for Majorana parities. It is suggested that Majo-
rana readout based on the quantum jump model may be more
practical for real materials and experimental devices.

While Majorana qubits possess certain theoretical advan-
tages, quantum information can still be affected by both in-

[46-331 Therefore, refining

ternal and external noise sources.
the noise model and evaluating its impact is crucial for the
progress of Majorana quantum computation. The Majorana
noise model was initially developed to study the impact of
noise on quantum channels by Knapp and coworkers!>*! In
this regard, the model was used to investigate the pseudo-
threshold of the Majorana qubit realization of Bacon—Shor
code. To further investigate the effect of noise from a quantum
dynamics perspective, we proposed a concise Majorana noise
model based on the master equation in Lindblad form. We
combined this model with the Majorana noise model and con-
ducted numerical research to examine the influence of noise

on the readout signal. Our study yielded insights into how dif-
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ferent types and intensities of noise affect the power spectrum
and frequency curve. Based on these findings, we developed
an approach for detecting noise in the Majorana qubit. We
employed a quaternion array (H,l},shyb,gz) to classify the
noise, while peak width, peak weight, fusion point and curve
structure were used to label the frequency curve as it varied
with quasi-particle poisoning rate. By analyzing the character-
istics of the frequency curve, we obtained crucial information
about the noise, thus introducing an approach for investigating
noise in the Majorana qubit.

The present paper is structured as follows. Section 2 pro-
vides the formulation of the noise model for quasi-particle poi-
soning and Majorana overlapping noise based on the master
equation in Lindblad form. In Section 3, we offer a compre-
hensive review of the Majorana parity readout technique and
develop it further through the use of the quantum jump model
for quantum point conduction coupled with an ancillary quan-
tum dot. Subsequently, in Section 4, we evaluate the impact
of noise on the readout signal through numerical calculations
using the model presented in Section 2 and the methodology
elaborated in Section 3; based on these results, we propose an
approach for detecting noise in the Majorana qubit.

2. Majorana noise model

The issue of noise in Majorana qubits has been exten-
sively discussed in previous works such as Refs. [29,46,47,
50,51,53,54]. As a complement to these discussions, this sec-
tion presents a mathematical formulation in Lindblad form to
model the effects of quasi-particle poisoning noise and Majo-
rana overlapping with fluctuations.

2.1. Single quasi-particle poisoning event

Quasi-particle poisoning represents a major source of
noise in Majorana qubits.

This phenomenon is primarily attributed to the pres-
ence of superfluous electrons within the device, as well
as the ensnarement of those single electrons by the Ma-
jorana wave function. The creation of those single elec-
trons is generally provoked by thermal excitation or radiation-
induced excitement of Cooper pairs within the superconduct-
ing material.[*’~3] Because quasi-particle poisoning can di-
rectly change the parity state of a Majorana qubit, it can lead
to either qubit error or leakage, causing the Majorana qubit to
deviate from its original computational subspace, resulting in
negative impacts on the storage and retrieval of information
for topological quantum bits.

In this section, we adopt the quantum trajectory approach
outlined in Refs. [55,56] to construct our noise model. Our
starting point is the simplest noise event, namely, a Majorana
quasi-particle poisoning event, denoted as 7, that occurs in

one of the Majorana zero modes. We assume that the quasi-
particle poisoning rate, denoted as I, remains constant and is
entirely determined by the environment, i.e., independent of
the system state. At time #, the quasi-particle poisoning event
dN(r) = 1 occurs with a probability of p; = I d¢ during the
time interval ds. Here, N(¢) represents the number of quasi-
particle poisoning events up to time ¢. The operator associated
with this event can be expressed as

Ay =/Ldi, (1
such that
p1=Tr[A1pA)] = I dr. )

Then, by the conservation of probability, we can define the
operator when no event happens A by

AJ{AI +A$A0 = f7 3)
then
- . T
A():I—Flidt. @

Thus, we can get the state for both evolutions. For dN () = 1,
W (1 +di)) = 7 [¥(2))- )
For dN(¢) =0,
¥ (1 +dr)) = [¥(1)). (©)
Then, the stochastic Schrodinger equation is

d[¥ () = (7 —D)dN()[ (1)) ©)

Then by Ito rules and taking average E[dN] = I7dz, we can
get the master equation of quasi-particle poisoning

pm =T (Yipm7i — pm), (¥

where py present the density matrix of the Majorana qubit.
The noise model can also be obtained when a quasi-particle
poisoning event affects the whole Majorana zero mode in the
same way,

Pm ZZE(TG’PM?:'—PM)- )

In order to obtain an estimate of the quasi-particle rate I;, we
can make use of the values reported in Refs. [47,51]. These
values take into account all potential sources of uncorrelated
quasi-particle poisoning events that contribute to I;.

2.2. Overlapping with fluctuation

Taking into account the finite size of nanowires, the effec-

tive Hamiltonian for the Majorana system takes the form![%-37]

Hy = iengp 71 1o (10)
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Here, the value of &,y, was discussed in Refs. [9,37,54]. How-
ever, we assume that the hybridization energy may exhibit
fluctuations, leading to a corresponding fluctuating Hamilto-
nian given by

Avir = i (enyp +8E (1)) 11 2. (11)

In this expression, the term g&(z) represents the fluctuation
contribution and we assume that it follows Gaussian statistics
such that

g&(r)dr = gdW (z). (12)

Here, g represents the intensity of the noise and dW denotes
the Wiener increment. Using these assumptions, we can obtain
the following property for d&(t):

For Gaussian white noise,

((g&(1))g& (1)) =g76(t — 1), (13)

where 0(t — 7) is the Dirac function. Then

([ wewr)=e. (14)

With certain encoding, we can have iy, = o, under a qubit
basis. Then, by Ito rules, we can get the propagator

s ~ 2 ~
e A — f g 1 dr6. —igd W6, — ‘%dtl. (15)

Then, by taking the average of stochastic wave function incre-
ment dp = d(]y){y|), we can get the master equation for the
fluctuating hybridization energy.

pm = _ighyb[é-zapM]+g2(6—sz61_pM)' (16)

So far, we have obtained the master equation for Majorana
overlapping with Gaussian fluctuation.

3. Majorana parity readout by continuous mea-
surement

Several proposals for Majorana readout methods uti-
lizing quantum dot ancillaries have been presented in the
literature. [20-28:29:571 Ty contrast, Steiner ez al.!*3! introduced a
novel technique that relies on continuous measurement. This
method utilizes the power spectrum of current correlation in
a quantum point contact, in conjunction with a quantum dot,
to differentiate between different Majorana parities. A recent
review article!**! provides a succinct overview of various Ma-
jorana readout approaches. We begin by introducing the effec-
tive tunneling Hamiltonian for a Majorana coupled with quan-

tum dots[30!

. b o
Ay = e 2 (191 +19)é] + Hee. (17)

The operator eii% increases/decreases the charge number of
the superconductor by one charge number unit and ¢ is the
phase operator of the superconductor; ¢; and 61 are the annihi-
lation and creation operator of a quantum dot in a few-electron
occupancy regime. J;, }» are the Majorana operators, which
can change the parity of the electron number in the supercon-
ductor. #; and #, are the corresponding tunneling amplitudes
between the quantum dot and 9 and .

In order to have a better understanding of the system,
two different methods are proposed in the literature. The first
method, as discussed in Ref. [57], employs the basis |n, p)
where |1,p) = e’i%chﬂo,p). Here,n=0,1and p = £1 de-
note the eigenvalues of the quantum dot occupation and com-
bined parity p = p1a(—1)", respectively, where p1p = iy1p
represents the Majorana parity. ~Alternatively, the second
method described in Ref. [30] involves replacing eii% with
the spin operator §4, and considering the only two relevant
states |ng) and |ng + 1) associated with the tunneling process,
where ny denotes the electron number of the superconduc-
tor before the tunneling event. In this approach, the Majo-
rana and spin operators are combined into a fermion opera-
tor: f: 78y — f5 o ns. = f, ps = i(=D)FT hs —
i(—1)"*! 7. By employing the above approach, we can derive
the matrix representation of the tunneling Hamiltonian within
the stated basis

R

Flumn = ( L A ) . (18)
The Majorana parity-dependent effective tunneling amplitude,
denoted by ¢,, is given by t, = t; —ipt;. Alternatively, we can
express t,, in terms of the phase difference between 1 and 1, as
tp=t1|(1—iei®pA), where A = |2|/|t:| and 6 = Arg(tr/11).
This expression serves as the fundamental premise for all Ma-
jorana parity readout techniques that employ quantum dot an-
cillaries.

The article!?®! discusses three methods for measuring the
parity-dependent tunneling amplitude in a Majorana system.
The first method involves energy-level spectroscopy, whereby
the ground-state energy difference is measured. The second
and third methods rely on the measurement of the differential
capacitance and the average dot occupation number, respec-
tively.

Reference [28] proposes a Majorana readout method
based on the direct measurement of the parity-dependent
Rabi-oscillation frequency, which originates from the parity-
dependent tunneling amplitude. However, this method re-
quires a fast projective measurement of the quantum dot,
which poses experimental challenges. Therefore, Ref. [43]
suggests a continuous measuring approach to overcome these
challenges. In this approach, the Rabi-oscillation frequency
is obtained by measuring the current correlation in a quan-
tum point contact coupled to the quantum dot ancillary. The

017101-3
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setup for continuous measuring is shown in Fig. 1. As dis-
cussed in Refs. [45,55,58-61], two models describe the cur-
rent in a quantum point contact. In addition, Ref. [43] em-
ploys the diffusive model. Here, by considering the discussion
in Refs. [45,62], we explore the quantum jump model as a suit-
able framework for simulating scenarios that involve a photon
number detector.

7 e

mzms GO

t1 to

Quantum dot

Quantum point contact 7
Fig. 1. Setup for continuous measurement of Majorana parity.

Subsequently, the following Hamiltonian for the perfect
Majorana island connected to a quantum dot is introduced:

I:IMQD = HQD + ﬁtunm (19)

In the low-temperature regime and under the strong mag-

1L.20] the effective

netic field required for a topological phase,
Hamiltonian for a single spinless fermion level can be approx-

imated for the quantum dot
Hqp = €11, (20)

where € is the dot level and 71} = cATél is the particle number
operator for the electron of the quantum dot. In the work by

1,121 the charging energy terms of the quantum dot

Karzig et a
and the superconducting island are taken into consideration.
By employing the parameter transformation method discussed
in Ref. [57], the mutual charging energy term and the dot
level term are effectively combined into a single charging en-
ergy term, which can be expressed as I:Ic+QD =¢gc(Ai1—n 1g)2,
where 7] represents the particle number operator of the quan-
tum dot and 7, is the quantum dot’s ground state occupation
number. The parameter €c denotes the effective dimension-
less gate voltage of the superconductor—quantum dot system
and the effective charging energy. The detailed treatment can
be found in the appendix of Ref. [57]. As the system operates
in the resonance regime, where the energy of the quantum dot
is approximately equal to the charging energy of the supercon-
ductor, for simplicity, the authors use €; as the effective tuning
parameter and express the effective Hamiltonian of the quan-
tum dot as €7;. This simplification does not affect the matrix
form or the measurement result.

Subsequently, the quantum point contact is integrated as
a dot occupation number monitor in the subsequent stage, en-
abling the extraction of parity information from the current

flowing through the quantum point contact. We follow a strat-
egy similar to that used for a double quantum dot!60-61.63.64]

and obtain the dynamics for the Majorana—quantum dot setup
p(1) = ~i[Amop.p ()] +D[E+Tirlp(r), @D

where p(f) is the density matrix for the quantum dot and
Majoranas coupled with the quantum dot. 7i; = @1—6’1 is the
particle number operator for quantum dot, 7 and ¥ are de-
fined as D = |%|2 = 2me|Too|* gLgrV/ and D' = |T+ J|? =
27e|Too + Xoo|2 gLgrV /, Too and X are tunneling amplitudes
near the average chemical potential, g;. and gr are the densities
of states for the left and right reservoirs, V is the external bias
applied across the quantum point contact; thus D and D' rep-
resent the average tunneling rates through the quantum point

contact without and with one electron in dot 1. D is defined as

D[Blp = BpB" — (B'Bp +pB'B) /2. (22)
The Hamiltonian for the quantum point contact can be ex-
pressed as follows:

A L AT A R AT A
Hgpc = Z (a)k 1 CLe+ @y Cl'{kCRk>
k

+ ¥ (Tl ibrg + Tichoe) . 23)
k.q

where ¢y, Crr and a),l(‘, w,f are, respectively, the electron an-
nihilation operators and the energy levels for the left and right
reservoir states at wave number k. T, is the tunneling ampli-
tude for the corresponding tunneling channel. The Hamilto-
nian describing the interaction between the quantum dot and
quantum point contact is given as

Aoy = Y 6¢ ( g vy + x;kagqau) . (24)

kyq

When the quantum dot is occupied, the effective tunneling am-
plitude of quantum point contact changes from Ty, — Tiy +
Xkq- Next, we follow the approach presented in Refs. [55,63]
and obtain the conditional current in the quantum point contact
based on the quantum jump model

(De(t) = eD+e (D — D) {fr)e(r). (25)

The two values currently depend on the dot occupation num-
ber. The reduced two-time-correlation function is defined as

R(7) =E[I(t+)I(1)] - E[l (1 + 1)|E[/(1)], (26)

where E[ | present the ensemble average.

In the general case, it is preferable to conduct numerical
investigations on R(7). However, in the case where € = 0, an
analytical expression is available, the current correlation for
Majorana coupled to the quantum dot is

(61)2 <5u“P+eupT - upeﬂp+r> , (27)
4 Hp+ — Hp—

Ry (1) = el8(7) +

017101-4
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where e = —(x/4) £ /(KA - QIR L
e(D'+D)/2 is the steady-state current, 8 = e(D—D’) is
the difference between the two average currents and k = | ¥|%.
The corresponding power spectrum is defined as

S(w) = /:, TR, (7)e 1", (28)

Then

(81)* RS
4 (2= 2ltp))2)7 + (x/2)2 02

Sp(@) = So+ ;29
where Sy = ? (D' + D) represents the shot noise. Thus we can
distinguish between different Majorana parities by the power
spectrum of the current in quantum point contact. Figure 2
shows the numerical simulation of the power spectrum for dif-

ferent Majorana parity values.

8 T T T T T
—— Even parity
6 Odd parity A
Z P h
wOAr J
2L J
0 1
—6 —4 -2 0 2 4 6

w/2

Fig. 2. Power spectrum for different Majorana parity values. The

normalized power spectrum, as defined here, is represented by Sy =

S(j‘))igls", where the parameters are specified as follows: A =1, 6 = /4,

k = 0.2|r], and |r;| = Q. It is worth noting that Q serves as the refer-
ence frequency unit here.

4. Noise influence on parity readout

The scheme presented in Ref. [43] posits a power spec-
trum current correlation technique for ideal Majorana qubits,
featuring zero noise, as a means of Majorana parity readout.
In this scenario, the current correlation can be computed from
the fixed parity subspace, much akin to the double quantum
dot system with a constant tunneling amplitude #; + ipt,. This
approach remains valid for other parity readout methods for
Majorana qubits, such as measuring the average occupation
number of the quantum dot, for which only the subspace war-
rants consideration. Nevertheless, when probing the impact
of Majorana noise, comprehensive consideration of the full
Hilbert space, inclusive of both the Majorana qubit and the
quantum dot, becomes indispensable.

For quasi-particle poisoning, we can get the dynamics of
a Majorana coupled with a quantum dot

p = —i[Hvgp,p]+Dlt+xilp+ Y, L(%ipfi—p). (30)
i=1,2

For Majorana overlapping, we can get

p = —i[Hvqp, p] — i[Hm,p]+ D[t + xii]p. (3D

For Majorana overlapping with fluctuation, we can get

p = —i[Hvop, p] — i[Hwm,p]
+D[t+xi]p +&°(6:p6.—p). (32)

As the analytical solution to the aforementioned master
equation is considerably intricate, our discussion primarily fo-
cuses on the numerical outcomes.

4.1. Quasi-particle poisoning

For quasi-particle poisoning, the following special sce-
narios are first considered: when I7 = I3, when I # 0 and
I; =0, and when I1 = 0 and I; # 0. The first situation de-
scribes a homogeneous environment, whereas the second and
third cases represent specific instances of an inhomogeneous
noise environment. This study chiefly examines three param-
eter regions concerning the quasi-particle rate: (1) when the
quasi-particle poisoning rate is significantly smaller than the
Rabi oscillation frequency, (2) when the quasi-particle poison-
ing rate is of the same order of magnitude as the Rabi oscilla-
tion frequency, and (3) when the quasi-particle poisoning rate
is much greater than the Rabi oscillation frequency.

In the context of homogeneous quasi-particle poisoning
noise, we can denote the noise intensity by I' = I7 = I5. As
demonstrated in Fig. 3(a), when the quasi-particle poisoning
rate is very small (I' < |#1]), the peak frequency exhibits an
insignificant shift. This indicates that the parity measurement
result can be obtained with high precision under such a noise
intensity. As the quasi-particle poisoning rate increases, the
two peaks move towards each other, accompanied by an in-
crease in peak width, and eventually merge into a single peak
at the Rabi oscillation frequency (I" & |¢1|). This implies that,
in this range, the two peaks cannot be distinguished and the
Majorana parity cannot be obtained from the measurement.
As the quasi-particle rate further increases, the merged peak
shifts its frequency to zero. This implies that when the quasi-
particle poisoning rate is much larger than the Rabi oscilla-
tion frequency, the current in QPC is described by shot noise,
which is similar to the behavior observed in coupled quantum
dots when k > 4Q. Here, k = |¥|? represents the coupling
strength between the quantum dot and QPC, and € represents
the coupling strength between quantum dots. In this case, the
electron will be localized in the quantum dot, a phenomenon
also referred to as the quantum Zeno effect. Figures 3(b)-3(d)
illustrate the power spectrum at different levels of noise inten-
sity.

Subsequently, an observation was made that the power
spectrum’s structure changes in the presence of quasi-particle
poisoning. As depicted in Figs. 4(a) and 4(b), a secondary
peak emerges at the location of the opposite parity with a
comparatively smaller weight for each parity. Here, weight
corresponds to the area enclosed by the corresponding peak.
The secondary peak remains negligible under a relatively low

017101-5
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quasi-particle poisoning rate but becomes noticeable at a mag-
nitude proximate to the Rabi frequency. As the noise inten-
sity rises, the weight of the secondary peak increases. The
primary and secondary peaks merge into a single peak with
an increase in noise intensity. This phenomenon is attributed
to the quasi-particle poisoning event’s alteration of the Majo-
rana parity and the effective tunneling amplitude, resulting in
the emergence and amplification of the secondary peak. The
double-peak configuration of the power spectrum with a noise
intensity of I'/Q = 0.5 is visually demonstrated in Fig. 4(c).
Subsequently, we present a discussion on inhomogeneous
quasi-particle noise. Firstly, we consider the special cases
where I1 # 0 and I; = 0, as well as I] = 0 and I; # 0.
These cases correspond to the scenario where only one Ma-
jorana zero mode undergoes a quasi-particle poisoning event.
For A = 1, the power spectrum is indistinguishable between
I #0, I =0and I} =0, I3 # 0. By comparing Figs. 5
and 3, the most conspicuous dissimilarity between inhomo-
geneous quasi-particle noise and homogeneous quasi-particle
noise is that for noise intensities much greater than the Rabi
oscillation frequency; the fused frequency tends to zero in the
former, whereas it tends to |¢;| (also equal to |#;|) in the latter.

T T T
4t (a) |
—— Even parity
E 2k Odd parity N\ J
e
0 - (- 1 1 1 1
0% 102 10! 109 10!
/e
20 L T T T T T i
—— Even parity (b)
Odd parity
% 10t ‘ .
1
0—6 —4 -2 0 2 4 6
w/2
-y T T T T T =
03 Even parity (c)
0.2l Odd parity J
Y
1 1 1 1 1
076 —4 —2 0 2 4 6
w/ 2
2 L T T T T T ]
—— Even parity (d)
Odd parity
& 1f A ]
p— JT/ L I m—
0—6 —4 -2 0 2 4 6
w/2

Fig. 3. (a) Peak frequency curve of different parity under quasi-particle
noise intensities (I" /£2) ranging from 1073 to 10!, with A = 1, § = /4,
K = 0.002|t;|, and |f1] = . The corresponding Rabi oscillation fre-
quency, denoted as @R, is associated with the peak. The error bar in the
figures represents the peak width and the main peak of each parity state is
shown. The values of k and 6 are held constant throughout the remain-
ing images. (b) Power spectrum for I'/Q = 0.01. (c) Power spectrum
for I'/Q = 1.6. (d) Power spectrum for I"/Q = 10.
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Fig. 4. (a) Peak frequency curve for even parity under quasi-particle
noise intensity ranging from 103 to 10!, where the color bar presents
the relative weight of the peaks. (b) Peak frequency for odd parity un-
der quasi-particle noise intensity ranging from 1073 to 10'. (c) Power
spectrum for I'/Q =0.5.
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Fig. 5. (a) Peak frequency curve under the influence of quasi-particle noise
with intensity represented by I /£, which varies from 1073 to 10'. Addi-
tionally, I3 /€ = 0 and the value of A is set to 1. The frequency diagram
exhibits symmetry across the wg = 0 axis. Therefore, in (a), to provide a
clearer demonstration, we only display even parity for wg > 0 and only odd
parity for wg < 0. Otherwise, the even and odd parity would overlap, de-
creasing the picture’s clarity. (b) Peak frequency curve under the influence
of quasi-particle noise with intensity represented by I3 /£, which varies from
1073 to 10", while I = 0 and A = 1. Similar to (a), only odd parity is pre-
sented for wr > 0 and only even parity for wr < O to enhance clarity. Due
to the symmetry of the frequency diagram by the axis wr =0, (a) and (b) are
identical. (c) Power spectrum for I7/Q =0.5.
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By comparing Figs. 5 and 3, we observe the difference be-
tween inhomogeneous quasi-particle noise and homogeneous
quasi-particle noise, but we are unable to differentiate between
a single quasi-particle §; (I7 # 0, I3 = 0), and a single quasi-
particle, %> (I3 # 0, IT = 0). This lack of distinction is expected
because at A = 1, the Majorana modes 7; and > possess full
symmetry and thus it is not possible to distinguish between
them. If we desire to distinguish between ¥} and 7 in real
space, we can set || # |f2| and break the symmetry between
the noise effects of I and I5. For instance, when A = 0.5, that
is |t 1| = 2|t2

, we can define 7} and 7 in real space, resulting
in different spectra for the two types of noise. Additionally, in
the high noise region (i.e., > 10'), single quasi-particle noise
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Fig. 6. (a) Peak frequency curve under the influence of quasi-particle noise
with intensity represented by I /€2, which varies from 1073 to 10!. Addi-
tionally, I3/ = 0 and the value of A is set to 0.5. For the sake of enhancing
visual clarity, only the width of the peak with a weight greater than 103 is
displayed and only odd parity is displayed for wr > 0. Both parities have
the same configuration but with different weights, both are symmetry curves
along axis wr = 0 as displayed in Figs. 4(a) and 4(b), to have a better compar-
ison, only half of each parity is displayed. (b) Peak frequency curve under the
influence of quasi-particle noise with intensity represented by I3/, which
varies from 1073 to 10'. Additionally, I /2 =0 and the value of A is set
to 0.5. (c) Power spectrum for I7/€2 = 10 Here the curve of even parity is
almost covered by the curve of odd parity, since they have the same configu-
ration. This situation is the same for (d) and other figures. (d) Power spectrum
for I /Q = 10.
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Fig. 7. (a) Peak frequency curve under the influence of quasi-particle
noise with intensity represented by I3 /£, which varies from 1073 to
10!. Additionally, I7 /2 = 0.1 and the value of 4 is set to 0.5. (b) Peak
frequency curve under the influence of quasi-particle noise with inten-
sity represented by I3 /€2, which varies from 1073 to 10!. Additionally,
I1 /2 = 0.5 and the value of A is set to 0.5.

exhibits distinct behavior from homogeneous quasi-particle
noise: the Rabi-oscillation frequency no longer tends to zero
but converges to 2|¢;| for I; = 0 and to 2|t,| for I] = 0.
Subsequently, we explore the case where both I7 and I3
are non-zero and not equal. Specifically, we consider the range
of I] /Q to be between 1073 and 10!, while I3 remains con-
stant. Moreover, we can set I] = x+C; with x € [1073,10']
and I = C;, or conversely, I = x+ C; with x € [10*3, 101]
and I7 = Cj, following the approach proposed in Ref. [52].
This yields the possibility of discerning the prevailing quasi-
particle noise situation (represented by C; and C,) in the Ma-
jorana qubit by observing different behaviors of the power
spectrum concerning the variable x. As such, we present a
method for detecting noise in the Majorana qubit, with the
numerical results serving as a reliable reference for experi-
mental investigations. We demonstrate the peak frequency di-
agram as an illustrative example in Figs. 7(a) and 7(b). No-
tably, distinct quasi-particle poisoning leads to different be-
haviors of wr. Specifically, the peak width for I7/Q = 0.1
is considerably narrower than that of I7 /Q = 0.5 at the same
I value. Both peak widths increase with I> before the fu-
sion point, corresponding to the rising dissipation effect pro-
portional to the total noise rate (I7 + I3). Additionally, we
observe that the fusion points for different noise intensities
also differ. We denote the fusion point as F = (I, @rp),
with the value of It for I7 /Q = 0.5 being larger than that for
I1/Q = 0.1, and the value of wgrp for I7 /2 = 0.5 being greater
than the value for I7 /€ = 0.1. Furthermore, for I] /Q = 0.1,
the frequency curves approach zero before fusing, whereas for
I /9 = 0.5, the frequency curve fuses directly, indicating dif-
ferent fusion points. The weight of the secondary peak for
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I1/Q = 0.5 is also greater than the weight of the secondary
peak for I]/Q = 0.1. Overall, the fusion point, peak width
and peak weight serve as reliable indicators for distinguishing
different noise types and intensities. Therefore, the theoretical
results presented in this study can aid in detecting noise in the
Majorana qubit.

4.2. Overlapping with fluctuation

This section explores the effects of overlapping and fluc-
tuations on the power spectrum of the Majorana readout.
Firstly, we analyze the impact of pure Majorana overlapping.
The Hamiltonian governing the coupling between a Majorana
mode and a quantum dot under the particle number basis, with

pure Majorana overlapping, can be expressed as

Ehyb e 0 0
0— I — 12 —&nyp 0 . O' . (33)
0 0 —&hyb I — 1

0 0 H+in Ehyb

Based on the Hamiltonian derived earlier, it is evident that pure
Majorana overlapping introduces a 2&yp, energy level space,
as expected. The even parity and odd parity of the Majo-
rana are denoted as |0), and |1),, respectively. In an infinitely
long nanowire, ideal zero energy degeneracy can be achieved,
where the energy level for |0), and |1); is zero. However, Ma-
jorana overlapping leads to a splitting of the degenerate energy
level, where the energy level for |0); is —&hyp, and for |1); is
€nyb. Denoting |0) and |1) as the dot occupation number of
the quantum dot, we use |01) to represent |0) ® |1),. The en-
ergy level for |01) is &yp, for [10) it is —&pyp, for [00) it is
also —&nyp and for [11) it is &uyp,. Therefore, the diagonal el-
ements of the matrix can be obtained. The effective Rabi os-
cillation frequency can be calculated as wr = 2, /|,|> + Eﬁyb.
It is observed that for &y < 10~!, pure Majorana overlapping
has a negligible influence. For &y, > 1, the peak frequency
increases almost linearly with &y, and the distance between
the two parities decreases, while the peak width remains al-
most unchanged. This indicates that pure Majorana overlap-
ping causes minimal dissipation, which is in accordance with
expectations, as illustrated in Fig. 8(a). The influence of &y,
on the power spectrum can be observed from Fig. 8. As &y
increases, the weight of the Rabi oscillation peak decreases
while the weight of the zero-frequency peak increases. This
indicates that Majorana overlapping leads to the shot noise ef-
fect. It should be noted that the main difference between pure
Majorana overlapping and Majorana overlapping with fluctu-

ation is the width of the peak, which is caused by fluctuation.

20 |(a) T T T
15 7

0 L T - 1 ) I 1
10-3 102 101 100 10!
Ehyb/Q

20T T T T

¥

- ) 1 ) L l
10—3 102 10! 100 10!
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Fig. 8. (a) Peak frequency curve for the scenario of pure Majorana
overlapping. It is notable that the diagram possesses a symmetry with
respect to wr = 0; therefore, solely the portion corresponding to wgr > 0
is depicted. (b) Peak frequency curve for Majorana overlapping with
fluctuation g2 = 0. L&nyp-

In Subsection 4.2, the frequency behavior of overlap-
ping and quasi-particle poisoning noise is discussed by vary-
ing the quasi-particle injection rate. The proposed approach
suggests that the noise in the Majorana qubit can be uniquely
identified and labeled by a quaternion array consisting of
(H,I"z,shyb,gz), which we refer to as the characteristic ar-
ray for noise. By analyzing the peak width, fusion point,
frequency under the quasi-particle poisoning rate limit and
curve structure of the frequency curve, we can describe the
behavior of the frequency curve. The establishment of a map
between the characteristic array for noise and the frequency
curve enables theoretical simulations to provide valuable guid-
ance for the detection and characterization of noise in Majo-
rana qubits. In Fig. 9, a comparison is made between different
noise parameters. It is observed that, with &,y,/Q = 1, the
frequency under a low quasi-particle poisoning rate is higher
than the case without Majorana overlapping. Additionally,
differences in peak width and weight are visible for Majo-
rana overlapping noise with and without quasi-particle poi-
soning (I3/€ = 0.5) under a low quasi-particle poisoning rate
(I1/2 < 1). For I;/Q =~ 1, it is found that, before fusion,
the primary peak frequency decreases but does not reach zero
for enyn/Q2 = 1,8° = 0.1&uyp, whereas it does reach zero for
Enyb/R2 = 1,82 = 0.1€nyp,I3/Q = 0.5. After fusion, the pri-
mary and secondary peaks are in the fused state for &y, /Q2 =
1,8% = 0.1&nyp, but for nyp/Q2 = 1,8% = 0.1eny,I3/2 = 0.5,
there is a non-vanishing space between the primary and sec-
ondary peaks. While the physical mechanisms underlying
these complex curve behaviors are still not fully understood,
the differences between the curves offer a promising approach
to identifying and characterizing noise in Majorana qubits.
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Fig. 9. (a) Peak frequency curve for &,,/Q = 1, gt = 0.1&pyp and
A =0.5. (b) Peak frequency curve for I3/Q = 0.5, &y,/Q2 =1,
gt = 0.1&py and A/Q2 =0.5.

5. Summary and outlook

In this paper, we present a comprehensive analysis of
noise in Majorana qubits, wherein we construct a Majorana
noise model that incorporates quasi-particle poisoning and
Majorana overlapping with fluctuation. Subsequently, we de-
velop a method for continuous Majorana parity measurement,
which relies on the quantum jump model. Furthermore, we
examine the impact of noise on the readout signal and pro-
pose a new approach for detecting the noise situation in Majo-
rana qubits. Our future work aims to expand upon our current
findings and refine the mapping between noise parameters and
signal curve characteristics, thereby enhancing the rigor of the
Majorana noise detection method.
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