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The high-fidelity reconstruction of sound speeds is crucial for predicting acoustic propagation in shallow water where
internal solitary waves (ISWs) are prevalent. Mapping temperatures from time series to spatial fields is an approach widely
used to reproduce the sound speed perturbed by deformed internal waves. However, wave-shape distortions are inherent
in the modeling results. This paper analyzes the formation mechanism and dynamic behavior of the distorted waveform
that is shown to arise from the mismatch between the modeled and real propagation speeds of individual solitons within
an ISW packet. To mitigate distortions, a reconstruction method incorporating the dispersion property of an ISW train is
proposed here. The principle is to assign each soliton a real speed observed in the experiment. Then, the modeled solitons
propagate at their intrinsic speeds, and the packet disperses naturally with time. The method is applied to reconstruct the
sound speed perturbed by ISWs in the South China Sea. The mean and median of the root-mean-square error between the
reconstructed and measured sound speeds are below 2 m/s. The modeled shape deformations and packet dispersion agree
well with observations, and the waveform distortion is reduced compared with the original method. This work ensures the
high fidelity of waveguide-environment reconstructions and facilitates the investigation of sound propagation in the future.
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1. Introduction

Internal solitary waves (ISWs) with large amplitudes,
high current velocities, and strong vertical shears are ubiq-
uitous in the ocean.[1,2] ISWs may cause large fluctuations
to sound-speed fields in the horizontal range and the vertical
depth and further affect underwater acoustic propagation.[3]

Previous work[4,5] suggests that the high-fidelity reconstruc-
tions of sound speeds in water are the essential prerequisites
for studying sound transmission in the fluctuating medium.
The frequently used approaches to synthesizing the space- and
time-dependent sound speed can be divided into four cate-
gories: (1) theoretical methods based on the solutions to the
Korteweg–de Vries (KdV) equation, such as the well-known
hyperbolic secant profile and the dnoidal model,[6,7] (2) ocean
numerical models, e.g., the MIT general circulation model
(MITgcm)[8,9] and the MIT-multidisciplinary simulation, es-
timation, and assimilation systems (MIT-MSEAS),[10,11] (3)
utilizations of data features, e.g., the empirical orthogonal
function (EOF) representation[12] and the tensor dictionary
learning,[13] and (4) hybrid techniques which, by coupling ex-

perimental data with physical models, maintain a better bal-
ance between the fidelity of modeling results and the con-
venience in model configurations for studying acoustic prob-
lems. Driven by both observed data and theoretical models,
the hybrid-type reconstruction methods have received much
attention,[14–16] and the single propagated thermistor string
(SPTS) technique[17] is a representative. In SPTS, the temper-
ature time series recorded by a thermistor string are advected
at a constant speed along a track to simulate internal-wave
propagation, and the modeled wave shapes do not change with
time since they are solely derived from the observations of a
single mooring. Afterwards, the evolutionary propagated ther-
mistor string (EPTS) method[18–20] was developed to take into
account the temporal evolution of internal-wave shapes by in-
tegrating the information from multiple-mooring data.

Both SPTS and EPTS have fully accounted for the shape
deformations of internal waves, which include the variations
of amplitude, the development or decay of solitons, and other
changes in waveform structures. Nevertheless, severe shape
distortions are found to be inherent in the sound speeds re-
produced by EPTS that neglects the difference in propaga-
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tion speeds among individual solitons within a wave train so
that the modeled solitons propagate at the same speed as a
whole. This paper demonstrates that the distorted waveform is
caused by the mismatch between the modeled and real speeds
of individual solitons in a packet and exhibits anomalous dy-
namic behavior during the modeled internal-wave propaga-
tion. To address this deficiency, our work here proposes a
dispersive evolutionary propagated thermistor string (DEPTS)
technique which, by assigning each soliton its real speed in-
stead of the same one as others, models the ISW packet with
the dispersion property incorporated. Besides, the DEPTS
model weights the data collected by different moorings ac-
cording to the distances from them to reproduce the time-
varying wave shapes. Thus, shape deformations and packet
dispersion, the two internal-wave properties significantly af-
fecting acoustic propagation,[5,21,22] are both incorporated into
the DEPTS model. In addition, while modeling the evolution
process of internal waves, DEPTS also successfully eliminates
the shape distortion in the original method, thus ensuring the
physical significance of the dynamic behavior of reconstructed
sound speeds.

The rest of this paper is organized as follows. In Sec-
tion 2, after presenting some essential concepts of internal
waves, the formation mechanism and dynamic behavior of the
waveform distortion in EPTS are analyzed in a general waveg-
uide model. In Section 3, the DEPTS method is developed,
and the fidelity of the DEPTS-modeled wave shapes is exam-
ined. In Section 4, the configuration and observations in a sea
trial conducted in the northern South China Sea (SCS) are re-
viewed. And then, in Section 5, the DEPTS method is applied
to reconstruct the sound-speed fields during the evolution of
internal waves. The temporal variations of sound speeds mod-
eled by DEPTS are compared with in-situ observations quan-
titatively by calculating the root-mean-square error (RMSE).
A comparison between the sound-speed fields reconstructed
by DEPTS and EPTS is also made in the range-depth plane to
examine the effectiveness of DEPTS in mitigating the wave-
form distortion. Finally, a summary of this paper and some
important conclusions are given in Section 6.

2. Problem formulation of reconstructions
2.1. Basics of internal waves

Internal-wave amplitudes can be characterized by isother-
mal displacements η(r,z, t), and the perturbed temperature
field takes the form[18]

T (r,z, t) = T̄ (r,z−η(r,z, t), t), (1)

where T̄ (r,z, t) is the background temperature field in the ab-
sence of internal waves. A coordinate system (r,z, t) is adopted

in this study with r, z, and t denoting the horizontal range, the
vertical depth, and time, respectively, and the z-axis is positive
in the downward direction.

According to the normal mode method,[3,23] η(r,z, t) can
be expressed as

η(r,z, t) = ∑
n

An(r, t)Wn(z), (2)

where An(r, t) and Wn(z) are the amplitude and modal function
of mode n, respectively. The modal function Wn(z) obeys the
Taylor–Goldstein equation[3,24,25]

d2Wn(z)
dz2 +

N2(z)
v2

n
Wn(z) = 0 (3)

and satisfies the rigid-lid boundary condition

Wn(z = 0) =Wn(z = H) = 0, (4)

where eigenvalue vn is the linear wave speed of mode n, and
H is the water depth. The buoyancy frequency N(z) is given
by

N(z) =

√
g

ρ̄(z)
dρ̄(z)

dz
, (5)

where ρ̄(z) is the background density profile, and g is the grav-
itational acceleration.

2.2. Waveguide model

In reality, generally only a limited number of moorings
are sparsely deployed in the experimental area. Then, a
challenging issue is how to reconstruct the space- and time-
dependent internal-wave field η(r,z, t) from the temperatures
T (z, t;rid) measured by moorings, where id is the identifier
of mooring id deployed at range r = rid. Next, a simple and
general scenario for reconstructing sound-speed fields is de-
scribed.

As shown in Fig. 1, the waveguide considered in this
paper is two-dimensional in space with range r and depth z.
Two oceanographic moorings are deployed along a track in the
range from r = ri and r j, with ri < r j. Temperature-pressure
(TP) sensors are mounted on the moorings to record the tem-
peratures in the water column. An ISW packet containing two
individual solitary waves called solitons 1 and 2 propagates
from mooring j to mooring i. Soliton 1 with a larger am-
plitude is nearer the front of the packet and propagates faster
than soliton 2, as generally observed in experiments and an-
ticipated by the theory. For simplicity, the wave polarity in all
schematic diagrams in Sections 2 and 3 is designated as de-
pression. It should be noted that the waveform polarity of an
ISW depends on the stratification property of the water column
in reality. The choice of polarity in schematics throughout this
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paper is arbitrary, just for intuitively describing the reconstruc-
tion methods.

To facilitate the following derivation, we now suppose
that wave-amplitude profiles η(z, t;rid) have been calculated
from temperature measurements T (z, t;rid) and have been de-
composed into normal modes to obtain modal amplitudes
An(t;rid).

2.3. Shape distortions in the EPTS-modeled ISWs
2.3.1. Brief introduction to EPTS

Using the property of plane-wave propagation, EPTS
maps temporal waveforms An(t;ri) and An(t;r j) to horizon-
tally progressive wave fields as a function of range r and time
t, written as

An(r, t;ri) = An

(
t +

r− ri

v(1)P,i– j

;ri

)
, (6a)

An(r, t;r j) = An

(
t +

r− r j

v(1)P,i– j

;r j

)
, (6b)

where

v(k)P,i− j =
ri− r j

t(k)P, j − t(k)P,i

(7)

is the peak speed of soliton k on track i– j, and t(k)P,id is the peak
arrival time of soliton k at mooring id. It can be seen that the
propagation speed of the packet is designated as a single value
v(1)P,i– j in EPTS. Considering the moving direction ( j → i) of

the packet shown in Fig. 1 gives t(1)P,i > t(1)P, j and t(2)P,i > t(2)P, j .

Anchor

TP sensor

Surface buoy

Propagation direction

Soliton 1
Soliton 2

An ISW packet

Surface buoy

TP sensor

Anchor

Acoustic release Acoustic release

r=0

z=0

Depth z

Range r

Mooring i

r=ri

Mooring j

r=rj

Fig. 1. Scenario for reconstructing sound-speed fields, including moor-
ing configurations and the features of internal waves.

As an evolutionary model, EPTS requires the fusion of
waveforms An(r, t;ri) and An(r, t;r j) from both moorings and
reconstructs the fused wave shape

An(r, t) = wi(r)An(r, t;ri)+w j(r)An(r, t;r j), (8)

where wi(r) and w j(r) are weighting functions and are not
unique in EPTS.[18] They are generally determined accord-
ing to the following two criteria: (1) the nearer to mooring

id, the larger the wid(r); (2) wi(r)+w j(r) = 1. Equation (8)
indicates that the range-dependent weighting functions con-
trol the similarity between the fused waveform An(r, t) and its
two components, i.e., An(r, t;ri) and An(r, t;r j). Thus, An(r, t)
keeps deforming when propagating along range r, and an im-
portant evolving property, i.e., shape deformation, is now re-
constructed by EPTS.

2.3.2. Formation mechanism of distortions

Since the waveform fusion described by Eq. (8) in-
volves the coherent superposition of two traveling waves, the
phase consistency between the same solitons in An(r, t;ri) and
An(r, t;r j) ensures that the reconstructed waveform An(r, t) is
undistorted. Next, taking a snapshot fixed at a given time in-
stant as an example, the waveform fusion is analyzed in detail
to investigate the manifestation and cause of shape distortions
in EPTS. Examples of An(r, t0;ri), An(r, t0;r j), and An(r, t0) in
a snapshot at time t = t0 are shown in Fig. 2 by the red, green,
and black lines, respectively. The difference in crest positions
between solitons in An(r, t0;ri) and An(r, t0;r j) is chosen as
the metric to quantify the phase consistency. Ideally, if the
peak position of soliton k in An(r, t0;ri) coincides with that
in An(r, t0;r j), the waveforms of soliton k in An(r, t0;ri) and
An(r, t0;r j) are in phase. Conversely, both of them are out of
phase.

The relationship between the crest positions of soliton 1
in An(r, t0;ri) and An(r, t0;r j) is determined as follows. Refer-
ring to the temporal-spatial mapping described by Eqs. (6a)
and (6b), let r = r(1)P,i be the wave crest position of soliton 1 in
An(r, t0;ri), which yields

An
(
r(1)P,i , t0;ri

)
= An

(
t0 +

r(1)P,i − ri

v(1)P,i– j

;ri

)
= An

(
t(1)P,i ;ri

)
. (9)

Solving Eq. (9) gives an intermediate variable, i.e., time in-
stant t0, expressed as

t0 = t(1)P,i −
r(1)P,i − ri

v(1)P,i– j

. (10)

To find out the crest position of soliton 1 in An(r, t;r j), substi-
tuting Eq. (10) into Eq. (6b) results in

An(r, t0;r j) = An

(
t0 +

r− r j

v(1)P,i– j

;r j

)

= An

(
t(1)P,i +

r− r(1)P,i + ri− r j

v(1)P,i– j

;r j

)
. (11)

According to Eq. (7), the speed of soliton 1 is given by

v(1)P,i– j =
ri− r j

t(1)P, j − t(1)P,i

, (12)
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and then Eq. (11) is reduced to

An(r, t0;r j) = An

(
t(1)P, j +

r− r(1)P,i

v(1)P,i– j

;r j

)
. (13)

To localize the crest of soliton 1 in An(r, t0;r j), let the phase in
the last term of Eq. (13) be equal to t(1)P, j , i.e.,

t(1)P, j +
r− r(1)P,i

v(1)P,i– j

= t(1)P, j , (14)

which reveals that the crest is also at r = r(1)P,i and coincides
with the first peak in An(r, t0;ri), as shown by the blue arrow
in Fig. 2.

In phase Out of phase

Distorted waveform

Waveform fusion schematic

Undistorted waveform

An(r,t0)=wi(r)An(r,t0; ri)+wj(r)An(r,t0; rj)

An(r,t0; ri)

An(r,t0; rj)

An(r,t0)

Range r

Fig. 2. Waveform fusion schematic of An(r, t0;ri) (the red line),
An(r, t0;r j) (the green line), and An(r, t0) (the black line).

The above derivation also applies to soliton 2. Let r = r(2)P,i
be the crest position of soliton 2 in An(r, t0;ri), which yields

An
(
r(2)P,i , t0;ri

)
= An

(
t0 +

r(2)P,i − ri

v(1)P,i– j

;ri

)
= An

(
t(2)P,i ;ri

)
, (15)

and t0 is given by

t0 = t(2)P,i −
r(2)P,i − ri

v(1)P,i– j

. (16)

Then, the crest of soliton 2 in An(r, t0;r j) is localized by sub-
stituting Eq. (16) into Eq. (6b), i.e.,

An(r, t0;r j) = An

(
t0 +

r− r j

v(1)P,i– j

;r j

)

= An

(
t(2)P,i +

r− r(2)P,i + ri− r j

v(1)P,i– j

;r j

)
, (17)

and by letting the phase in the last term of Eq. (17) be equal to
t(2)P, j , i.e.,

t(2)P,i +
r− r(2)P,i + ri− r j

v(1)P,i− j

= t(2)P, j . (18)

Solving Eq. (18) shows that the crest of soliton 2 in An(r, t0;r j)

is in the range of

r = r(2)P, j = r(2)P,i +
v(1)P,i– j− v(2)P,i– j

v(2)P,i– j

(ri− r j), (19)

where v(2)P,i– j = (ri−r j)/(t
(2)
P, j−t(2)P,i ) is the practical propagation

speed of soliton 2 on the track. Due to v(1)P,i– j > v(2)P,i– j, Eq. (19)
reveals that the crest positions of soliton 2 in An(r, t0;ri) and
An(r, t0;r j) do not coincide at r, which is indicated by the red
arrow in Fig. 2.

As formulated in Eqs. (6a) and (6b), since EPTS uses the
same propagation speed for both solitons that travel at differ-
ent speeds in reality, the waveform distortion (see the red box
in Fig. 2) is unavoidable in EPTS.

2.3.3. Dynamic behavior of waveform distortions

In this section, by taking multiple snapshots at different
time instants as examples, the dynamic behavior of the dis-
torted waveform during internal-wave propagation is further
studied. Figures 3(a), 3(b), and 3(c) extend the single snap-
shot in Fig. 2 to three snapshots at time instants t = t−0 , t0, and
t+0 when the packet is near mooring j, in the middle, and is
near mooring i, respectively. The comparison of Figs. 3(a)–
3(c) reveals that the waveforms of soliton 1 in An(r, t;ri) and
An(r, t;r j) are consistently in phase, whereas the two wave
crests of soliton 2 do not coincide at r with a constant range
difference due to the speed mismatch, as indicated by Eq. (19).

Range r

Time t

(a)

(b)

(c)

0.2TAn(r,t0; ri)
-

-

-

-

-

+

=

0.8TAn(r,t0; rj)

An(r,t0)

0.8TAn(r,t0; ri)
+

+

+

+

+

=

0.2TAn(r,t0; rj)

An(r,t0)

0.5TAn(r,t0; ri)
+

=

0.5TAn(r,t0; rj)

An(r,t0)

Snapshot at time t=t0

Snapshot at time t=t0

Snapshot at time t=t0

An(r,t0; rj)
dominates

An(r,t0; ri) dominates

Equal contribution
+

Fig. 3. Schematics of the dynamic shape behavior of internal waves
modeled by the EPTS method at times (a) t = t−0 , (b) t = t0, and
(c) t = t+0 when the wave train is near mooring j, in the midpoint of
track i– j, and is near mooring i, respectively.

In addition, the shapes of An(r, t) are highly variable
among different snapshots. Figure 3(a) shows that An(r, t−0 ;r j)

with a weighting of 80% dominates the shape of An(r, t−0 ),
and that the shape of soliton 2 in An(r, t−0 ) bears more resem-
blance to that in An(r, t−0 ;r j). The wave crests of soliton 2
in An(r, t−0 ) and An(r, t−0 ;r j) are almost at the same position, as
indicated by the blue-dashed box. Figure 3(b) is the case when
An(r, t0;ri) and An(r, t0;r j) contribute equally to An(r, t0). The
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non-constructive superposition of An(r, t0;ri) and An(r, t0;r j)

gives rise to a severely distorted waveform of soliton 2 in
An(r, t0) without an identifiable wave peak. On the contrary to
Fig. 3(a), Fig. 3(c) shows the case when An(r, t+0 ;ri) accounts
for 80% of the total weighting and thus dominates the shape
of An(r, t+0 ). The crest position of soliton 2 in An(r, t+0 ) almost
coincides with that in An(r, t+0 ;ri).

Comparing only Figs. 3(a) and 3(c), it is clear that the
spacing between the two solitons does change with time,
which looks the same as packet dispersion. However, contin-
uing with Fig. 3(b) and the above analysis, it is demonstrated
that the speed mismatch and the range dependency of weight-
ing functions together give rise to the distortion of soliton 2 in
the EPTS-modeled evolution process. This anomalous wave-
form behavior resulted from the deficiencies of EPTS cannot
reflect the true dispersion property.

3. Dispersive evolutionary propagated thermis-
tor string (DEPTS) model

3.1. Development of the DEPTS model

In this section, the DEPTS model is proposed to mit-
igate the distortions in the EPTS-modeled wave shapes by
assigning real propagation speeds to individual solitons in a
wave train. The DEPTS model is implemented in the follow-
ing 4 steps: (1) feature extraction of individual solitons, (2)
temporal-spatial mapping, (3) waveform fusion, and (4) con-
catenation of all solitons. The details of DEPTS will be ex-
plained in the following sections based on the same scenario
in Fig. 1.

3.1.1. Step 1: Feature extraction of individual solitons

The waveform A(k)
n (t;rid) of soliton k is extracted from the

entire wave packet arrival An(t;rid) by identifying the time in-
stants when its peak and the leading and trailing edges arrive at
mooring id, denoted by t(k)P,id, t(k)L,id, and t(k)T,id, respectively. Here,
the leading edge is defined as the front boundary of a soliton
at r, and the trailing edge is the back boundary.

The identification results of An(t;ri) and An(t;r j) are
shown in Figs. 4(a) and 4(b), respectively. Given that the
ISW train propagates from mooring j to mooring i, one has
t(k)L,i > t(k)L, j, t(k)P,i > t(k)P, j , and t(k)T,i > t(k)T, j. Moreover, the trailing
edge of a soliton coincides with the leading edge of the fol-
lowing one in time, which implies{

t(1)T,i = t(2)L,i ,

t(1)T, j = t(2)L, j ;
(20)

{
A(1)

n (t(1)T,i ;ri) = A(2)
n (t(2)L,i ;ri),

A(1)
n (t(1)T,i ;r j) = A(2)

n (t(2)L,i ;r j);
(21)

as shown in Fig. 4.
For soliton k, the mean propagation speeds of the wave

crest and the leading and trailing edges between moorings i
and j can be calculated from the temporal arrivals in Fig. 4 as

v(k)L,i– j =
ri− r j

t(k)L, j− t(k)L,i

, (22a)

v(k)P,i– j =
ri− r j

t(k)P, j − t(k)P,i

, (22b)

v(k)T,i– j =
ri− r j

t(k)T, j− t(k)T,i

, (22c)

respectively.
From the fact that soliton 1 propagates faster than soliton

2, one finds

v(1)P,i– j > v(2)P,i– j. (23)

Combining Eqs. (22b) with (23) yields

t(2)P,i − t(1)P,i > t(2)P, j − t(1)P, j , (24)

which indicates that packet dispersion is manifested as the
temporal spread in the observed arrival structures of internal
waves.

(a) (b)

An(t; ri) An(t; rj)

An (t; ri)
(1)

An (t; ri)
(2) An (t; rj)

(1)
An (t; rj)

(2)

tL,i
(1)

tP,i
(1)

tP,i
(2)

tT,i
(2)

tT,i, tL,i
(1) (2)

tL,j
(1)

tP,j
(1)

tP,j
(2)

tT,j
(2)

tT,j, tL,j
(1) (2)

Time t Time t

Step 1: Feature extraction of individual solitons

Fig. 4. Soliton identification results of (a) An(t;ri) and (b) An(t;r j). Here t(k)P,id, t(k)L,id, and t(k)T,id are the times when the crest and the
leading and trailing edges of soliton k arrive at mooring id, respectively.
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3.1.2. Step 2: Temporal-spatial mapping

First, the horizontal range where internal waves occur
should be determined. With the speeds of two edges given by
Eqs. (22a) and (22c), the front and back boundaries of soliton
k are at

r(k)L (t) =−v(k)L,i– j

(
t− t(k)L,i

)
+ ri, (25a)

r(k)T (t) =−v(k)T,i– j

(
t− t(k)T,i

)
+ ri, (25b)

respectively. Soliton k is confined to the region r(k)L (t) ≤ r ≤
r(k)T (t) when propagating along the track. Similar to Eqs. (25a)
and (25b), the wave peak is at

r(k)P (t) =−v(k)P,i– j(t− t(k)P,i )+ ri. (26)

Then, the propagation speed of soliton k, assumed to change
linearly with range, is given by

v(k)i– j(r; t) =



v(k)L,i– j− v(k)P,i– j

r(k)L (t)− r(k)P (t)

(
r− r(k)P (t)

)
+ v(k)P,i– j, r(k)L (t)≤ r ≤ r(k)P (t),

v(k)T,i– j− v(k)P,i– j

r(k)T (t)− r(k)P (t)

(
r− r(k)P (t)

)
+ v(k)P,i– j, r(k)P (t)< r ≤ r(k)T (t).

(27)

Next, DEPTS individually maps the temporal arrival of
soliton k to the range- and time-dependent waveform with
its intrinsic speed v(k)i– j(r; t). The traveling waveforms of soli-

ton k derived from temporal modal amplitudes A(k)
n (t;ri) and

A(k)
n (t;r j) are, respectively, written as

A(k)
n (r, t;ri) = A(k)

n

(
t +

r− ri

v(k)i– j(r; t)
;ri

)
, (28a)

A(k)
n (r, t;r j) = A(k)

n

(
t +

r− r j

v(k)i– j(r; t)
;r j

)
. (28b)

Comparing Eqs. (6a), (6b) and (28a), (28b), it can be seen that
the mapping approach in DEPTS assigns each soliton k its own
speed v(k)i– j(r; t) instead of a common one v(1)P,i– j.

3.1.3. Step 3: Waveform fusion

Similar to EPTS, the waveform A(k)
n (r, t) of soliton k in

DEPTS is expressed as the weighted average of A(k)
n (r, t;ri)

and A(k)
n (r, t;r j), i.e.,

A(k)
n (r, t) = wi(r)A

(k)
n (r, t;ri)+w j(r)A

(k)
n (r, t;r j), (29)

which retains the features in both A(k)
n (r, t;ri) and A(k)

n (r, t;r j)

at any time during propagation.
The linear weighting approach[26] is used in the imple-

mentation of the DEPTS model, and the range-dependent
weighting functions are given by{

wi(r) =−
r−r j
r j−ri

,

w j(r) =
r−ri
r j−ri

.
(30)

Equations (29) and (30) indicate that, for the fused waveform
A(k)

n (r, t), the contribution from A(k)
n (r, t;rid) and thus the sim-

ilarity to that increase (or decrease) as range r approaches (or
moves away from) the mooring position r = rid.

3.1.4. Step 4: Concatenation of all solitons

Up to this point, individual waveforms A(1)
n (r, t) and

A(2)
n (r, t) have been reproduced for solitons 1 and 2, respec-

tively. To ensure that A(1)
n (r, t) and A(2)

n (r, t) can be recom-
bined to construct a complete ISW packet, two kinds of con-
tinuity conditions need to be satisfied. First, the two intervals
where the two solitons are present, i.e., r(1)L (t) ≤ r ≤ r(1)T (t)
and r(2)L (t) ≤ r ≤ r(2)T (t), need to be continuous. Second, the
waveforms A(1)

n (r, t) and A(2)
n (r, t) at the interface of the above

two intervals, i.e., A(1)
n (r(1)T (t), t) and A(2)

n (r(2)L (t), t), need to
be continuous. These two conditions, termed the interval con-
tinuity condition and the waveform continuity condition, re-
spectively, will be demonstrated in the following.

According to the statement that the trailing edge of a soli-
ton arrives at the same time as the leading edge of the follow-
ing one at a mooring (cf. Eq. (20)), combining Eqs. (22a) and
(22c) shows that the trailing edge of soliton 1 and the leading
edge of soliton 2 propagate at the same speed, i.e.,

v(1)T,i– j = v(2)L,i– j. (31)

Substituting Eqs. (20) and (31) into Eqs. (25a) and (25b) yields

r(1)T (t) = r(2)L (t), (32)

indicating that the interval continuity condition is satisfied.
Then, substituting Eq. (27) into Eqs. (28a) and (28b) and

referring to Eqs. (21), (25a), and (25b) produce{
A(1)

n (r(1)T (t), t;ri) = A(2)
n (r(2)L (t), t;ri),

A(1)
n (r(1)T (t), t;r j) = A(2)

n (r(2)L (t), t;r j).
(33)

Combining Eqs. (29), (32), and (33) leads to the continuity of
waveforms between the two adjacent solitons:

A(1)
n (r(1)T (t), t) = A(2)

n

(
r(2)L (t), t

)
. (34)
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Now, A(1)
n (r, t) and A(2)

n (r, t) can be directly concatenated along
range r to construct a complete wave train

An(r, t) =

{
A(1)

n (r, t), r(1)L (t)≤ r ≤ r(1)T (t),

A(2)
n (r, t), r(2)L (t)< r ≤ r(2)T (t).

(35)

3.2. Examination of the DEPTS-modeled waveform

In this section, the phase consistency between A(k)
n (r, t)

and A(k)
n (r, t;rid) is examined by a method similar to the one

used in Subsection 2.3.2. Referring to Eqs. (27) and (28a), let
r = r(k)P,i be the peak position of A(k)

n (r, t0;ri) at a given time
instant t = t0, which yields

A(k)
n

(
r(k)P,i , t0;ri

)
= A(k)

n

(
t0 +

r(k)P,i − ri

v(k)P,i– j

;ri

)
= A(k)

n

(
t(k)P,i ;ri

)
. (36)

Then, t0 is expressed as

t0 = t(k)P,i −
r(k)P,i − ri

v(k)P,i– j

. (37)

Substituting Eq. (37) into Eq. (28b) leads to

A(k)
n
(
r, t0;r j

)
= A(k)

n

(
t0 +

r− r j

v(k)i– j(r; t0)
;r j

)

= A(k)
n

(
t(k)P,i −

r(k)P,i − ri

v(k)P,i– j

+
r− r j

v(k)i– j(r; t0)
;r j

)
. (38)

Let r = r(k)P, j be the peak position of A(k)
n (r, t0;r j), which results

in

A(k)
n

(
t(k)P,i +

r(k)P, j− r(k)P,i + ri− r j

v(k)P,i– j

;r j

)
= A(k)

n
(
t(k)P, j ;r j

)
. (39)

Recalling the crest speed of soliton k given in Eq. (22b), solv-
ing Eq. (39) produces r(k)P, j = r(k)P,i , suggesting that the crest of

A(k)
n (r, t0;r j) coincides with that of A(k)

n (r, t0;ri).

Waveform fusion schematics

In phase In phase
(a) (b)

Undistorted shape

An (r,t0; ri)
(1)

(1)

(1)

An (r,t0; ri)
(2)

An (r,t0)=wi(r)An (r,t0; ri)+wj(r)An (r,t0; rj)
(k) (k) (k)

An (r,t0; rj)
(2)

An (r,t0; rj)

An (r,t0)
(2)

An (r,t0)

r   (t0)
(1)
L r   (t0)

(2)
Lr   (t0)

(1)
T r   (t0)

(2)
TRange r Range r

Fig. 5. Waveform fusion schematics of (a) soliton 1 and (b) soliton 2 at
time t = t0. A(k)

n (r, t0;ri), A(k)
n (r, t0;r j), and A(k)

n (r, t0) are denoted by the
red, green, and black lines, respectively.

The above derivation demonstrates that A(k)
n (r, t;ri) and

A(k)
n (r, t;r j) are consistently in phase. For reference, the wave-

form fusion processes for solitons 1 and 2 at time instant t = t0
are illustrated in Figs. 5(a) and 5(b), respectively. In contrast
to the distorted waveform of soliton 2 in Fig. 2, the construc-
tive superposition of A(2)

n (r, t0;ri) and A(2)
n (r, t0;r j) results in

an undistorted solitary wave A(2)
n (r, t0) as indicated by the blue

box in Fig. 5(b).

4. Experiment overview and observations
4.1. Experiment description

A joint oceanographic-acoustic experiment was carried
out in the northern SCS in July 2019. A total of four moor-
ings were deployed along the ISW propagation path during
the experiment, two of them were oceanographic moorings
with TP sensors only, named IW1 and IW2, respectively.
One was an acoustic mooring with a projector transmitting
acoustic signals, referred to as TX. The last one was a hy-
brid mooring equipped both TP sensors and acoustic receivers
(hydrophones), referred to as IW3. The mooring positions
and the topography along the track are shown in Fig. 6, and
the bathymetry data used in this paper are from the GEBCO
database.[27] The water depth changed from 365 m (at IW1)
to 327 m (at IW3) with a mild slope of 0.1◦. Internal waves
propagated from IW3 to IW1.

IW1 TX

Source

IW2 IW3

ISWs propagation direction

Range (km)

0   1.1                  5    6.3 10                       15 18.9 20

0

100

200

300

400

D
e
p
th

 (
m

)

Fig. 6. Mooring positions and bathymetry on the track. Acoustic sig-
nals were transmitted by the source at TX and received by hydrophones
at IW3. Internal waves propagated from IW3 to IW1.

IW1 and IW2 were deployed 6.3 km apart and were
equipped with 24 and 26 TP sensors spanning the depths of
35–335 m and 35–325 m, respectively. The acoustic mooring
TX was 1.1 km away from IW1 and contained a projector at
330.5-m depth. The hybrid mooring IW3 positioned 18.9 km
away from IW1 was comprised of 20 hydrophones and 20 TP
sensors spanning the depths of 55–245 m.

4.2. Case study of internal-wave evolution

A total of 25 internal wave events were observed during
the experiment, and the 4th event (hereafter called Event 4)
is chosen as the case to be analyzed and reconstructed in this
paper due to its typical evolution process.

The evolution of Event 4 on track IW1–IW3 over the
period of 07–10 18:23 to 07–11 02:04 (UTC+8) is shown
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in Fig. 7. For convenience, the positions of moorings IW1,
IW2, and IW3 are designated as rIW1 = 0, rIW2 = 6.3 km,
and rIW3 = 18.9 km, respectively. Temperatures at IW1, IW2,
and IW3 are, respectively, shown in Figs. 7(a), 7(b), and 7(c)

with the 22.5◦C isotherms denoted by the blue lines and are
used to calculate the sound speeds depicted in Figs. 7(d)–7(f).
The arrows at the bottom of this figure denote the direction of
internal-wave propagation.
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Period: 2019-07-10 18:23-07-11 02:04
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Fig. 7. Evolution process of Event 4 from 07–10 18:23 to 07–11 02:04 (UTC+8). (a)–(c) Temperatures with 22.5◦C isotherms denoted
by blue lines. (d)–(f) Sound-speed profiles. The arrows at the bottom indicate the propagation direction of internal waves.

It can be seen that the temporal variations of tempera-
tures induced by ISWs create significant fluctuations in sound
speeds. Both shape deformations and packet dispersion can be
captured in Fig. 7. Specifically, the deformations include (i)
the varying internal-wave amplitudes among the three moor-
ings evidenced by the isothermal displacements in Figs. 7(a)–
7(c) and (ii) the development of additional solitons in the
ISW packet, as seen from the varying number of peaks in the
22.5◦C isotherms. The dispersion is manifested as the spread
of the temporal waveforms and is reflected in the longer delay
between the peak arrivals of the first two solitons as indicated
by the comparison of Figs. 7(a) and 7(c), which is in agree-
ment with the description in Subsection 3.1.1.

Next, the DEPTS model will be used to reproduce the dy-
namic sound-speed fields during the evolution of Event 4.

5. Reconstruction of sound-speed fields per-
turbed by ISWs in the SCS

5.1. Implementation of DEPTS in the practical recon-
struction

First, internal-wave amplitudes η(z, t;rid) are estimated
from temperature measurements T (z, t;rid) at moorings id =
IW1, IW2, and IW3 by the inverse mapping method.[4,28] Re-
ferring to Eq. (1), isothermal displacements are given by

η(z, t;rid) = z− T̄−1(T (z, t;rid), t;rid), (40)

where T̄−1(T, t;rid) is the inverse function of the background
temperatures T̄ (z, t;rid) that are obtained by applying a 48-h
moving average filter to the in-situ data T (z, t;rid).

Mode 1
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Fig. 8. The first-order modal function W1(z).

Then, the Sturm–Liouville problem expressed by Eqs. (3)
and (4) is solved by the Thomson–Haskell method,[29] with
a mean water depth of H = 349 m adopted in the boundary
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condition. Given that the mode-1 depression waves domi-
nated the observations in Event 4 and are more commonplace
than mode-2 waves in the northern SCS,[30,31] only the mode-1
ISW train is modeled in this study. The modal function W1(z)
is shown in Fig. 8.
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(2)
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Fig. 9. Temporal waveforms (a) A(t;rIW3), (b) A(t;rIW2), and (c)
A(t;rIW1). The red-dashed lines denote the times when the leading and
trailing edges of solitons arrive at moorings, and the green-solid lines
denote the arrival times of wave crests. The ISW propagation direction
is indicated by two blue arrows.

Modal amplitudes A1(t;rid) are estimated from isother-
mal displacements η(z, t;rid) by the least square method[32]

and are given by

A1(t;rid) = (W T
1 (z)W1(z))−1W T

1 (z)η(z, t;rid), (41)

where the superscript T denotes the transpose operation.
A1(t;rid) at moorings id = IW3, IW2, and IW1 are shown in
Figs. 9(a), 9(b), and 9(c), respectively. A total of three individ-
ual solitons are identified from the time series at each mooring,
and thus A1(t;rid) is divided into the following three segments:

A1(t;rid) =


A(1)

1 (t;rid), t(1)L,id ≤ t < t(1)T,id,

A(2)
1 (t;rid), t(2)L,id ≤ t < t(2)T,id,

A(3)
1 (t;rid), t(3)L,id ≤ t ≤ t(3)T,id,

(42)

as annotated at the top of each subplot in Fig. 9, where the red-
dashed lines denote the leading and trailing edges of solitons,
and the green-solid lines denote the wave crests. In addition,
the two blue arrows indicate the propagation direction of in-
ternal waves (i.e., from IW3 to IW2 and then to IW1). The
arrival times of the crest and the leading and trailing edges of
soliton k at each mooring are given in Table 1. The propaga-
tion speeds of soliton k are subsequently obtained according
to Eqs. (22a)–(22c) and are listed in Table 2.

Next, the waveforms A(1)
1 (r, t), A(2)

1 (r, t), and A(3)
1 (r, t) of

the three individual solitons are obtained by performing steps
2 and 3 described in Subsection 3.1 separately on tracks IW1–
IW2 and IW2–IW3, and are concatenated to give a complete
wave-packet shape A1(r, t). Referring to Eq. (2), the modeled
internal-wave field can be written as

η(r,z, t) = A1(r, t)W1(z). (43)

The background temperature T̄ (r,z, t) is perturbed by internal
waves η(r,z, t), yielding the fluctuating temperature field

T (r,z, t) = T̄ (r,z−η(r,z, t), t), (44)

where T̄ (r,z, t) is obtained by interpolating T̄ (z, t;rid)

(id = IW1,IW2,IW3) linearly along range r. Finally, the
evolving sound-speed fields c(r,z, t) are reconstructed from
T (r,z, t).

Table 1. Arrival times of the crest and the leading and trailing edges of soliton k at moorings IW1, IW2, and IW3.

t(k)L,IW3 – t(k)P,IW3 – t(k)T,IW3 t(k)L,IW2 – t(k)P,IW2 – t(k)T,IW2 t(k)L,IW1 – t(k)P,IW1 – t(k)T,IW1

k = 1 18:23 – 19:19 – 19:33 20:47 – 21:36 – 22:02 22:02 – 22:44 – 23:09
k = 2 19:33 – 19:49 – 20:05 22:02 – 22:19 – 22:28 23:09 – 23:36 – 23:46
k = 3 20:05 – 20:11 – 22:41 22:28 – 22:37 – 00:55 (+1) 23:46 – 23:57 – 02:04 (+1)

Table 2. Speeds (in m/s) of the crest and the leading and trailing edges of soliton k between two adjacent moorings.

v(k)L,IW2–IW3 – v(k)P,IW2–IW3 – v(k)T,IW2–IW3 v(k)L,IW1–IW2 – v(k)P,IW1–IW2 – v(k)T,IW1–IW2

k = 1 1.47 – 1.54 – 1.41 1.39 – 1.53 – 1.57
k = 2 1.41 – 1.41 – 1.47 1.57 – 1.36 – 1.34
k = 3 1.47 – 1.45 – 1.57 1.34 – 1.30 – 1.51
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5.2. Discussion on reconstruction results

For comparison with the field observations, the tempo-
ral variations of the DEPTS-modeled temperatures and sound
speeds at all moorings are presented in Fig. 10 with the same
format as shown in Fig. 7. Several notable features have been
reconstructed in agreement with the experimental results dis-
cussed in Subsection 4.2. Specifically, as the packet propa-
gates from IW3 to IW1, shape deformations appear as (i) the
increasing amplitudes of solitons 1 and 2 and (ii) the devel-
opment of additional solitary waves. Packet dispersion is in-
dicated by the apparent temporal spread between the peak ar-
rivals of solitons 1 and 2 as seen from the comparison between
Figs. 10(d) and 10(f).

To quantify the accuracy of the proposed DEPTS method,
the RMSE between the modeled and observed sound speeds is
defined as[15]

RMSE(t;rid) =

√
1
M

M

∑
m=1

[ĉ(zm, t;rid)− c(zm, t;rid)]
2, (45)

where M is the number of discrete depth grids, and ĉ(zm, t;rid)

and c(zm, t;rid) are the reconstructed and measured sound
speeds, respectively, at depth z = zm and range r = rid. The
RMSEs at IW1, IW2, and IW3 are shown in Figs. 11(a),
11(b), and 11(c), respectively, and the box charts describing
the statistics of RMSE(t;rid) are displayed in Fig. 11(d), where
the cross markers denote the mean values of RMSEs.

It can be seen that the reconstruction accuracy at IW1 and
IW3 is higher than that at IW2. The means and medians of
RMSEs at IW1 and IW3 are below 1.5 m/s, and the maxi-
mum RMSEs do not exceed 3 m/s. The third-quartile posi-
tions of RMSE(t;rIW1) and RMSE(t;rIW3) indicate that 75%

of errors remain below 2 m/s. The mean and median RM-
SEs at IW2 are about 1.7 m/s, and the maximum RMSE is
close to 3.5 m/s; the third quartile of RMSE(t;rIW2) exceeds
2 m/s. Figure 11(b) shows that the larger errors at IW2 are
concentrated between 07–10 22:30 and 07–11 00:05. By com-
paring Figs. 7(b) and 10(b), it is found that the overestimate of
temperature by DEPTS during 22:30–00:05(+1) results in the
degradation of reconstruction accuracy. There are two possi-
ble sources of the modeling errors. First, the mode decom-
position may introduce errors into the estimated modal ampli-
tudes of internal waves since the range and time dependency
of modal functions W1(z) are not considered in the present
work. Second, the background temperature T̄ (r,z, t) in the
upper layer (z < 35 m) is estimated inaccurately from only a
few conductivity-temperature-depth (CTD) profiles. The long-
term mooring observation is unavailable in the upper ocean
due to the limited vertical aperture of an array.

Nevertheless, the proposed method is still effective in
reducing the waveform distortion. Three snapshots of the
EPTS- and DEPTS-modeled sound-speed fields are shown
in Figs. 12(a)–12(c) and 12(d)–12(f), respectively, where the
wave peaks of solitons 2 and 3 are annotated by the red arrows.
It can be seen from Figs. 12(a) and 12(d) that the shapes of
solitons 2 and 3 modeled by the two techniques are both undis-
torted at 22:13:32. However, the two peaks from EPTS first
disappear at 22:54:11 and then appear at 23:28:22 as shown in
Figs. 12(b) and 12(c), which is in agreement with the anoma-
lous waveform behavior described in Subsection 2.3.3. By
comparison, Figs. 12(d)–12(f) reveal that solitons 2 and 3 in
the DEPTS results are always present on the track and propa-
gate without distortion.
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Fig. 10. DEPTS-modeled evolution process of ISW Event 4 from 07–10 18:23 to 07–11 02:04 (UTC+8). The format is the same as
Fig. 7.
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6. Summary and conclusions

This paper proposes the DEPTS model to reconstruct the
sound-speed fields perturbed by the deformed and dispersive
ISW packets. As a crucial improvement to the existing model-
ing techniques, packet dispersion is incorporated into DEPTS
by assigning the real speed observed in the experiment instead
of a common one to each soliton in the wave train.

This study demonstrates that the mismatch between the
real and modeled propagation speeds of a soliton causes
shape distortions in the reconstructed internal waves and sound
speeds. As the wave packet propagates, the distorted wave-
forms are manifested as the anomalous fade and emergence

of the solitary waves whose modeled speeds do not match the
real ones. The DEPTS technique takes into account the dif-
ference in speeds among individual solitons and mitigates the
waveform anomalies.

The practical application of the DEPTS model to the
mooring data collected in the SCS shows that the reconstructed
sound-speed fields exhibit two important evolving properties
of internal waves, i.e., (i) shape deformations including the
variations of wave amplitude and the development of soli-
tons in the packet and (ii) packet dispersion manifested as the
increasing distance between successive solitons. The above
modeled internal-wave features are in good agreement with
the field observations, and the waveform distortion inherent

124701-11
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in the original EPTS method is successfully mitigated. At all
moorings, the mean and median RMSEs between the DEPTS-
modeled and observed sound speeds are below 2 m/s.
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