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Conservative chaotic systems have unique advantages over dissipative chaotic systems in the fields of secure commu-
nication and pseudo-random number generator because they do not have attractors but possess good traversal and pseudo-
randomness. In this work, a novel five-dimensional (5D) Hamiltonian conservative hyperchaotic system is proposed based
on the 5D Euler equation. The proposed system can have different types of coordinate transformations and time reversal
symmetries. In this work, Hamilton energy and Casimir energy are analyzed firstly, and it is proved that the new system
satisfies Hamilton energy conservation and can generate chaos. Then, the complex dynamic characteristics of the system
are demonstrated and the conservatism and chaos characteristics of the system are verified through the correlation analy-
sis methods such as phase diagram, equilibrium point, Lyapunov exponent, bifurcation diagram, and SE complexity. In
addition, a detailed analysis of the multistable characteristics of the system reveals that many energy-related coexisting
orbits exist. Based on the infinite number of center-type and saddle-type equilibrium points, the dynamic characteristics
of the hidden multistability of the system are revealed. Then, the National Institute of Standards and Technology (NIST)
test of the new system shows that the chaotic sequence generated by the system has strong pseudo-random. Finally, the
circuit simulation and hardware circuit experiment of the system are carried out with Multisim simulation software and
digital signal processor (DSP) respectively. The experimental results confirm that the new system has good ergodicity and
realizability.

Keywords: Hamilton conservative hyperchaotic system, symmetry, wide parameter range, hide multiple sta-

bility
PACS: 05.45.-a, 05.45.Pq

1. Introduction

Chaotic systems have the characteristics of ergodicity,
pseudo-random, and initial value sensitivity, which make them
more suitable for applications in pseudo-random number gen-
erators, security communication, and other fields.!'?! Since
Lorenz! proposed the first chaotic system in 1963, differ-
ent types of chaotic systems have been proposed continuously,
such as Chen and Ueta’s system,*! Lii and Chen’s system, %)
Eisaki et al’s system,[®! and Lii et al.’s system.I”) Most of

[8-12] Conservative sys-

these systems are dissipative systems.
tems are an extremely important component of chaos. Com-
pared with dissipative systems, conservative systems have
strong specificity. In addition to the characteristics of dis-
sipative chaos, they also have some of their own charac-
teristics. Conservative chaotic systems do not have chaotic
attractors,!3~13 but have constant phase volumes and inte-
ger dimensions, and are more sensitive to initial conditions,
making them more ergodic and pseudo-random. They are
more suitable for image encryption than dissipative chaotic
systems.[16]

Multi stability is one of many properties of nonlinear dy-
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namic systems.!!”-18] It represents the coexistence of different
orbits or attractors in a chaotic system while maintaining pa-
rameters unchanged and changing initial values, and reflects
the influence of initial conditions on the final evolution of the
system. This characteristic makes chaotic systems highly flex-
ible in practical applications,!'”) It can be applied to process-
ing image or generating different random signal sources for
application in the field of information engineering.

The phase space of a conservative chaotic system does
not change with time. When the initial space is determined,
the phase space cannot be compressed. The dimension of a
conservative chaotic system is equal to the dimension of the
system, and its trajectory can cross any region in the phase
space, while the trajectory of a dissipative chaotic system is
confined within the attractive region of attraction because of
the existence of attractors, and most of the phase space can-
not be reached. Therefore, conservative chaotic systems can
produce stronger pseudo-random characteristics, and have in-
herent advantages in the field of encryption, such as the pro-
duction of pseudo-random number generators. In 2009, Jia et
al.”*) proposed a large-scale hyperchaotic system and verified
the complexity of the system with analog circuits. In 2013,
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Liu and Zhang!?! proposed a two-scroll chaotic system with
a wide parameter range. In 2019, Xu et al.[*” proposed a su-
per large scale chaotic system and carried out adaptive sliding
mode control. A wide parameter range chaotic system can
keep chaotic state!'] in a wider range, reduce the influence
of parameter changes on the system, and stabilize the chaotic
characteristics. Therefore, this feature has more advantages
in the fields of secure communication,?*! cryptography, >
chaos control,??! etc.

Based on the above, this work studies a five-dimensional
(5D) Hamiltonian conservative hyperchaotic system with
symmetric multi-stability and ultra-wide parameter range.
Through the analysis of the constructed conservative hyper-
chaotic system, it is found that the proposed system has the
following characteristics: (i) Hamilton energy and phase vol-
ume conservation are satisfied. (ii) It belongs to a conserva-
tive hyperchaotic system. (iii) It has an ultra-wide parameter
range. (iv) It has hidden dynamics and multistability charac-
teristics. (v) The coexistence of the same and different energy,
and the symmetry of these orbits.

In this work, the dynamic characteristics of 5D Hamil-
ton conservative hyperchaotic system are studied through en-
ergy analysis, divergence calculation, phase diagram, balance
point, Lyapunov index, bifurcation diagram, and SE complex-
ity analysis. It is proved by changing the parameters that the
system can maintain chaos and good ergodicity in a wide range
of parameters. Then, the multistable characteristics of the sys-
tem are analyzed in detail, and many energy-related coexisting
orbits are found. According to the infinite number of center-
type and saddle-type balance points in the system, the hid-
den chaotic characteristics of the system are illustrated. At
the same time, the National Institute of Standards and Tech-
nology (NIST) test of the chaotic random sequence generated
by the new system in a wide parameter range shows that the
pseudo-randomness of the sequence is good, and it is feasi-
ble to design the pseudo-random number generator based on
the new system. Finally, the circuit simulation and hardware
circuit design and implementation of the new system are car-
ried out. The experimental results are consistent with the nu-
merical simulation results, which confirms that the system is a
conservative hyperchaotic system with no attractor or superior
ergodicity, and it is also realizable.

The rest of this article is arranged as follows. In Section 2,
the system modeling and energy analysis are carried out. In
Section 3, some basic dynamic characteristics of the system
are analyzed. In Section 4, the hidden dynamics and multi-
orbital coexistence related to Hamilton energy are given. In
Section 5, the SE complexity and NIST test of the system are
analyzed. In Section 6, the simulation circuit is built through
using the software of mutisim. In Section 7, the hardware is
implemented on the DSP platform. Finally, in Section 8, some

conclusions are drawn from the present study.

2. System modeling

Euler equation usually describes the motion of a rotating
rigid body and can be used to control incompressible fluid.[>!
For a rotating rigid body, if the angular velocity of the rigid
body is defined as w and the diagonal matrix of the principal
moment of inertia is /, then in the rotating coordinate system,
the angular momentum can be expressed as

L=oxI. (1)

At this point, I" represents the torque acting on a rigid body,
the Newton’s law for a rotating system in a spatial coordinate
system is called the moment of momentum equation

dL
(&), ”

The momentum equation relationship between the spatial co-
ordinate system and the rotational coordinate system is ex-

dL dx
(6),~ (&) v v

Substituting I of Eq. (2) into Eq. (3) for the invariant property

pressed as

of the moment of momentum equation in a rotating coordinate
system yields

dx .
(dt) =x=xxX0+I. “4)

Equation (4) is the well-known forced rotation Euler rotation
equation. When external forces are not considered, the Euler
rotation equation of a rotating rigid body is expressed as

X=xxo=xxIIx, 5)

where x = [x],xz,x3,x4,x5]T, 0= [0)1,0}2,0)3,(04,(05]T, II =
diag(ITy, I, I3, I14,I15), and IT; = Ii’l is the reciprocal of the
principal moment of inertia, x; is the angular momentum, and
w; = IT;x; is the angular velocity. The specific form of the
system is expressed as

x1 = (I —Ip) x2x3,
iy = (ITy — I13) xx3,
i3 = (I —IT;) x1 x2, (6)
x4 = (I — Is) xx5,
X5 = (H4 — Hz)x2x4.

According to the theory of Refs. [26,27], the 5D rigid body
X is obtained by coupling the sub-rigid body Sj23 and S»4s
on axis 2. The Hamiltonian vector field form of its 5D Euler
equation can be described as follows:

X:x=J(x)VH(x), @)
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where

X3 0 —x1 —x5 x4

Jx)=| —x2 x 0 0 0 , 8)
0 X5 0 0 —X2
0 —X4 0 X2 0

V is the gradient operator, and H

—

x) is the Hamiltonian energy
function and expressed as

1
H(x) = 5(H.x%+112x§+r[x§+H4x§+115x§), )
3
where II; = I~ I, I is the principal moment of inertia is

the moment of inertia of the rigid body, and VH(x) =
[ITyx1, Thxy, ITixs, Myxy, Msxs)
represented as

. The system model can be

x1 = (I —Ih) xpx3,
X2 = (IT) — Iz3) x1x3 + (ITs — IT4) x4x5,

XK 3= (H2 —Hl)xl)CQ, (10)
X4 = (I, — IT5) xxs,

(H4 — Hz)xz)m.
Since J(x) is a skew symmetric matrix, the differential of

Eq. (9) with respect to time is

H(x)=VH(x)" x=VHx)TJ(x)VH(x) =0.  (11)

This indicates that the Hamilton energy of system X is conser-

vative. The Casimir function is defined as

1

5 (O 23 03+ +5), (12)

which satisfies Lie—Poisson brackets.

{C,H} =VC(x)TJ(x)VH(x) = 0.
Therefore, system X will not produce chaotic behavior.

Cx) =

In Eq. (12), C =

However, a Hamilton-conservative chaotic system can be ob-
tained by introducing a constant a to destroy the Casimir en-
ergy conservation of system X and cause the Casimir power to
oscillate irregularly. The system X can be expressed as

ZH % =JH (x)VH(x), (13)
where
0 —-x3 x 0 0
X3 0 —X1 —X5 X4
JHx)=1] —x» x 0 a 0o |, (14
0 X5 —a 0 —x

0 —X4 0 X2 0

where a is a disturbance parameter, the mathematical model of
system X can be described as

= (I —Ih) x2x3,

= (ITy — I3) x1x3 + (ITs — I14 ) x4xxs,
>, (HZ—H])xlxz—FaHz;xz, (15)
= (Ily — I5) xx5 — all3x3,
= (Iy — Iy) xpx4.

From Eq. (14), it can be seen that J (x) is a skew sym-

metric matrix, which is substituted into H(x) = VH (x)T - % to

obtain H(x) =
terms of Hamilton energy. The Casimir power of system X/

0. Therefore, system YH s still conservative in

is
C(x) = {C,H} = VC(x)"J(x)VH (x)

= a(H4 —H3)X3X4. (16)
If a(H4 — H3)X3X4 # 0,
Casimir-conservative system.
(I, I, I13, 114, IT5) = (14,20,10,5,30), the initial value is
(xlo,xzo,x30,x4o,x50) = (0.5,0.1,0.1, 0.1, 0.5). When a =0,
system X is the system X corresponding to the SD Euler

then the system X is not a
Set the system parameter

equation, and both Hamilton energy and Casimir energy are
conservative. When a = 0.7, the Hamilton energy of system
XH is still conservative, but Casimir power begins to oscillate
irregularly as shown by the black curve in Fig. 1, the conserva-
tive state of Casimir energy is broken. Therefore, system X
is a Hamilton-conservative chaotic system.

% MI MH‘ M I l,.h : |‘ \ . |
. 'W I | il M
- !

t

Fig. 1. Time series of Casimir power.

3. Dynamic analysis
3.1. Phase volume conservation

The dissipative characteristics of a system can be deter-
mined by the divergence V - F. The divergence of the system
IH s
dxy dxp Jdiz diqg Ox
9% 0%  Ois Oy  OXs
ax 1 8x2 aX3 8x4 axS

This indicates that system £ is a conservative system

V.F = =0. (17)

with phase volume conservation.

Conservative systems have no attractors and have strong
ergodicity. Phase diagrams are the most direct method of
observing the motion state of a system, which can display
specific motion trajectories and well illustrate these proper-
ties. Set the system parameter to (II}, I, IT3,I14,I15,a) =
(14-,207 10,5,30,0.7) and select (xl(), X20, )C3(),)C40,X50) =
(0.5,0.1,0.1, 0.1,0.5) as the initial value. The partial phase
diagram of the system is shown in Fig. 2. It can be seen that the
system trajectory presents a chaotic state in the phase space de-
termined by the initial value. The motion trajectory is a spheri-
cal closed curve, where there is no chaotic attractor. This once
again verifies that the system is a conservative system.
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Fig. 2. System phase diagrams: (a) x,—x4 plane, (b) x3—x4 plane, (c) x,—x3—x4 three-dimensional (3D) space, and (d) x;—x,—x3 3D space.

3.2. Equilibrium point analysis

Equilibrium points play a crucial role in analyzing the
properties of a system, which can test whether the system
meets the conservative requirements. Owing to the conser-
vation of the phase volume of a conservative system, the sys-
tem trajectory forms a closed orbit in the phase space deter-
mined by the initial value. Therefore, there are no attractors
in the system, and there are only two corresponding types
of equilibrium points: central type and saddle type.*® Let

X =0,i=1,2,3,4,5 in Eq. (15), then the following equation

0 (H3—H2)x§ (H3—
(Hl—H3)x§ 0 (H]
J(x)=| (IL-Ih)x; (Ih—TI)x}
0 (IT, — Is) x:
0 (H4—H2)xz

Substituting A7 —J{ (x
rameters and equilibrium points yields five characteristic poly-

)| = 0 by the corresponding pa-

nomials as follows:

fi(R) = A°(A% +245), (20)
H(A) = A3(A% — 2403 +24.5), 1)
f(A) = A(A* —90A%x3 —24.54% —9000x3),  (22)
fa(A) = A3 (A% 425042 +24.5), (23)

(Eq. (18)) can be obtained:

(H3 — Hg)x2x3
(IT; — IT3) x1x3 + (Hs I14) x4x5 = 0,
(HZ—HI)x1x2+aH4x2 0, (18)
(H2 — H5))C2)C5 — aH3x3 0
(H4 — Hz)x X4 =

The equilibrium points (0,0,0,0,0), (/;,0,0,0,0),

(0,/,,0,0,0), (0,0,0,0,/5), and (I;,0,0,0,/5) of the system
can be obtained. The new system is linearized at equilibrium
point (xf,xé,xﬁ,xj,xé), and the Jacobi matrix is obtained as

follows:
IDL) x5 0 0
—113))61k (H5 —H4)x§ (H5 —H4)xz
0 ally 0 (19)
—aH3 0 (H2 — HS)XE
0 (H4 — Hz)x; 0
\
f5(A) = A2(A% —24Ax3 4 250Ax2
+24.54 +1190x; x5). 24)

Let f;(A) =0, i = 1,2,3,4,5, then the corresponding char-
The
three eigenvalues consist of 0 and pure imaginary numbers,

acteristic values will be obtained as shown in Table 1.

and the corresponding equilibrium points belong to the central
type, which is consistent with the characteristics of conserva-
tive chaotic systems.
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Table 1. Equilibrium points and corresponding eigenvalues of system.

Equilibrium points Characteristic values Equilibrium
(l113ls€ R) (cw ER+)
(0,0,0,0,0) (0,0,0,jw,—jw) center
11,0,0,0,0 0,0,0,0,—0 saddle
( ’ ’ b b
(0,0,0,jw,—jw) center
0,/,0,0,0 0,0,-0,0,—0C saddle
(
(0,0,—0,—0,0) saddle
(0,0,0,0,1s) (0,0,0,jw,—jw) center
1,0,0,0,15 0,0,01,02,—0> saddle
(
(0,0,—0’1,62,—(72) saddle
(0,0,0,j0,—jo) saddle
(0,0,—0,jo,—jo) saddle

3.3. Symmetry analysis

When the sign of one or more state variables of a system
changes and the resulting system is the same as the original
system, this means that the system has coordinate transforma-
tion symmetry. System X/ has the five coordinate transforma-
tion symmetries as follows:

X1,X2,X3,X4,X5 X1, —X2,X3, x47-x5)7

X1,X2,X3,X4,X5 —X1, —X2,X3,X4, XS),

X1,X2,X3,X4,X5 X1, — X3,X4,—x5),

>:>:>a>ax

¢ )= R:(
¢ xs) = R:(
:(x1,x2,x3,X4,X5) — R: (x1,—x2, —X3, —X4,X5),
o xs) = R:(
( )= R:(

X1,X2,X3,X4,X5 —X1,—X2,X3, —X4, —X5).

Time reversal symmetry indicates that the symbol of the
state variable changes simultaneously with the change of time
transition ¢ — —t¢, but the transformed system corresponds to
the original system.[?%31 Time reversal symmetry is common
in conservative systems, but less common in dissipative sys-
tems. Time reversal symmetry is crucial in analyzing many
physical models.31-32! System ¥ has the three types of time

reversal symmetry as follows:

R : (x1,x2,X3,X4,X5) = R : (X1, —X2,X3, —X4,X5),
R: (x1,x2,x3,%4,%5) = R : (—x1,—x2,X3,X4, —X5),
R

: (X],X27X3,X4,X5) —R: (xla —Xz,—X3,—X4,X5).

3.4. Lyapunov exponents and bifurcation diagram analy-

sis

The Lyapunov exponents represent the average exponen-
tial divergence rate of the trajectory motion of the system
in phase space. When the system is in a chaotic state, at
least one of the Lyapunov exponents is positive, which is an
important feature in determining whether the system gener-
ates chaos. Unlike the scenario in dissipative systems, the
Lyapunov exponents of conservative chaotic systems have
symmetry, and their sum is zero. According to the set pa-
rameters, the Lyapunov exponents of the system are calcu-

lated by using the Wolf method,?3! and obtain LE 7345 =

[1.13282,0.01284,—0.00259, —0.01219, —1.13088]T, LEs =
0.

In 1983, Kaplan Yorke put forward the Lyapunov
dimension!**! to determine the types of attractors in dynamic
systems. The dimension of strange attractor must be lower
than the dimension of the space of dynamic system. How-
ever, owing to the absence of strange attractors in conservative
chaotic system, the Lyapunov dimension must be equal to the
dimension of dynamic system. The Lyapunov dimension of
system X is

DL:4+LE1+LE2+LE3 +LEy, _s 25)
|LEs|

Therefore, the Lyapunov dimension is the same as the

system dimension, which is consistent with the definition that
a conservative system does not have an attractor, and the sum
of the Lyapunov exponents is 0, which proves that the phase
space of the system does not change.

o.s(a) ———————— &
0.6} —LE,

ol W i — L :
ﬂ’WW My ww»%%

Q i L el "L
R3] 0 [
T ) Ll

—0. 2»1‘ ‘
—0.4f | (
—0.6f
-0.8

o Tyw
r ‘“,M“J ‘Ww ”“ | M

Ju
‘ }M i J\ n \1‘\, ‘W" W m‘ il I

0 02 04 06 08

0.6
0.4}
0.2

g 0

—0.2

—0.4

—0.6 T S S S S S
0 0.2 0.4 0.6 0.8
a

Fig. 3. (a) Lyapunov exponents and (b) bifurcation diagram of the sys-
tem X7,

Figure 3(a) shows the Lyapunov exponents spectrum of
the system as it changes with parameter a. It can be seen
that the Lyapunov exponents are symmetric about 0, with two
curves significantly larger than 0, and the middle curve basi-
cally coincides with the x axis, proving that the system is a SD
conservative hyperchaotic system. The corresponding bifurca-
tion diagram is shown in Fig. 3(b). Unlike dissipative chaotic
systems, the conservative system almost immediately enters a
hyperchaotic state when the parameter a is set to be larger than
0, i.e., a > 0. This is because the conservative system has no
attractors, and the initial conditions of the system are located
in the hyperchaotic region.
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3.5. Analysis of wide parameter range

The most obvious advantage of a system with an wide
parameter range is its high stability, which allows the param-
eters to change in a wide range while the chaotic state keeps
unchanged, which means that the system can maintain good
chaotic characteristics without state decay in this wide range.

The wide Lyapunov exponents and bifurcation diagram
of the system with respect to parameters are given below to
prove the existence of wide parameter range. Set param-
eters (IT),ID, I, Iy, Is, a) = (14,20, 10,5,30,0.7), initial
value selection (x19,x20,X30,%40,X50) = (0.5,0.1,0.1,0.1,0.5).
When the parameter II, changes within the interval
[—7000,7000], the Lyapunov exponents spectrum of the sys-
tem is shown in Fig. 4(a). It can be seen that the first curve
is always greater than zero, which proves that the system has
been in chaotic state. Figure 4(b) shows the bifurcation dia-
gram, which is a verification of Lyapunov exponents.

—LE, —LEy —LE; —LE,—LE;

(a)

Lyapunov exponents

—1.5

-6 -4 —2 0 2 4 6
17, (10%)

Fig. 4. (a) Lyapunov exponents and (b) bifurcation diagram varying
with IT,.

4. Hidden dynamics and multiple stability anal-

ysis

In the dissipative chaotic system, without changing the
system parameters, the system presents a variety of phase tra-
jectories of different positions or topological structures with
the change of initial conditions, which is called the coexis-
tence of multiple attractors. This phenomenon is also known
as multiple stability.

4.1. Hidden dynamics analysis with Hamiltonian energy in
HCCS

Hidden attractors have been found in many dissipative
systems, such as dissipative systems with only stable equilib-
rium points, dissipative systems without equilibrium points,
and dissipative systems with infinite equilibrium points,3>-37]
which are shown in Table 1. System X has only two types
of equilibrium points: central type and saddle type, but sys-
tem X/ has infinite equilibrium points, so system X should
have hidden chaotic attractors. However, there is no attractor
in a conservative system, so this kind of chaos is not a hidden
attractor, but is considered as a conservative hidden chaotic
orbit.

Set the system parameter to (IT),IL,IT3,I14,11s5,a) =
(14,20,10,5,30,0.7) by changing the initial value x;o of sys-
tem state variable x;, the bifurcation diagram and correspond-
ing Lyapunov exponents spectrum shown in Fig. 5 are ob-
tained. It can be seen from Fig. 5(a) that the bifurcation
diagram of system X in the range of initial value xjo €
(—0.21,0.19) forms a narrow band, indicating that the system
is in quasi-periodic state in this range, which can be verified

by the Lyapunov exponents in Fig. 5(b).

2.0

1.5

1.0

T5max

0.5

—-0.5
—1.0

—0.5 0 0.5 1.0

-8 -4 0 4 8
Z10

Fig. 5. (a) Bifurcation diagram and (b) Lyapunov exponents varying
with x1g.

In order to illustrate the influence of Hamilton energy
on hidden dynamics, in Fig. 6, the spatial distributions of
Hamilton energy in the initial plane of x19—x2¢ and x49—x5¢ are
plotted, with color bars representing the Hamilton energy val-
ues. It can be seen from the figure that with the increase of the
initial value of the system, the Hamiltonian energy increases
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correspondingly. When the initial value is small, the system  relatively low energy. With the increase of energy, these mo-
undergoes quasi-periodic motion and weak chaotic motion at  tions gradually enter into chaotic states.
For Figs. 6(a) and 6(b), the Hamilton energy expressions

(a) 16 of the system are respectively written as
20 14
15 12 H—lz4 Ix? = = (1423 +20x%, +4.65), (26)
10 T3 L=l iXp = X10 X190 T4-09),
T 10 1
4
: H=> Yo O] = S (S5x5+30x3,+38).  (27)
0
1.0 . 4 In general, orange in Fig. 6 corresponds to strong chaotic
0 2 orbits, and dark blue refers to quasi-periodic or weak chaotic

0
20 —1.0 —1.0 10

N ==

t

orbits. Therefore, the change trend of dynamic behavior can
be intuitively reflected through Hamilton energy diagram.

(b) 18
u 4.2. Equal-energy orbit coexistence
Casimir power determines whether system X forms a
T 10 10 chaotic orbit. When Casimir energy is not conserved, Hamil-
ton energy will affect the coexistence behavior of the sys-
6 tem. From the bifurcation diagram and Lyapunov exponents
1.0 , in Fig. 5, it can be seen that system XH is multi-stable. On

Zso this basis, by changing the sign of the initial value of the sys-

—1.0 — 1.0 40 . . .
tem, the system orbit with the same Hamilton energy can be
Fig. 6. Hamilton energy spatial distribution diagram in (a) x;9p—x0 plane

and (b) x40—xs0 plane. obtained.
— 1C = (0.001,0.0005,0.0005,0.0005,0.001) —1C = (0.001,0.0005,0.0005,0.0005,0.001)
— IC = (0.001,—0.0005,—0.0005,—0.0005,0.001) —1C = (0.001,—0.0005,—0.0005,—0.0005,0.001)
IC = (0.001,—0.0005,—0.0005,0.0005,—0.001) IC = (0.001,—0.0005,—0.0005,0.0005,—0.001)
— IC = (0.001,0.0005,0.0005,—0.0005, — 0.001) — IC = (0.001,0.0005,0.0005,—0.0005,—0.001)
(a
) (b)
1.0
5
—~ —
7 7
=
= 20
Z Z
A ~
8 8 5
—1.0
5
1.006 1.006
(2’2 ( 0 @2 ( 0
0~ 7
O~ —5000994 O~ _50.094
— IC = (0.001,0.0005,0.0005,0.0005,0.001) - %g = gg»ggiv‘lgoé)g’dg-(10(;)50&2022»%)5)512) o01)
—iSTGm i i sty —io-mhoaethoaem, demany
— IC = (0.001,0.0005,0.0005,—0.0005,—0.001) — IC=(0.001,0.0005,0.0005,—0.0005,—0.001)
() (d) 8
0.2
4
—~
[2e] ~
S b
o
Z 0 = 0
§ g
—0.2 —4
5
0.2
2. 0 —8
2 (10\4 ~520.2 o 0.994 0.998 1.002 1.006
J 21 (10-3)

Fig. 7. Phase diagram of system X with Hamilton energy of 5.275x 107> in (a) x—x—x4 three-dimensional (3D) space, (b) x;—x>—x3 3D
space, (¢) x;—x3—x4 3D space, and (d) x;—x4 plane.

In this way, under the same Hamilton energy, different initial values will produce different orbits. To illustrate this point in
detail, Hamilton energy is selected in these three cases. It can be found that the system X'/ corresponds to the coexistence of
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quasi periodic orbits with low Hamilton energy, as shown in Fig. 7. It should be noted that these orbits are all symmetrical. As

the Hamilton energy transitions to a higher value, the system exhibits coexistence of quasi periodic orbits and weak chaotic orbits

as shown in Fig. 8. As Hamilton energy continues to increase, chaotic orbits coexist in system X as shown in Fig. 9, which are
also symmetrical. This is very rare in conservative chaotic systems.

—1C =(0.05,0.1,0.1,0.1,0.05)
(a) — IC =(—0.05,0.1,0.1,0.1,0.05)

—-0.2 —-0.1 T2

— IC =(0.05,0.1,0.1,0.1,0.05)
— IC = (—0.05,0.1,0.1,0.1,0.05)

()
0.2
X \!
e N TN
i NI RO R
‘ W/ Qi\ '!‘3‘.\’\. \
RGN

N
\ \\{\\\\\

— 1C =(0.05,0.1,0.1,0.1,0.05)
— 1C=(-0.05,0.1,0.1,0.1,0.05)

(b)

0.2

— IC =(0.05,0.1,0.1,0.1,0.05)
— IC =(—-0.05,0.1,0.1,0.1,0.05)

0.10 0.15

Fig. 8. Phase diagram of system >H with Hamilton energy of 0.23 in (a) x,—x3—x4 3D space, (b) x;—x2—x4 3D space, (c) x;—x3—x4 3D space,

and (d) x,—x4 plane.

—1C=(0.5,0.1,0.1,0.1,0.5)
—1C=(0.5,—0.1,—0.1,—0.1,0.5)

(a)

0.5

0
—0.5 —1 T2

—1C=(0.5,0.1,0.1,0.1,0.5)
—IC=(0.5,—0.1,—0.1,—0.1,0.5)

—1.0—0.5 £

Fig. 9. Phase diagram of system >H with Hamilton energy of 5.675 in (a) x,—x3—x4 3D space, and (b) x;—x2—x4 3D space.

4.3. Different energy orbit coexistence

Through research, it is found that system X% not only has
orbital coexistence with the same energy, but also has orbital
coexistence behavior with unequal energy at different initial
values. Set the system parameter to (ITy,Ih, Iz, [I4ITs5,a) =
(14,20,10,5,30,0.7), and set the initial values of xjo in sys-
tem X7 to 0.5, 2.5, and 5 in sequence, while keeping other
initial values unchanged. From the figure, it can be seen that
different initial values of energy can lead the orbits of different
sizes to coexist. The higher the energy, the larger the volume

occupied by the system orbit is and the stronger the ergodic-
ity. Figure 10(b) shows the corresponding timing diagram. It
can be seen that with the increase of x¢, the amplitude of the
time domain waveform increases, indicating that the chaos and
randomness of system X'’ are enhanced.

Attraction basins can intuitively reflect the phase tra-
jectory of coexistence. Figure 11 shows the local suction
basin of system X in the x3—x4 plane when the parameter
is (ITy, I, Iz, Iy, ITs,a) = (14,20,10,5,30, 0.7) and the ini-
tial value iS(xlo,xzo,X3o, X40, )C5()) = (0.5, 0.1,0.1,0.1, 0.5). It
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can be found that the attraction basin has a circular structure,
where different colors represent different types or amplitude of
phase trajectories. Therefore, there are very rich coexistence
behaviors in this system.

40 80 120 7200

t(s)
Fig. 10. Phase diagrams and time series of Casimir power: (a) x;—x,

plane phase diagrams when the initial value xjo is different, and (b)
time series diagram when the initial values of xjo are different.

160
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o 0.55
0.45
—80
0.35

—100 —50 0

€20

50 100

SE

6

4

40

Fig. 11. Local basin of attraction in x30—x49 plane.

5. SE complexity analysis

Complexity testing is an important method to analyze the
complexity of chaotic system. The complexity of a chaotic
system refers to the ability of the system to generate random
sequences by using relevant algorithms. In this work, the SE
complexity algorithm with high accuracy and high speed is
used for analysis. The SE algorithm uses the energy distribu-
tion in the Fourier transform domain and the corresponding SE
value is obtained based on the Shannon entropy algorithm. [33]
The larger the SE value, the higher the complexity of the sys-

tem is and the stronger the randomness of the generated se-

quence.
0.85
0.75}
0.65
0.55¢
0.45¢
0.35
50 0.95
40 0.85
0.75
- 30
5 0.65
20
0.55
0.45
, 0.35
0 —-40 -20 0 20 40
Z20

Fig. 12. SE complexity changing with initial value (a) xp¢ and (b) x40, SE complexity map of the system with two initial values change (c)

X20,X40 € [71007 100], and (d) xy9 € [750,50],)640 S [0,50].

In order to better describe the influence of initial value
change on the complexity of the new system, in this sec-
tion the SE complexity tests on the two initial values of the
new system are conducted, and the test results are shown

in Figs. 12(a) and 12(b).
of SE complexity is also drawn based on two initial value
changes. As can be seen from Figs. 12(c) and 12(d), the
parameter (IT), I, I13,I14,I1s,a) = (14,20,10,5,30, 0.7) and

In addition, the chaos diagram
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initial value (xj0,x30,Xs50) = (0.5,0.1,0.5) fluctuate in com-
plexity near the coordinates (0,0), while most of other regions
have high complexity above 0.9. Fixed x»9 = 0, it can be found
that the trend of x4¢ is consistent with the SE complexity in
Fig. 12(b), and has a certain degree of symmetry. Similarly,
by fixing x40 = 0, it can be found that the change trend of
Xp0 is consistent with the SE complexity in Fig. 12(a). It is
proved that the new system has multiple stability phenomena
with high complexity.

5.1. NIST testing

The NIST test'3*! is an effective tool for detecting random
sequences, which can examine the degree of deviation of the
statistical characteristics of the tested sequence from the ideal
random sequence from different perspectives. It includes 15
test items. Each test will receive a P-value value. The ran-
domness of the sequence is determined by judging the P-value
of each term. To satisfy the requirements, NIST testing needs
to meet the following three indicators:

(i) The P-value of each test item must be greater than or
equal to the significance level oo = 0.01.

(i) The sequence test pass rate must be within a con-
fidence interval of (p —3+/p(1—p)/mp+3+/p(1—p)/m),
where p =1 — o, m = 100 is the number of the test sequences,
and the corresponding confidence interval is (0.9602,1.0198).

(iii) The P-value value conforms with a uniform distribu-
tion.

In the test, set the parameter (IT,I, 115,11y, Ils5,a) =
(14,20,10,5,30,0.7) of system X¥ with an initial value of
(xlo,xzo,X30,X40,X50) = (0.5,0.1,0.1,0.1,0.5), and the test re-
sults are shown in Table 2. From the table, it can be seen that

all P values obtained in the statistical test are greater than the
significance level & = 0.01, and the pass rates of each test are
within the confidence interval. In addition, histogram is also
used to test the uniformity of the distribution of P values. In
order to fully reflect the uniformity of the P-values distribu-
tion, we select the non overlapping module matching test with
the most testing times for histogram verification. As shown in
Fig. 13, it can be seen that the distribution of P values in the
system has good uniformity.

1600

—
S
(=)
(en)

1200
1000

Non-overlapping template

0.2 0.4 0.6 0.8 1.0
P-value

Fig. 13. P-value histogram of non-overlapping template matching test
of system .

In summary, the chaotic sequences generated by this sys-
tem have good pseudo-random characteristics, and can be ap-
plied to the design of pseudo-random signal generators.

Table 2. NIST test results.

No. Randomness test P-value Proportion
1 frequency 0.759756  0.99
2 block frequency 0.616305 1
3 runs 0.699313 1
4 longest run of one’s 0.262249  0.98
5 matrix rank 0.834308 0.99
6 FFT 0.042808  0.97
7 non-overlapping template 0.978072 1
8 overlapping template 0.935716  0.99
9 universal 0.236810  0.98
10 linear complexity 0.779188 1
11 serial test 0.023545 0.99
12 approximate entropy 0.798139  0.98
13 cumulative sums test 0.834308 0.99
14 random excursions 0.739918 1
15 random excursions variant ~ 0.883171 0.99

6. Multisim circuit simulation design and imple-
mentation

In this section, the analog circuit of the conservative hy-
perchaotic system is designed and physically implemented us-
ing linear resistors, linear capacitors, multipliers, and opera-
tional amplifiers with different resistance values. Substitut-
ing parameters (I}, I, IT3,I14, IT5,a) = (14,20,10,5,30,0.7)
into Eq. (15) yields

d
% = —10)62)(3,
d
% = 4x1x3 + 25x45,
dX3
—— = 6x1x + 3.5x4, (28)
dr
d
% = —10)@)65 —7)C37
d)C5
— =15 .
dr A

The proposal of Eq. (28) conduces to designing and opti-
mizing circuit systems, and its contribution lies in the ability
to simulate the behavior of the entire circuit system and verify
the correctness and performance of the design by establishing
system equations and combining it with the simulation func-
tion of multisim. Its motivation is to achieve modular design of
circuits, further deriving corresponding circuit state equations,
analyzing the circuit system as a whole, better understanding
the working principle and overall performance of the circuit
system, revealing the interactions between different compo-
nents, analyzing their influences on system behavior, and more
comprehensively describing and analyzing the behavior and
performance of the entire circuit system. This helps to bet-
ter understand and optimize circuit systems, ensuring system
stability, and meeting performance requirements.
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Let the Hamiltonian energy function of a dimension- [ 0 JF; (x) dF (x) 7
less dynamic system (28) be H.(x), then, according to the 5 dx; 9x x
Helmbholtz theorem, the change in energy will come from the I;z () 0 agz ) X
work done by the force field. The energy function H, (x) satis- Fe(x) = 1 *n
fies the following conditions: : : N
dF,(x) dF,(x) 0 "
VH (x)TF.(x) =0, L dx dxz i
) dH (x) 29 r 7
VH)TF(x) = B () = S 29 Rk 0
dr dxi X1
(9F2 (x)
0 0 X2
where Fy(x) = oxo
VHT (x) = JdH(x), JH(x)x JH(x), JH(x), dH(x). 7 . IF, (x) Xn
dxy dx;  Jdx3  dxg  Oxs ox
L n
gradient field and vortex field are The matrix equation corresponding to Eq. (28) is
LAl
(&) Rs
—— M-
20 nF 100 kQ
100 mV/V 1V IC —0.5V

R3

U2
—AAN— Ry
50 kQ s
100 kQ
Rso
L

y A3
R¢ =
X 6 .
25 kQ Rg Csy - Ry
100 mV/V 1V 1 ———
100 kQ 20 nF 100 k€ XsC1
Vee v A2 IC —0.5V
_i_ Vi X X Rr Z2 % u@
- 15V Ub -
l 4 kQ Rio
= 100 mV/V 1V U6 e
100 kQ L
, Ad - =
Vdd va Y -
i R X Ry Ry Cs Ry7
= ., S 54—
T 16.67 k2| 100 kS 20 nF 100 k9
= 100 mV/V 1V ¢ o5 v
Ris ur7 R x3
15 U8
28.57 kQ AN — Rig U9
50 k2
100 k€
A5 = =
Y
X Rig Rao Ci Ras
T o
10 kQ | 100 k0 20 nF 100 kQ
100 mV/V 1V IC —05V
Rig T4
U10
1428k | o Uil
. ANA a
" 50 kQ T U12
. 100 kQ
N
A6 b = i
v =
% Ryy Ras Cs
T —
6.67 kQ 100 kQ 20 nF
100 mV/V 1V I —05V
U13 Ras e
LA ——
50 k2

Fig. 14. Multisim circuit diagram of system .
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[ X1 0 —5x3 —5x 0 0 X1
X2 2x3 0 2x1 12.5x5 12.5x4 X2
x= |X3|=]|3x 3x 0 3.5 0 X3
X4 0 —5x5 -7 0 —5x2 X4
| X5 0 —75x 0 —=75x, O X5
— 10)62X3
dx1x3 + 25x4%5
= 6x1x3 + 3.5x4 (32)
— IOX2XS — 7X3
—15x7x4

According to Egs. (29) and (30), its Hamiltonian energy
function satisfies

oH, oH,
8x§x> (—=10x2x3) + Tix) (4x1x3 +25x4x5)
J0H,
+ Tix) (6x1x2 +3.5x4)
*0n (—10x2x5 — 7x3) + . (—15x2x4) = 0. (33)

Solving Eq. (33) yields the following energy function expres-

sion:

H(xX) = 7x% + 10x3 + 5x3 +2.5xF + 15x2.

(34)

A modular circuit is designed according to Eq. (28) (see
Fig. 14). The corresponding circuit state equation is

dx; R;

At T RRCOE

dx; Rg Rg

dr - _R5R9C2 (=x)xs - R6R9C2)C4(_x )

dx3 Rz Ri2

dr  RioR13G3 (=) = R11R13C3 (=), G5)
dx _ Rie oxs — Ri6 2

dr R14R17Cy RisR17C4

dxs Rig

A RioRxuGCs e

Now, we compare the coefficients of Eq. (28) with
the coefficients of Eq. (33), set the corresponding resis-
tance and capacitance values, at the same time, select
100 mV/1 V as the output scale coefficient of the ana-
log multiplier, and further we set the initial voltages of the
five capacitors to be 0.5, 0.1, 0.1, 0.1, and 0.5 V, respec-
tively, corresponding to the initial values of the chaotic sys-
tem. We select the power supply voltage by using Multi-
sim software for circuit simulation. The simulation results

Fig. 15. Circuit simulation diagram of system X in (a) x,—x4 plane and (b)
Xx3—x4 plane.

are shown in Fig. 15, and they are consistent with the exper-
imental results in Fig. 2, which proves that the system is a
conservative hyperchaotic system without attractors and has
superior ergodicity.

7. Implementation of DSP hardware platform

Hardware implementation is of great significance in
studying chaotic systems. Owing to the advantages of DSP
digital signal processor such as fast processing speed, strong
programmability, and high anti-interference, in this work, the
DSP digital signal processor is selected for hardware imple-
mentation of the new system.

In our experiment, we first select a digital signal process-
ing chip with a model of TMS320F28335. Then, we discretize
the new system based on improved Euler algorithm to obtain
the discretized mathematical model, and write the model into
the chip in C language. We connect the simulator XDS100-
V1 to the computer and utilize a 32-bit 4-channel DAC mod-
ule with the chip of TLV5620 chip to output chaotic sig-
nals. Finally, we set the parameters (ITj, [T, I3, 1y, IT5,a) =
(14—,207 10,5,30,0.7), initial values (X]Q,XQQ,X30,X40,X50) =
(0.5,0.1,0.1,0.1,0.5), and use the oscilloscope VOS-620B to
observe the result (see Fig. 16). Figure 16 shows that the
chaotic signal generated by DSP coincides with the Matlab
simulation results in Fig. 2(a) under the same system parame-
ters and initial values, realizing the digitization of the chaotic
system and proving the physical realizability of the new sys-
tem.

Fig. 16. Hardware implementation of system X showing (a) DSP experi-
mental platform and (b) chaotic signal generated by DSP in x,—x4 plane.

8. Conclusions

Based on the 5D Euler equation, a novel 5D Hamilto-
nian conservative hyperchaotic system is constructed in this
work. By analyzing Hamilton energy and Casimir energy, it
is proved that the new system satisfies Hamilton energy con-
servation and can generate chaos. At the same time, the sys-
tem has a variety of complex dynamic characteristics, such as
time reversal symmetry, wide parameter range, multiple sta-
bility. The study of time reversal symmetry plays an impor-
tant role in solving some physical problems such as quantum
mechanics. Chaotic systems have stronger stability and better
encryption performance in a wide parameter range. The new
system can generate multiple coexisting chaotic orbits under
different initial conditions and has good symmetry, revealing
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the hidden multi stability dynamics characteristics of the sys-
tem. Multi stability can be used to process image or gener-
ate different random signal sources for application in the field
of information engineering. In addition, the conservative and
chaotic characteristics of the system are verified through the
analysis of divergence, phase diagram, equilibrium point, Lya-
punov exponents, and bifurcation diagram. Secondly, through
SE complexity analysis and NIST testing, it is proved that the
chaotic sequence generated by the new system has high com-
plexity and good pseudo randomness. Finally, using Multisim
software and digital signal processor (DSP) to conduct circuit
simulation and hardware circuit experiments on a conservative
hyperchaotic system, it is confirmed that the new system has
good ergodicity and realizability.
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