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We propose a computing model in which individuals can automatically adjust their interaction intensity with their
mentor according to the learning effect. This model is designed to investigate the cooperative dynamics of the spatial
prisoner’s dilemma. More specifically, when the cumulative payoff of a learner is more than his reference earning, he will
strengthen his interaction with his mentor; otherwise, he will reduce it. The experimental results indicate that this mech-
anism can improve the emergence of cooperation in a networked population and that the driving coefficient of interaction
intensity plays an important role in promoting cooperation. Interestingly, under a certain social dilemma condition, there
exists a minimal driving coefficient that leads to optimal cooperation. This occurs due to a positive feedback effect between
the individual’s satisfaction frequency and the number of effective neighbors. Moreover, we find that the experimental
results are in accord with theoretical predictions obtained from an extension of the classical pair-approximation method.
Our conclusions obtained by considering relationships with mentors can provide a new perspective for future investigations
into the dynamics of evolutionary games within structured populations.

Keywords: self-adapting interaction, evolutionary game, mentor, spatial prisoner’s dilemma

PACS: 02.50.Le, 89.75.Fb, 05.45.Pq

1. Introduction

It can be seen from Darwin’s theory of evolution that
competition among individuals leads to the evolution of
species and that any altruistic behavior will quickly disappear
over time. 2! However, numerous real-world scenarios devi-
ate from Darwinian theory. For example, the emergence of co-
operation is often found in biological systems as well as social
systems, especially among animal or human communities. 37}
To investigate such a curious and confused question, a large
number of researchers have devoted themselves to research-
ing the essential reason for cooperation behavior between self-

interested individuals.[8-10

1 Tt is worth highlighting that evolu-
tionary game theory is a very effective tool to account for the
origin and persistence of cooperation, by using some game-
theoretical models of different scenarios. Interestingly, two-
player-two-strategy game models are widely used to analyze

11-16] especially the prisoner’s dilemma game

bewilderment,!
(PDG), because it reflects the most unfavorable conditions for
cooperation.

About three decades ago, scholars often assumed that a
population structure is infinite and well-mixed; that is to say,
the likelihood of interaction between two arbitrary individuals
is the same. However, in a real system, the contact between
individuals is neither fully coupled nor completely random.
Nowak and May published a seminal work describing network

17,18

reciprocity!!”-!8] and demonstrated that a two-dimensional

square lattice can effectively support cooperation in the PDG.
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Along this research line, some research works have focused

on different topologies, including the famous small-world net-

19201 pyrthermore,

21,22]

work and one with a scale-free feature.!
some social factors, such as reward and punishment,[

23-26] 271 tolerance, 28]

reputation, | aspiration, ! teaching
activity, [*°! rationality,?%3!" memory,*>=*! and emotion, 3!
have been investigated in the spatial structure. In recent years,
many scholars set about studying the reaction of evolutionary
game dynamics to networks, especially involving restructur-

(36

ing partnerships*®! and migration.3”! Additionally, the coop-

erative dynamics of multi-layer networks have also attracted
extensive attention, [33-40]

In most of the works described above, scholars generally
assumed that individuals undoubtedly interact with their re-
spective neighbors. However, real life tells us that individuals
do not always have positive contact with their neighbors and
discontinuous contact is more consistent with real situations.
In view of this, some scholars put forward various random in-
teraction mechanisms to study the cooperative dynamics in a

841421 Ty prief, all these works enrich

structured population.
the knowledge of cooperative dynamics in more realistic en-
vironments. Despite this, it should be pointed out that the in-
teraction desire between selfish individuals is not symmetrical
and an individual’s interaction desire with his mentor should
be closely related to the mentor’s influence on him. Inspired by
these factors, we study the cooperative dynamics in a network

by adaptively adjusting the interaction intensity with mentors.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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The remainder of this article is organized as follows. In
Section 2, we briefly introduce related background knowledge,
including the networked population structure and the spatial
PDG, as well as the constraint interaction condition between
individuals. Section 3 describes our model in detail. The re-
sults are arranged in Section 4, and Section 5 gives our con-
clusions.

2. Related knowledge
2.1. Population structure and the spatial PDG

We first introduce population structure and the spatial
PDG. Nodes and edges on the network represent the individ-
uals and the interactive relationship between individuals, re-
spectively. Next, we attach a reversible direction to each edge
and the weights in the direction denote the strength of inter-
action with each other (the probability of interaction). For ex-
ample, for two arbitrary individuals (say x and y) who have
a paired relationship on the network, x will willingly inter-
act with his partner y by the unilateral interaction strength
Wiy, and y will do that with x by the corresponding interac-
tion strength Wy,_.,. Under such a framework, only when both
parties successfully send interaction intentions to an opponent
can they participate in the game. Furthermore, we use two unit
vectors to represent the strategies that the individual is likely
to choose (cooperation strategy C and defection strategy D are
represented by S,.(¢) = [1,0]T and S, (¢) = [0, 1]T, respectively).
Generally, the two-player-two-strategy social dilemma models

are described by the payoff matrix 1743
CD
C /R S
M=p\r p) M

In Eq. (1), mutual cooperation and mutual defection result in
the payoffs R and P, respectively. However, when the cooper-
ator encounters the defector, the former obtains the payoff S,
while the latter gets 7. For the PDG, these payoffs obey the
ranking 7 > R > P > § and satisfy the constraint 2R > T + S.
For simplicity, we set T = b, R =1, and P = § = 0, where
the parameter b (1 < b < 2) represents the temptation value of
betrayal.

2.2. Interaction condition

According to context, the constraint interaction condition
between x and his neighbor y at time ¢ step is described by

1 (Exwy=1land E,.,=1),
Ly (1) = { ’ e @
0 (others).

In Eq. (2), I,,(t) denotes the logical outcome of whether or
not there is a successful interaction; E, ., denotes the event

that individual x successfully transmits the interaction inten-
tion with W,_., to his neighbor y. Where, the term for success-
ful transmission (hereinafter, abbreviated as success) means
y receives the interaction signal that comes from x. Obvi-
ously, the probability that y receives the signal will be grad-
ually increased with the increasing value of W,_.,. In addition,
if the signal is successfully transmitted, the logical result of
the event E,_., is equal to “1”; otherwise it is “0”. Similarly,
event Ey_., has the same meanings as E, ., that is,

E 1 (success), E e (success), ;
(1) = 0 (failure), r=ll) = 0 (failure). )

Only when the two independent interaction events both
occur at the same time can they (x and y) participate in the
game.

3. Model

There are three stages in each round of the game: inter-
action, modification of interaction strength and strategic learn-
ing.

First, each individual (say x) interacts with his neighbors
simultaneously with the same strategy and the corresponding
interaction strength and calculates his accumulated earning in
the current round

me(r) = Y Loy (OMSy (1), “
YENx
where the symbol N, denotes x’s neighbor set.

Next, it is necessary to define two basic concepts to facili-
tate description of the revision rule of the interaction intensity.

Definition 1 (mentor) If individual x successfully learns
the previous strategy S, (r — 1) of his neighbor y, then y will
be regarded as x’s mentor at present. In addition, x’s mentor is
likely to be constantly replaced as the system evolves.

Definition 2 (reference payoff) We treat the cumulative
payoff m,(t — 1) of individual x, which is the one he has ob-
tained in the previous round, as his reference payoff at time ¢
step.

Entering the second stage after interaction, the individ-
ual x is likely to spontaneously adjust the interaction intensity
from himself to his mentor (say y) according to the difference
between x’s cumulative payoff and reference payoff, and the
regulated result will be regarded as the interaction intensity
from himself to y in the next round

Wxgy(t + 1) == Wxgy(t) + AWXA\y. (5)

As seen from Eq. (5), AW,_., signifies the modified increment
of interaction strength from x to y, and

AW,y = 8 x tanh [m(t) — mc(r — 1)], (6)

where parameter 0 (0 < § < 1) represents the driving coeffi-
cient of interaction intensity, which means the speed of change
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of interaction intensity. When 6 = 0, the intensity of inter-
action between individuals is invariably decided by initializa-
tion. When & > 0, the interactive relationship between indi-
viduals is going to change continuously with time and it be-
comes faster and faster with the gradual increase of the driv-
ing coefficient. In addition, the modified increment of the in-
teractive relationship is determined by the hyperbolic tangent
function, because this kind of function can vividly depict the
dynamic change of an interpersonal relationship. According to
the context, when x’s cumulative income obtained by imitating
the strategy of his mentor y is more than the reference payoff
[m(r) > m(r — 1)1, x is satisfied and he will enhance the in-
teraction with y. Conversely, x is dissatisfied with y in cases
of m,(t) < m,(t — 1) and he will weaken the interaction. Espe-
cially, Wy, (r + 1) = W,_,(r) when the difference is equal to
0.

Finally, it is necessary for every individual to learn from
his neighbor in order to get a higher payoff in the next round.
We adopt the widely used Fermi function for the updating rule

(441 Namely, an individual x picks one

of an individual strategy.
of his neighbors (say y) at random and whether y can act as x’s
new mentor depends on the probability

1
S lmlt) = my(0)] = | 4 e[m0-m®]/k v

Here K represents the noise intensity (K > 0) involved in the

strategy-updating process. In this article, we principally study
how the driving coefficient § of the interaction intensity affects
the evolution of cooperation in the spatial PDG.

4. Results

Experiments are carried out on a two-dimensional square
lattice. Different from the previous networked population, we
use a directed and weighted network of N x N size to describe
the population structure. Initially, the value of the unidirec-
tional interaction strength is evenly distributed between 0 and
1. It should be noted that owing to the dynamic changes within
the system, the interaction strength may exhibit unusual phe-
nomena, such as values that are either less than or equal to
zero or greater than one. To avoid the occurrence of these
anomalies, we control the amplitude of unidirectional interac-
tion strength between 0 and 1. In addition, each individual on
the network is stochastically initialized as either C or D with an
equal probability of 0.5. To obtain the density of cooperation
pc during the steady-state operation of system, we compute
the value of p. by averaging the last m rounds of the whole T
rounds and each data point is plotted in the following figures
as the average value for n times independent experiments.

4.1. Influence of the temptation value

We first investigate the density of cooperation p. as a
function of the temptation value b for different driving coef-

ficient 8, as shown in Fig. 1. As can be seen from Fig. 1(a),
different from the effect of a spatial game under fixed interac-
tion strength (& = 0), p, is significantly enhanced and cooper-
ators can even attain the absolute superiority of dominating the
whole population when considering the self-adapting interac-
tion driven by the learning effect (§ > 0). More specifically,
when 6 = 0.1, the density of cooperation is obviously higher
than that for the conventional mode (6 = 0) and the density
of cooperation increases with increasing 8. Moreover, when
0 = 0.1, the critical value for the disappearance of coopera-
tion, b, increases to 1.075. In contrast, it is only close to
1.045 for the conventional mode. Subsequently, b, is gradu-
ally enhanced with the increase of 8.

1.0} **eeenoeq (a) |
0.8} 0=0 |
—§=0.1
0.6 +0=0.3 |
. ' —+-0=0.5
< 5=0.7
0.4} ]
0.2}
0» ) ) . . ’ v\:/v\=lT
1.00 1.02 1.04 1.06 1.08 1.10 1.12
b
1.0 e
0.8}
0.6}
<
0.4}
0.2}
or L L L L M MR |
1.00 1.02 1.04 1.06 1.08 1.10 1.12
b

Fig. 1. Density of cooperation p. as a function of the temptation value
b for different driving coefficient 8. (a) The results obtained by simu-
lations; (b) the error bar of each data point. The evolutionary PDG is
performed on a 100x 100 directed and weighted square lattice. As can
be seen from panel (a), compared with the traditional mode (6 = 0),
density of cooperation is significantly enhanced and cooperators can
even attain the absolute superiority of dominating the whole population
when considering the self-adapting interaction driven by the learning
effect (6 > 0). Some other relevant parameters: K = 0.1, m =2 x 103,
T = 10* (even 10°) and n = 100.

In addition, we survey the extent to which the density
of cooperation obtained in each experiment deviates from the
mean value of density of cooperation obtained in multiple ex-

periments (see Fig. 1(b)). The calculation method of error
quantity 7 is as follows:

®)
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In Eq. (8), p. denotes the density of cooperation, which is the
average value obtained by n times independent experiments;
the signal p; (i = 1,2,...,n) represents the density of coop-
eration obtained in each experiment. According to statistics,
although there are deviations between p; and p. (0 < p. < 1),
the length of the error bar for each data point is fairly small.
For example, when 8 = 0.3 and b = 1.05, the value of 7 is
roughly equal to 0.03, which means that the result obtained
through each experiment is almost always around the mean
value. In brief, these data points in Fig. 1 perfectly represent
the relationship between p. and b for different values of §.

It is worth noting that the above results are obtained under
the assumption that the noise intensity X is set to 0.1,[4>46] but
it is just a special case. Therefore, it is necessary to investigate
if cooperation density p. is affected by the temptation value
b for different values of K. After experiments, we find that it
is more conducive to cooperation when the noise intensity is
controlled within a certain range. Specifically speaking, for a
fixed value of b, when K = 0, all cooperators are wiped out
by defectors (p. = 0); nevertheless, p. will rise rapidly as long
as the value of K is increased slowly. Unfortunately, once the
value of K exceeds 1.8, p. will begin to decrease as K contin-
ues to increase. Furthermore, the extinction threshold of co-
operation (b,) is also gradually enhanced with the increase of
K (0 < K < 1.8). These phenomena indicate that cooperation
will be inhibited when the noise is too low or too high, while
the appropriate noise intensity is beneficial to cooperation.

4.2. Role of the driving coefficient

To accurately quantify the effects of self-adapting interac-
tion driven by learning on cooperation, we study the relation-
ship between the density of cooperation and the driving coef-
ficient for different temptation values, as shown in Fig. 2. Ob-
viously, for each fixed value of b, we can observe that the den-
sity of cooperation increases monotonously with an increasing
value of 8. Interestingly, for each small or moderate tempta-
tion value (such as b = 1.02 and b = 1.05), we notice that
the cooperators have the absolute advantage of being able to
dominate the whole population as long as § exceeds a criti-
cal threshold. That is, in this social dilemma, there is a small
driving coefficient Jpi, that can make all individuals in the
population reach the saturation state of cooperation. However,
for a large temptation value (such as b = 1.08), although co-
operators do not have the advantage of dominating the whole
population, there is still a small driving coefficient &y, that
can provide a moderate environment for the survival of coop-
erators. More clearly,

{5’5min <6< 1} = argsrg[%ﬁ]pc. 9)

Similarly, we also check the error bars of the above data
points (see Fig. 2(a)). As you can see, the length of the er-

ror bar for each data point is small. Just like the meaning
expressed earlier for the error bar, the shorter the error bar,
the smaller the difference between the density of cooperation
obtained from per experiment and the mean. Curiously, the
length of the error bar gradually decreases with increasing the
driving coefficient 0 for a fixed b. We believe that the reason
for this phenomenon is that the randomness of interactions be-
tween individuals decreases as O increases. We further con-
sider the effect of noise intensity K on the density of coop-
eration p.. The results show that the appropriate noise can
also improve the cooperation in the population and the value
of Omin decreases with the increase of noise in a certain range
of noise.

1.0

0.8}

0.6

pe

0.4r1

0.21

1.0r

0.8¢

0.6}

pe

0.4}

0.2¢

0 0.2 0.4 0.6 0.8 1.0
5

Fig. 2. The relationship between the density of cooperation p. and the
driving coefficient & for different temptation values. (a) The results
and the corresponding error bar. (b) The contrast between the theoreti-
cal analysis result and numerical simulation result. Obviously, for each
fixed value of b, there is the smallest driving coefficient &y, which
can provide the moderate environment for the spread of cooperative be-
havior. Furthermore, the results are basically coincident between theo-
retical analysis (b;) by the extended pair approximation and numerical
simulation (bs), although there are some subtle differences. Some other
relevant parameters: N = 100, K = 0.1, m =2 x 103, T =10* (even
103) and n = 100.

The following is an extension of the pair-approximation
method*”! and we apply it to confirm the numerical simula-
tion results showing that the density of cooperation changes
with the driving coefficient. In Fig. 3, we randomly choose an
individual whose strategy is x to learn strategy by comparing
his accumulated payoff with a randomly chosen partner with
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strategy y.

@@

| |
| |
| |
| |
W..,
—6 09
| |
| |
| |
| |

Fig. 3. Concentrating on the pairwise two individuals with strategy x
and strategy y on the directed and weighted square lattice shows the rel-
evant configuration for the extended pair approximation. The change of
pair configuration probabilities p, y .y can be determined based on this
structure. For clarity, we only write the value of the unilateral interac-
tion intensity (W,_., and Wy_.) between x and y.

We first calculate the average amplitude of interactive
strength for each strategy combination to obtain the cumula-
tive benefits for individuals. According to the payoff matrix of
the PDG, we just need to figure out the average amplitude of
interactive strength between the cooperators (denoted by W),
as well as between the cooperators and defectors (denoted by

o) We use the following calculation method:
ST 1 V1 10,
' ZanZ(cc+ICC)
av Zn Zm ZIC d

= — . 11
ed Zn Zm Z(Ic,d +107d) (v

In Egs. (10) and (11), the symbol }_ I, ;, means the pair quantity

of successful interactions between individuals in each round.
More explicitly, }' /. . denotes the pair quantity of successful
interactions between cooperators in each round, } /. 4 denotes
the one between cooperator and defector. We already know
that the logical outcome will be equal to “0” if interactions
fail for paired individuals; in this case, the inverse operation
of the logical result will equal “1”, that is, Tx,y = 1. Therefore,
Y. (Icc +1cc) means the pair quantity regardless of whether or
not there is successful interaction between cooperators. Sim-
ilarly, ¥'(I.q +Ic.q) has the same meanings as Y.(Iec + o c)-
After n times independent experiments, we define the average
amplitude of interaction strength between cooperators as the
proportion of successful interactions between cooperators to
the total number of interactions, regardless of whether such
interactions were successful or not. The average amplitude of
interactive strength between cooperators and defectors can be
also obtained by a similar method. Incidentally, we can get
W(i‘é = W2 according to the symmetry.

We imagine y and x as a cooperator and a defector, re-
spectively, and then the accumulated income of the cooperator
for different configurations is

e (V1,52, 93, WE) = W2 xne(y1,y2,3) x 1, (12)

here nc(y1,y2,y3) represent the number of cooperators in the
neighbors y;,y2,y3. Likewise, we can also imagine that if y is
a defector and x is a cooperator, then the accumulated income
of the defector for different configurations is

ﬂd()’la)’Za%aWi\é) :W(i‘(,: X [”C()’17Y27y3)+ 1] X b. (13)

Whenever x succeeds in learning y’s strategy, the pair con-
figuration probabilities will change, thus generating a group of
differential equations that determine the evolution of the sys-

tem
pc,c = Z [nc (X17)C2,)C3) + 1]Pd,x1 Pd.x, Pd.x3
X1,42,X3
X Z pC-,ylpC’yzpCMf(el - 63)
V1:Y2.Y3
+ Z nc xl7x27x3)]pc,x1pc,x2pc,X3
X1,42,X3
XY PayPayPayS (62— 64), (14)
Y1:Y2.Y3
Pea = Y. [1—nc(x1,%2,%3)] Pax, Pax, Py
X1,X2,X3
x Z pC-,ylpC’yzpC%f(el —63)
Y1:Y2:Y3
+ Z ne X17)C27X3) z]pc,xlpc,xzpc,X3
X1,42,X3
XY PayPayPayf (62— 64), (15)
Y1:Y2:Y3
where
91 :nC(y17y27y37 )a
92:ﬂd(y1ay2ay3awdc)7 (16)
603 = 7 (x1,x2,x3, We),
94:7rc(-x17-x27x37 )a

and my (xl,xz,x3,ch“é) and 7, (xl,xz,xg,chz) denote respec-
tively as

[ne(x1,x2,x3) + 1] x b, (17)
ch X nc(xl,xz,x3) x 1. (18)

a a
ﬂd(xl,)C2,)C3,Wd\é) = Wd\é X

e (x17x27x37W )

Obviously, the common factor 2pcq/(pip3) has been
omitted in Eqs. (14) and (15). Even so, the equilibrium of
system remains unaffected because the common factor only
serves as nonlinear transformations in timescale.

Subsequently, combining the symmetry property pq. =
De.d and the constraint condition pc ¢ + pac + ped + Paa = 1,
we can obtain the density of cooperation in the population
Pc = Pcc+ Pegd-

Additionally, for the extended version of the pair approx-
imation, it will be simplified to the traditional mode if the in-
teraction intensity between individuals evolves to a saturation
state (W2 = Wy = Wit = Wi = ).

As can be seen from Fig. 2(b), the results are basically
coincident between theoretical analysis by the extended pair
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approximation and numerical simulation, although there are
some subtle differences. However, we think that the differ-
ences between them may be because we do not consider the
effect of spatial clusters in the extended pair approximation
method, especially the cooperative cluster. Despite this fact,
our extension method also successfully verifies the simulation
results and qualitatively reflects the role of self-adapting inter-
action driven by learning.

4.3. Dynamics analysis

Next, we collect some typical evolution snapshots of in-
dividuals on the network to improve our comprehension of the
mechanism of adaptive interaction driven by the learning ef-

fect, as shown in Fig. 4. To visualize different states of indi-
viduals at each time step, we adopt several colors to represent
individual behavior. Wine, dark green and blue represent the
old cooperators, the old defectors and the isolators, respec-
tively. Correspondingly, red and green denote the new coop-
erators (from other states to cooperation) and the new defec-
tors (from other states to betrayal), respectively. We can also
judge the equilibrium state of the system from the perspective
of evolution snapshots by setting an individual’s color in this
way. For example, when the proportion of the new cooperators
is almost equal to that of the new defectors in the population,
we can consider that the system probably arrives at the equi-
librium state.

(a) (b) (c) (d) (e)
(f) (8) (h) (i) )

Fig. 4. Some typical evolution snapshots of an individual’s states on a square lattice for a moderate level of temptation (b = 1.05) and an
appropriate driving coefficient (8 = 0.6) at several representative time steps. Wine, dark green and blue represent the old cooperators, the
old defectors and the isolators, respectively. Correspondingly, red and green denote the new cooperators (from other individual states to
cooperation) and the new defectors (from other individual states to betrayal), respectively. From (a) to (j), the collected time steps are 0, 1, 20,
50, 100, 200, 300, 500, 1000 and 3000, respectively. Other relevant arguments: N = 100, K =0.1.

Before the system runs, each individual in the population
is defined as a cooperator (red) or a defector (green) with the
fixed probability 0.5, so the network is evenly filled with two
different types of individuals (Fig. 4(a)). Nevertheless, once
the system is up and running, about 33% of the individuals are
at high risk of losing contact with their neighbors and they ex-
ist evenly in the population as isolators (blue) owing to very
weak interactions that are decided by initialization (Fig. 4(b)).
It should be noted that we consider cooperators and defectors,
whether in Fig. 4(a) or in Fig. 4(b), as the neonatal state in the
corresponding time step. Therefore, we still use red and green
to represent cooperators and defectors, respectively. In the first
stage of system operation, the vast majority of individuals tend
to choose the betrayal strategy in order to satisfy their own de-
sires. In such an environment filled with selfishness, defection
clusters (denoted by Qp) quickly form through the constant
gathering of defectors. Unfortunately, some of the traitors lo-
cated within Qp will be quarantined, which is a heavy price to
pay for selfish interests at the expense of friendship. Despite
that, there are still a few loyal collaborators who survive by

forming close alliances (called cooperative clusters, denoted
by Qc) (Fig. 4(c)). The scale of Q¢ in the initial stage of sys-
tem evolution is noteworthy. As can be seen from Fig. 4(c),
when the system evolves to the end of the primary stage, not
only is the number of ¢ small, but also their respective sizes
are also small. However, for each Q¢, the partnership be-
tween individuals is very friendly because an individual (say
x) is likely to be satisfied with his current cumulative returns
[m.(t) > m.(r — 1)] by studying its cooperative neighbor (say
y). This leads to an increase of interaction intensity with his
partner y. The more rounds of successful learning there are,
the higher the frequency of interaction and the richer the indi-
vidual x becomes. Furthermore, with the increasing prosper-
ity of individuals within ¢, the surrounding cooperators are
also getting richer. In contrast, a relatively static scene appears
within each Qp because the defectors will gain nothing from
their interactions. In other words, within each Qp, the inter-
active relation between individuals does not change over time.
In this way, the unsuccessful defection group cannot bring any
benefit to any of its members, including those individuals on
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the border. In such circumstances, opportunistic betrayers lo-
cated at the boundary of Qp easily become cooperators by
learning from their relatively affluent cooperation neighbors.
Soon afterwards, the less cohesive Qp can be easily gradually
destroyed by close-knit Q2c. In addition, the cooperators never
stop fulfilling the obligation of rescuing loners. Therefore,
the scale of Q¢ is gradually expanded as time passes (from
Fig. 4(d) to Fig. 4(f)). Surprisingly, the size of Q¢ does not
always increase as the system further evolves. To be specific,
at about r = 300, the cooperators become almost absolutely
dominant in the population because they form huge, intercon-
nected slices through alliances (Fig. 4(g)). However, this fa-
vorable situation is only temporary and is closely followed by
a very different scene. The defectors renew their attack on
the cooperators, which causes Q¢ to shrink gradually in size,
while the Qp swells gradually (Fig. 4(h)). After a fierce con-
frontation between collaborators and defectors, the proportion
of neonatal cooperators is almost equal to that of the neonatal
defectors (from Fig. 4(i) to Fig. 4(j)), which means that the
system has entered a stable state.

In the following, we will explain more clearly the dy-
namics of the evolution of these typical snapshots by look-
ing at the average payoff (AP) of individuals with different
types, as shown in Fig. 5. As shown in Fig. 5(a), although the
fact that the AP of cooperators (denoted by AP.) is almost al-
ways less than that of defectors (denoted by APy) during the
primary stage (¢ < 100), the difference between them gradu-
ally decrease over time. In other words, the probability that C
learns from D (f [7c(¢) — 7p()]) is almost always higher than

the probability that D learns from C (f [7p(f) — e (¢)]) dur-
ing this period, but the probability of a mutual switch between
C and D is getting gradually closer. This means Q¢ can be
formed gradually during the initial phase of the system. Ow-
ing to the fact that Q¢ can enhance the competitiveness of their
circumjacent cooperators, the exploitation of collaborators by
traitors will be effectively restrained. Furthermore, with the
gradual enhancement of circumjacent cooperators’ competi-
tiveness, they will have more and more opportunities to win
over isolators. Therefore, throughout the process of system
evolution before t = 100, the density of cooperation changes
from a gradual decline at the beginning to a gradual rise later
[see Fig. 5(b)]. However, once the value of AP, exceeds that
of APy (t > 100), the density of cooperation will rise rapidly
and gradually reach the uppermost point (about ¢ = 300), then
quickly fall. For this phenomenon, in our opinion, as ¢ grad-
ually grows in size, the number of defectors around the Q¢
perhaps is getting less and less. However, the fighting capac-
ity of those defectors is getting stronger and stronger because
defectors are probably interacting with more and more coop-
erators and getting higher and higher payoffs. Unfortunately,
the strong counterattack of the betrayers does not achieve great
success, although it strikes at the cooperators’ absolute domi-
nance over the population. After a period of intense struggle
between collaborators and defectors, the system reaches a state
of relative equilibrium (¢ > 2000). Note that because isolators
are constantly being rescued by cooperators and defectors, the
final scenario of system evolution is mainly the coexistence of
cooperators and betrayers.

2.5¢ ————r
2.0F
Q~<l'5§
“10F

0.5F

T T T

LAP(t)>APa(t) AP.(1)~AP(1)

100 10t

102 103 104

E () —pe(t) —pa(t)+m(t) — pa(t)

0 R |
10° 10t

PR |
102
Time

103 104

Fig. 5. Dynamic analysis of typical snapshots by looking at the average payoff (AP) of different types of individuals. As can be seen from
panel (a), although the fact that the AP of cooperators (AFP;) almost always is less than the one of defectors (APy) in the beginning, before long,
AP, not only succeeds in catching up with APy, but also surpasses it. With the further evolution of the system, AP begins to descend until it
arrives at the same level with APy. Naturally, the density of cooperation p. (see panel (b)) accordingly follows the trajectory from an initial
decline to a gradual increase and then to a steady amplitude. Other relevant parameters: N = 100, K = 0.1, b =1.05, 6§ = 0.6, and T = 10%.

Definition 3 (effective neighbor) The adaptive interac-
tion mechanism can be divided into two processes, one is that
an individual adaptively selects some neighbors as his interac-
tion objects according to the corresponding interaction inten-

sity, the other is that a game relationship occurs with mutually

selected individuals. In doing so, an individual is likely to in-
teract successfully with only some of his neighbors. We treat
the partner who actually interacts with individual x as the ef-
fective neighbor of x.

Based on the context, we can easily analyze the evolu-
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tionary dynamics of interaction intensity. As we know, the
interaction intensity between an individual x and its neighbor
y is described as

Wiy (t+1) = Wy (1) + 8 x tanh [z (1) — me(t — 1)]. (19)

According to Eq. (1), we know that mutual cooperation can
result in the equal payoff R for each party; so, when x is lo-
cated inside the cooperative cluster £2¢, its accumulated payoff
should be proportional to the number of effective neighbors

(1) = R [Ny, (20

where the signal |[N¢| denotes the number of x’s effective
neighbors. In this work, we set R = 1, thus m,(¢) = |Ng|. In
doing so, the dynamic change of interaction intensity inside
Q¢ becomes

Wiy (t+ 1) =W,y (1) + 8 xtanh [|NE (1) | — [N [(r — 1)]. (21)

Obviously, for an individual located inside £2c, he likely to be
satisfied with his current payoff obtained by learning from his
cooperative neighbor, so he will spontaneously enhance the
interaction intensity from himself to his mentor, which pos-
sibly leads to there being more chances to interact. That is
to say, the number of an individual’s effective neighbors will
increase as time goes on. Furthermore, the higher the satis-
faction frequency, the more effective neighbors an individual
will have. In turn, the satisfaction frequency increases with the
number of effective neighbors. Obviously, a positive feedback
effect can occur as an individual’s satisfaction frequency and
the amount of effective neighbors influence each other. Due
to this, the competitiveness of the cooperators located at the
boundary can be improved step by step. When the attack force
of boundary cooperators is greater than the defense force of
boundary defectors, 2p will be demolished and opportunistic
turncoats can easily evolve into cooperators through learning.

pc(t)

100 10 102 10°  10% 10°

Fig. 6. Dynamic evolution of cooperation density p.(r) for different
driving coefficients 8. It is shown that solely relying on spatial reci-
procity (8 = 0) cannot promote the emergence of cooperation when
individuals face a higher temptation to defect. However, for the self-
adapting interaction mode driven by learning from neighbors, the scene
has changed dramatically and the higher value of & indicates a stronger
positive feedback effect. Relevant parameters: N = 100, K = 0.1 and
b=1.05.

Through the above analysis, it becomes evident that the
positive feedback in the system plays a pivotal role in shaping
cooperation dynamics. Therefore it is important to gain an in-
depth understanding of this phenomenon by investigating the
dynamic evolution of cooperation density p.(¢) for different
driving coefficients 8, as shown in Fig. 6. One can see that the
cooperators in the population quickly vanish over time in the
traditional interaction mode (6 = 0), which means that relying
solely on spatial reciprocity cannot promote the emergence of
cooperation when individuals are faced with the high tempta-
tion value. However, for the self-adapting interaction mode
driven by learning from neighbors, the scene changes dramat-
ically. For example, when 6 = 0.1, the initial drop of p.(f) is
quickly controlled, then turns to a period of rapid spreading
of cooperators and, finally, arrives at a relatively stable state.
Evidently, the essential reason for providing a superior envi-
ronment for collaborators is the positive feedback effect in the
system. In addition, the time required, which is the initial de-
scent of p.(t), will be gradually reduced with increasing J,
and the earlier the decline is suppressed, the faster coopera-
tion recovers and the greater the dominance of the cooperators
in the population. These phenomena indicate that the higher
the value of J is, the stronger the positive feedback effect will
be.

4.4. Robustness of the system under noise

The final but highly significant question pertains to the
robustness of the system under the influence of noise intensity
in the strategy updating process. On this point, we further in-
vestigate the density of cooperation p. when influenced by the
noise intensity K and the driving coefficient 8, for a smaller
(such as b = 1.02, left panel) and a bigger (such as b = 1.10,
right panel) temptation value, as shown in Fig. 7. We divide
the KO§ coordinate plane into three regions so as to be conve-
nient description,

@;:{(K,6)|o.og1<<o.1, 0<5§1},
@3:{(1(,5)\0.19@1.0, O<6§1},
@3:{(K,5)|1.0<K§3.07 o<5§1}7
@Q:{(K,6)|o.og1<<o.2, o<5§1},
@3:{(K,5)|o.2g1<§0.5, O<6§1}, 22)
@g:{(K,5)|O.5<K§3.07 o<5g1}.

For b = 1.02, when (K,8) € O], cooperators are in a
state of extinction. Namely, when 0 < K < 0.1, the cooper-
ators are completely gone regardless of the value of 6. When
(K,8) € @2, for an arbitrary value of 8, p. is promptly en-
hanced, and even reaches a saturation condition with the slight
increase of K. However, as K further increases, p. starts
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to decrease gradually when (K,8) € ®}. These phenom-
ena highlight the presence of an optimal noise environment
that can most effectively facilitate the propagation of cooper-
ation, aligning with the outcome that appropriate noise levels
can bolster cooperative behavior.[*®4°1 On the other hand, the
qualitative result, i.e., the cooperators have the absolute ad-
vantage of being able to dominate the whole population when
0 exceeds a critical threshold (8 > i), is not changed. In
brief, these results show that the effect of noise is robust for the
system when the individuals are faced with a smaller tempta-
tion. Remarkably, similar phenomenon emerges when we ex-
amine the system’s resilience under a higher temptation factor,
specifically for b = 1.1, in contrast to the case where b = 1.02.
In other words, we find that an optimal noise environment can
facilitate cooperation under a high temptation level. Namely,

{KOP‘|O.1 < KoM < 1.0} — arg max pe (b=1.02), (23)
Ke[0,3]
PN 4 < KP' <058 = =1.10).
{K 04 <K _05} arg s p. (b=1.10). 24)

As a consequence, we believe that the effect of noise is robust
in the system for different values of b, although the interval
width of K°P' gets narrower and narrower with increasing b.

1.0 1.0 1.0
0.8 0.8 0.8
0.6 0.6 0.6
w w
0.4 0.4 0.4
0.2 0.2 0.2
0 0 0
0 1.0 2.0 3.0 0 1.0 2.0 3.0
K K

Fig. 7. Density of cooperation p. is influenced by the noise intensity K
and the driving coefficient 8. It shows that the qualitative result does
not change under the influence of noise whether the temptation value is
smaller or bigger, so we believe the system is robust for different values
of temptation. (a) For a smaller temptation b = 1.02; (b) for a bigger
temptation b = 1.10. Other relevant parameters: N = 100, m =2 x 103,
T = 10* (even 10%) and n = 100.

We have presented all the experimental results for our
computation model and analyzed the cooperative dynamics in
the population in detail. However, it is necessary to state that
these results are obtained on a 100 x 100 square lattice with
a von Neumann neighborhood. When we adjust the size of
lattice, whether for a small-scale network (e.g., 50 x 50) or a
large-scale one (e.g., 200 x 200), the results obtained are con-
sistent with those in this paper. Also, we tested the evolution
of cooperation on a square lattice with a Moore neighborhood
and on a scale-free network, respectively. The results show
that the qualitative results do not change by comparing them
with those presented in foregoing statistics diagrams, although
the dependence of p. on b (or §) is more continuous on such
networks. Here, we briefly explain the reason why the results
are more continuous on the square lattice with a Moore neigh-
borhood. As is known to all, there are triangular frames in

the spatial structure; for full interaction (the interaction inten-
sity between paired individuals is equal to 1), it will lead to
the defectors having more opportunities to invade the coop-
erative cluster. However, when we introduce our mechanism,
which is an adaptive interaction driven by the learning effect,
On the

other hand, the characteristic of high clustering in the lattice

the chances of invading are reduced for defectors.

promotes the clustering ability of the cooperative cluster. For
these reasons, a smaller-scale cooperative cluster can exist and
be maintained near the transition point, which reduces fluctua-
tions of the data points. Over the next few years, our research
will primarily focus on the cooperative dynamics of adaptive
interaction within the context of virus transmission®%2! in

terms of single-layer and multi-layer networks.

5. Conclusion

Within social groups, the connections among individuals
are intricately linked to the process of mutual learning. For
this reason, we establish a model of self-adapting interaction
driven by the learning effect to investigate the evolutionary
PDG on a directed and weighted square lattice. In this compu-
tation model, a learner is likely to naturally increase the inter-
action strength directed towards his mentor, whom he mimics,
when his cumulative payoff is more than the reference pay-
off. Conversely, the interaction strength will weaken when
the cumulative payoff is less than the reference payoff. Ex-
perimental results indicate that the mechanism can drastically
improve the cooperation level in the spatial PDG. The param-
eter &, which is the driving coefficient of interaction intensity,
plays an important role in cooperation within the population.
Interestingly, for a certain range of temptations, we notice that
cooperators have the absolute advantage of being able to domi-
nate the whole population when 8§ exceeds a critical threshold.
However, for a large uncooperative faction, although the co-
operators do not have the advantage of dominating the popula-
tion, there is still a small driving coefficient 8y, that can pro-
vide a moderate environment for the survival of cooperators.
By kinetic analysis, we find that there is a positive feedback
effect between an individual’s satisfaction frequency and his
number of effective neighbors. This positive feedback effect
is observably enhanced with increasing 8. Furthermore, we
extend the pair-approximation method and apply it to verify
the simulation results. The results from the theoretical analy-
sis and the numerical simulation are basically coincident, al-
though there are some subtle differences. Finally, by studying
the robustness of the system under the influence of noise, we
find that our system is robust under different strengths of social

dilemma.
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