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Exact solutions of a time-fractional modified KdV equation via
bifurcation analysis

Min-Yuan Liu(XI/#iz), Hui Xu(¥£%), and Zeng-Gui Wang( T 1)
School of Mathematical Sciences, Liaocheng University, Liaocheng 252059, China
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The time-fractional modified Korteweg—de Vries (KdV) equation is committed to establish exact solutions by employ-
ing the bifurcation method. Firstly, the phase portraits and related qualitative analysis are comprehensively provided. Then,
we give parametric expressions of different types of solutions matching with the corresponding orbits. Finally, solution
profiles, 3D and density plots of some solutions are presented with proper parametric choices.

Keywords: the time-fractional modified KdV equation, bifurcation analysis, exact solutions

PACS: 02.30.0z, 02.30.Jr, 04.20.Jb

1. Introduction

Fractional-order partial differential equations are preva-
lently employed to model numerous complex phenomena in-
volving viscoelasticity, electromagnetism, materials science,
electrical networks, and fluid dynamics, etc., and interpreted
best in inhomogeneous media particularly. The exact solu-
tions of nonlinear evolution equations, which aid us in pe-
rusing the hidden physical properties, have been continu-
ously constructed. So far, a multitude of effective meth-
ods of solving for exact solutions, including Hirota bilinear
transformation,[1-*) homotopy perturbation method,! bifur-
cation method,*-%! Darboux transformation, "} generalized

10-121 inverse scattering method,!'3!4!

Kudryashov method,|
Lie symmetry analysis,!'”] and so on, have been popularly
adopted.

Recently, Mal'®-!l have provided some new wave
equations, including integrable nonlinear Schrodinger type
equations, AKNS type integrable equation and modified
Korteweg—de Vries (KdV) type integrable equations. In this
paper, we investigate a time-fractional order modified KdV

equation!?!

Df‘quauzuerbum(:O, t>0, O<a<l, e))

where a and b are arbitrary constants. Equation (1) is well
known in the explanation of physical science phenomena such
as particle vibrations in lattices, thermodynamics and current
flow.

Until now, (G'/G)-expansion method and improved
(G'/G)-expansion method were adopted by Sahoo and Ray ']
to find soliton solutions, and the exp, function method was
carried out to Eq. (1) by Zafar.”!! Based on shifted Jacobi
polynomials, Bhrawy et al.[??! calculated high accurate ap-
proximate solutions via a numerical method. Numerical solu-

tions were generated via using the modified homotopy analysis
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Laplace transform method by Li er al.,’>>! and semi-analytical
solutions were yielded with a new variational method.”* Al-
ternatively, Akbulut and Kaplan!®! utilized auxiliary equation
method to seek exact solutions successfully. Wang and Xu 26!
provided Lie group analysis of Eq. (1) and constructed ecplicit
solutions through symmetry reduction.

Bifurcation analysis>’% is a geometrically intuitive
method to present exact traveling wave solutions. Under bi-
furcation theory, the types of orbits are highly tied to the sorts
of solutions, which benefits us to classify solutions theoreti-
cally. Generally, the existence of periodic and homoclinic or-
bits signifies that Eq. (1) exists periodic and soliton solutions,
correspondingly. Further, kink (or anti-kink), breaking wave
solutions are separately attached to open and heteroclinic or-
bits. Moreover, supposing that u(%) (% = ¥(x,t)) is a contin-
uous solution of Eq. (1) and satisfying ,9]320@”(19) =ng, we
can say that u is a soliton solution for n, = n_. Otherwise, u
is a kink (or anti-kink) solution. As far as we know, Liang and

Tang 3!

only performed bifurcation analysis when integration
constant is zero. Here, we consider a more general case, i.e.,
we provide related discussion when the integration constant is
an arbitrary constant.

Let G: [0,00] — R, the conformable fractional derivative

of order B3?! is defined as

PP (G)(1) = lim G(t+6t'B)—G@r)

6—0 o ) 1>0.

The following properties are satisfied:

DP (cG+dH) = cDP (G)+dDP (H), c,d e R,
DP*)y =12 P A eR,
D} (GH) = GDP(H)+ HD[(G),

5(G\ GDP(H)-HDP(G)
D (ﬁ) - H? ’

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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The continuation plots are designed as follows: In Sec-
tion 2, we analyze the phase portraits of the time-fractional
modified KdV equation. Based on different orbits of the phase
portraits, three types of new exact solutions are obtained in
Section 3. In Section 4, we graphically illustrate some so-
lutions via presenting solution profiles, 3D and density plots.
Section 5 gives a summary.

2. Phase portraits and bifurcation

Equation (1) is executed to perform traveling wave trans-
formation

u=0(n), n=kx—w% )

where k and v are arbitrary parameters. Hence, Eq. (1) is
turned into an integer-order ODE

—ovg' +akg*¢’ +bk¢" = 0. (3)

Subsequently, integrating once over 1) and fixing integration
constant to be ¢, we readily access

—av<p+%k(p3+bk3(p”:c. (4)

In turn, Eq. (4) can be equivalently represented as a planar
dynamical system

do _
dn ’
do \
—=Mp>—N D 5
Gy = M0’ —No+D. )
a ov Cc
WhereM:_W, :_ﬁ,andl):m.

System (5) is called a Hamilton system for ¢/ = dH /99,
¥ = —dH/Jd @, where H is defined as a Hamiltonian function

1 1 1
H(p,9) = E192—ZM(p4+§Ngo2—D<p. (6)
Further, system (5) is also conservative due to %—‘(‘: + %—’g =0.

H(p,?) is a conserved quantity since it is not dependent on
n. Therefore, H is written as

1 2 1 4 1 2 _
7 07— Mo+ SNo"— Do =p, (7

where p is a parameter.
Let us suppose

@(p)=M¢>—No. (®)

When @ = 0, three zero roots of @ are identified as follows:

/N /N
¢ = — M? (PZ_O, ¢3 = M (9)

Two extreme value points of @ read

~ | N - | N
¢ =— M O3 = 3 (10)

and the extreme values are given by

_2IN| [N

3 Vaw
2IN| [N

3 Voamr

Do = [@(¢1))|

—Do = |o(¢3)| = (11
If assume the equilibrium points of system (5) are (¢;,0),
the values of p will be

pi:H((Pi,O), (i: 1, 2, 3)

Via qualitative theory!¥ of differential equations, we
know that (¢;,0) is a center point when ®@'(@;) < 0; when
@' (¢;) >0, (¢;,0) is defined as a saddle point; (¢;,0) becomes
a degraded saddle point when @’ (¢) = 0.

2.1. Analysis for ¥ >0and N >0

The phase portraits of system (5) are graphically sum-
marized for M > 0, N > 0. Depending on the values of D,
we present seven situations: (a) D < —Dy, (b) D = —Dy, (c)
—Dop<D<0,(d) D=0, (e) 0 <D < Dy, (f)y D= Dy, (g)
D > Dy in Fig. 1.

Here, we make the situations of Figs. 1(d), 1(e), and 1(f)
as examples and discuss them in detail. The classification of
equilibrium points is established through qualitative theory, as
listed in Table 1.

Table 1. Classification of equilibrium points with different values of D.

Value of D A B C
D=0 center point saddle point saddle point
0< D <Dy center point saddle point saddle point
D =Dy saddle point degraded saddle point degraded saddle point

Based on Fig. 1 and Table 1, the conclusions about the
relationship between p and the types of orbits are exhibited.

Conclusion 1 When D = 0, see Fig. 1(d).

(1) For p < p», system (5) remains bounded open orbits
with hyperbolic shape in black and pink, which states that

Eq. (1) has breaking wave solutions.

(2) For p < p < p1, a periodic orbit enveloping the center
point A and matching a periodic solution is outlined visually.
There exist two bounded open orbits in blue which are relevant
to breaking wave solutions.

(3) For p = py, there are two heteroclinic orbits running
through saddle points B, C and two special orbits in red, which
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refers that kink (or anti-kink), singular solutions are yielded,
individually.

(4) For p > p1, no closed orbit is produced.

Conclusion 2 When 0 < D < Dy, see Fig. 1(e).

(1) For p < p;, bounded open orbits in gold and black
associated with breaking wave solutions are pointed out.

(2) For p» < p < p3, Eq. (1) contains periodic, breaking
wave solutions which correspond to periodic, open orbits in
pink, respectively.

(3) For p = p3, homoclinic orbit in red going through sad-
dle point B is described, which indicates there lies soliton so-
lution. In addition, open and special orbits are revealed.

(4) For p > p3, there is no closed orbit.

Conclusion 3 When D = Dy, see Fig. 1(f).

(1) For p = p», two special orbits in red are shown, which
demonstrates that Eq. (1) produces singular solutions.

(2) For p < p2, system (5) yields two open orbits in green
matching with breaking wave solutions.

(3) For p» < p < py, there exist two open orbits in yellow.

(4) For p > pq, no closed orbit is obtained.

2.2. Analysis for M <0and N < 0
For M < 0, N < 0, we draw the following phase portraits

in Fig. 2. Analogously, we classify the equilibrium points that
are arranged in Table 2. According to Fig. 2 and Table 2, we
illustrate the following conclusions.

Conclusion 4 When D = 0, see Fig. 2(d).

(1) For p = p», system (5) contains two homoclinic orbits

(a) D< —D, (b) D

= —D, (¢) =Dy<D<0
3

in black passing through saddle point A, referring that soliton
solutions are owned.

(2) For p; < p < p2, two periodic orbits in pink encircling
center points B, C are drawn, so Eq. (1) has periodic solutions.

(3) For p > p», there exists a periodic orbit in blue laying
outside the homoclinic orbits.

(4) For p < py, no closed orbit is pointed out.

Conclusion 5 When 0 < D < Dy, see Fig. 2(e).

(1) For p = p,, two homoclinic orbits in red meet at sad-
dle point A, from which we perceive that Eq. (1) has soliton
solutions.

(2) For p; < p < p2, system (5) reveals periodic orbits in
pink matching periodic solutions and surrounding the center
points B, C, separately.

(3) For p3 < p < p1, periodic orbits in green and in yellow
are shown.

(4) For p > p», a periodic orbit in blue lies outside the
homoclinic orbits.

(5) For p < p3, there is no closed orbit.

Conclusion 6 When D = Dy, see Fig. 2(f).

(1) For p = p;, ahomoclinic orbit in red is plotted, which
implies that Eq. (1) has soliton solution.

(2) For p3 < p < py1, a periodic orbit corresponding to
periodic solution in blue is yielded.

(3) For p > p1, a periodic orbit in green is displayed out-
side.

(4) For p < p3, no closed orbit is obtained.

(8) D> Do

B
2
9

Mgl.mmwpmumswswmnﬁ)mmb:>4,k:17a:3,a:%,v:m(@c:ljxmczgvgmoc:03mmc:0

©@ec=-03.(Me=-4 /2 @c=-15.

Table 2. Classification of equilibrium points with different values of D.

Value of D A

B C

D=0
0<D <Dy
D =Dy

saddle point
saddle point
center point

center point
center point
degraded saddle point

center point
center point
degraded saddle point
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(a) D< =Dy (b) D = =Dy (c) =Dyp<D<0

9

O

/‘P - - ’

(e) 0< D < Dy

4

Sl

9
1.5

T Ty
0.5

C A B
-1 1 2]l

0.5
—1.5

Fig. 2. Phase portraits of system (5) withb=1,k=1,a=3, o = %, v=4: (a)c=1.5 (b)c= %\/g, (c)c=03,dc=0,

©c=-03(Me=-4 /2 @c=-15.
2.3. Analysis for MN <0

ForD=0and M >0,N <0or M <0, N > 0, the phase
portraits are plotted in Fig. 3.

(a) M>0, N<0, D =0 (b) M<0, N>0,D =0

30
\/ ;
0.5
“15 -1 -05 05 1 15 ¢ oAs\foA —02 o] 02 04 |06
—0.5
-2
3 —

Fig. 3. Phase portraits of system (5) with b= —1, k=1, a=3, a =
1/2, v=—4.

The relevant discussion has been carried out in Ref. [31]
and is not be described here.

3. Exact solutions

For a particular p, it is well known that H = p maps to a
level curve of system (5) that determines a solution of Eq. (1).
According to the phase portraits, we aim to build parametric
representations of exact solutions of Eq. (1), which are not
mentioned in Ref. [31].

Firstly, the first equation of system (5) is inserted into
Eq. (7), which yields

do
v(e

=dn, 12)

~—

where y(¢) = %(;)4 —No@+2D¢ +2p. For different values

of D, various types of solutions are generated after integrating
Eq. (12).

3.1. Solutions for M >0and N >0

Family I Periodic solutions.

Theorem 1 See orbit Lo from Fig. 1(e) corresponding to
individual po < p < p3. Periodic solution of Eq. (1) is enu-
merated as

@2(91 — ¢3) + 01 (93 — @2)sn*(Ey, )

— : 13
“ @1 — @3+ (@3 — @2)sn(Ey, h) (13

where sn denotes the Jacobi elliptic sine function, E; =

M(Qs—¢2)(3—91) i _ [ (93=9) (=) _
22 (M=) =\ Compps g M=k~
vt®*, and 7, is a constant.

Proof When p, < p < p3 in Fig. 1(e), the orbits in pink
cut the ¢ axis in four points. For periodic orbit Lo, we have

\/ﬁ(nm)/w do
2 9 V(00— ) (0—¢2) (93— 0)(¢s— )
PL< @< Q<3< (14)

Periodic solution (13) can be solved from Eq. (14)

Family II Soliton solutions.

Theorem 2 See orbit Lg from Fig. 1(e). When p = py,
we calculate a soliton solution of Eq. (1), as shown in Fig. 4,

u =@y
n 2N — 6M 2
ZM(p7+\/2M(N—M(p72)cosh (\/M(U_UZ))
(15)
where @5 = *MWW g — 7M¢7+\/W5

N = kx—vt%, and 1, is a constant.

Proof This refers to the orbit Lg in Fig. 1(e). The ¢ axis
is intersected in two points and the point B is double. There-
fore, by considering {(¢, ®)[9? = w(9), 05 < 05 < @ < @7},
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(@) can be rewritten as

V(o) =2 (01020 —95)o—05).  (16)

Equation (12) becomes

\/>n ) /%\/w —~ do a7

@ —95) (97— @)’

Parametric representation of soliton solution (15) is success-
fully possessed.

Family I Breaking wave solutions.

Theorem 3 (1) See Fig. 1(d).

(i) When p = p», Eq. (1) contains two breaking wave so-
lutions, see Fig. 5.

uz = ﬁ sec[V/N(1 —n3)], (18)
uy = ﬁcsc[m(n —N4)], (19)

where n = kx —vt®, and 13, N4 are constants.
(i1) When p, < p < py, breaking wave solutions are re-

vealed,
PFy — Pfysn?(Fs,m)
= 20
us \/ l—Snz(F5,m) ) ( )
013
= 21
Us sn(Fo,m)’ (2D

whereF,-:(plg\/g(n Ni)s m—(p12 [<<P13—-<P10<

W o =—¢ = \/ﬁ_(P]j;, n = kx—wt%, and ns, Mg

are constants.
(2) See Fig. 1(e).
(1) When p = py, Eq. (1) has solutions

20
uzg = Q15— ; (22)

7+ Acos (%(n - n7))

—4N+3¢;(M M(4N—-3M
where & — 3¢ ( ¢7+\/ ( ¢7))
24/M(4N—3M¢?)

M ) A=

and 17 is a constant.

T = —2¢7 +
M(p7+\/ (4N— 3M(p7 .

(i) When py < p < p3, breaking wave solutions are

uy— PP @) —03(9u Qs (Exsh)
@3 — 01 — (@2 — @1)sn?(Es,h) '
up = P2 = 0) 02— @50 (o)

®2 — Q4+ (@4 — @1)sn*(Eg, h)

where 11 = kx —vt%, and ng, 19 are constants.
(iii) When p = p3, singular solution is summarized,

uip = @7

2N — 6M @2

2M@r— 2M(N—M<p72)cosh(\/3M¢%—N(n—mo))

(25)

+

where 11 = kx — vt® and 110 is a constant.

(3) See Fig. 1(f).

(i) When p = p», Eq. (1) provides singular solutions, as
shown in Fig. 6,

3N (2N(n—111)*+9)
"2 =\ (ON 79 o
18vV2£NV3N(n —112)°

U3 14 = , 27)
+3VM(N = Ni2)(N(n —N12)? — 6)
where 11 = kx —vt®, and 1y, N2 are constants.
Proof (1) (i) From the orbits Lg, L7 in black,

we perceive V)97 = (), 03 <0< @ < @},

{(0.9)[9* =w(0),0 < @3 <0< o}, and  integrate
Eq. (12) respectively, which gives rise to

M (0]

\/>n ) /Jw(pgw%) )
too do

\/;n—m)z/q) VT

where @9 = —@3 = /2N /M. Solving Egs. (28) and (29), we
derive solutions (18) and (19).

(ii) Observing open orbits L4, Ls drawn in Fig. 1(d), we
know that {(¢, 9|9 = w(), 03 < 94 <0< @5 < 95 < ¢}

and {(¢.0)[0? =w(0),0 < @3 < @3 <0< @5 < @5},
which leads

\/ﬁ(n—n )=/¢ do
2 7 Jog V(o= @3)(0—¢s)(0—¢s)(0— @)

(30)

M (n— Tl /+°° do
7 .
V2 V(03— 0) (04 — 0) (95 — 0)(gs — 0)
(€28

Likewise, solutions (20) and (21) are given.
(2) (i) Focus on L3, L4 in black in Fig. 1(e). Equiva-
lently, Eq. (12) is individually transformed into

/ (1 —19) / do
7 )
P16 \/ w— (P14 2

(©—@16)(0—15)
0> P16 > Q15 > Pig, (32)

\/?(11—777)2/90 do >

o \/((pm —0)(p16— 0) (915 — ©)

P16 > P15 > Q14 > O, (33)
where @5 = — 2 +1/ 5 — %. Solution (22) is proved by

solving Egs. (32) and (33).
(ii) At this point, the periodic solution corresponding to
Lo has been established before, and we now focus on Ly, Li;.
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Via utilizing {(9,9)|9% = w(9),01 < 92 < 93 < 93 < ¢}
and {(@,9)[9* = y(9),0 <1 < ¢2 < ¢3 < ¢4}, Eq. (12)
is severally converted to

A= [’ ~
2 9 /(0 —¢1)(0—¢2) (00— @3)(0—¢4)

(34)

M o do
VSm-m= [ V(o= 0)(e— @) (93— 0)(p—0)
(35)

Thus, we exam the solutions (23) and (24).
(iii) See orbit in red on the left of saddle point C, while
we have searched the other one in red. Here y/(@) satisfies

M
(@) == (05— 0)(9s — 0) (91— 9)*,
Q< Qs <P <. (36)
Putting Eq. (36) into Eq. (12) and integrating, we prove the
existence of solution (25).

(3) (i) The expressions of y(¢) determined by Lis, Lig
in red are individually

where @3 = %, Q17 =— 3M]V.Equation(n) becomes
Fee do
V5 m) / SNED)
\/ (0—¢17)(®—@13)
Vam-me=[" )
(p”\/(Pw— ) (@13 — )’

Solving them, we obtain solutions (26) and (27).

Remark The parametric expressions of the kink (or anti-
kink) and periodic solutions in Fig. 1(e) have been listed in
Ref. [31], we do not repeat the discussion here.

3.2. Solutions for M <Oand N <0

Here, we consider the homoclinic orbits as examples to
construct all relevant exact parametric expressions of soliton
solutions.

Theorem 4 (1) See Fig. 2(d). When p = p;, two soliton
solutions are yielded,

/2N
uis16 == ﬁsech\/ —N. 41)

M
v(p) = 3(‘P —o)(@—13)’, pr<@is<e, (37
M (2) See Fig. 2(e). When p = p,, Eq. (1) produces two
v(p) = E(‘PW —0)(Pis— ), 9<@17<¢i5, (38)  soliton solutions
|
2
w7 = o — , 42)
(@23 — ¢22) cosh (\/ —EX(TI - 7715)) —2¢21 + @00+ P23
2
uis = o + __~ , 43)
(923 — %z)cosh(\/—gx(n —me)) +2¢21 — @2 — 23
|
where x = ((p23 - (PZI)((PZI - (pzz), N =kx—vt%, and 15, N1 where Q19 = — @9 = \/ZN/M, N =kx—vt%*, and N3, M4 are

are constants.
(3) See Fig. 2(f). When p = py, soliton solution of Eq. (1)
is found, see Fig. 7.

o — | N 9B —2av(n
PV B3M 363 £ 2av(n

where 11 = kx —vt* and 17 is constant.

—n17)°
—Mi7)*’

(44)

Proof (1) We observe that @-axis is intersected with
Ti, T, in three points. Thereby, we have

\/W(n—n >=/(p o
M B o —0\/(910— ©) (0 — ¢20)

020 < ¢ <0<, (45)
N( ) @19 dw
\ 77— T4 :/ )
M o 0\/(Q10—0)(0— )
020 <0< 0 <P, (46)

constants. By solving Egs. (45) and (46), soliton solution (41)
is adapted.

(2) For the left orbit 73, Eq. (12) becomes
\/ N n—nis) / ’ 4@
-y —Ni5) = )
M .
2 \/(sozs — 0)(0 - ¢2)(¢2 — )
023> P21 > @ > . 47)

Similarly, for the right orbit 74, we get

23 do
71 M) = / >
\/ (P23 —

©)(®0— ¢2)(® —¢21)
023> Q> Q21 > Q0. (48)

By integrating Eqs. (47) and (48), separately, solutions (42)
and (43) are certificated.
(3) The homoclinic orbit 75 in red is denoted as

v(9) =2 (925~ 0)(0— 9u1)’
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P < @ < Pos. 49) 4. Graphic representation
Inserting Eq. (49) into Eq. (12) and integrating along 75, we This section pursuits to provide relevant graphs of some
verify soliton solution (44). solutions in Figs. 4-7.
(a) 3D plot (b) Solution profiles (c) Density plot
1.2
1
1.2 0.8
.- 0.6
0.6 0.4
02 0.2
(2) 0 6\ 810 12
:8j4 0.2 z
—0.6 —0.4
—0.6

Fig. 4. Dark soliton solution (15) with 1, = —1.

(a) 3D plot (b) Solution profiles (c) Density plot
15
10
5
2
0 i 8 [0
T
-5
—10
~15
—t=1—1t=5
T
Fig. 5. Singular solution (18) with 13 = 0.
(a) 3D plot (b) Solution profiles (c) Density plot

10
5

24 6 F o 12

T

-5
—10

—t=1—t=5—t=T7

Fig. 6. Singular solution (26) with 1y = —2.

(a) 3D plot (b) Solution profiles (c) Density plot
2
1.5
1
0.5
0 y o1y 8 o
05

—t=1—t=4—1t=3

Fig. 7. Bright soliton solution (44).
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For Figs. 4-6, choosing appropriate integration constants
niand ¢ =0.5,v=4,a=3, b =—1, k=1, which implies
M =1, N =2, we exhibit graphically dark soliton solution
uy, periodic-singular solution u3 and singular solution u, with
the corresponding 3D, density plots and solution profiles, sep-
arately. Figure 7 records the behavior of dark solution u9 by
selecting parameters o = 0.5, ;7 = —-2,v=4,a=3,b=1,
k=1, which indicates M = —1 and N = —2.

5. Conclusion

This work is dedicated to research of exact solutions
of the time-fractional modified KdV equation via bifurcation
analysis. According to the different orbits of the phase por-
traits drawn with suitable parameters, the relevant qualitative
analysis is concluded. Then, exact solutions of Eq. (1) match-
ing to different types of orbits are constructed successively. Fi-
nally, we perform some solutions via presenting solution pro-
files, 3D and density plots with suitable parametric values.
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