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SPECIAL TOPIC — States and new effects in nonequilibrium
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The dramatic temperature-dependence of liquids dynamics has attracted considerable scientific interests and efforts
in the past decades, but the physics of which remains elusive. In addition to temperature, some other parameters, such as
pressure, loading and size, can also tune the liquid dynamics and induce glass transition, which makes the situation more
complicated. Here, we performed molecular dynamics simulations for Ni50Zr50 bulk liquid and nanodroplet to study the
dynamics evolution in the complex multivariate phase space, especially along the isotherm with the change of pressure or
droplet size. It is found that the short-time Debye–Waller factor universally determines the long-time relaxation dynamics
no matter how the temperature, pressure or size changes. The basic correlation even holds at the local atomic scale. This
finding provides general understanding of the microscopic mechanism of dynamic arrest and dynamic heterogeneity.

Keywords: metallic glass-forming liquids, structure relaxation, dynamical heterogeneity, Debye–Waller factor

PACS: 61.20.Ja, 61.20.Lc, 64.70.Q– DOI: 10.1088/1674-1056/acf994

1. Introduction
Upon rapid cooling, if liquids, such as polymers, bio-

materials, and metallic melts, avoid crystallization, they will
cross a glass transition temperature and solidify into glasses
accompanying a drastic increase of the shear viscosity in ap-
proximately 17 orders of magnitude.[1,2] In the liquid–glass
transition, temperature (T ) governs the underlying relaxation
dynamics, known as primary (α) relaxation, which constitutes
a central topic and long-standing issue in glassy physics and
materials science.[3–10] Apart from T , the pressure (P) or den-
sity (ρ) may also play a significant role in the relaxation dy-
namics in glass-forming liquids. Experimental and numer-
ical simulation studies have revealed that P can effectively
change the structure and dynamics of glass-forming liquids,
thus influencing the liquid–glass transition and resulting in dif-
ferent glassy states.[11–14] It has also been observed that the
relaxation time at different T and P collapses onto a single
curve.[15,16] In addition, the relative importance of T and ρ

in determining the relaxation time is found to be described by
a scaling variable of ργs/T in various glass-forming liquids,
where γs is a material-specific constant.[17–22] These findings
indicate that pressure may play a role similar to temperature in
relaxation dynamics in glass-forming liquids, but the intrinsic
physics remains controversial.

On the other hand, a scaling relation between temperature
and shear stress has also been established for viscous flow in
glass-forming materials, indicating that mechanical stress also

has important impact on both the glass transition temperature
and liquid viscosity.[23–25] In addition, experiments and sim-
ulations have revealed that for finite-sized liquid droplets, the
glass transition temperature and structural relaxation time de-
crease drastically with reduction of the droplet size, exhibit-
ing a strong size dependence.[26–28] Therefore, size, as an-
other important parameter, can be utilized to manipulate the
dynamics and properties of glasses and liquids at the nanome-
ter scale.[29,30]

The dynamical evolution and glass transition in glass-
forming liquids have been extensively investigated by studying
their relations with various parameters, including temperature,
pressure, stress, density and size. However, little attention has
been paid yet to a fundamental issue: Whether there exists any
common basis underlying the dynamical evolution induced by
these different parameters in glass-forming liquids? Answer
to this question may provide fundamental understanding of
the mechanism of dynamic arrest and glass transition. It may
also offer insights into the mechanism of jamming transition
associated with density, temperature and mechanical stress in
colloidal and granular materials.[31,32]

In this work, we systematically investigated the influence
of temperature and pressure on the relaxation dynamics and
dynamical heterogeneity in Ni50Zr50 metallic glass-forming
liquids via classical molecular dynamics (MD) simulations.
The finite-size droplets of Ni50Zr50 liquids were also simu-
lated to investigate the size effect on the relaxation dynam-
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ics and dynamical heterogeneity. It is revealed that all the
temperature-, pressure-, and size-dependent relaxation dynam-
ics and dynamical heterogeneity can be universally determined
by the Debye–Waller (DW) factor in metallic glass-forming
liquids. It allows one to see unambiguously that the glass
transitions induced by different state parameters are manifes-
tations of the same phenomenon.

2. Model and method
In this work, we studied the dynamics in both the bulk

liquids and nanodroplets of a Ni50Zr50 model alloy using MD
simulations implemented with the LAMMPS code.[33] Here
a realistic embedded-atom method (EAM) potential was em-
ployed to accurately describe the interatomic interactions in
Ni50Zr50 alloy.[34] Briefly, the bulk metallic system contained
40000 atoms in a cubic box with periodic boundary conditions
applied in three directions. For the liquid droplets, samples
with different numbers of atoms ranging from 128 to 16000
were simulated with overall translation and rotation being pro-
hibited. Samples were first equilibrated at 2000 K for 2.0 ns,
followed by hyper-quenching to 100 K with cooling rate of
1.0×1012 K/s in NPT (constant particle number, pressure, and
temperature) ensemble. At each temperature of interest, after
the samples were annealed for 2.0 ns in NPT ensemble, the en-
semble was switched to NVT (constant particle number, vol-
ume, and temperature) ensemble and the samples were further
annealed for sampling.

To characterize the atomic dynamics in bulk liquids
and liquid droplets, both self-intermediate scattering function
(SISF) of Fs(𝑞, t) = N−1

∑
N
j=1〈exp[i𝑞 ·(𝑟 j,t−𝑟 j,0)]〉 and mean

square displacement (MSD) of ∆r2(t) = N−1
∑

N
j=1〈(𝑟 j,t −

𝑟 j,0)
2〉were calculated for samples at various temperatures un-

der different pressures (see supplementary Fig. S1), where N
is the number of atoms, 𝑟 j,t the coordinate vector of atom j
at time t, 𝑞 the wave vector fixed at |𝑞| = qmax (∼ 2.7 Å−1)
which corresponds to the first peak position of the structure
factor, and 〈 〉 the ensemble average. Based on SISF and MSD,
the relaxation time τ and DW factor 〈u2〉 can be obtained. In
general, τ is defined as the time scale when SISF decays to
e−1,[9,15,16] and 〈u2〉 is defined as the MSD at a few picosec-
ond (∼ 0.33 ps)[35–40] when it starts to reach the quasi-plateau
region (see supplementary Fig. S1).

The basis of defining 〈u2〉 of liquid lies in the notion
that liquid can be treated as a solid within a very short time
scale.[35] However, choosing a proper time for measuring 〈u2〉
should be careful, especially at high temperatures.[35] Al-
though the MSD at low temperatures (such as 900 K) does
show a clear plateau region, denoting the vibration within
cage. Whereas at high temperatures, the MSD does not show
such a clear plateau region (such as 1600 K). To deal with such
situations, previous studies[36–40] usually defined the cage time

according to the minimum derivative of MSD in double-log
plot. Further analysis indicated that in Ni50Zr50 system the
cage time increases as temperature decreases (see supplemen-
tary Fig. S2). And the cage time at a high temperature of
1600 K is around 0.33 ps. For simplicity, we chose it as a
constant time for measuring the 〈u2〉 in all cases. Note that a
constant time for measuring 〈u2〉 was also applied in a previ-
ous study on polymer glass.[37] We have verified that even if
we chose the variable cage time for measuring 〈u2〉, the data
points of τ and 〈u2〉 under different temperatures and pressures
still collapse on a master curve (see supplementary Fig. S3).
This indicates that the connection between relaxation time and
DW factor is intrinsic.

3. Results and discussion
3.1. Relationship between τ and 〈u2〉 in bulk liquids and

droplets

First, we studied the relation between structural relax-
ation time τ and DW factor 〈u2〉 in Ni50Zr50 liquid at different
temperatures under zero pressure. Figures 1(a) and 1(b) show
the temperature dependence of 〈u2〉 and τ at P = 0 GPa, re-
spectively. It can be seen that while 〈u2〉 decreases a little with
decreasing temperature, τ drastically increases several orders
of magnitude. We also investigated the pressure dependence of
〈u2〉 and τ at various fixed temperatures, as shown in Figs. 1(c)
and 1(d), respectively. Similarly, at a given temperature, while
〈u2〉 decreases, τ increases as pressure increases. It can be
seen that pressure suppresses the rattling amplitude of atoms
within cages formed by the nearest neighbors and slows down
the structural relaxation in metallic glass-forming liquids. The
smaller the 〈u2〉, the longer the relaxation time τ . If one plots
τ as a function of 〈u2〉, all data collapse onto a master curve of
τ [P,T ]≡ τ

[
〈u2〉

]
without introducing any additional parame-

ters, as shown in Fig. 1(e). This indicates that the long-time
relaxation dynamics in glass-forming liquids are intrinsically
correlated to the short-time vibrational dynamics, regardless of
whether the relaxation dynamics in glass-forming liquids are
induced by temperature or pressure. This finding suggests that
liquids with the same vibrational 〈u2〉 share the same relax-
ation time τ , thus implying that the structural relaxation time
in liquids is fundamentally determined by the DW factor.

Notably, previous studies have revealed that the combined
effects of T and ρ on relaxation dynamics follow a scaling re-
lationship of τ [T,ρ] = τ [ργs/T ] in various glass-forming liq-
uids, where γs is a material-specific constant.[17–22] As shown
in Figs. 2(a) and 2(b), the relaxation time τ in Ni50Zr50 sys-
tem also follows the scaling law of τ [T,ρ] = τ [ργs/T ], where
γs = 1.25 (±0.10). This observed scale invariance is consis-
tent with a previous study in a ternary Zr50Cu44Al6 system,[20]

indicating that the influences of T and ρ on liquid dynamics
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share common basis in metallic glass-forming liquids. Here,
we revealed that this common basis can be described with 〈u2〉,
i.e., τ [T,ρ] = τ

[
〈u2〉

]
. Considering the scaling relationship

of τ [T,ρ] = τ [ργs/T ], it is derived that 〈u2〉 also obeys the

scaling relationship of 〈u2〉 [T,ρ] = 〈u2〉 [ργs/T ]. As shown in
Figs. 2(c) and 2(d), we have verified the validity of the ther-
modynamic scaling of 〈u2〉. This result indicates that the cor-
relation between τ and 〈u2〉 is intrinsic.
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Fig. 1. (a) and (b) The vibrational 〈u2〉 and relaxation time τ changing with temperature along the zero pressure isobar (P = 0 GPa) in Ni50Zr50
bulk liquid. (c) and (d) The 〈u2〉 and τ changing with pressure along different isotherms (1000 K, 1100 K and 1300 K). (e) The relaxation time
τ versus 〈u2〉, they naturally collapse on a well-defined master curve.
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isobar (P = 0 GPa) and along different isotherms (T = 1000 K, T = 1100 K and T = 1300 K). (c) and (d) The vibrational 〈u2〉 changing with
density ρ and with the variable ργs/T , respectively.

To verify the universality of the relation between the DW
factor and structural relaxation time, we further investigated
the size-induced dynamical evolution in finite-sized droplets
of Ni50Zr50 glass-forming liquid. Figures 3(a) and 3(b) show
the variations of DW factor 〈u2〉 and structural relaxation time
τ with droplet size, respectively. It can be observed that 〈u2〉
decreases as the droplet size increases. However, τ increases

with increasing the droplet size. Therefore, dynamics be-
come faster as the liquid droplet becomes smaller, consistent
with previous studies.[27] We also compared the variation of τ

with 〈u2〉 for liquid droplets with various sizes. As shown in
Fig. 3(c), all data for different sizes and temperatures collapse
onto a master curve of τ [N,T ]≡ τ

[
〈u2〉

]
without introducing

any parameters. This indicates that the long-time relaxation
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dynamics in finite-sized liquid droplets are also intrinsically
correlated to the short-time vibrational dynamics, independent
of the droplet size.

To verify whether the dynamics induced by temperature,
pressure and size share the same fundamental basis, we com-
bined all the data from bulk liquids and liquid droplets into a
single plot. Surprisingly, all of these data points collapse onto

a single curve, as shown in Fig. 4. This remarkable observa-

tion provides strong evidence that the relation between struc-

tural relaxation time and DW factor is intrinsic and universal,

independent of temperature, pressure and size. These param-

eters actually change the DW factor, which fundamentally de-

termines the relaxation dynamics in glass-forming liquids.
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Fig. 3. (a) and (b) The vibrational 〈u2〉 and relaxation time τ changing with the size (total number of particles) of Ni50Zr50 nanodroplets
along different isotherms from 800 K to 1400 K. (c) The relaxation time τ of nanodroplets with different sizes, as functions of 〈u2〉. They also
collapse on a master curve.
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Fig. 4. The relaxation time τ versus 〈u2〉 for both the Ni50Zr50 bulk liq-
uids and nanodroplets, they all collapse on a master curve which can be
well fitted by Eq. (2) with u2

0 = 0.607 Å2 and γ = 2.5 (dark solid line)
(see supplementary Section II for more details about the fitting).

In previous studies, some different phenomenologi-
cal equations have been proposed to quantify the relation-
ship between structural relaxation time and DW factor in
glass-forming liquids. For example, by treating the vis-
cous flow events as activated jumps between neighbor har-
monic wells, Hall and Wolynes related τ to 〈u2〉 by τ ∝

exp
[
a2/〈u2〉

]
, where a is the displacement to overcome the

barrier.[36] This approach was recently extended by Leporini
and coworkers,[37–40] assuming a Gaussian distribution of a2

(with a2 average and σ2
a2 variance) as a way of modeling the

structure heterogeneity of glasses and leading to

τ ∝ exp
[
a2/2〈u2〉+σ

2
a2/8〈u2〉2

]
. (1)

Alternatively, by relating the free volume to the DW fac-
tor, i.e., vf ∝ 〈u2〉3/2 in a simulated coarse-grained polymeric

glass-former, Starr et al. found another scaling for τ and 〈u2〉
as τ ∝ exp

[(
u2

0/〈u2〉
)3/2 ].[41] It was argued by Douglas and

coworkers that the exponent of 3/2 here is due to the per-
fectly isotropic growth of free volume with temperature,[42–44]

and the exponent can be larger than 3/2 for anisotropic cases.
Therefore, this formula was generalized to be

τ ∝ exp
[(

u2
0/〈u2〉

)γ
]
, (2)

where γ is material-specific. Here, our data of τ and 〈u2〉 can
be well described by both Eq. (1) with a2 = −3.42 Å2 and
σa2 = 2.72 Å2 and Eq. (2) with u2

0 = 0.607 Å2 and γ = 2.5 (see
supplementary Fig. S4), respectively. Mathematically, these
two equations are consistent with each other, since one can
simply get a2/(2〈u2〉)+σ2

a2/(8〈u2〉2) by a second-order Tay-
lor expansion of

(
u2

0/〈u2〉
)γ . However, if γ > 2, the expansion

will always give a negative value of a2 (see supplementary
Section II for more discussion). In our case, a2 in Eq. (1) was
fitted to be−3.42 Å2, which is unphysical, but consistent with
γ = 2.5. Therefore, Eq. (2) is more physical and was applied
for the fitting, as shown in Fig. 4. This indicates that there is
an intrinsic relationship between structural relaxation time and
DW factor in glass-forming liquids under various conditions.
The large value of γ means that the vibration and relaxation
are strongly anisotropic for local atoms in Ni50Zr50 alloy we
studied. Whether this is also the case for other MGs needs
further studies.
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3.2. Relationship between τ and 〈u2〉 in local atomic struc-
tures

We conducted further analysis to check whether such a
correlation also holds for local atomic structures in liquids.
For bulk liquid of P = 0 GPa at different temperatures (from
800 K to 1300 K), 〈u2〉 of each atom can be calculated based
on its mean-square displacement. Atoms were sorted by their
〈u2〉 from low to high, and divided into 10 groups, each con-
taining 10% of the total atoms. Within each group, the av-

eraged 〈u2〉 were calculated, as shown in Fig. 5(a). SISF
of atoms in each group can be also calculated, as shown in
Fig. 5(b), allowing us to extract the corresponding relaxation
time for each group. Consequently, the correlation between
relaxation time and DW factor within each group can be ob-
tained. We then plotted τ and 〈u2〉 at different temperatures for
all the 10 groups together, as shown in Fig. 5(c). Remarkably,
the data from all groups collapse onto a master curve, similar
to the overall case.
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It has been proved that atoms near the surface of liquid
droplet exhibit much faster relaxation dynamics than those in
the interior.[27] In our study, for liquid droplets of N = 16000
at different temperatures, we partitioned them into some con-
centric shells with a thickness of 3 Å from surface to the center.
Similarly, the averaged 〈u2〉 and relaxation time of the atoms
within each shell can be calculated. As shown in Figs. 6(a)
and 6(b), the group of atoms near the surface display larger
〈u2〉 and smaller τ , indicative of fast relaxation dynamics, con-

sistent with previous studies.[27] Figure 6(c) shows that all the

data from the liquid droplets at different temperatures collapse

onto a master curve. Moreover, we combined all data from

the above two cases, encompassing both the bulk liquids and

liquid droplets, and found that they all collapse onto a master

curve, which can be well described by Eq. (2), as shown in

Fig. 7. This result demonstrates that the long-time relaxation

dynamics and DW factor in local regions are also valid.
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Fig. 6. The dynamics of local atoms from inner to outer layers in the nanodroplet (N = 16000) at different temperatures (from 800 K to
1200 K). (a) and (b) The 〈u2〉 and τ of atoms at different shells in the nanodroplet, while the thickness of each shell is 3 Å and core atoms (with
r < 18 Å) are treated as one shell. It is noted that atoms near the surface of nanodroplet have faster dynamics than inner atoms. (c) τ versus
〈u2〉 for different local shells. The black line is taken from Fig. 4.

Thus, our finding indicates that there is an intrinsic re-
lationship between long-time relaxation dynamics and short-
time vibration dynamics in glass-forming liquids. As shown in

Figs. 4 and 6, regardless of how the dynamics in glass-forming
liquids are changed or whether it is global or local, the long-
time relaxation dynamics is universally correlated to the short-
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time rattling motion within the cage of the nearest neighbors.
It indicates that DW factor intrinsically controls the long-time
relaxation dynamics in glass-forming liquids.
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Fig. 7. Universal correlations between τ and 〈u2〉 for different local
atom groups in both the Ni50Zr50 bulk liquids and nanodroplets. The
dark solid line is fitted with Eq. (2), the same as the one shown in Fig. 4.

3.3. Relationship between 〈u2〉 and dynamical heterogene-
ity

Next, we examined the relationship between DW fac-
tor and dynamical heterogeneity in glass-forming liquids. It
has been widely recognized that upon cooling, the dynam-
ics in glass-forming liquids are drastically slowed down, and
become increasingly heterogeneous.[16,45–48] The dynamical
heterogeneity in supercooled glass-forming liquids can be
quantitatively characterized using the non-Gaussian parameter
α2 (t) = 3

5 〈∆r4〉/〈∆r2〉2−1,[16] where ∆r is the displacement
of an atom in time scale t. The peak amplitude of α2,max and
the peak position of τα2,max can be used to estimate the most
heterogeneous dynamics in a glass-forming liquid at T . As the
temperature decreases, both α2,max and τα2,max increase signif-
icantly, indicating that dynamics in liquids become more het-
erogeneous with decreasing temperature (see supplementary
Fig. S5(a)). Figures 5(a) and 5(b) show that for bulk metal-

lic glass-forming liquids at different temperatures and pres-
sures and metallic liquid droplets with various sizes, all data
of α2,max ∼ 〈u2〉 and τα2,max ∼ 〈u2〉 collapse together, follow-
ing a universal behavior, respectively. This observation indi-
cates that dynamical heterogeneity in glass-forming liquids is
intrinsically correlated to the DW factor.[49,50]

3.4. Insight into the kinetic fragility

The kinetic fragility m is defined as

m =
∂ log(τ)
∂
(
Tg/T

) ∣∣∣∣
T=Tg, τ=τg

,

which is constructed by Angell[1] to describe how fast τ

changes with temperature near glass transition temperature
Tg. Previous studies have revealed that the fragility m of
a glass-forming system generally increases with increasing
pressure,[12–14] and decreases with decreasing particle size.[28]

For comparison, we conducted analysis on kinetic fragility in
Ni50Zr50 system. For simplicity, three typical cases were stud-
ied, including the bulk liquids under two different pressures
(P = 0 GPa and P = 9 GPa), as well as the nanodroplet con-
taining 2000 atoms (N = 2000). As shown in Fig. 9(a), the
relaxation time τ can be well fitted with the VFT equation of
τ ∝ exp

(
DT0

T−T0

)
. Following previous studies,[20,28] we defined

τg as 104 ps, and calculated Tg accordingly. It is observed that
Tg under P = 9 GPa is higher than that under P = 0 GPa for
bulk liquids, and that Tg of nanodroplet is the lowest among
them. Importantly, as shown in Fig. 9(b), the kinetic fragility
m is different in the three different cases. We observed that
the fragility m under P = 9 GPa is higher than the one under
P = 0 GPa for bulk liquids, and that fragility m of nanoparticle
is the lowest among them. That is, similar to Tg, the kinetics
fragility m in Ni50Zr50 system increases with increasing pres-
sure, and it also decreases with decreasing particle size. This
result is consistent with the previous studies.
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Fig. 8. The τα2,max (a) and α2,max (b) as functions of 〈u2〉. They also collapse on master curves, respectively.
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Fig. 9. (a) and (b) The relaxation time τ changing with temperature and
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different pressures (P = 0 GPa and P = 9 GPa) and a nanodroplet that
contains 2000 atoms (N = 2000). The solid line represents VFT fitting,
and the arrow denotes Tg at which τ equals τg (defined as 104 ps).[20,28]

Significantly, the observation of intrinsic connection be-
tween τ and 〈u2〉 provides insightful understanding of the ki-
netic fragility. Considering the relationship of τ [T,P,N] ≡
τ
[
〈u2〉

]
≡ τ0exp

[(
u2

0/〈u2〉
)γ
]
, the kinetics fragility can be

presented as

m =
∂ log(τ)

∂
(
u2

g/〈u2〉
) ∣∣∣∣∣

u2=u2
g,τ=τg

×
∂
(
u2

g/〈u2〉
)

∂
(
Tg/T

) ∣∣∣∣∣
T=Tg,〈u2〉=u2

g

.

The first term can be simplified into

∂ log(τ)
∂
(
u2

g/〈u2〉
) ∣∣∣∣∣

u2=u2
g,τ=τg

=
γ

ln(10)

(
u2

0
u2

g

)γ

= γlog
(
τg/τ0

)
,

which is an intrinsic part and independent of pressure and size.
Whereas the second term can be simplified into

∂
(
u2

g/〈u2〉
)

∂
(
Tg/T

) ∣∣∣∣∣
T=Tg,〈u2〉=u2

g

=
Tg

u2
g
× ∂ 〈u2〉

∂T

∣∣∣∣
T=Tg,〈u2〉=u2

g

,

which is proportional to both Tg and the gradient of 〈u2〉. Fi-
nally, the overall fragility can be simplified into

m = γlog
(
τg/τ0

)
×

Tg

u2
g
× ∂ 〈u2〉

∂T

∣∣∣∣
T=Tg,〈u2〉=u2

g

.

When the pressure or size changes, only Tg and the gradient
of 〈u2〉 may change accordingly. Generally, a larger gradi-
ent of 〈u2〉 means a much faster decay of 〈u2〉 with temper-
ature, leaving 〈u2〉 reaching u2

g at a higher Tg during cooling
process. It indicates that Tg and the gradient of 〈u2〉 are con-
nected with each other, and share consistent trends with pres-
sure and size. As a consequence, one can easily obtain the
trend of fragility with pressure and size according to the trend
of Tg. For example, if one knows that Tg increases as pres-
sure increases, one can infer that the gradient of 〈u2〉 also in-
creases. Based on the above equation, one can quickly deduce
that the fragility should increase accordingly. Theoretically,
with a proper choice of the pressures and size, the Ni50Zr50

bulk liquid and nanodroplet could have the same Tg and the
same fragility curve. It suggests that the fragility curve could
be considered as a subset of the master curve representing the
relationship between τ and 〈u2〉.

It is an interesting question whether the parameter γ

is connected with the scaling exponent γs. According to
the above discussion, γ is intrinsically related to the kinetic
fragility. Whereas for the density scaling exponent γs, previ-
ous studies have revealed that γs is closely related to the inter-
atomic interactions.[17–22] Some studies argued that the inter-
atomic interactions are also highly connected with the kinetics
fragility m.[51–53] Therefore, both of these two parameters are
connected with fragility. However, it does not mean that these
two parameters are directly connected with each other. The ex-
ponent γ measures how fast τ changes with 〈u2〉, independent
of the temperature, density and size. Whereas γs measures the
relative importance of density as opposed to temperature on
dynamics. Therefore, γ and γs describe different physical pro-
cesses, and they are not directly correlated with each other.
The value of γ cannot be inferred from the value of γs, and
vice versa.

3.5. Relationship between 〈u2〉 and shear modulus and re-
laxation time

Based on the above analysis, it is evident that both the
structural relaxation time and the dynamical heterogeneity
are determined by the DW factor in the glass-forming liq-
uids. Whereas in glasses, it has been proven that the DW
factor is universally related to the shear modulus G, that is,
G = C kBT

〈u2〉V 1/3
a

, where Va is the average atomic volume, kB is

Boltzmann constant and C ≈ 0.5 is a universal constant for all
glasses.[54] For the same metallic glass, V 1/3

a is comparable
to the atomic diameter, which changes little with temperature
or pressure or droplet size. Therefore, at a given temperature,
the decrease of DW factor induced by pressure or size is di-
rectly related to the increase of shear modulus in glasses. In
the supercooled liquid, there still exists the instantaneous shear
modulus referring to time scales that are much shorter than the
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relaxation time. As can be seen in Figs. 1(c) and 3(a), the DW
factor decreases with the increase of pressure or droplet size at
a given temperature. Consequently, this infers that the instan-
taneous shear modulus increases with the increase of pressure
or droplet size. From the potential energy landscape (PEL)
perspective,[56] α processes correspond to the transitions be-
tween meta-basins in PEL, and the slope of the meta-basin in
PEL is determined by the shear modulus.[57,58] Thus, the in-
crease of pressure and droplet size can increase the slope of
the meta-basins, thereby restraining the α process.[58] This is
consistent with our observations that the relaxation time gets
longer with the increase of pressure (Fig. 1(d)) and droplet size
(Fig. 3(b)).

Notably, the intrinsic correlations between τ and G∞ and
〈u2〉 can be well understood in terms of the Shoving model.[5]

Theoretically, the Shoving model assumes that the activation
energy of relaxation in liquid is mainly the shear elastic en-
ergy which is located in the surroundings of the flow event.[5]

Based on this assumption, it establishes a correlation between
relaxation time and shear modulus and DW factor as

τ ∝ exp
(

∆E
kBT

)
, ∆E ∝ G∞d3

∝ kBT
d2

〈u2〉
,

where the parameter d is the average interatomic distance.
Importantly, the Shoving model supposes an intrinsic con-
nection between shear modulus and DW factor as G∞ ∝

kBT/(d〈u2〉), which has been proved to be valid in various
metallic glasses.[54] It provides a convenient way to evaluate
the trend of G∞ from the trend of 〈u2〉 with pressure and size
at a fixed temperature. Based on our result of 〈u2〉, we inferred
that at fixed temperature the shear modulus G∞ increases with
increasing pressure, and decreases with decreasing size. More
importantly, the Shoving model also supposes an intrinsic con-
nection between relaxation time and DW factor. Here, we
observed an intrinsic connection between relaxation time and
DW factor, independent of temperature, pressure and size. To
this point, our results are well consistent with the Shoving
model.

However, it should be noted that data points of τ and
〈u2〉 for Ni50Zr50 system do not follow the equation of τ ∝

exp
[
λ1d2/〈u2〉

]
, as predicted by the Shoving model. Instead,

they follow the equation of τ ∝ exp
[(

u2
0/〈u2〉

)γ ], as devel-
oped by Douglas and coworkers.[42–44] The discrepancy in-
dicates that the Shoving model might miss the important pa-
rameter γ that controls the explicit relationship between τ and
〈u2〉, though it has seized the intrinsic connection between
them. According to Douglas and coworkers,[42–44] the param-
eter γ is due to the anisotropic nature of local vibration and
relaxation. Therefore, it is possible to improve the Shoving
model by considering the anisotropic nature. Further studies
are necessary to clarify this issue.

3.6. Relationship between 〈u2〉 and boson peak and five-
fold local symmetry

Recently, a universal equation has been also derived for
the boson peak intensity IBP and Debye–Waller factor 〈u2〉
in disorder materials at different temperatures under different

pressures,[59] given as IBP = A
(

m〈u2〉
kBT

)3/2
, where A ≈ 0.215

is a universal constant, and m is the average atomic mass.
This indicates that the DW factor fundamentally determines
the boson peak intensity in disordered materials.[59] All these
findings suggest that the Debye–Waller factor is the univer-
sal basis underlying the dynamics in wide time scales from
high-frequency boson peak to long-time structure relaxation
in disordered materials. On the other hand, a quantitative rela-
tionship was also established between the structure parameter
of five-fold local symmetry in atomic clusters and dynamics
in both short- and long-time relaxation dynamics in metal-
lic glass-forming liquids, suggesting that there exists a com-
mon structural basis underlying the dynamics in different time
scales in glass-forming liquids.[60] Whether this structural pa-
rameter is suitable for describing the dynamics induced by dif-
ferent state parameters needs further investigations.

4. Conclusion
In conclusion, via comprehensive computer simulations

of Ni50Zr50 bulk liquids and nanodroplets, we studied dynam-
ics evolution in the multivariate phase space, especially along
the isotherm with the change of pressure or droplet size. An
universal correlation between τ and 〈u2〉 is observed, inde-
pendent of the way we tune the dynamics, and they all stay
on a master curve with changing relaxation time τ over 5 or-
ders of time scales. Moreover, this universal correlation even
holds locally. We also found that the dynamical heterogeneity
is closely related to the short-time vibrational DW factor. It
infers that the long-time α relaxation is mainly controlled by
the short-time vibrational DW factor in liquids. These findings
would help understanding the long-standing challenges of dy-
namic arrest mechanism and the physical nature of dynamical
heterogeneity.
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