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Hamiltonian system for the inhomogeneous plane elasticity of
dodecagonal quasicrystal plates and its analytical solutions

Zhiqiang Sun(孙志强), Guolin Hou(侯国林), Yanfen Qiao(乔艳芬), and Jincun Liu (刘金存)†

School of Mathematical Sciences, Inner Mongolia University, Hohhot 010021, China
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A Hamiltonian system is derived for the plane elasticity problem of two-dimensional dodecagonal quasicrystals by
introducing the simple state function. By using symplectic elasticity approach, the analytic solutions of the phonon and
phason displacements are obtained further for the quasicrystal plates. In addition, the effectiveness of the approach is
verified by comparison with the data of the finite integral transformation method.
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1. Introduction

Quasicrystals (QCs) are a kind of solid intermediate be-
tween crystal and amorphous materials, which were first dis-
covered by Shechtman et al.[1] The unique quasi-periodic
structure makes QCs become a new kind of functional ma-
terials and structural materials.[2,3]

QCs have many excellent properties, such as high
strength, abrasion resistance, hardness, thermal conductivity,
and low adhesion.[4,5] It should be noted that the properties of
QCs are affected by defects such as dislocations, cracks, holes,
and inclusions.[6–12] Many methods and techniques have been
developed to address the problems of elasticity and defects
in QCs. Among them, symplectic elasticity approach,[13–15]

the pseudo-Stroh formalism method,[16,17] the state-space
method,[18,19] the integral transformation method,[20] the dif-
ferential quadrature method,[21,22] the complex variable func-
tion method,[23–26] and the state-space based differential
quadrature method[27] are practical to construct the analytical
or numerical solutions of QCs. The integral transformation
and differential quadrature methods are numerical and have
been approved to be highly efficient for the rapid solution. The
state-space-based differential quadrature method[27] inherits
the advantages of the state-space method and the differential
quadrature method. Its convergence speed is fast and can ap-
ply to different boundary conditions. However, the state-space
method must be revised to solve the clamped-supported and
mixed boundary conditions. The complex variable function
method often leads to high-order partial differential equations,
which puts forward higher requirements for the smoothness of
solutions and may be difficultly solved further by separating
variables.[23] The symplectic elasticity approach is the method
of separating variables based on the Hamiltonian system. It
can construct the general solution of the considered problem

without any assumptions about the solution forms. According
to the Vainberg theorem[28] in variational theory, a symmetric
differential system can continually be transformed into a suit-
able Hamiltonian system, which provides the possibility for
applications of the symplectic elasticity approach in elastic-
ity mechanical problems because the considered mechanical
equations are primarily symmetric. Recently, the symplectic
elasticity approach has been applied to establish the final gov-
erning equation of Laue class 15,[14] which provides a feasible
idea for solving some complex quasicrystal problems.

This paper aims to extend the symplectic elasticity ap-
proach to solve the inhomogeneous dodecagonal QC plates. In
the geometry of symplectic space, the phonon stress, phason
stress, and displacements are set as unknown functions and
included in the state vector, and then the formed first-order
differential system, a Hamiltonian system, is introduced. Ad-
ditionally, using the symplectic orthogonality relations of the
eigenvectors, the general solutions of phonon and phason dis-
placement under the given boundary conditions are obtained.
Finally, the accuracy of the symplectic elasticity approach is
verified by numerical examples of QC plates under uniform
and concentrated loads, and the effects of different phason
elastic constants on displacements and stresses are analyzed.
The numerical results show that the symplectic elasticity ap-
proach is an effective tool for analyzing the mechanical behav-
ior of QC plates. The presented method in the current paper
can also be used to solve other boundary conditions.

2. Hamiltonian system of dodecagonal QCs

According to the linear elastic theory of QCs, the basic
equations for the inhomogeneous plane elasticity problem of
dodecagonal QCs are described in the following.[29] The equi-

†Corresponding author. E-mail: jcliu@imu.edu.cn
© 2024 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

016107-1

https://doi.org/10.1088/1674-1056/acfaf3
mailto:jcliu@imu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 33, 016107 (2024)

librium equations are

∂σxx

∂x
+

∂σxy

∂y
+q1 = 0, (1a)

∂σyx

∂x
+

∂σyy

∂y
+q2 = 0, (1b)

∂Hxx

∂x
+

∂Hxy

∂y
+q3 = 0, (1c)

∂Hyx

∂x
+

∂Hyy

∂y
+q4 = 0, (1d)

and generalized Hooke’s laws have the following form:

σxx = L
(

∂ux

∂x
+

∂uy

∂y

)
+2M

∂ux

∂x
, (2a)

σyy = L
(

∂ux

∂x
+

∂uy

∂y

)
+2M

∂uy

∂y
, (2b)

σxy = σyx = M
(

∂ux

∂y
+

∂uy

∂x

)
, (2c)

Hxx = K1
∂wx

∂x
+K2

∂wy

∂y
, (2d)

Hyy = K1
∂wy

∂y
+K2

∂wx

∂x
, (2e)

Hxy = K4
∂wx

∂y
+K3

∂wy

∂x
, (2f)

Hyx = K4
∂wy

∂x
+K3

∂wx

∂y
, (2g)

where ux, uy and wx, wy denote the phonon displacements and
phason displacements; σxx, σxy, σyx, and σyy are the phonon
stresses; Hxx, Hxy, Hyx, and Hyy are the phason stresses; q1, q2,
q3, and q4 are the body forces; L, M, K1, K2, and K3 are the
elastic constants. For simplicity, K1 +K2 +K3 is abbreviated
to K4.

To establish the Hamiltonian system, define the displace-
ment vector as

𝑞 = (wx, wy, ux, uy)
T, (3)

where the superscript T represents the transpose. The strain
energy density U(𝑞,𝑞) can be expressed as

U(𝑞,𝑞) =
1
2

{
(L+2M)

(
∂ux

∂x

)2
+M

(
∂uy

∂x
+ u̇x

)2

+K3

(
∂wy

∂x
+ ẇx

)2

+K2

[(
∂wy

∂x

)2
+ ẇ2

x +2
∂wx

∂x
ẇy

]
+2L

∂ux

∂x
u̇y +(L+2M)u̇2

y +K1

[(
∂wx

∂x

)2

+
(

∂wy

∂x

)2
+ ẇ2

x + ẇ2
y

]}
, (4)

where ˙( )≡ ∂/∂y. Moreover, we introduce the Lagrange den-
sity function as

L(𝑞,𝑞) =U(𝑞,𝑞)− (q1ux +q2uy +q3wx +q4wy). (5)

Consider a dodecagonal QC rectangular domain with length
l (0≤ y≤ l) and width h (0≤ x≤ h). To build the variational
operation δ

∫ l
0
∫ h

0 L(𝑞,𝑞)dxdy = 0, the equilibrium Eqs. (1a)–
(1d) can be obtained by taking the variation with respect to
ux, uy, wx, and wy, respectively. Applying the Legendre trans-
formation, the corresponding dual vector is given as follows:

𝑝=
∂L(𝑞,𝑞)

∂𝑞
= (Hxy,Hyy,σxy,σyy)

T. (6)

According to Eqs. (3) and (6), defining a state vector

𝜈(x,y) = (−𝑝T,𝑞T)T, (7)

the Hamiltonian system can be expressed as

∂𝜈(x,y)
∂y

=𝐻ν(x,y)+𝑓(x,y), (8)

where the Hamiltonian operator reads

𝐻 =



0 −K2
K1

∂

∂x 0 0 (K1−
K2

2
K1
) ∂ 2

∂x2 0 0 0

−K3
K4

∂

∂x 0 0 0 0 (K1 +K2)(1+
K3
K4
) ∂ 2

∂x2 0 0

0 0 0 − L
L+2M

∂

∂x 0 0 4M(L+M)
L+2M

∂ 2

∂x2 0
0 0 − ∂

∂x 0 0 0 0 0
− 1

K4
0 0 0 0 −K3

K4
∂

∂x 0 0
0 − 1

K1
0 0 −K2

K1
∂

∂x 0 0 0
0 0 − 1

M 0 0 0 0 − ∂

∂x
0 0 0 − 1

L+2M 0 0 − L
L+2M

∂

∂x 0


, (9)

𝑓(x,y)=−(q3,q4,q1,q2,0,0,0,0)T is an inhomogeneous term
related to body forces. Moreover, we consider Eq. (8) to sat-
isfy the following boundary conditions shown in Fig. 1,

wy = 0, uy = 0, Hxx = 0, σxx = 0, for x = 0, x = h. (10)

Remark 1 The Hamiltonian system (8) derived here is
also applicable to other complex boundary conditions, such as
clamped or free. The solution to those problems may require
the use of the symplectic superposition methods,[30,31] which
are not covered in this study.
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Fig. 1. Geometry of boundary conditions (10).

3. Eigenvalues and eigenvectors of H
According to the theory of linear differential equations,

we should first solve the following homogeneous form of
Eq. (8):

∂𝜈(x,y)
∂y

=𝐻𝜈(x,y). (11)

Equation (11) can be solved by the method of separating
variables.[32] Assuming

𝜈(x,y) = Φ(x)ψ(y), (12)

and substituting it into Eq. (11), we arrive at

ψ
′
(y) = µψ(y), 𝐻Φ(x) = µΦ(x), (13)

where ψ(y) is easy to get, and Φ(x) is an unknown eignvector
corresponding to the unknown eigenvalue µ . The eigenvalue

problem

𝐻Φ(x) = µΦ(x) (14)

with the boundary condition (10) is needed to take a lot of
effort to solve. According to Eq. (10), we find that the eigen-
vector has the following form:

Φ(x) =
(
A1 cos(αx),A2 sin(αx),A3 cos(αx),A4 sin(αx),

A5 cos(αx),A6 sin(αx),A7 cos(αx),A8 sin(αx)
)T
,

where α and Ai (i = 1,2, . . . ,8) are unknown constants which
depend on µ and can be calculated from Eq. (14).

Combining Eqs. (10) and (14), the characteristic polyno-
mial is derived as follows:

(α2−µ
2)4 = 0. (15)

From Eq. (15), we obtain the eigenvalues µn = αn = ±nπ/h,
µ−n = −µn (n = 1,2, . . .), and corresponding eigenvectors
with respect to µn are given by

Φ
1
n (x) =

(
cos(µnx),−sin(µnx),0,0,

−1
µn(K1 +K2)

cos(µnx),

1
µn(K1 +K2)

sin(µnx),0,0
)T

,

Φ
3
n (x) =

(
0,0,−2Mµn cos(µnx),−2Mµn sin(µnx),0,0,

cos(µnx),sin(µnx)
)T

.

According to 𝐻Φk
n(x) = µnΦk

n(x) + Φk−1
n (x)(k = 2,4) and

Eq. (10), the first-order Jordan form eigenvectors of µn (n =

1,2, . . .) can be solved as

Φ
2
n (x) =

[
cos(µnx),

2K2
1 +(µn−1)K2(K2 +K3)+K1

(
(µn +1)K2 +(µn +3)K3

)
−µn(K1 +K2)(K2 +K3)

sin(µnx),0,0,

(µn−1)K2K4 +(µn +1)K1K3

−µ2
n (K1 +K2)2(K2 +K3)

cos(µnx),
(2+µn)K1 +µnK2 +

2K2
1

K2+K3

µ2
n (K1 +K2)2 sin(µnx),0,0

]T
,

Φ
4
n (x) =

[
0,0,2M

( M
L+M

−µn

)
cos(µnx),2M

(L+2M
L+M

−µn

)
sin(µnx),0,0,cos(µnx),

(
1− L+3M

(L+M)µn

)
sin(µnx)

]T
.

Similarly, the basic eigenvectors of µ−n =−µn (n = 1,2, . . .) are

Φ
1
−n(x) =

(
cos(µnx),sin(µnx),0,0,

1
µn(K1 +K2)

cos(µnx),
1

µn(K1 +K2)
sin(µnx),0,0

)T
,

Φ
3
−n(x) =

(
0,0,2Mµn cos(µnx),−2Mµn sin(µnx),0,0,cos(µnx),−sin(µnx)

)T
,

and first-order Jordan form eigenvectors of µ−n =−µn (n = 1,2, . . .) are

Φ
2
−n(x) =

(
cos(µnx),

2K2
1 − (µn +1)K2(K2 +K3)+K1

(
(1−µn)K2 +(3−µn)K3

)
−µn(K1 +K2)(K2 +K3)

sin(µnx),0,0,

(µn +1)K2K4 +(µn−1)K1K3

µ2
n (K1 +K2)2(K2 +K3)

cos(µnx),
(2−µn)K1−µnK2 +

2K2
1

K2+K3

−µ2
n (K1 +K2)2 sin(µnx),0,0

)T
,
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Φ
4
−n(x) =

[
0,0,2M

( M
L+M

+µn

)
cos(µnx),

−2M
(L+2M

L+M
+µn

)
sin(µnx),0,0,cos(µnx),

−
(

1+
L+3M

(L+M)µn

)
sin(µnx)

]T
.

Additionally, µ = 0 is also a multiple eigenvalue of 𝐻 .
The eigenvectors of 𝐻 with respect to eigenvalue µ = 0 in-
clude basic eigenvectors

Φ
0
0 = (0,0,0,0,1,0,0,0)T, Φ

0
1 = (0,0,0,0,0,0,1,0)T,

and first-order Jordan form eigenvectors

Φ
1
0 = (−ε1,0,0,0,0,0,0,0)T, Φ

1
1 = (0,0,−M,0,0,0,0,0)T.

4. Symplectic orthogonality and completeness
The symplectic orthogonality of the generalized eigen-

vectors of the Hamiltonian operator 𝐻 is analyzed first since
it plays an important role in representing the solution of the
Hamiltonian system.[32]

By straightforward calculations, the system of gen-
eralized eigenvector {Φ0

0 ,Φ
0
1 ,Φ

1
0 ,Φ

1
1} ∪ {{Φ i

n(x)}+∞

n=1,
{Φ i
−n(x)}+∞

n=1(i = 1,2,3,4)} of 𝐻 have the following sym-
plectic orthogonal relations:

〈Φ0
0 (x),Φ

1
0 (x)〉= hε1,

〈Φ0
1 (x),Φ

1
1 (x)〉= hM,

〈Φ2
n (x),Φ

1
−n(x)〉=−〈Φ1

n (x),Φ
2
−n(x)〉

=
−2hK1K4

µ2
n (K1 +K2)2(K2 +K3)

,

〈Φ2
n (x),Φ

2
−n(x)〉=

2hK1ε1
(
2K2

1−K2(K2+K3)+K1(K2+3K3)
)

µ3
n (K1 +K2)3(K2 +K3)2 ,

〈Φ4
n (x),Φ

4
−n(x)〉=−

2hM(L+2M)(L+3M)

(L+M)2µn
,

〈Φ4
n (x),Φ

3
−n(x)〉=−〈Φ3

n (x),Φ
4
−n(x)〉

=−2hM(L+2M)

L+M
, (n = 1,2, . . .). (16)

In addition, we have

〈Φ0
1 (x),Φ

1
0 (x)〉= 〈Φ0

0 (x),Φ
1
1 (x)〉= 〈Φ1

n (x),Φ
1
−m(x)〉

= 〈Φ3
n (x),Φ

1
−m(x)〉= 〈Φ4

n (x),Φ
1
−m(x)〉

= 〈Φ3
n (x),Φ

2
−m(x)〉= 〈Φ1

n (x),Φ
3
−m(x)〉

= 〈Φ2
n (x),Φ

3
−m(x)〉= 〈Φ3

n (x),Φ
3
−m(x)〉

= 〈Φ1
n (x),Φ

4
−m(x)〉= 〈Φ2

n (x),Φ
4
−m(x)〉

= 〈Φ i
n(x),Φ

i
m(x)〉= 0,(n,m = 1,2, . . .).

(17)

The following theorem is one of the main results in this
paper, which characterizes the completeness of the general-
ized eigenvector system of 𝐻 and also ensures the feasibility

of separating variables in the Hamiltonian system. It is worth
noting that all of the calculations in this section can be easily
achieved by symbolic software like Mathematica.

Theorem 1 The system of generalized eigenvec-
tor {Φ0

0 ,Φ
0
1 ,Φ

1
0 ,Φ

1
1}∪ {{Φ i

n(x)}+∞

n=1, {Φ i
−n(x)}+∞

n=1 (i =

1,2,3,4)} of 𝐻 is complete in X . That is, for any 𝐹 (x) =(
f1(x), f2(x), f3(x), f4(x), f5(x), f6(x), f7(x), f8(x)

)T ∈ X ,
there exist constant sequences C0

0 ,C
1
0 ,C

0
1 ,C

1
1 , {Ci

n}+∞

n=1 and
{Ci
−n}+∞

n=1 (i = 1,2,3,4) such that

𝐹 (x) =C0
0Φ

0
0 +C0

1Φ
0
1 +C1

0Φ
1
0 +C1

1Φ
1
1

+
+∞

∑
n=1

4

∑
i=1

(
Ci

nΦ
i
n(x)+Ci

−nΦ
i
−n(x)

)
.

Proof According to the symplectic orthogonal relation-
ship (16) and (17), we take

C0
0 =
〈𝐹 (x),Φ0

1 (x)〉
〈Φ0

0 (x),Φ
0
1 (x)〉

=
1
h

∫ h

0
f5(x)dx,

C1
0 =

〈𝐹 (x),Φ1
1 (x)〉

〈Φ1
0 (x),Φ1,1(x)〉

=− 1
hε1

∫ h

0
f1(x)dx,

C0
1 =
〈𝐹 (x),Φ0

0 (x)〉
〈Φ0

1 (x),Φ
0
0 (x)〉

=
1
h

∫ h

0
f7(x)dx,

C1
1 =
〈𝐹 (x),Φ1

0 (x)〉
〈Φ1

1 (x),Φ
1
0 (x)〉

=
−1
hM

∫ h

0
f3(x)dx,

C1
n =
[
〈𝐹 (x),Φ2

−n(x)〉〈Φ2
n (x),Φ

1
−n(x)〉

−〈𝐹 (x),Φ1
−n(x)〉〈Φ2

n (x),Φ
2
−n(x)〉

]/[
〈Φ1

n (x),

Φ
2
−n(x)〉〈Φ2

n (x),Φ
1
−n(x)〉

]
=

1
2hK1ε1

∫ h

0

{[
2K2

1 +(2+µn)K1(K2 +K3)

+µnK2(K2 +K3)
]

f1(x)cos(µnx)

−
[
µ

2
n (K1 +K2)

2(K2 +K3)
]

f6(x)sin(µnx)

−
[
µn(K1 +K2)(2K2

1 +(µn−1)K2(K2 +K3)

+(1+µn)K1K2 +(3+µn)K3)
]

f5(x)cos(µnx)

+
[
(1−µn)K2(K2 +K3)+(µn−1)K1K2

+(1+µn)K3
]

f2(x)sin(µnx)
}

dx,

C2
n =
〈𝐹 (x),Φ1

−n(x)〉
〈Φ2

n (x),Φ1
−n(x)〉

=
1

2hK1ε1

∫ h

0

[[
µ

2
n (K1 +K2)

2](K2 +K3)

×
[

f5(x)cos(µnx)+ f6(x)sin(µnx)
]
−µn(K1 +K2)

× (K2 +K3)
[

f1(x)cos(µnx)+ f2(x)sin(µnx)
]]

dx,

C3
n =
[
〈𝐹 (x),Φ4

−n(x)〉〈Φ4
n (x),Φ

3
−n(x)〉

−〈𝐹 (x),Φ3
−n(x)〉〈Φ4

n (x),

Φ
4
−n(x)〉

]/[
〈Φ3

n (x),Φ
4
−n(x)〉〈Φ4

n (x),Φ
3
−n(x)〉

]
=

1
2hµnM(L+2M)

∫ h

0

{[
M(µn−3)
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+L(µn−1)
]

f3(x)cos(µnx)

−µn(L+M) f4(x)sin(µnx)+2µnM
[
L+2M

−µn(L+M)
]

f7(x)cos(µnx)

+2M
[
M(µn−1)+µnL

]
f8(x)sin(µnx)

}
dx,

C4
n =
〈𝐹 (x),Φ3

−n(x)〉
〈Φ4

n (x),Φ
3
−n(x)〉

=
1

2hM(L+2M)

∫ h

0

{
− (L+M) f3(x)cos(µnx)

−2µnM(L+M) f7(x)cos(µnx)+ f4(x)sin(µnx)

−2µnM f8(x)sin(µnx)
}

dx,

C1
−n =

[
〈𝐹 (x),Φ2

−n(x)〉〈Φ2
n (x),

Φ
1
−n(x)〉−〈𝐹 (x),Φ1

−n(x)〉〈Φ2
n (x),

Φ
2
−n(x)〉

]/[
〈Φ1

n (x),Φ
2
−n(x)〉〈Φ2

n (x),Φ
1
−n(x)〉

]
=

1
2hK1ε1

∫ h

0

{(
2K2

1 − (µn−2)K1(K2 +K3)

−µnK2(K2 +K3)
)

f1(x)cos(µnx)

+(µ2
n (K1 +K2)

2(K2 +K3)) f6(x)sin(µnx)

−
(
µn(K1 +K2)(−2K2

1 +(µn +1)K2(K2 +K3)

+(µn−1)K1K2 +(µn−3)K3)
)

f5(x)cos(µnx)

+
(
(1+µn)K2(K2 +K3)+(µn +1)K1K2

+(µn−1)K3
)

f2(x)sin(µnx)
}

dx,

C2
−n =

〈𝐹 (x),Φ1
−n(x)〉

〈Φ2
n (x),Φ1

−n(x)〉

=
1

2hK1ε1

∫ h

0

{(
µ

2
n (K1 +K2)

2)(K2 +K3)

× ( f5(x)cos(µnx)− f6(x)sin(µnx))+µn(K1 +K2)

× (K2 +K3)
(

f1(x)cos(µnx)− f2(x)sin(µnx)
)}

dx,

C3
−n =

[
〈𝐹 (x),Φ4

−n(x)〉〈Φ4
n (x),Φ

3
−n(x)〉

−〈𝐹 (x),Φ3
−n(x)〉〈Φ4

n (x),Φ
4
−n(x)〉

]/[
〈Φ3

n (x),

Φ
4
−n(x)〉〈Φ4

n (x),Φ
3
−n(x)〉

]
=

1
2hµnM(L+2M)

∫ h

0

{(
M(µn +3)

+L(µn +1)
)

f3(x)cos(µnx)

+µn(L+M) f4(x)sin(µnx)

+2µnM
(
L+2M+µn(L+M)

)
f7(x)cos(µnx)

+2M
(
M(µn +1)+µnL

)
f8(x)sin(µnx)

}
dx,

C4
−n =

〈𝐹 (x),Φ3
−n(x)〉

〈Φ4
n (x),Φ

3
−n(x)〉

=
−1

2hM(L+2M)

∫ h

0

{
(L+M) f3(x)cos(µnx)

+2µnM(L+M) f7(x)cos(µnx)+ f4(x)sin(µnx)

+2µnM f8(x)sin(µnx)
}

dx.

Thus, we have

C0
0Φ

0
0 +C0

1Φ
0
1 +C1

0Φ
1
0 +C1

1Φ
1
1

+
+∞

∑
n=1

4

∑
i=1

(
Ci

nΦ
i
n(x)+Ci

−nΦ
i
−n(x)

)

=



1
h

(∫ h
0 f1(ξ )dξ

)
0

1
h

(∫ h
0 f3(ξ )dξ

)
0

1
h

(∫ h
0 f5(ξ )dξ

)
0

1
h

(∫ h
0 f7(ξ )dξ

)
0



+
+∞

∑
n=1



2
h

(∫ h
0 f1(ξ )cos nπξ

h dξ
)

cos nπx
h

2
h

(∫ h
0 f2(ξ )sin nπξ

h dξ
)

sin nπx
h

2
h

(∫ h
0 f3(ξ )cos nπξ

h dξ
)

cos nπx
h

2
h

(∫ h
0 f4(ξ )sin nπξ

h dξ
)

sin nπx
h

2
h

(∫ h
0 f5(ξ )cos nπξ

h dξ
)

cos nπx
h

2
h

(∫ h
0 f6(ξ )sin nπξ

h dξ
)

sin nπx
h

2
h

(∫ h
0 f7(ξ )cos nπξ

h dξ
)

cos nπx
h

2
h

(∫ h
0 f8(ξ )sin nπξ

h dξ
)

sin nπx
h


,

where the eight components in the above expression are the
Fourier series expansions of functions fi(x) (i = 1,2, . . . ,8)
under the orthogonal system {sin nπx

h }
+∞

n=1 or {cos nπx
h }

+∞

n=0 in
Hilbert space L2(0,h). Accordingly,

C0
0Φ

0
0 +C0

1Φ
0
1 +C1

0Φ
1
0 +C1

1Φ
1
1

+
+∞

∑
n=1

4

∑
i=1

(
Ci

nΦ
i
n(x)+Ci

−nΦ
i
−n(x)

)
= 𝐹 (x)

is valid, and the proof is completed.

5. Analytic solution of the original problem
According to Theorem 1 and the principle of superposi-

tion of solutions, the general solution of Eq. (8) can be given
in the form

𝜈(x,y) =Ψ
0

0 Φ
0
0 +Ψ

0
1 Φ

0
1 +Ψ

1
0 Φ

1
0 +Ψ

1
1 Φ

1
1

+
+∞

∑
n=1

4

∑
i=1

(
Ψ

i
n(y)Φ

i
n(x)+Ψ

i
−n(y)Φ

i
−n(x)

)
. (18)

Let the Fourier expansion of the inhomogeneous term
𝑓(x,y) = (q4,q3,q1,q2,0,0,0,0)T in Eq. (8) be

𝑓(x,y) =Θ
0
0 Φ

0
0 +Θ

0
1 Φ

0
1 +Θ

1
0 Φ

1
0 +Θ

1
1 Φ

1
1

+
+∞

∑
n=1

4

∑
i=1

(
Θ

i
n(y)Φ

i
n(x)+Θ

i
−n(y)Φ

i
−n(x)

)
, (19)

where

Θ
0
0 =
〈𝑓(x,y),Φ0

1 (x)〉
〈Φ0

0 (x),Φ
0
1 (x)〉

= 0,

Θ
0
1 =
〈𝑓(x,y),Φ1

1 (x)〉
〈Φ0

1 (x),Φ
1
1 (x)〉

=
−1
hε1

∫ h

0
q3dx,
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Θ
1
0 =
〈𝑓(x,y),Φ0

0 (x)〉
〈Φ1

0 (x),Φ
0
0 (x)〉

= 0,

Θ
1
1 =
〈𝑓(x,y),Φ1

0 (x)〉
〈Φ1

1 (x),Φ
1
0 (x)〉

=
−1
hM

∫ h

0
q1dx,

Θ
1
n =
〈𝑓(x,y),Φ2

−n(x)〉−Θ 2
n 〈Φ2

n (x),Φ
2
−n(x)〉

〈Φ1
n (x),Φ2

−n(x)〉
,

Θ
2
n =
〈𝑓(x,y),Φ1

−n(x)〉
〈Φ2

n (x),Φ1
−n(x)〉

,

Θ
3
n =
〈𝑓(x,y),Φ4

−n(x)〉−Θ 4
n 〈Φ4

n (x),Φ
4
−n(x)〉

〈Φ3
n (x),Φ4

−n(x)〉
,

Θ
4
n =
〈𝑓(x,y),Φ3

−n(x)〉
〈Φ4

n (x),Φ
3
−n(x)〉

,

Θ
1
−n =

−〈𝑓(x,y),Φ2
n (x)〉−Θ 2

−n〈Φ2
n (x),Φ

2
−n(x)〉

〈Φ2
n (x),Φ1

−n(x)〉
,

Θ
2
−n =

〈𝑓(x,y),Φ1
n (x)〉

〈Φ2
−n(x),Φ1

n (x)〉
,

Θ
3
−n =

−〈𝑓(x,y),Φ4
n (x)〉−Θ 4

−n〈Φ4
n (x),Φ

4
−n(x)〉

〈Φ4
n (x),Φ

3
−n(x)〉

,

Θ
4
−n =

〈𝑓(x,y),Φ3
n (x)〉

〈Φ−4
n (x),Φ3

n (x)〉
.

The details of Θ i
n, Θ i

−n (i = 1,2,3,4) are expressed in Ap-
pendix A.

Substituting Eqs. (18) and (19) into Eq. (8), and by simple
calculations, we obtain

𝜈(x,y) =
(

d0
0 +d1

0y+
∫ y

0

∫ t

0
Θ

1
0 (τ)dτdt

)
Φ

0
0

+
(

d1
0 +

∫ y

0
Θ

1
0 (t)dt

)
Φ

0
1

+
(

d0
1 +d1

1y+
∫ y

0

∫ t

0
Θ

1
1 (τ)dτdt

)
Φ

1
0

+
(

d1
1 +

∫ y

0
Θ

1
1 (t)dt

)
Φ

1
1

+ lim
N→+∞

N

∑
n=1

4

∑
i=1

(
Ψ

i
n(y)Φ

i
n(x)

+Ψ
i
−n(y)Φ

i
−n(x)

)
, (20)

in which Ψ 4
n (y) = d4

n eµy +
∫ y

0 Θ 4
n (t)eµ(y−t)dt, Ψ 3

n (y) =

d3
n eµy +

∫ y
0

(
Ψ 4

n (y) + Θ 3
n (t)

)
eµ(y−t)dt, Ψ 2

n (y) = d2
n eµy +∫ y

0 Θ 2
n (t)eµ(y−t)dt, Ψ 1

n (y) = d1
n eµy +

∫ y
0

(
Ψ 2

n (y) +

Θ 1
n (t)

)
eµ(y−t)dt and d0

0 ,d
1
0 ,d

0
1 ,d

1
1 , di

±n (i = 1,2,3,4) are un-
known constants to be determined by the boundary conditions
in the y direction.

According to the form of the state vector 𝑈(x,y), the an-
alytic solutions of Hxy, Hyy, σxy, σyy, wx, wy, ux, and uy can
be obtained by taking the first component through the eighth
component of Eq. (20). For the sake of brevity, we do not write
out their specific expressions.

6. Numerical examples
This section presents the behavior of solutions of the QC

plates under the concentrated load, uniform load, and mechan-
ical load based on the symplectic analytical solution obtained
in Section 5. To this end, we consider the following boundary
conditions in the y-direction:

wx = 0, ux = 0, Hyy = 0, σyy = 0,

for y = 0, y = l. (21)

For convenience of numerical simulation, we assume that
the body forces q1 = q2 = q3 = q4. Due to the lack of com-
parative data, we introduce the FITM for the displacements
ux, uy, wx, and wy to show the validity of the symplectic elas-
ticity approach. The expressions of phonon and phason dis-
placements given by the FITM can be found in Appendix B.
The material constants L = 0.5741 GPa, M = 0.88445 GPa,
K1 = 1.22 GPa, K2 = 0.24 GPa, and K3 = 0.6 GPa are taken
as those in Ref. [13].

6.1. Concentrated load and uniformly distributed load

The central concentrated load q1 = q2 = q3 = q4 =

Pδ (x− x0,y− y0) is examined at the (x0, y0) = (h/2, l/2)
of plate, where P is the intensity, and δ (·, ·) denotes the well-
known Dirac function. As the ratio of length and width varies,
the results of numerical tests under central concentrated load
are shown in Tables 1 and 2 for the displacement responses at
fixed horizontal coordinates (x, y) = (h/4, l/4) and (x, y) =
(h/4,h/4), respectively. The uniformly distributed load of in-
tensity q is examined, and the numerical results are given in
Table 3.

Table 1 shows that the symplectic elasticity approach per-
forms better than the FITM since it gets a reasonable conver-
gence rate with only 20 terms. Also, we use the first 20 terms
of Eq. (20) to show the phonon and phason displacements with
different length–width ratios (1≤ l/h≤ 2) in Fig. 2.

As shown in Fig. 2, the tendency of change in displace-
ments with a change in aspect length–width ratios of the QCs
plate is different for the responses at two fixed horizontal coor-
dinates. For the fixed value h, the changes of ux and wx (uy and
wy) at (h/4, l/4) are increasing (decreasing) as l goes up. This
trend depends on the influences of boundary conditions (10)
and (21), and the variations of distance between (h/4, l/4)
and (h/2, l/2). However, the responses ux, wx, uy and wy at
the fixed point (h/4,h/4) are decreasing as l becomes larger
because of the influence of boundary conditions is unchanged,
and the effect of the load is gradually weakening.

In addition, when h = l, we have the phason displacement
ux = uy and the phonon displacement wx = wy for the central-
ized load, which is in agreement with the case for uniformly
distributed load.
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Fig. 2. The phonon and phason displacements of the QC plate under a centrally concentrated load: (a) the response at (x,y) =
(h/4, l/4), (b) the response at (x,y) = (h/4,h/4).

Table 1. The calculation results under central concentrated load (x,y) = (h/4, l/4).

ux/P uy/P wx/P wy/P
l/h N SA FITM SA FITM SA FITM SA FITM

5 0.162354 0.164315 0.162406 0.164315 0.0661018 0.0678069 0.0665347 0.0678069
10 0.162046 0.162586 0.162059 0.162586 0.0661325 0.066577 0.0661318 0.066577

1.0 15 0.162059 0.162169 0.162059 0.162169 0.0661316 0.0661952 0.0661318 0.0661952
20 0.162059 0.16212 0.162059 0.16212 0.0661318 0.0661556 0.0661318 0.0661556

100 0.162059 0.162062 0.162059 0.162062 0.0661318 0.066132 0.0661318 0.066133
5 0.236781 0.238192 0.106043 0.108667 0.101461 0.103795 0.0377307 0.0383

10 0.23675 0.237368 0.105965 0.106417 0.101458 0.101892 0.0376711 0.0380839
1.5 15 0.236751 0.236828 0.105965 0.106327 0.101458 0.101508 0.0376711 0.0377149

20 0.236751 0.236805 0.105965 0.106013 0.101458 0.10148 0.0376711 0.0376895
100 0.236751 0.236753 0.105965 0.105967 0.101458 0.101459 0.0376711 0.0376721

5 0.306683 0.306745 0.0734985 0.0762104 0.132412 0.134754 0.0216484 0.0211101
10 0.306681 0.30785 0.0734869 0.073687 0.132412 0.132855 0.021641 0.0221439

2.0 15 0.306681 0.306732 0.0734869 0.0735652 0.132412 0.132437 0.021641 0.0216081
20 0.306681 0.306687 0.0734869 0.07353 0.132412 0.132431 0.021641 0.0216558

100 0.306681 0.306682 0.0734869 0.0734884 0.132412 0.132412 0.021641 0.0216417

Table 2. Calculation results under central concentrated load (x,y) = (h/4,h/4).

ux/P uy/P wx/P wy/P
l/h N(20) SA FITM SA FITM SA FITM SA FITM
1.0 0.162059 0.16212 0.162059 0.16212 0.0661318 0.0661556 0.0661318 0.0661556
1.1 0.162075 0.16213 0.144801 0.144807 0.0677707 0.0678471 0.0546899 0.0546873
1.2 0.161423 0.161401 0.128731 0.128686 0.0685316 0.0685501 0.0447286 0.0447098
1.3 0.160497 0.160448 0.114007 0.113969 0.0687663 0.068721 0.0362548 0.0362424
1.4 0.159466 0.159437 0.100684 0.100679 0.0686906 0.0686259 0.0291587 0.02916
1.5 0.1584 0.1584 0.0887348 0.0887568 0.0684331 0.0683872 0.0232826 0.0232931
1.6 0.157326 0.157346 0.0780847 0.0781181 0.0680705 0.0680588 0.0184581 0.0184709
1.7 0.156255 0.156282 0.0686348 0.0686664 0.0676488 0.0676695 0.0145245 0.0145345
1.8 0.155198 0.15522 0.0602764 0.0602991 0.0671972 0.0672396 0.0113364 0.0113414
1.9 0.154162 0.154171 0.0529001 0.0529114 0.0667341 0.0667863 0.0087665 0.00876632
2.0 0.153154 0.153149 0.0464013 0.0464007 0.0662723 0.0663237 0.00670587 0.00670149

6.2. Mechanical load

In this subsection we analyze the effect of the phason
elastic constants on the displacements and stresses. In the ab-
sence of body forces, we assume that the right side of the QC
plate is subjected to the phonon and phason mechanical loads,
i.e.,

Hyy = H0 sin(αx), σyy = σ0 sin(αx), (22)

where H0 and σ0 are the amplitude of the loading. Meanwhile,
all other components on the left and right sides of the plate
are zero. Consequently, the boundary conditions along the y-

direction are

𝑝(l) = (0,H0 sin(αx),0,σ0 sin(αx))T,

𝑝(0) = (0,0,0,0)T, (23)

where 𝑝 and 𝑞 are expressed in Eqs. (3) and (6), respectively.
Following the previous work,[33] we take H0 = σ0 =

1 N/m2, α = π/h, the dimensions of the plate are h× l =
0.3 m×0.3 m, and consider the responses when y = 0.75l.

Based on the above loads, we analyze the effect of the
phase elastic constants Ki (i = 1,2,3) on some physical com-
ponents in the QC plates. We let the phason elastic constants
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be Ki, 0.5Ki, 0.1Ki (i = 1,2,3), and the results of the calcula-
tions are shown in Fig. 3. It can be seen that the magnitudes of
the phason displacements wx and wy decrease with decreasing
value of phason elastic constants Ki (i = 1,2,3) [see Figs. 3(c)

and 3(d)], while there is no effect on the trends of the pha-
son and phonon stresses components [see Figs. 3(a) and 3(b)].
Specifically, the phason displacements are more sensitive to
the phason elastic constants than the phason and phonon stress.
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Fig. 3. Displacements and stresses with different phason elastic constants: (a) phason stress Hyy, (b) phonon stress σxy, (c) phason
displacement wx, and (d) phason displacement wy.

Table 3. Calculation results under uniform load.

ux = uy(1/h2q) wx = wy(1/h2q)
x y SA FITM SA FITM

0.25h 0 0 0 0 0
0.25h 0.10601 0.10601 0.045515 0.045515
0.5h 0.141322 0.141322 0.0606758 0.0606758

0.75h 0.10601 0.10601 0.045515 0.045515
h 0 0 0 0

0.5h 0 0 0 0 0
0.25h 0.10601 0.10601 0.045515 0.045515
0.5h 0.141322 0.141322 0.0606758 0.0606758

0.75h 0.10601 0.10601 0.045515 0.045515
h 0 0 0 0

0.75h 0 0 0 0 0
0.25h 0.10601 0.10601 0.045515 0.045515
0.5h 0.141322 0.141322 0.0606758 0.0606758

0.75h 0.10601 0.10601 0.045515 0.045515
h 0 0 0 0

7. Conclusions
In summary, we have solved QC equations by employ-

ing the symplectic elasticity approach. By introducing a gen-
eralized displacement vector, the Hamiltonian system of do-
decagonal QCs is derived from the strain energy density and
Legendre transformation. Then, the symplectic elasticity ap-
proach is adopted to get the general solutions of the Hamil-
tonian system. It is worth noting that the 1st, 2nd, 3rd, and
4th components of the general solution (20) are the phonon

and phason stresses, and the 5th, 6th, 7th, and 8th components
of (20) are the phonon and phason displacements. The dis-
placements and stresses responses of QC plates under the con-
centrated, uniformly distributed, and mechanical loads are dis-
cussed in detail. For the case of concentrated load, the trends
of responses at the fixed point and moving point are differ-
ent from the changes in length–width ratios. The numerical
examples of the mechanical load show that the magnitude of
the phason displacements decreases with decreasing value of
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phason elastic constants. The comparison data are constructed
by FITM, which justifies calculating of the symplectic elastic-
ity approach. The approach is direct and rational, providing a
systematic step to solve the related problems of QCs.

Appendix A

Θ
1
n =

1
2hK1K4

∫ h

0

{(
2K2

1 +(2+µn)K1(K2 +K3)

+µnK2(K2 +K3)
)
q3(x)cos(µnx)

+
(
(1−µn)K2(K2 +K3)+(µn−1)K1K2

+(1+µn)K3
)
q4(x)sin(µnx)

}
dx,

Θ
2
n =

1
2hK1K4

∫ h

0

{
−µn(K1 +K2)(K2 +K3)

(
q3(x)cos(µnx)

+q4(x)sin(µnx)
)}

dx,

Θ
3
n =

1
2hµnM(L+2M)

∫ h

0

{
(M(µn−3)

+L(µn−1))q1(x)cos(µnx)

−µn(L+M)q2(x)sin(µnx)
}

dx,

Θ
4
n =

1
2hM(L+2M)

∫ h

0

{
− (L+M)q1(x)cos(µnx)

+q2(x)sin(µnx)
}

dx,

Θ
1
−n =

1
2hK1K4

∫ h

0

{
(2K2

1 − (µn−2)K1(K2 +K3)

−µnK2(K2 +K3))q3(x)cos(µnx)

+
(
(1+µn)K2(K2 +K3)+(µn +1)K1K2

+(µn−1)K3
)
q4(x)sin(µnx)

}
dx,

Θ
2
−n =

1
2hK1K4

∫ h

0

{
µn(K1 +K2)(K2 +K3)(q3(x)cos(µnx)

−q4(x)sin(µnx))
}

dx,

Θ
3
−n =

1
2hµnM(L+2M)

∫ h

0

{
(M(µn +3)

+L(µn +1))q1(x)cos(µnx)

+µn(L+M)q2(x)sin(µnx)
}

dx,

Θ
4
−n =

−1
2hM(L+2M)

∫ h

0

{
(L+M)q1(x)cos(µnx)

+q2(x)sin(µnx)
}

dx.

Appendix B
Substituting Eqs. (2a)–(2g) into Eqs. (1a)–(1d), we obtain

M∇
2ux +(L+M)

(
∂ 2ux

∂x2 +
∂ 2uy

∂x∂y

)
+q1 = 0,

M∇
2uy +(L+M)

(
∂ 2ux

∂x∂y
+

∂ 2uy

∂y2

)
+q2 = 0,

K1∇
2wx +(K2 +K3)

(
∂ 2wy

∂x∂y
+

∂ 2wx

∂y2

)
+q3 = 0,

K1∇
2wy +(K2 +K3)

(
∂ 2wy

∂x2 +
∂ 2wx

∂x∂y

)
+q4 = 0, (B1)

where ∇2 = ∂ 2/∂x2 +∂ 2/∂y2.
Based on boundary conditions (10) and (21), we can de-

fine eight double finite integral transforms with respect to wx,
wy, ux, uy, q1, q2, q3, and q4 as follows:

wx(m,n) =
∫ l

0

∫ h

0
wx(x,y)cos(αmx)sin(βny)dxdy,

wy(m,n) =
∫ l

0

∫ h

0
wy(x,y)sin(αmx)cos(βny)dxdy,

ux(m,n) =
∫ l

0

∫ h

0
ux(x,y)cos(αmx)sin(βny)dxdy,

uy(m,n) =
∫ l

0

∫ h

0
uy(x,y)sin(αmx)cos(βny)dxdy,

q1(m,n) =
∫ l

0

∫ h

0
q1(x,y)cos(αmx)sin(βny)dxdy,

q2(m,n) =
∫ l

0

∫ h

0
q2(x,y)sin(αmx)cos(βny)dxdy,

q3(m,n) =
∫ l

0

∫ h

0
q3(x,y)cos(αmx)sin(βny)dxdy,

q4(m,n) =
∫ l

0

∫ h

0
q4(x,y)sin(αmx)cos(βny)dxdy,

where αm = mπ/h and βn = nπ/l (m,n = 1,2,3, . . .).
The inverse transforms are given by

wx(x,y) =
2
hl

+∞

∑
n=1

wx(0,n)sin(βny)

+
4
hl

+∞

∑
m=1

+∞

∑
n=1

wx(m,n)cos(αmx)sin(βny),

wy(x,y) =
2
hl

+∞

∑
m=1

wy(m,0)sin(αmx)

+
4
hl

+∞

∑
m=1

+∞

∑
n=1

wy(m,n)sin(αmx)cos(βny),

ux(x,y) =
2
hl

+∞

∑
n=1

ux(0,n)sin(βny)

+
4
hl

+∞

∑
m=1

+∞

∑
n=1

ux(m,n)cos(αmx)sin(βny),

uy(x,y) =
2
hl

+∞

∑
m=1

uy(m,0)sin(αmx)

+
4
hl

+∞

∑
m=1

+∞

∑
n=1

uy(m,n)sin(αmx)cos(βny).

By simple calculations, Eq. (B1) is transformed into the fol-
lowing form:

−
(
(L+2M)α2

m +Mβ
2
n
)
ux(m,n)

− (L+M)αmβnuy(m,n)+q1(m,n) = 0,

−
(
(L+2M)β 2

n +Mα
2
m
)
uy(m,n)

− (L+M)αmβnux(m,n)+q2(m,n) = 0,
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−
(
K1α

2
m +(K1 +K2 +K3)β

2
n
)
wx(m,n)

− (K2 +K3)α
2
mβ

2
n wy(m,n)+q3(m,n) = 0,

−
(
K1β

2
n +(K1 +K2 +K3)α

2
m
)
wy(m,n)

− (K2 +K3)α
2
mβ

2
n wx(m,n)+q4(m,n) = 0.

Further, wx(0,n), wy(m,0), ux(0,n), uy(m,0), wx(m,n),
wy(m,n), ux(m,n), and uy(m,n) can be obtained from the
above iteration.
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