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This article presents the construction of a nonlocal Hirota equation with variable coefficients and its Darboux trans-
formation. Using zero-seed solutions, 1-soliton and 2-soliton solutions of the equation are constructed through the Darboux
transformation, along with the expression for N-soliton solutions. Influence of coefficients that are taken as a function of
time instead of a constant, i.e., coefficient function 6(¢), on the solutions is investigated by choosing the coefficient function
4(t), and the dynamics of the solutions are analyzed. This article utilizes the Lax pair to construct infinite conservation
laws and extends it to nonlocal equations. The study of infinite conservation laws for nonlocal equations holds significant

implications for the integrability of nonlocal equations.

Keywords: infinite conservation laws, nonlocal Hirota equation with variable coefficient, soliton solutions,

Darboux transformation
PACS: 04.20.Jb, 05.45.Yv, 02.30.1k, 02.30.Jr

1. Introduction

Soliton theory is an important direction in the field of non-
linearity, which can reflect an essential class of natural phe-
nomena. The investigation of nonlinear evolution equations
(NLEEs) has been a topic of significant interest.!'-3] NLEEs
serve as a valuable modeling tool for a wide range of com-
plex physical phenomena, including mathematical physics,
isoparticle physics, fluid dynamics, atmospheric and oceanic
processes, etc. Therefore, research of the exact solutions
of NLEEs with a variety of physical models is of great
significance.*®! Through the concerted efforts of many re-
searchers, many effective methods have been developed, such
as the Hirota bilinear method,®-'!! the Lie symmetry analy-
sis method, ' the Riemann—Hilbert method, 314 neural net-
work method, ') and the Darboux transformation. [16-18

The Darboux transformation is a canonical transforma-
tion of the spectral problem for NLEEs. The idea is to con-
struct exact solutions of the integrable equations by means of
solutions of the eigenfunctions of the NLEEs associated with
the Lax pair. The Darboux transform is a very useful method
for obtaining the solutions of soliton equations. In soliton the-
ory, conservation laws also play an important role in integra-

[19.20] Conservation laws are a re-

bility of soliton equations.
action to the phenomenon that certain physical amounts are
not changed with time. The infinite conservation laws are in-
timately linked with the existence of solitary particles.!?1->]
The infinite conservation laws are closely related to the inte-
grability of the equation. If the infinite conservation laws of an
equation can be constructed, it shows that the equation is con-

servatively integrable. In addition, the solutions to the equa-
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tion must exist and be completely integrable. Therefore, using
infinite conservation laws of the equation is also an effective
way to study whether the equation is integrable.>3-24]

In Ref. [25], Chen et al. investigated the integrable SWW
equation of the Ablowitz—Kaup—Newell-Segur (AKNS) type.
They obtained soliton-cnoidal wave interaction solutions by
solving the initial value problem and deriving the Darboux
transformation for the extended system. In Ref. [26], Li ef al.
focused on a class of classical nonlinear Schrodinger equation.
They proposed an extended generalized Darboux transfor-
mation method to construct mixed solutions involving rogue
waves and breather waves. In Ref. [27], Yang et al. utilized
the Darboux transformation to provide localized wave solu-
tions in matrix form for the nonlocal integrable Lakshmanan—
Porsezian—Daniel equation. In this work, we employ the Dar-
boux transformation method to study the nonlocal variable-
coefficient Hirota equation and construct first-order soliton so-
lutions.

We will study a (1 + 1)-dimensional nonlocal Hirota

equation with variable coefficient

wp —28(t)iu(—x, =)y + 68 (1) pusue(—x, —t)u
—0(t)Yiuy+ 6(2)pitsry =0, (1)

where ¥ and p are arbitrary constants, and §(¢) is an arbitrary
function of ¢. In the literature,”®! Zhang et al. followed the
AKNS procedure to construct Lax pairs with spectral param-
eters and obtained the coupled Hirota equation. In this paper,
we construct the nonlocal Hirota equation with variable coef-

ficients by means of modifying its Lax pair, and the symmetric
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reduction. For the constant coefficient equation, since its coef-
ficients are fixed, the physical model described by the equation
is also very restrictive. By transforming the constant coeffi-
cient equation into a variable coefficient equation, the equation
is able to describe a much wider variety of natural phenomena.
Therefore, research of variable coefficient equations is of even
more physical significance.?*=!) When §(7) = 1, Eq. (1) is
the third flow of the NLS structure, and this nonlinear evo-
lution equation can be used to describe important models in
physics, fibre optics and other engineering disciplines. Equa-
tion (1) can be simplified to a nonlinear Schrodinger equation
when 6(r) =1, y=1,and p =0.

The nonlocal variable coefficient Hirota equations play
a critical role in various realms of physics. They unveil the
underlying mechanisms of complex nonlinear phenomena in
multiple areas, including the propagation of laser pulses in op-
tics, the interaction of waves in plasma physics, the nonlinear
characteristics of phonon propagation in solids, shockwaves
and water wave phenomena in fluid dynamics, as well as the
conduction of neural impulses in biological systems. As a re-
sult, the nonlocal variable coefficient Hirota equations have
become powerful tools for studying and explaining these in-
tricate nonlinear phenomena. They have a significant impact
on research and applications in fields such as optics, plasma
physics, solid-state physics, fluid dynamics, and biomedical
science.

The main innovations of this paper lie in the introduction
of variable coefficients to the nonlocal Hirota equation and
the construction of the corresponding Darboux transforma-
tion. This approach imparts variable coefficients to the tradi-
tional Hirota equation, thereby enriching the equation’s behav-
ior. Through the Darboux transformation, new exact solutions
can be generated from known zero-seed solutions, thereby ex-
panding the scope and nature of solutions. This paper also ex-
plores the impact of coefficients on solutions by selecting the
coefficient function, revealing the effects of specific parameter
choices on solution characteristics. Furthermore, by utilizing
the Lax pair, the infinite conservation laws of the variable co-
efficient nonlocal Hirota equation are established, and they are
extended to the variable coefficient nonlocal equation. Investi-
gating the infinite conservation laws of nonlocal equations aids
in determining their integrability, consequently deriving more
exact solutions and understanding the structure of solutions.

The outline of this article is as follows: In Section 2, the
(1+ 1)-dimensional nonlocal Hirota equation with variable co-
efficients is constructed by means of the linear spectral prob-
lem. In Section 3, the Darboux transformation is constructed
with the help of the Lax pair. In Section 4, the application of

the constructed Darboux transform to the zero seed solution

results in the discovery of several new exact solutions. In Sec-
tion 5, the infinite conservation laws for the nonlocal Hirota
equation with variable coefficients are constructed based on

the Lax pair. Finally, this work is summarized in Section 6.

2. The (1+1)-dimensional nonlocal Hirota equa-
tion with variable coefficients

Our main work in this section is to construct Eq. (1) by

means of Lax pairs. The Lax pair form is

v =Uy, 2)
llfy:Vlljv
where y = (1 (x,7), y2(x,1))", and
—id u H J
U:( v iA)’VZ(K—H>’ ©
where

H = §(1)[—4ipA3 —2iyA% — 2ip Auv—iyuv + p (vuy — uvy)],
J=8(t)[4pA%u+ (2ipuy +2yu) A +iyuy — p (e — 2uv)],
K =8(t)[4pA%v — (2ipvy —2)A — iy, — p (ver — 2v7u)],
“
where u and v are smooth potentials with independent vari-
ables x and 7; v is a vector function; and A4 is a constant spec-
tral parameter. In addition, ¥ must satisfy the compatibility
condition Wy = Yy
The variable coefficient coupled Hirota equation can be

obtained under the compatibility condition as follows:

wy + 208 ()i y — 68 () uvup —i8 (1) ey + b (1)p = 0,

— 218 (1) uy — 68 (t)vuvyp +i8 (1)verY + vind (1)p = 0.
)

To obtain the nonlocal form of Eq. (5), we assume that a sym-

metric reduction is

v(x,1) =

By means of Eq. (6), Eq. (5) can be transformed to

—u(—x,—1). ©6)

u(x, 1)+ 8(0) (2u(—x, —t)ulx,1)*y

—6u(x,t) u(—x,—t)u(x,t)p —iu(x,1), y+u(x,1),.p)=0
u(x,0); + 8(— )(21u( —x, —1)u(x,1)*y
- 6u(x,t) (_'x _t)u('x7t)p - iu(x7t)xxy+ u(x7t)xxxp) =0

@)
When 6(¢) = 6(—
tained.

t), the nonlocal form of Eq. (7) can be ob-

3. Darboux transformation

In order to study the Darboux transformation of the non-

local Hirota equation with variable coefficients, we firstly in-
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vestigate the coupled Hirota equation with variable coeffi-
cients. A canonical transformation is firstly introduced as fol-
lows:

y! =1y, ®)

By means of the canonical transformation mentioned
above, we can transform the spectral problem (2) into a new

problem with the same matrix form
vl = Uyl gl = vy, ©)
where

gl — (T[]]U_'_Tx[l])(T[l])fl’
vl = (rlly 4 ()1, (10)
In order to make Eq. (1) invariant under transformation

(8), one has to find a matrix T 5o that U“],V[l] and U,V

have the same forms. A Darboux matrix in Eq. (8) is assumed

to be

where
N-1 _ N-1 ‘
A()Ll) == A'N"_ Z Ai(-xvt)llv B(A‘l) = Z Bi(xat))tla
i=0 i=0

N-1 N—1
C(A) =Y Cix,0)A", D) =AY+ Y Di(x,)A". (12)
i=0 j

i=0

Based on the symmetry reduction from Eq. (6), we can

get the constraint condition of Eq. (12) as follows:
Ai(x,t) = Ci(—x,—t). (13)

Moreover, A;, B;, C; and D; satisfy the following linear
relationships:

T

I

(Ai + C()jB,')li = —AJN,

T

(Ci+ ;D)) A" = —wAY, (14)

I
=}

where

(A — uiba(A)) .
w]_hl(lj)_ﬂjh(lj)’ I<j<2N. (15)
Here h(A;) = (k1 (A;), ha(A))" and b(A;) = (b1(A;), b2 (A;))T

are the two fundamental solutions of the spectral problem. By

selecting appropriate coefficients for A;, 1t;(4; # u7), the co-
efficients in system (14) can be made to be non-zero. As a re-
sult, A;, B;, C; and D; are uniquely determined by system (14).

From Egq. (12), it is obvious that det7 (1) is a polynomial
of degree 2N in terms of A. Furthermore,

detT1(2)) = A(4))D(2;) — B(A;)C(A;). (16)

As derived from Eq. (14), we can obtain

A(Aj) = —w;jB(};), C(4;)=—w;D(4;), a7

hence, detT!!(A;) = 0. It can be concluded that A,
(1 < j <N) constitutes 2N roots of det T['l(1), implying
| 2N
detT(1) =TT (A - 24;). (18)
J=1

Based on the aforementioned facts, we can demonstrate
the following propositions.

Proposition 1 According to Eq. (10), it can be determined
that U[' and U have the same form

1 _ _ll M[l]
yll < ). (19)

where u['! and v[!l can be obtained by Eq. (12).
The transformation formula between the old and new po-
tential functions is given by

ull = u42iBy_y, v =v—2icy_,. (20)
Assume T~ ! = (detT)~!T*, and

rerroyr = () ) ~ e, )

where * represents a conjugate complex number; 4;1(4) and
hy (1) are polynomials of degree 2N + 1 with respect to A;
while h12(A) and hy (L) are polynomials of degree 2N with
respect to A. This can be deduced from spectral problem (3)
and Eq. (15).

Wjx = v+2i4;0; — uw; (22)

From Egs. (17) and (20), we can infer that A; (1 < j < 2N) are
roots of 1;;(A) (i,j =1,2).
Equation (21) can be expressed in the following form:

(T, +TU)T* = (detT)P(A), (23)
Where o, 0
P(A) = ( 11 ‘%]7111 [o}plz[l] > ’ (24)
Py Py +Pni

Pi[;(] (i,j=1,2,k=0,1) is independent of A. According to

T—! = T*(detT)~!, Eq. (23) can be transformed to
T,+TU = P(A)T. (25)

By comparing the coefficients of the same power of A on
both sides of Eq. (25) and then according to Eq. (12) we can
get
U—o, P =ulll Pl =10 P —0, P!, = —i, P}, =i.

(26)

P
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Substituting Eq. (26) into Eq. (24) yields

—ip uwlll Yl

P =( i )=

(27

Proposition 1 is proved.

Proposition 2 According to Eq. (10) it can be determined
that V!l and V have the same form. Since /(A;) and b(4;) also
satisfy Eq. (9), we can prove Proposition 2 using the same
method of proof as in Proposition 1. VI has the following

form: B0
= < Kl _ gl > ) (28)
where
g =58(1)(—4ipA® —2iyA% — 2ip Aul Iyl — jyulyll]
+p T =y )
T =8(1)(4pA%ul! + 2ipul + 2yul2A + iyl
— ] 20l 1)),
KU =8() (4pa7! — @ipw —2p )2 —ip!
— p( =201l 29)

4. Exact solutions of the nonlocal Hirota equa-
tion with variable coefficients

In this section, we utilize the Darboux transformation
method to construct exact solutions for the nonlocal variable
coefficient Hirota equation. To begin, let us assume two sets
of solutions for the spectral problem (3):

h(A) = (h(A), 2 (R))", b(A) = (=h3(A7),h{(A7))", (30)

where the parameters satisfy

where A; and B; can be determined by the following algebraic

system:

=

Z(A+a)2] IB)AQj 1= A’Z/ 1>

(==}

=

Z (@3 1A B)A’z/ 1:_(0217132*,'1\]—1-

i=0

(33)

We take the trivial solution # = 0, v = 0 as the seed solu-

tion and bring them into the Lax pair to obtain

().~ (%" ) ()

( v ) _ ( —2i8()A*(2Ap +7) 0 )
7 0 2i8(1)A%(2Ap +7)
Vi
( ['%) ) (34
By solving the spectral problem (34), we can get
—iA;(4 [8()dtpA2+2 [ &(1)dryAi+x
h(x,t;l)z(e (4 Jo(r)dip J&(t)dry. ))7
0
(35
_ 0
b(x,t;1) = (ei/l,«(4f6(1)dzp7ti2+2f8(z)dzyli+x) )
Substituting Eq. (35) into Eq. (32) yields
W1 = a1 efzixzj,lmpxzj,lz J8(t)di42yh; -y [ 8(1)dr+x) (36)

Here, Eq. (13) determines that it must satisfy the following

constraints:

Wi =1, wi =1 37)

Thus, the N-fold Darboux transformation of Eq. (1) is

A2] —AQJ 1, M2j= .uzj 1 (€1)) ]
ubl(x,1) = 2iBy_1 +u, (38)
We can get (x){jl = —wy;_, Di =4}, G = —B],
(0<k<N-—1), with where By_1 = Qp, ,/Q.
B(Qoi1) — i 1bor (Ao Here, £ can be obtained from the coefficients of the lin-
o 1 — 2(A2j-1) — M2j—1b2(Az; 1)7 I<i<N. (2 ' .
hi(A2j—1) — taj—1b1(Aaj—1) ear algebraic system (33):
|
1 (0] M oA llN71 a)lll]\L]
o- I wy-1 AN On—1Aan—g - N o1 AN . (39)
oFf -1 A —A; AN —AN
*' . * ' * * * * N—1 * . N—1
Oy~ @y Ay Ay - Oy Ay —Avoa
The Qp, , is obtained by replacing the 2N-th row of determinant Q with (=AY, ..., —AN, |, —@fA],....,—@5y_ A5y )"

As a result, by employing Eq. (38), N-soliton solutions for the nonlocal variable coefﬁ01ent Hirota equation can be constructed.

Next, we analyze the 1-soliton solution and 2-soliton solution of the nonlocal Hirota equation with variable coefficients.

120401-4
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Case I When N = 1, using Eqgs. (38) and (39), we can obtain

1 *(11 — 7L1 *)
By=——"—"7"5—-—""2. 40
0 oo T 1 (40)
Therefore, we can derive the 1-soliton solution of the nonlocal Hirota equation with variable coefficients as follows:
2i g Fe—2M T (4 8(0)dpA P42 [ S(1)deyAa %) () — At
u L M) @1

where A = o1 + 111.

In the following, we analyze the dynamic behavior to the
solutions of the variable coefficient nonlocal Hirota equation,
as shown in Fig. 1. Firstly, we examine the effect of the coeffi-
cient function & (z) on the solutions. We choose the parameters
as o0 =0.1, 71 =0.5, uy =1, y=2, p =2 and observe the
dynamic behavior of the solutions by choosing the coefficient
function. When 8(¢) = 1, we can obtain a set of bright soliton

- 1172041 (4 8()Arp2 42 [ S(1)drvAr-+) 1+ 20k (4] 8(1)depAy 242 [ S(0)devhr +2) 4 1

solutions. When (¢) = sint¢, a set of soliton solutions with
periodic properties are obtained. When §(¢) = secht, a set of
kinked solitons can be obtained. We can easily find from Fig. 1
that different expressions of coefficient function will have dif-
ferent effects on the soliton solutions. The coefficient function

can change the shape of the soliton, rather than the amplitude

of the soliton. The peak size of the soliton is 1.

Fig. 1. Effect of the coefficient function on the solutions in the
(d)—(f) Density maps of the solutions.

(b)

—t
2-soliton solution

—t

—_—t

(x,t) plane: (a) a soliton, (b) a periodic soliton, (c) a kinked soliton.

(c)

=—1 25 —z=-2

=0 —axz=0

=1 2] —z=2
1.5

1

0.5

2-soliton solution

Fig. 2. Effect of the coefficient function on the solutions in the (x,7) plane: [(a), (d)] peakon soliton and kink soliton interaction
solutions, [(b), (c), (e), (f)] two-dimensional plots of the solution in the x and ¢ directions.
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Case I When N =2, let 4 = o+ i, (k = 1,2), through
the determinant (39) we get

1 /11 7112

I o3 A3 —5”
(1)1* —1 Al*wl* —(1)1*2,1*2 ’
o —1 0)3*13* _@*13*2
1 w )4 (1)1)4

A3 A3
—1 /Il*a)l* —11* ’
o3 —1 03" 3" —A3"

(42)

The 2-soliton solution of Eq. (1) can be obtained by using
Egs. (38) and (42):

Qp
2] = 2i—*L. 43
u2l =u+2i o (43)
We choose the coefficient function as 6(f) = e and

0(t) = secht, which yields two sets of peakon soliton and
kink soliton interaction solutions. We select the parameters
as01=0,7=03,00=0,75=0.1, 4y =1, and up, = —1.
Peakon solutions are a special case of solitary wave solutions.
They are similar to solitary waves but with a crucial differ-
ence C, and their waveforms have peaks or crests. The pres-
ence of these peaks allows peakon solutions to maintain their
shape during the time evolution without spreading or dispers-
ing. Their dynamical behavior is illustrated in Fig. 2: as t ap-
proaches zero, peakon solutions exhibit discreteness, meaning
their positions and velocities are discrete during the time evo-
lution, and the peaks undergo sudden increases. However, the
peakon solutions maintain their peak-shaped form throughout
the time evolution, and this stability makes them highly sig-
nificant in nonlinear wave equations. Peakon solitons interact
with kink solitons, leading to changes in the kink soliton wave
peak.

The N-soliton solutions of the nonlocal Hirota equation
with variable coefficients can be constructed by Eq. (38) and
the determinant (39).

5. Conservation laws of the variable coefficient
nonlocal Hitota equation

In this section, we utilize Lax pairs to construct conser-
vation laws for Eq. (1). The corresponding space part can be
obtained from the spectral problem (2) as

Wi = =AYy +uyn,
Vo = Ava +vy. (44)

The corresponding time development equation is

v, =Hy +Jys,
Yo, =Ky —Hyh,. (45)

By introducing a transformation @ = y;/y», a Riccati equa-
tion related to @ can be obtained according to Eq. (44).
The corresponding time development equation is

O, =v+2A0 —ud. (46)
Transformation of Eq. (46) is
U®), = w + 2Au@ — (u@)? + X (u@). @7
u

Then we construct the following expansions:

=

a)'.
= Z 7’,“ ) (48)

= 2L
Substituting Eq. (48) into Eq. (47), the following recursive
formula can be obtained by comparing the coefficients of the

same power of A:

Wy = —uy,
O] = —uvy,
2.2

W) = UV — UVyy,

; i—1 )
Oy =u(l—) +) 0;m; 1, (i=1,2,...). (49)
()%,

Based on the symmetric reduction (6), Eq. (49) can be

transformed into the following nonlocal form:

o;
u(x,t)

i—1
Gii+1=u(x,t)( )X+ijaf,-_j_17 (i=172,...). (50)
=

J

In order to further construct the conservation laws for
the variable coefficient nonlocal Hirota equation, we make W
identically divisible by Eqs. (44) and (45):

(Inyy)y=u@—A, (Iny)),=H+JO. (51)

Using the compatibility condition (Iny ),y = (Inyy )., of
Eq. (51), we can obtain

(uw—A);,=(H+JOD)y. (52)
Transforming Eq. (4) by symmetry reduction (6) leads to
H=68(t)[—4ipA® —2iyA% +2ipAu(x,t)u(—x,—t)
+ i}/u(x,t)u(fx, 7t) - p(u(fxv *[)M(XJ)X
- u(xat)u(_xv _t)x)]v
J=38(){4pA%u(x,1) + [2ipu(x,t), + 2yu(x,1)]A
+iyu(x, 1) = p (e, 1)+ 20(x, 1) u(—x, —1)) },

120401-6
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K =8(1){—4pA%u(—x,—1)+ (2ipu(—x, —1),
—2yu(—x,—t))A +ivu(—x,—1)y + plu(—x,—1)xx
+2u(—x,—1) u(x,1)]}. (53)

The infinite conservation laws for the variable coefficient

nonlocal Hirota equation can be obtained by taking the nonlo-
cal expansion of u® and Eq. (53) into Eq. (52):

[(x,t)u(—x,—1)];

=[38(1)pulx,)u(—x,—)% — i8(t)y(u(x,t)u(—x, —1)
—u(x,)u(—x,—1)x) = 8(t)p(—u(x,1) u(—x,—1)
—u(x,t)u(—x,—1), +ulx,t) u(—x,—1), )],
[u(x,0)u(—x,—1) ]

=[18(t)yu(x,t)*u(—x, —1)* — i8 () y(u(x,1) u(—x, —1),
—u(x,)u(—x, —1),.) + 6 (1) p (u(x,)u(—x, —1)
—u(x,t) u(—=x, =) o +ulx,t) u(—x,—1),)
+68(1)pu(—x, —1)u(x,1)*u(—x, 1) I,

(54)

The existence of the infinite conservation laws for the
above nonlocal equations shows that Eq. (1) is conservation
integrable.

6. Conclusion

We have constructed the nonlocal Hirota equation with
variable coefficients and its Darboux transformation. Utiliz-
ing the zero seed solution, 1-soliton and 2-soliton solutions
of the equation are constructed through the Darboux transfor-
mation. Additionally, expressions for the N-soliton solutions
of the equation are derived. The influence of the coefficient
function () on the solutions is investigated. Furthermore,
the dynamical behavior of the solutions is analyzed. The Lax
pair in this study is employed to establish an infinite number
of conservation laws, and this approach has been extended to
nonlocal equations. The study of infinite conservation laws for
non-local equations holds significant importance for the inte-
grability of such equations.
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