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Periodic solutions of the Zakharov equation are investigated. By performing the limit operation λ2l−1 → λ1 on the
eigenvalues of the Lax pair obtained from the n-fold Darboux transformation, an order-n breather-positon solution is first
obtained from a plane wave seed. It is then proven that an order-n lump solution can be further constructed by taking the
limit λ1→ λ0 on the breather-positon solution, because the unique eigenvalue λ0 associated with the Lax pair eigenfunction
Ψ(λ0) = 0 corresponds to the limit of the infinite-periodic solutions. A convenient procedure of generating higher-order
lump solutions of the Zakharov equation is also investigated based on the idea of the degeneration of double eigenvalues in
multi-breather solutions.
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1. Introduction
As an important branch of the nonlinear science, the the-

ory of integrable systems has been widely applied to various
fields, including mathematics, physics, biology, oceanogra-
phy, etc. The studies of integrable systems focus on the devel-
opment of analytical models that have dipicted plenty of natu-
ral phenomena as well as precise analyses of complex nonlin-
ear partial differential equations (NPDEs).

For a typical integrable system, the nonlinear Schrödinger
(NLS) equation reads

iqt +qxx +2εq|q|2 = 0, ε =±1, (1)

which originates from the physics of nonlinear dispersion
mediums with a cubic-form nonlinearity term.[1,2]

The NLS equation has been proven to be a fully integrable
nonlinear system, which makes it a useful model in many tech-
nological applications. For example, it provides guidelines for
the generation of solitons in planar waveguides in self-trapped
beams[3] and in nonlinear fibers.[4] Theoretically, fruitful ana-
lytical solutions of the NLS equation have been proposed.[5–9]

The general statement on nonlinear equations can provide
strong theoretical support to our physical and experimental
findings. Among all the promotion methodologies, an appro-
priate one would be multiplying the dimensions of the inte-
grable system. Introducing additional variables is a technique
that can increase the spatial dimension of a nonlinear equation
without compromising the integrability of the original equa-
tion. This is a crucial aspect of research, as it allows for more

complex models to be analyzed while retaining the integra-
bility property of the equation. So far, the NLS equation has
extended itself to 2+1 dimensions by several means.

Firstly proposed by Davey and Stewartson in 1974,[10]

the Davey–Stewartson (DS) equation is an important (2+ 1)-
dimensional generalization of the NLS equation, namely,

iAt = Axx +Ayy +(ε|A|2−2Q)A,

Qxx−Qyy = (ε|A|2)xx, ε =±1, (2)

where A and Q denote complex and real functions, respec-
tively. The DS equation finds extensive applications in various
fields including plasma physics,[11] nonlinear optics,[12] and
fluid mechanics.[13] Regarding the analytical solutions of this
equation, rogue waves, lump solutions, and hybrid solutions
that combine lumps and solitons have been constructed.[14–19]

As another (2 + 1)-dimensions generalization, the Za-
kharov equation is the main topic of this study, that is,[20]

iqt +qxy +2V q = 0,

Vy = ε(|q|2)x, ε =±1, (3)

where q(x, y, t) is a complex function and V is a real function.
It should be noticed that the Zakharov equation becomes the
NLS equation if ∂x = ∂y. Constructed firstly by Zakharov in
1980,[20] the Zakharov equation has been widely studied due
to its physical background. This equation was later re-derived
by Strachan from symmetry space-based integrable systems
and through the reduction in terms of dimensions on the self-
dual Yang–Mills equation.[21,22]
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The Lax pair, Darboux transformation, and Hirota bilin-
ear forms of the Zakharov equation have been presented in
Refs. [22–24]. In Ref. [25], the authors studied its geometrical
and gauge equivalent counterparts, and in Ref. [26] Velan and
Lakshmanan investigated the infinite-dimensional Lie alge-
bras of (3) Lie symmetries. Plenty of analytical solutions have
also been discovered, including various solitons,[27–30] Jacobi
elliptic function solutions,[31] and line rogue waves.[32–36] In
Ref. [37] Radha and Lakshmanan generated a new class of
“induced localized structures” by the line soliton’s interaction
with a curved soliton.

Despite extensive research on the exact solutions of the
Zakharov equation, the spatially periodic solutions, includ-
ing breather solutions, b-position solutions, and lump solu-
tions, have not been well studied. Lumps are 2D soliton
solutions that are weakly localized and decay algebraically
in all directions.[38–46] They are a type of rational function
solutions that are frequently observed in high-dimensional
systems. The investigation and examination of lump solu-
tions in high-dimensional systems is an interesting area of
research.[43–47]

The primary target of this study is to obtain lump so-
lutions from the breather and b-positon solutions of Eq. (3)
when ε = 1. The fundamental method we use is the Dar-
boux transformation. Previous studies have shown that multi-
breather solutions associated with the NLS equation can result
in higher-order rational solutions.[9] Correspondingly, there
remain two main questions:

1. Does an explicit lump solution exist for the Zakharov
equation?

2. How can we explain the origins of these solutions?

To obtain the lump solutions of the Zakharov equation,
we propose a two-stage eigenvalue degradation process for

the multi-breather solutions. In order to carry out this dou-
ble degradation process on the Lax pair eigenvalue, the b-
position solution of the Zakharov equation is first constructed,
which can be obtained from the breather solution of the limit
λ2l−1→ λ1.[48–50]

The rest of this paper is organized as follows. In Section 2
we introduce the determinant representation of DT to rephrase
the n-soliton solution of the Zakharov equation. In Section 3,
the derivation of n-order breather solutions is demonstrated
and the general forms of b-positon solution and lump are pre-
sented. Moreover, we investigate the double degradation of
eigenvalues. In Section 4, we present our conclusion remarks.

2. The n-solutions
First of all, considering ε = 1 in Eq. (3) yields

iqt +qxy +2q
∫
|q|2y dx = 0. (4)

The corresponding Lax pair is

Ψx = MΨ ,

Ψt = 2λΨy +NΨ , (5)

with

Ψ =

[
ψ1(λ ,x,y, t)
ψ2(λ ,x,y, t)

]
, M =

[
−iλ q
−q∗ iλ

]
,

N =

[
i
∫
|q|2y dx iqy

iq∗y −i
∫
|q|2y dx

]
.

Here λ ∈ C, λ is the eigenvalue of Eq. (5), and * denotes
the conjugation operator. The Darboux transformation and n-
solution have been given in Ref. [29]. The n-solution can be
rewritten as

q[n] = q[0]+2i
D2n

W2n
, (6)

with

D2n =

∣∣∣∣∣∣∣∣∣
ψ11 ψ12 λ1ψ11 λ1ψ12 . . . λ

n−2
1 ψ12 λ

n−1
1 ψ11 λ n

1 ψ11
ψ21 ψ22 λ2ψ21 λ2ψ22 . . . λ

n−2
1 ψ22 λ

n−1
2 ψ21 λ n

2 ψ21
...

...
...

...
. . .

...
...

...
ψ2n,1 ψ2n,2 λ2nψ2n,1 λ2nψ2n,2 . . . λ

n−2
1 ψ2n,2 λ

n−1
2n ψ2n,1 λ n

2nψ2n,1

∣∣∣∣∣∣∣∣∣ ,

W2n =

∣∣∣∣∣∣∣∣∣
ψ11 ψ12 λ1ψ11 λ1ψ12 . . . λ

n−1
1 ψ11 λ

n−1
1 ψ12

ψ21 ψ22 λ2ψ21 λ2ψ22 . . . λ
n−1
2 ψ21 λ

n−1
2 ψ22

...
...

...
...

. . .
...

...
ψ2n,1 ψ2n,2 λ2nψ2n,1 λ2nψ2n,2 . . . λ

n−1
2n ψ2n,1 λ

n−1
2n ψ2n,2

∣∣∣∣∣∣∣∣∣ .

Here, λ2k−1 and λ2k (k = 1, . . . ,n) are n sets of eigenvalues

corresponding to Lax pair, and λ2k−1 = λ ∗2k, ψ2k−1,1 = ψ∗2k,2,

ψ2k−1,2 =−ψ∗2k,1.

3. The breather, b-positon, and lump solutions
By solving Eq. (5) using the initial plane wave seed

q = ce iρ (where a, b, and c are real constants and ρ =

ax+by−abt, a, b, c), one can derive a total of n sets of eigen-
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values and their corresponding eigenfunctions as follows:

ψ2k−1,1 = e
iρ
2 (ceiη2k−1 +

i
2
(a+2λ2k−1 + s2k−1)e−iη2k−1),

ψ2k−1,2 = e−
iρ
2 (ce−iη2k−1 +

i
2
(a+2λ2k−1 + s2k−1)eiη2k−1),

ψ2k,1 =−e−
iρ
2 (ceiη2k − i

2
(a+2λ2k + s2k)e−iη2k),

ψ2k,2 = e−
iρ
2 (ce−iη2k − i

2
(a+2λ2k + s2k)eiη2k). (7)

In Eq. (7), we set ηk = sk
2 (x + 2αλky− (b− 4αλ 2

k )t), sk =√
4c2 +(a+2λk)2, α 6= 0.

To obtain the order-n breather solution, we can substitute

Eq. (7) and the seed solution q[0] = ce iρ into Eq. (6). Without

loss of generality, we can assume λ2k−1 = − a
2 + βk i, where

c > 0, βk > 0, and c 6= βk. Under these conditions, the order-1

breather solution can be simplified to

|q[1]b |
2 =

β 2
1 c2 cos2 θ1−2β1c(2β 2

1 − c2)cosθ1 coshθ2 + c4 cosh2
θ2 +4β 2

1 (β
2
1 − c2)

(ccoshθ2−β1 cosθ1)2 , (8)

where θ1 = 2
√

c2−β 2
1 (x− aαy− (b− a2α − 4αβ 2

1 )t), θ2 =

4αβ1

√
c2−β 2

1 (y−2at).

The coordinates of crests and valleys can be obtained by
solving ∂ |q[1]|/∂x = 0 and ∂ |q[1]|/∂y = 0. Depending on the
selected parameters, three different scenarios can be observed.

4

6 15

10

5

0

-5

-5 0 5 10

-10

10

5

0

-5

-10
-2 -1 0 1 2 3

-15

4

2

0

-2

-4

-6
-10 0 10 20

3

2

1

3

2

1

3

3
2
1
0
-1
-2
-3

2

1

0

-6
-4
-2

0
2
4
6 20

10
0

-10
-20 -15

-5

5

15 10
5

0
-5
-10 -10

-5
0

5
10

x

x x x

y y y

x xy y y

(a) (b) (c)

(d) (e) (f)

Fig. 1. Behavior of |q[1]b | for a = 1/2, b = 1, c = 1, t = 0: (a) α = 1/3, β1 = 8/7, (b) α = 1/3, β1 = 7/8, (c) α = 2, β1 = 2/5. (a)–(c) Three-
dimensional profiles. (d)–(f) Their corresponding density profiles. The black points are the position of the crests, and the yellow points are the
position of the valleys.

(I) When 0 < c < β1, the coordinates of the crests on the
(x,y)-plane can be expressed as[
(αa2 +4αβ

2
1 +b)t± amπ

2β1

√
β 2

1−c2
, 2at± mπ

2αβ1

√
β 2

1−c2

]
,

where m is an integer. Additionally, the valleys can be found

at ([a2α+4αβ 2
1 +b]t± 1

2
√

β 2
1−c2

ln[ 2β 2
1−c2+

√
4β 4

1−5β 2
1 c2+c4

β1 c ]±
amπ

2β1
√

β 2
1−c2

, 2at± mπ

2αβ1
√

β 2
1−c2

). As illustrated in Figs. 1(a) and

1(d), the order-1 breather comprises of one peak and two val-
leys.

(II) When β1 < c < 2β1, the coordinates of the crests on
the (x,y) plane can be expressed as(

[αa2 +4αβ
2
1 +b]t± mπ√

c2−β 2
1

, 2at
)
,

where m is an integer. Additionally, the valleys can be found
at

(
[αa2 +4α β

2
1 +b]t−

arccos[ 2β1
c ±

c
β1
]±2mπ

2
√

c2−β 2
1

, 2at
)
.

Figures 1(b) and 1(e) display the one peak and two valleys
present in each unit of the order-1 breather.

(III) When c > 2β1, the coordinates of the crests on the
(x,y) plane can be expressed as(

[αa2 +4αβ
2
1 +b]t± mπ√

c2−β 2
1

, 2at
)
,

where m is an integer. Additionally, the valleys can be found
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at (
[αa2 +4αβ

2
1 +b]t +

π±2mπ

2
√

c2−β 2
1

, 2at
)
.

As depicted in Figs. 1(c) and 1(f), the order-1 breather consists
of one peak and one valley in each unit.

It can be deduced easily that the maximal amplitude of
|q[1]b | is equal to 2β1 + c. The velocity in the (x,y) direction

of |q[1]b | is given by (αa2 + 4αβ 2
1 + b, 2a). This implies that

if a = 0, the breather will only move along the x direction.
When c < 2β1, the minimal amplitude of |q[1]b | is 0. How-
ever, if c > 2β1, the minimal amplitude is c− 2β1. The dis-
tance between the two peaks is π√

c2−β 2
1

when c > β1, and it is

π

√
a2α2+1

2αβ1
√

β 2
1−c2

when c < β1. In the case of c < β1, the line where

the crest is located is x− aαy+ aα(αa2 − 4αβ 2
1 − b)t = 0,

while it is y = 2at when c > β1. The peaks and valleys are

illustrated in Fig. 1.
By setting the limit of λ2l−1 toward to λ1 =− a

2 +β1 i, one
can form order-n b-positon solutions using order-n breather
solutions.

Theorem 1 The order-n b-positon solution for the Za-
kharov equation is

q[n]bp = ceiρ −2i
∆1

∆2
, (9)

with

∆1 =
(

∂ n j

∂εn j

∣∣∣
ε=0

(D2n) jk(λ j + ε)
)

2n×2n
, λ2l−1 = λ1,

∆2 =
(

∂ n j

∂εn j

∣∣∣
ε=0

(W2n) jk(λ j + ε)
)

2n×2n
, n j =

[ j−1
2

]
,

where [ ] means taking the integer part. D2n and W2n are given
in Eq. (6) and ψ jk are given in Eq. (7).
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Fig. 2. Density of |q[2]bp| with a = 1/2, b = 1, c = 1, α = 1, β1 = 4/5: (a) t = 0, (b) t = 5, (c) t = 15, (d) t = 50.
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Fig. 3. Density of |q[2]bp| with a = 0, b = 1/2, c = 2/3, α = 1, β1 = 4/5: (a) t = 0, (b) t = 1, (c) t = 5, (d) t = 25, (e) t = 80.

Finding an order-1 b-positon, simply a single breather, is
trivial. The next nontrivial solution is an order-2 b-positon
with a phase difference between the trajectories of the high-
order b-positon and the order-1 breather solution, similar to
Refs. [9,49,50]. An order-n b-positon exhibits n parallel

breathers of the same shape, making its dynamics comparable
to the interaction between order-n breathers. In this context,
we focus on the order-2 case. To obtain the order-2 b-positon
solution, we set n= 2 in Eq. (9). Figures 2 and 3 depict the dy-
namics of the order-2 b-positon solution with varying parame-
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ters. If c > β1, the interaction between two units of the order-2
b-positon is perpetual, as illustrated in Fig. 2. Conversely, if
c < β1, the interaction between two breathers is strongest at
t = 0 and gradually diminishes over time. For t→∞, the order-
2 b-positon displays two parallel breathers of the same shape,
as shown in Fig. 3. The first nontrivial degenerate breather is
the order-2 degenerate breather, which is given as follows:

q[2]bp = eiρ
(

c−2i
Θ1

Θ2

)
, (10)

where

Θ1 =4iβ1g1g∗2(g1g∗1−g2g∗2)−4aβ1g∗2g∗4(g1g4−g2g3)

+4β
2
1 [g

2
1(g
∗
1g∗4−g∗2g∗3)+g∗22 (g1g4−g2g3)]

−2iaβ1[g1g∗2(g1g∗3 +g2g∗4)+g∗2(g1g4−g2g3)],

Θ2 =4β
2
1 (g1g∗1g4g∗4 +g2g∗2g3g∗3−g1g2g4g∗3−g2g∗1g3g∗4)

+(g1g∗1 +g2g∗2)
2,

g1 =ceξ1 +(i
√

c2−β 2
1 −β1)e−ξ1 ,

g2 =(i
√

c2−β 2
1 −β1)eξ1 + ce−ξ1 ,

g3 =
(ξ2 +1)(i

√
c2−β 2

1 −β1)e−ξ1 − cξ2 eξ1√
c2−β 2

1

,

g4 =
(ξ2−1)(i

√
c2−β 2

1 −β1)eξ1 + cξ2 e−ξ1√
c2−β 2

1

,

ξ1 = i
√

c2−β 2
1

(
x−bt−α(a−2iβ1)(y− (a−2iβ1)

2t)
)
,

ξ2 =β1[x−bt−aαy−α(a2−8c2 +12β
2
1 )t]

−2iα(c2−2β
2
1 )(y−2at).

Through the limits λ2l−1 → λ0 = − a
2 + ic, the order-

n lump solutions can be constructed based on the order-n
breather solutions.
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Theorem 2 The order-n lump solution for the Zakharov
equation is

q[n]lump = ceiρ −2i
∆3

∆4
, (11)

with

∆3 =
(

∂ n j

∂εn j

∣∣∣
ε=0

(D2n) jk(λ j + ε)
)

2n×2n
, λ2l−1 = λ0,

∆4 =
(

∂ n j

∂εn j

∣∣∣
ε=0

(W2n) jk(λ j + ε)
)

2n×2n
, n j =

[ j+1
2

]
,

where [ ] also means taking the integer part. D2n and W2n are
given in Eq. (6) and ψ jk are given in Eq. (7).

Substituting n = 1 into Eq. (11), the order-1lump solution
can be simplified to

|q[1]lump|=
c
√
(8c4(θ 2

2 +θ 2
1 )−24c2θ2 +9)

4c2θ2 +1
, (12)

where θ1 = 16αc2(y− 2at), θ2 = α2(a2 + 4c2)(y− 2at)t +
2α(a2−4c2)(x−bt)t+(x−bt)2+α2(a2+4c2)t2−2aαy(x−
bt). Its 3D profile and density contour are shown in Figs. 4(a)
and 4(b). The lump reaches the maximum 3c at the point
[(a2α + 4αc2 + b)t, 2at], while it reaches the minimum 0 at
the points [(a2α +4αc2 +b)t±

√
3

2c , 2at]. Obviously, the lump
translates on the (x, y) plane with a velocity of (a2α +4αc2 +

b, 2a). The dynamics of the order-1 lump is shown in Fig. 4(c).
Substituting n = 2 into Eq. (11), the order-2 lump solution can
be obtained. The evolution of the order-2 lump over time can

be regarded as the interaction of three order-1 lumps. The
three units move on the (x, y) plane and get closer and closer.
They fuse at t = 0 and gradually separate over time. This pro-
cess is shown in Fig. 5.

According to Ref. [9], transition from an order-n breather
to an order-n b-positon to an order-n lump involves a double
degradation process. Figures 6 and 7 display the degradation
process from an order-2 breather solution to an order-2 lump
solution. To emphasize the limit process of λ3→ λ1, λ1→ λ0,
we keep the parameters fixed except for β j. As β2 → β1, the
interaction between two units of the order-2 breather gradually
weakens, as depicted in Figs. 6(a)–6(d). The order-2 b-positon
solution is shown in Fig. 6(e), which resembles Fig. 6(d). As
β1 → c, the adjacent peaks of the order-2 b-positon move
farther apart, as illustrated in Figs. 7(a)–7(d). The topog-
raphy of Fig. 7(d) is displayed in Fig. 7(e), while Fig. 7(f)
depicts an order-2 lump solution. Comparing Fig. 7(e) with
Fig. 7(f) confirms that the b-positon’s center approximates a
lump. Figure 8 shows the sectional views of the order-2 b-
positon and lump at y = 0 corresponding to Figs. 7(e) and
7(f). We can calculate that the coordinates of the points in the
graph are approximately xG,H ≈ ±0.465 and xE,F ≈ ±1.757,
while xC,D ≈ ±0.4649724466 and xA,B ≈ ±1.757053408. In
addition, the maximal amplitude of |q[2]bp| is c+ 4β1 and the

maximal amplitude of |q[2]lump| is 5c. These also verify that the
central region of order-2 b-positon is a good approximation of
order-2 lump when β1 ≈ c.
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4. Conclusions

We have systematically provided the order-n breather so-
lutions for the Zakharov equation using the determinant repre-
sentation of the Darboux transformation described by Eqs. (6)
and (7). The formula for the order-1 breather solution is given
in Eq. (8), with detailed discussions on the parameter selection
of c and βk in three cases. Additionally, we introduce a new
type of periodic solution called the b-positon solution, which
is obtained by taking the limit λ2l−1 → λ1 of the eigenvalues
of the Lax pair. This solution is generated from a plane wave
seed solution using an n-fold Darboux transformation gener-
ated from the order-n breather solution. A formula for the b-
positon solution is derived in Eq. (9), utilizing the determinant
representation of the higher-order Taylor expansion and the
Darboux transformation. Furthermore, the order-n b-positon
solution can be transformed into an order-n lump solution via
the limiting process on λ1→ λ0, where λ0 refers to a particular
eigenvalue associated with the Lax pair eigenfunction ψ of the

Zakharov equation. The formula for the order-1 lump solution
is given in Eq. (12), and this study includes the evolutions of
the order-1 and order-2 lump solutions over time, as shown
in Figs. 4 and 5, respectively. Also we use the derived an-
alytics to illustrate the transition dynamics from the breather
to the b-positon solution at an order-2 basis in Fig. 6. This
is followed by the transition of the b-positon solution to the
lump solution at order-2 basis, as depicted in Fig. 7. In con-
clusion, this study systematically presents a generation mecha-
nism for higher-order lump solutions of the Zakharov equation
from a degeneration process of the dual eigenvalue regarding
multi-breather solutions. Our analytical results show the effec-
tive mechanism of generating lump solutions of the Zakharov
equation from the double eigenvalue degeneration process of
breather solutions.
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