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SPECIAL TOPIC — Optical field manipulation

Calibration of quantitative rescattering model for simulating vortex
high-order harmonic generation driven by Laguerre—Gaussian
beam with nonzero orbital angular momentum
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We calibrate the macroscopic vortex high-order harmonic generation (HHG) obtained by the quantitative rescattering
(QRS) model to compute single-atom induced dipoles against that by solving the time-dependent Schrodinger equation
(TDSE). We show that the QRS perfectly agrees with the TDSE under the favorable phase-matching condition, and the QRS
can accurately predict the main features in the spatial profiles of vortex HHG if the phase-matching condition is not good.
We uncover that harmonic emissions from short and long trajectories are adjusted by the phase-matching condition through
the time-frequency analysis and the QRS can simulate the vortex HHG accurately only when the interference between two
trajectories is absent. This work confirms that it is an efficient way to employ the QRS model in the single-atom response

for precisely simulating the macroscopic vortex HHG.

Keywords: high-order harmonic generation, quantitative rescattering model, time-dependent Schrodinger
equation, macroscopic propagation, orbital angular momentum, Laguerre—Gaussian beam
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1. Introduction

Optical vortex carries the orbital angular momentum
(OAM), which has been demonstrated by a Laguerre—
Gaussian (LG) laser beam by Allen ef al. in 1992.11 Such
beam appears as an annular ring with the zero on-axis inten-
sity and is specified by the topological charge /, characteriz-
ing the phase dependence of exp(il¢), and by p, associat-
ing with the number of the radial node. Thus it carries an
OAM of [ per photon, where 7 is the reduced Planck con-
stant. Due to the vortex light beam with the helical phase that
possesses a spiral wave front, it has been applied to numer-
ous different fields, including optical manipulation,?! quan-
tum information processing,?! particle manipulation,*>! op-
tical communications, [©] phase-contrast interferometry, 71 and
so on. It has also been employed in observing the transfer of
OAM to matter, such as in atomic and molecular systems. [8-11]

While it is relatively straightforward to generate vortex
light beams with nonzero OAM by optical elements in the in-
frared (IR) and visible ranges,!'?! similar technology is much
more difficult to create vortex beams in the extreme ultravi-
olet (XUV) and soft x-rays (SXR).!"3 However, as a well-
known strong-field phenomenon, 417! using high-order har-
monic generation (HHG) from gaseous medium, i.e., an up-
conversion nonlinear process, the OAM beam can be con-
verted from the IR to the XUV and SXR.['8-28] For instance,
in the first experiment, in 2012, Ziirch et al. U8 measured low-
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charged XUV vortices whose topological charges do not scale
with the harmonic order. In 2014, Gariepy et al.*”) interfer-
ometrically determined that each harmonic carries the OAM
and evidenced that the azimuthal phase of each harmonic is ¢
times (g is the harmonic order) than that of the driving laser.
The OAM of XUV beam can be tuned when two-wave mixing
is applied in a non-collimated scheme, which has been demon-
strated by Kong et al.*”! and Gauthier et al.*"! in 2017, re-
spectively. The conservation law of angular momentum in the
generation of vortex HHG has also been examined in other
theoretical studies.!!>?6311' A fully theoretical description of
experimentally measured vortex harmonics generated in a gas
medium consists of two parts: (i) the generation at the single-
atom level; and (ii) the propagation of high-harmonic field
in the macroscopic medium, including its propagation in free
space.

The single-atom response of HHG has been well under-
stood intuitively by the three-step model*>33] and can be pre-
cisely obtained by solving the time-dependent Schrodinger
equation (TDSE).3*! On the other hand, for simulating macro-
scopic HHG, single-atom induced dipoles need to be cal-
culated for a number of peak intensities to insert into the
Maxwell’s propagation equations, accounting for a nonuni-
form intensity and phase distribution of a focused laser beam.
Thus, calculations based on the single-atom TDSE are very
time consuming and are rarely adopted for simulating the
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macroscopic HHG. Alternatively, single-atom induced dipoles
calculated using the strong-field approximation (SFA) are of-
ten used in the theoretical investigations of the macroscopic
propagation effect.!3>361 However, the limitation of SFA for
the description of single-atom response is well known.?”! To
improve the SFA, a quantitative rescattering (QRS) model has

138401 which is simple, time-

been developed by Lin’s group,
saving, and accurate. In the QRS, it applies the approximate
factorization for the induced dipole driven by a linearly po-
larized laser pulse, which can be written as a product of a re-
turning electron wave packet and a photorecombination tran-
sition dipole moment. Since the recombination dipole mo-
ment can be accurately calculated in a time-independent man-
ner, the calculation of single-atom HHG spectra by the QRS
is about as fast as the SFA and the results are nearly as ac-
curate as those obtained from the TDSE.[*!! Therefore, the
QRS-based induced dipoles have been widely adopted to sim-
ulate the macroscopic HHG without the OAM in our previous
studies.[*>**! The validity of this approach has been checked
against results with TDSE-based induced dipoles.*’! How-
ever, it is not clear if the replacement of the TDSE with the
QRS in the single-atom response can still be valid when sim-
ulating the macroscopic vortex HHG driven by the nonzero
OAM beam.

Our goal in this paper is to examine the macroscopic vor-
tex HHG with QRS-based induced dipoles against those sim-
ulated by the single-atom TDSE-based response. We will sys-
tematically compare the results from two methods, for integer
and non-integer harmonics and under different macroscopic
conditions. Note that such comparison for vortex high har-
monics has not been performed in the previously published
works. This paper is organized as follows. In Section 2,
we will briefly introduce the propagation equations and Huy-
gens’ integrals for simulating macroscopic vortex HHG and
the formulation of LG beam. And in Section 3 we will present
two methods, i.e., the TDSE and the QRS, for simulating the
single-atom induced dipole in short. In Section 4, we will first
compare HHG spectra using the TDSE, QRS, and SFA, we
will then compare intensity and phase distributions of integer
and non-integer harmonics simulated by the QRS and TDSE,
and we will next check the difference in the macroscopic re-
sults by varying the gas-jet position relative to laser focus, and
we will finally provide physical explanations in terms of the
time—frequency analysis. The conclusions will be given in
Section 5.

2. Theories of harmonic propagation and driv-
ing laser

2.1. Propagation equations of high-harmonic field

In our simulations, we assume that the fundamental beam
with the OAM is not modified within the ionized gas medium,

i.e., it propagates as in free space. We only consider the condi-
tions of low gas pressure and low laser intensity. Details of the
propagation of a vortex high-harmonic field can be found in
Ref. [45]. In the frequency domain, it is described in a Carte-

sian coordinate by[40->0]

~ 20 IEy(x,y,7, @)
V2E ) /,(D o BRG]
1 h(xay Z ) c

7
= —Uo®*Pu(x,y,7, ), (1)
where
En(x,,7,0) = FEq(x,5,7,1)), @)
Fnl(xa)’vz/v w) = ﬁ[Pnl(xvva/vt/)]' 3)

Here £ is the Fourier transform operator acting on the tempo-
ral coordinate, and Py (x,y,7’,1") is the nonlinear polarization,
which can be calculated as

Pnl(x,y,z,t) = [n() —ne(x,y,z,t)]D(x,y,z,t), 4)
with
t
ne(t):no{l—exp{—lww(r)df}}. (5)

Here ny is the neutral atom density, ne(x,y,z,t) is the free elec-
tron density, and w(7) is the tunnel ionization rate. The in-
duced dipole moment D(x,y,z,t) is calculated for each atom
in the medium.

The high-harmonic field obtained at the exit plane of the
gas medium (2’ = zou) is called a near-field one, and the to-
tal HHG power spectrum is obtained by integrating over the
transverse plane

o0 oo 2
s [ [ |Ewndo) dde @

2.2. Far-field harmonic emission

Near-field harmonics are propagated and divergent in vac-
uum until reaching the detector. These harmonics far away
from the gas medium are called far-field ones. Far-field har-
monic emissions can be obtained from near-field ones (located
at zoyr) using Huygens’ integral under the paraxial and Fresnel
approximations (in a Cartesian coordinate) as

Ef (x¢,y5, 26, ©)
= (ik/2zL) / / En(%,Y, Zout, ®)
xexp { = (ik/2L) [(xe —x) + O —)*) fdxdy, (D

where L = zf — Zout, 2t 18 the far-field position from laser focus,
xf and yr are the transverse coordinates in the far field, and the
wave vector k is given by k = @/c.
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2.3. Fundamental Laguerre-Gaussian beam

For the driving laser beam with the OAM, we consider an
LG mode. Under the paraxial and slowly varying transverse

amplitude approximations, its electric field can be expressed

in a cylindrical coordinate as®!]

LGl,p(ra 971/)

e () 8 (ool )

2
X exp (—ikOZRr(Z,)—ig(z’) —ilG). 8)

Note that the above expression is written in the moving frame,
thus the propagation factor of exp(—ikpz) in the rest frame
is omitted. The Rayleigh range is zp = nw%/ﬂo with the
laser wavelength Ao, w(z') = woy/1+ (2//20)” is the beam
width. L‘,f‘ (x) is the associated Laguerre polynomial. R (Z') =
7 [1 +(z0/7 )2} is the phase-front radius, and Gouy phase is
given by {(Z) = — (|| +2p+1)arctan (7' /z9). The indices
l==41,£2,... and p =0,1,2,... correspond to the topolog-
ical charge and the number of radial nodes of the LG mode,
respectively.

3. Theories of single-atom response

In this work, the driving laser carries a small OAM and
its size is about tens of micrometers in the laser-gas inter-
action region, thus an atom cannot feel the tiny change in
the phase of the OAM beam upon variation of azimuthal an-
gle. In the single-atom response, each atom interacts with
a local electric field at a given spatial position of the OAM
beam. The laser-atom interaction can be treated under the
dipole approximation.’!! In principle, one can calculate the
induced atomic polarization or dipole acceleration by nu-
merically solving the time-dependent Schrodinger equation
(TDSE), which can then be inserted as a source term in the
propagation equation. Alternatively, the QRS model is com-
monly used, which greatly improves the strong-field approx-
imation (SFA) (or the Lewenstein model). Here we focus on
the QRS and the TDSE.

3.1. Quantitative rescattering model

For a linearly polarized laser, single-atom induced dipole
moment D(z) can be accurately calculated by using the QRS
model.’>33) Based on the three-step model, the QRS model
improves the SFA, and it can give the harmonic intensity distri-
bution in the whole spectral range nearly as accurate as solving
the three-dimensional (3-D) TDSE.*! Note that the analyti-
cal formulation of induced dipole moment has been derived by
the TDSE in the length gauge under the SFA.[*”] In the QRS
model, the length gauge is employed, and the induced dipole

moment D(¢) is transformed into the frequency domain, which
can be written in a separable form as!32%

D(0) = VNW(0)d(0), ©)

where N is the ionization probability taken at the end of the
laser pulse, d(®) is the complex photorecombination (PR)
transition dipole matrix element, and W(®) is the complex
returning electron wave packet.

The propagation of ionized electrons before the recom-
bination, i.e., the second step in the three-step model, is gov-
erned mostly by the laser field while the electron is far away
from the target ion. This process can be fully described by the
SFA, so the reduced electron wave packet by the SFA is

Dsfa )
W(w) = \/I\Wd(smza)) (10)

In the QRS model, the plane wave used in the SFAB7! for
calculating the PR transition dipole is replaced by an accurate
scattering wave, while the electron wave packet remains the
same as that in the SFA. Thus, one can practically obtain the
induced dipole moment as

qus dqrs
qus(a)):DSfa(w) /stadsfagzo)i’ (11)

where both D*(®) and d9°(®) are complex numbers, while
d*"(®) is either a pure real or pure imaginary number. N9
is calculated by using the ADK theory.>* Within the single-
active electron (SAE) approximation, d9(®) can be calcu-

lated by using exact numerical wave functions for the bound
and continuum states, which can be obtained by solving the
time-independent Schrodinger equation with a given atomic
potential.

3.2. Time-dependent Schrodinger equation method

In the TDSE, atomic potential V(r) of Ar atom can be

expressed as!>!

Zetare 2 +azre % +ase 96"
V(r) __%c 1 3 5 ’ (12)

r

where Z is the charge seen by the active electron asymptoti-
cally and aj,. .., a¢ are parameters obtained by fitting V(r) to
the numerical potential from self-interaction free density func-
tional theory. The accelaration gauge is chosen and the laser
is linearly polarized. In terms of the complete set of eigen-
states f(r) Yy (#) of Hy = —V?/2+V (r), the time-dependent
wavefunction ¥(r,t) can be expanded as

Y (r,t) =Y Cult) fu(r)Yim(#). (13)
nl

Here Y}, functions are the spherical harmonics, and radial
eigenfunctions fy,;(r) are often expanded in terms of some ba-
sis sets, like the discrete variable representation functions.
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4. Results and discussion

In our simulations, we take the fundamental laser pulse
to be an LGy beam, i.e., the vortex beam carries the OAM
of i and doesn’t have the radial node. We choose the beam
waist at laser focus as wy = 25 um and the laser wavelength
as 800 nm. The Rayleigh length is about 2.5 mm, defined as
R = nw% /A, where A is the laser’s central wavelength. In
the time domain, we assume that the laser pulse has a cosine-
squared envelope, its full-width-at-half-maximum (FWHM)
pulse duration is 19.4 fs, and its carrier-envelope phase (CEP)
is set as 0. A 1-mm-long Ar gas jet with constant density is
placed at 2 mm after, at, or before the laser focus, respectively.
The peak intensity at the center of the gas medium is always
fixed at 1.5 x 10'* W/cm?.

4.1. Comparison of total vortex harmonic spectra from
TDSE, QRS, and SFA

We first show the integrated yields of macroscopic vortex
HHG of Ar in Fig. 1(a). The gas jet (specifically, its center)
is placed at 2 mm after the laser focus. The harmonic emis-
sions at the exit plane are integrated over the radial direction.
Single-atom induced dipoles are calculated by three different
approaches: the TDSE, the QRS, and the SFA. The spectra are
normalized at the cutoff and are plotted using a logarithmic
scale. Compared to the HHG spectra of the TDSE, the SFA
gives the correct predication only in the cutoff region, beyond

— TDSE — QRS — SFA

102 L

100 L

—
<
™)

15 17 19 21 23 25 27 29 31

J\ L ,,f

—_
o

Intensity (arb. units)
=
< &

23
1.0
(c)
0.5F %
0" %7 29 31 33

HHG order

Fig. 1. (a) Simulated macroscopic harmonic spectra of Ar from the TDSE
(purple line), the QRS (green line), and the SFA (orange line) (from top
to bottom for low-order harmonics). A 1-mm-long gas jet is placed at
2 mm after the laser focus, and the peak intensity at the center of the gas
medium is fixed at 1.5 x 10" W/cm?2. (b) and (c) Comparison of vortex
harmonic spectra by the TDSE (purple line) and the QRS (green line) us-
ing linear scale, where the spectra are normalized at 17th harmonic (H17)
and H33, respectively.

H25, and it fails for low-order harmonics. The QRS shows a
much better agreement with the TDSE over the entire spectral
region. We also compare the results of TDSE with those of
QRS on a linear scale. If we choose H17 or H33 to normal-
ize the harmonic yields from two models, one can see that in
two respective spectral regions, the spectra of the QRS agree
well with that of the TDSE, see Figs. 1(b) and 1(c). So the
QRS is able to greatly improve the vortex HHG by the SFA,
and achieves the similar results to the TDSE, but with compu-
tational effort close to the SFA.

4.2. Comparison of spatial intensity and phase distribu-
tions of high harmonics from TDSE and QRS

For the high harmonics from the TDSE and the QRS
above, we take a close look at their spatial intensity and phase
distributions both in the near and far fields in Figs. 2—4. Note
that the gas jet is put at 2 mm after the laser focus. In Figs. 2
and 3, we show the results for three selected integer harmon-
ics, two in the plateau and one in the cutoff. And in Fig. 4, we
show the results for three fractional high harmonics (FHHs) in
the plateau and in the far field.

Let us compare spatial intensity profiles of H15, H23 and
H31 in the near field first. The harmonic intensities from the
TDSE are primarily distributed over one single ring, and the
ring for the plateau harmonic is wider than that for the cutoff
one, see Figs. 2(a)-2(c). The spatial intensity profiles from
the QRS have the same features as those from the TDSE, see
Figs. 2(g)-2(i). We then compare corresponding spatial phase
distributions of harmonics. The phase from the TDSE changes
rapidly along the azimuth angle, revealing that the topological
charge of harmonic is its order g times the fundamental one as
shown in Figs. 2(d)-2(f). And the phase results from the QRS
almost exactly reproduce that from the TDSE for three dif-
ferent harmonic orders as shown in Figs. 2(j)-2(i). Thus, the
QRS reasonably resembles the TDSE in simulating both spa-
tial intensity and phase profiles of different integer harmonics
in the near field.

We next look at the spatial intensity and phase distribu-
tions of three harmonics in the far field. The intensity pro-
file from the TDSE shows the one major ring structure and
the radius divergence does not change with the harmonic or-
der, see Figs. 3(a)-3(c). The QRS almost gives the exactly
same intensity profiles by comparing the results for three har-
monic orders, see Figs. 3(g)-3(i). The comparison of phase
distributions of H15, H23, and H31 from the TDSE and the
QRS indicates good agreement with each other, as shown by
comparing Figs. 3(d)-3(f) with Figs. 3(j)-3(1). Therefore, the
perfect agreement can be achieved between the QRS and the
TDSE when the results of integer vortex harmonics are com-
pared in the far field. Note that the slight difference between
two methods occurring in the intensity distribution in the near
field can be eliminated in the far field.
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Fig. 2. Intensity and phase distributions of integer high harmonics in the near field (at the exit plane of the gas medium) calculated by employing
the TDSE (a)—(f) and the QRS (g)—(1), respectively. First row: 15th-order harmonic (H15); second row: H23; third row: H31. The harmonic
intensity in each figure is normalized separately. The gas jet is placed at 2 mm after the laser focus. Phase values are removed if corresponding

intensities are smaller than 30% of maximum intensity.
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Fig. 3. Similar figure to Fig. 2, but spatial intensity and phase distributions are plotted in the far field.

in the ring-like intensity distribution, thus unlike the inte-
ger harmonic, it does not have the cylindrical symmetry, see
Figs. 4(a)—4(c). For the QRS ones, the ring-like structure and
gap structures can all be accurately duplicated for different
harmonics, see Figs. 4(g)-4(i). When it comes to the spatial
phase distribution, the discontinue feature along the azimuthal
angle can be clearly identified. This feature does not depend

We then show the spatial intensity and phase profiles of
fractional high harmonics (FHHs) from the TDSE and the
QRS in the far field, see Fig. 4. Note that the FHH carries
the non-integer OAM, which plays an important role in the
generation of a helical attosecond pulse train with azimuthal-
angle dependence.>®! For the harmonic intensity results from
the TDSE, there are few radial gaps (or minimum structures)
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on the harmonic order and is about the same for the TDSE and and 4(j)—4(1). So the QRS is able to reproduce all features in
the QRS results, as shown by the comparison of Figs. 4(d)—4(f)  the intensity and phase distributions of FHH from the TDSE.

TDSE QRS

10 B H24.25 [RT)

z (mrad)

Fig. 4. Same as Fig. 3 except that three fractional harmonic orders are considered.

4.3. Comparison of vortex high harmonics from TDSE  first locate the center of the 1 mm long gas jet at the laser
and QRS by varying the macroscopic condition focus. The results for H23 are shown in Fig. 5. In the
near field, the intensity profile from the TDSE shows the

All results above are obtained when the gas jet is put af-  myjtiple-ring structure, which is the general feature due to

ter the laser focus. Can the agreement between the TDSE  the unfavorable phase-matching,®'! and the phase along
and the QRS be maintained if the position of gas jet is  the azimuthal angle changes rapidly and its value along
greatly varied with respect to the laser focus? We thus  the radial direction is shifted from one ring to another, as

(a) near field (b) (d)
/A8, N
[ S N\
{ gf‘ ti% ) i
{ sy, & ) . e
=, et N \ N
\ ety \ VW /
. » NS
R =
50 0 5 50 0 5 50 0 50
z (um)
15 (e) far field 15 (f) 15 (9)
10 10 10
5 Aoy N
g 5 5 V. N 5
= IE %%
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~ e =1
> 5 5 .fl“‘ V. /4 -5
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-10 -10 -10
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0 0.5 1 0 0.5 1 - 0 s
HE HT s T

Fig. 5. Transverse profiles of intensity (first and third columns) and phase (second and fourth columns) of H23 from the TDSE (left two columns)
and the QRS (right two columns). First row: near-field results; and second row: far-field ones. The gas jet is put at the laser focus.
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Fig. 6. Same as Fig. 5, but the gas jet is located at 2 mm before the laser focus.

shown in Figs. 5(a) and 5(b). The results from the QRS show
the same features in the intensity and phase distributions, see
Figs. 5(c) and 5(d). In the far field, multiple-ring structure
is inherited in the spatial intensity profile from the TDSE, by
considering the phase only with corresponding considerable
intensity, the less-ring structure is present, see Figs. 5(e) and
5(f). The behavior of intensity and phase results from the QRS
is about the same as that from the TDSE, as shown in Figs. 5(g)
and 5(h). Thus, the QRS and the TDSE can reach the general
agreement for simulating the macroscopic vortex HHG when
the gas jet is put at the laser focus.

We then locate the center of gas jet at 2 mm before the
laser focus. The spatial intensity and phase profiles of H23
from the TDSE and the QRS are shown in Fig. 6. In general,
both the TDSE and the QRS present the multiple-ring structure
in the intensity profiles in the near and far fields, indicating
the poor phase-matching of HHG by varying the macroscopic

B11 However, at the quantitative level, the obvious

condition.
difference between the two methods can be identified in the in-
tensity distribution, including the intensity ratio of each other
in the multiple ring, the position of major ring, and the num-
ber of visible rings. Meanwhile, the phase profiles from two
methods also show the significant difference no matter near-
or far-field results are considered. Therefore, when the gas
jet is put before the laser focus, the QRS can only attain the
qualitative agreement with the TDSE. We have also checked
the spatial intensity profiles of fractional harmonics in the far
field and have identified that the QRS agrees with the TDSE in
a qualitative manner for predicting the multiple-ring structure
together with the gap structure.

4.4. Analysis of dependence of agreement between TDSE
and QRS on the macroscopic condition

In the above, we have shown that the agreement between
the TDSE and the QRS for simulating the vortex HHG is de-
pendent on the macroscopic condition, i.e., the position of
gas jet with respect to the laser focus. To explain this phe-
nomenon, we perform the time-frequency analysis for the
single-atom and macroscopic propagated HHG. In Fig. 7, we
show the time-frequency picture of single-atom HHG from the
TDSE and the QRS by using the wavelet transform. >7-8 Note
that the time-frequency analysis is a commonly used tech-
nique to qualitatively resolve the classical trajectory informa-
tion from the calculated HHG based on quantum mechanics.
Furthermore, it can also predict the relative harmonic contri-
butions from short and long trajectories, which cannot be ob-
tained from the classical theory. Laser peak intensity is set
as 1.5 x 10" W/cm?. Results from two methods display the
similar feature of harmonic emissions following short and long
electron trajectories guided by the classical ones (black dashed
lines) in Figs. 7(a) and 7(b). The detailed comparison of re-
sults for H27 indicates that the QRS generally agrees with the
TDSE, but relative harmonic emissions of short and long tra-
jectories within each half optical cycle from the QRS could be
different from that from the TDSE, see emission peaks labeled
by S and L in Figs. 7(c) and 7(d). Two methods show different
relative contributions from short and long trajectories. Thus,
we can expect if high harmonics are generated from the in-
terference of these trajectories, the QRS and the TDSE would
predict the different results.

In Fig. 8, we present the time-frequency analysis of
macroscopic HHG with the QRS when the gas jet is placed
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at three different positions. Clearly, the picture of harmonic
emission is greatly changed by varying the position of gas jet.
For example, both harmonic emissions from short and long
trajectories can be seen when the gas jet is put at 2 mm be-
fore the laser focus in Fig. 8(a), and lineout results for H23
show that two peaks are present in each half optical cycle
in Fig. 8(b). When the gas jet is put at the focus, harmonic
emissions from long trajectories are dominant, as shown in
Figs. 8(c) and 8(d). If the gas jet is put after the laser focus,
it is known that the favorable phase-matching can be achieved
and harmonic emissions from short trajectories survive after
macroscopic propagation, see Figs. 8(e) and 8(f). The above
results are consistent with the analysis of phase matching of
vortex high harmonics in Ref. [31]. The phase matching is
due to the interplay of the geometric phase of driving laser
and the intrinsic induced-dipole phase of laser-atom interac-
tion, which is sensitive to the position of gas jet. This can also
be seen in the map of spatial coherent length, which can be
calculated analytically for short- and long-trajectory high har-
monics, respectively, see Fig. 6 in Ref. [31]. We can conclude
when the harmonic emissions from either short or long trajec-
tories are dominant in the macroscopic vortex HHG, the QRS
can reach a good agreement with the TDSE, like in Figs. 2—
5. However, if harmonic emissions from both short and long
trajectories are present in the macroscopic HHG, the spatial in-
tensity and phase profiles are resulted from their interference.
As shown in the single-atom results in Fig. 7, the QRS cannot

2 mm before focus

At focus

accurately predict the relative harmonic emissions of two tra-
jectories within some half optical cycles. So the QRS is not
able to simulate the interference of two trajectories precisely
at the quantitative level. We thus can understand that only the
qualitative agreement between the QRS and the TDSE can be
reached in Fig. 6.

TDSE

HHG order

0.8

0.6

0.4

0.2

Intensity (arb.units)

1 0 1
Time (o.c.)

—1 0 1
Time (o.c.)

Fig. 7. Time—frequency picture of single-atom HHG from the TDSE (left
column) and the QRS (right column). In panels (a) and (b), harmonic
energy versus emission time following the classical short (S) or long (L)
trajectory is shown (black dashed lines). Emission intensity of H27 (pink
lines in panels (a) and (b)) as a function of time is plotted in panels (c)
and (d), respectively.

2 mm after focus

50 50 50 10°
1071
40 40 40
g
] 102
-
) |
% 30 30 30 103
\
m
—4
20 20 20 10
—1 1 —1 10~
1.0 1.0 1.0 5
(b) (d) ()
£ 0.8 L 0.8 0.8
| L
2 0.6 0.6 0.6
=
204 0.4 0.4
n
=] S
=
502 0.2 0.2
0 0 0
-1 0 1 =1 0 1 =1 0 1

Time (o.c.)

Time (o.c.)

Time (o.c.)

Fig. 8. Time—frequency analysis of macroscopic propagated HHG field at the exit of gas medium by using the QRS. Results are obtained at
radial distance of 25 pum and azimuthal angle of 0. Three cases are considered when the gas jet is placed at 2 mm before (first column), at
(second column), and after (third column) the laser focus. Electron classical trajectories (black dashed lines) obtained assuming laser intensity
of 1.5 x 10'* W/cm? are plotted in the upper row. Lower row: emission profiles of H23 indicated by pink lines in the upper row.
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5. Conclusion

We simulated the generation of vortex high-order har-
monic generation (HHG) driven by the Laguerre-Gaussian
(LG) beam with the nonzero orbital angular momentum
(OAM) by using two approaches to obtain the single-atom in-
duced dipoles, i.e., through the quantitative rescattering (QRS)
model or solving the time-dependent Schrodinger equation
(TDSE). We showed that the QRS can greatly improve the
total HHG spectra computed by the strong-field approxima-
tion (SFA), and achieve a good agreement with the TDSE. We
then compared spatial intensity and phase distributions of vor-
tex HHG from the TDSE and the QRS in detail, including
harmonic emissions in the near and far fields and harmonics
with integer and fractional orders. We found that the QRS can
reach perfect agreement with the TDSE when the gas jet is
put after the laser focus, a reasonably good agreement can be
reached between the two methods if the gas jet is placed at
the laser focus, and the QRS only qualitatively agrees with the
TDSE when the gas jet is located before the laser focus. We fi-
nally performed a time-frequency analysis for the single-atom
and macroscopic vortex HHG. And we revealed that vary-
ing the position of the gas jet with respect to the laser focus
can change the phase-matching condition, leading to harmonic
emissions from short or long trajectories accumulated in the
macroscopic vortex HHG differently, the existence of interfer-
ence between two trajectories makes it difficult to simulate the
spatial profiles of HHG accurately for the QRS.

In this work, we have carefully calibrated the QRS model
for simulating the vortex HHG against the TDSE results. Note
that it has been established that the QRS model can pre-
dict the HHG spectrum (including the amplitude and phase)
as accurate as that from the TDSE in the single-atom re-
sponse level.!*% Thus the simulated macroscopic HHG spec-
trum based on the QRS model is generally considered about
the same as that based on the TDSE method. This is true for
the HHG driven by the laser beam without the OAM. 431 How-
ever, as demonstrated in this work, this is not entirely valid
when we focus on the spatial intensity profiles of vortex high
harmonics. Such conclusions are unexpected and have not
been addressed by others before. We have demonstrated that in
the favorable phase-matching condition, the QRS can be safely
used to accurately simulate the vortex HHG. Under unfavor-
able phase-matching conditions, the QRS can either reach the
quantitative agreement with the TDSE or successfully predict
the main features in the macroscopic HHG from the TDSE in
a qualitative way. Thus this work ensures that the QRS can be
applied to replace the TDSE in the single-atom response for
simulating the vortex HHG, making the macroscopic calcula-
tion more efficient since the QRS takes much less time than
the TDSE.
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