
 

 

 

Direct measurement of nonlocal quantum states without approximation 

Gang Yang(杨冈), Ran Yang(杨然), Yan-Xiao Gong(龚彦晓), and Shi-Ning Zhu(祝世宁) 

Citation:Chin. Phys. B, 2023, 32 (11): 110306.   DOI: 10.1088/1674-1056/acf5d7 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb  

 

What follows is a list of articles you may be interested in  

 

Direct measurement of two-qubit phononic entangled states via optomechanical 

interactions 

A-Peng Liu(刘阿鹏), Liu-Yong Cheng(程留永), Qi Guo(郭奇), Shi-Lei Su(苏石磊), Hong-Fu Wang(王洪福), and 

Shou Zhang(张寿) 

Chin. Phys. B, 2022, 31 (8): 080307.   DOI: 10.1088/1674-1056/ac5d2f 

Digraph states and their neural network representations 

Ying Yang(杨莹) and Huaixin Cao(曹怀信) 

Chin. Phys. B, 2022, 31 (6): 060303.   DOI: 10.1088/1674-1056/ac401d 

Continuous-variable quantum key distribution based on photon addition operation 

Xiao-Ting Chen(陈小婷), Lu-Ping Zhang(张露萍), Shou-Kang Chang(常守康), Huan Zhang(张欢), and Li-Yun 

Hu(胡利云) 

Chin. Phys. B, 2021, 30 (6): 060304.   DOI: 10.1088/1674-1056/abd931 

Direct measurement of the concurrence of hybrid entangled state based on parity 

check measurements 

Man Zhang(张曼), Lan Zhou(周澜), Wei Zhong(钟伟), Yu-Bo Sheng(盛宇波) 

Chin. Phys. B, 2019, 28 (1): 010301.   DOI: 10.1088/1674-1056/28/1/010301 

Direct measurement of the concurrence for two-qubit electron spin entangled pure 

state based on charge detection 

Liu Jiong (刘炯), Zhou Lan (周澜), Sheng Yu-Bo (盛宇波) 

Chin. Phys. B, 2015, 24 (7): 070309.   DOI: 10.1088/1674-1056/24/7/070309 

 

-------------------------------------------------------------------------------------------------------------------- 

https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/acf5d7
https://doi.org/10.1088/1674-1056/acf5d7
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac5d2f
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac5d2f
https://doi.org/10.1088/1674-1056/ac5d2f
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac401d
https://doi.org/10.1088/1674-1056/ac401d
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/abd931
https://doi.org/10.1088/1674-1056/abd931
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/28/1/010301
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/28/1/010301
https://doi.org/10.1088/1674-1056/28/1/010301
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/24/7/070309
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/24/7/070309
https://doi.org/10.1088/1674-1056/24/7/070309


Chin. Phys. B 32, 110306 (2023)

RAPID COMMUNICATION

Direct measurement of nonlocal quantum states without
approximation

Gang Yang(杨冈), Ran Yang(杨然), Yan-Xiao Gong(龚彦晓)†, and Shi-Ning Zhu(祝世宁)

National Laboratory of Solid State Microstructure, School of Physics and Collaborative Innovation Center of Advanced Microstructures,
Nanjing University, Nanjing 210093, China

(Received 11 August 2023; revised manuscript received 31 August 2023; accepted manuscript online 1 September 2023)

Efficient acquiring information from a quantum state is important for research in fundamental quantum physics and
quantum information applications. Instead of using standard quantum state tomography method with reconstruction algo-
rithm, weak values were proposed to directly measure density matrix elements of quantum state. Recently, similar to the
concept of weak value, modular values were introduced to extend the direct measurement scheme to nonlocal quantum
wavefunction. However, this method still involves approximations, which leads to inherent low precision. Here, we pro-
pose a new scheme which enables direct measurement for ideal value of the nonlocal density matrix element without taking
approximations. Our scheme allows more accurate characterization of nonlocal quantum states, and therefore has greater
advantages in practical measurement scenarios.

Keywords: direct measurement, quantum tomography, nonlocal quantum state
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1. Introduction
Quantum states are the cornerstone of quantum informa-

tion. An efficient method for characterizing quantum states
is of importance for quantum information applications as
well as quantum fundamentals. Quantum state tomography
(QST)[1–12] is a conventional method for reconstructing the
density matrix of a state, which typically involves a large num-
ber of projection measurements on several basis states, fol-
lowed by a complex reconstruction algorithm.[13]

Alternatively, Lundeen et al.[14] proposed an efficient di-
rect measurement scheme to determine a quantum wavefunc-
tion through weak measurements. This approach eliminates
the complex reconstruction algorithm in previous methods, al-
lowing for direct measurement of the wavefunction. Subse-
quently, this technique aroused great interest[25,26] and was
developed to mixed states,[15–19] discrete two-dimensional[20]

and higher-dimensional quantum systems.[21–24] Moreover,
these schemes can be extended to arbitrary coupling strength,
even to strong measurements.[27–31]

Recently, the direct measurement of wavefunctions with
nonlocal entanglement was demonstrated in Ref. [32]. This
scheme utilizes the modular values[34] to obtain the weak
value of the observable product, which allows for direct mea-
surement of nonlocal states. Afterward, this approach was fur-
ther extended to the nonlocal density matrix.[35] Despite the
advantages of these schemes, such methods can only obtain
the approximated values rather than precise ideal ones.

In this paper, we propose a new scheme to directly mea-
sure arbitrary two-party nonlocal quantum states. We consider

the scenario that the two parties are spatially separated over a
long distance. And the interaction of the two parties is physi-
cally forbidden. We use a specialized interaction between the
system and a meter to avoid the influence of redundant terms
on the measurement of the density matrix elements. It enables
the direct measurement of the ideal values of the matrix ele-
ments without any approximations. Our approach overcomes
the low precision problem in weak-coupling schemes, thus en-
abling a more accurate characterization of nonlocal systems.

The paper is arranged as follows. In Section 2 we give
an introduction to the direct measurement using weak values
and modular values. Then in Section 3 we present our scheme
and analyze the precision numerically. Discussions and con-
clusions are made in Section 4.

2. Direct measurement using weak values and
modular values

Given that a quantum system is prepared in |ψin⟩ and
post-selected by |ψfin⟩, the weak value of an observable Â
is defined as ⟨A⟩w = ⟨ψfin|Â|ψin⟩/⟨ψfin|ψin⟩. Typically, weak
values are obtained through weak measurements, which in-
volve interaction between the quantum system and measur-
ing meter described by the evolution operator Û = e−igÂ⊗𝒫̂m ,
where g is a dimensionless coupling constant and 𝒫̂m is the
Gaussian momentum operator of the meter. In the case g ≪ 1,
the weak value can be obtained by measuring the position
and momentum expectation values of the meter’s final state.
Specifically, the weak value of Â is given by ⟨A⟩w = 1

g ⟨X⟩fin +
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i σ2

2g ⟨P⟩fin,[33] where σ2 is the variance of the meter momen-
tum. When the meter is chosen as a qubit, the weak value can
be calculated as ⟨A⟩w = 1

2g (⟨σ̂x⟩fin+ i⟨σ̂y⟩fin), where σ̂x and σ̂y

are the Pauli operators acting on the meter qubit.
If the observable Â is chosen as a projection operator P̂n =

|n⟩⟨n| and the post-selected state is set as |ψfin⟩ = 1√
d ∑n |n⟩,

the resulting weak value is proportional to the wavefunction,
with ψn ∝ ⟨Pn⟩w. As a result, by measuring the weak values
through a traversal of the basis states {|n⟩}, we can directly
characterize the quantum state.

However, implementing this method on nonlocal quan-
tum systems is not straightforward. Consider a nonlocal state
composed of two space-like separated subsystems A and B,
with a basis given by the tensor product of local bases of the
two subsystems, denoted as |n⟩= | j, l⟩= | j⟩A|l⟩B (| j⟩A ∈HA,
|l⟩B ∈HB). In this case, the direct weak measurement scheme
needs to introduce a nonlocal Hamiltonian Ĥ ∝ P̂AP̂B. Such a
Hamiltonian implies an instantaneous interaction between the
two distant subsystems, which is contradictory to the princi-
ple of causality in relativity. In fact, under certain coupling
strengths, weak values of observable products can also be ob-
tained by measuring local modular values.[34] In analogy to the
measurement of weak values, the modular value of Â can be
defined as ⟨A⟩m = ⟨ψfin|e−igÂ|ψin⟩/⟨ψfin|ψin⟩. When the rel-
evant observable is a projection, it satisfies the corresponding
relationship with weak values as

⟨Pn⟩m = 1+(e−ig −1)⟨Pn⟩w. (1)

If we choose the coupling strength to be g = π , we have
⟨Pn⟩w = (1− ⟨Pn⟩m)/2, and the modulus of the sum of two
commuting projection operators is given by

〈
PA

j + PB
l

〉
m =

1−2
(〈

PA
j
〉

w +
〈
PB

l

〉
w

)
+4
〈
PA

j PB
l

〉
w. Hence, the weak values

of the observable products can be transformed into the mod-
ular values of the local observables according to the transfor-
mation relationship given by

Ψ j,l ∝
〈
PA

j PB
l
〉

w

=
1
4
(〈

PA
j +PB

l
〉

m −
〈
PA

j
〉

m −
〈
PB

l
〉

m +1
)
. (2)

By utilizing the relationship in Eq. (2), the weak values
of observable product can be measured, allowing for the direct
measurement of nonlocal states.[32]

In a more general scenario, we consider the case of non-
local quantum states in density matrix formalism, namely,
ρ = ∑n,n′ ρn,n′ |n⟩⟨n′| = ∑i, j ∑i′, j′ ρi ji′ j′ |i⟩| j⟩⟨i′|⟨ j′| or by
Dirac distribution S = ∑i, j ∑ f1, f2

1
⟨ f1, f2|i, j⟩

Si j f1 f2 |i⟩ | j⟩⟨ f1| ⟨ f2|.
Here | f1⟩ (| f2⟩) is the complementary basis of |i⟩ (| j⟩),
which is inter-converted with discrete Fourier transform,
given by | f1⟩ = 1√

d ∑
d
i e+i 2πi f1

d |i⟩(| f2⟩ = 1√
d ∑

d
j e+i 2π j f2

d | j⟩).
With the more general definition of weak values ⟨A⟩w =

⟨ψfin|Âρ|ψfin⟩/⟨ψfin|ρ|ψfin⟩, we set the observable to be the

projection operator Â = P̂A
i P̂B

j = |i, j⟩⟨i, j|, and choose the
unbiased basis as the post-selection operation |ψfin⟩⟨ψfin| =
| f1, f2⟩⟨ f1, f2|. The resulting weak value

〈
PA

i PB
j

〉
w

exhibits a
one-to-one correspondence with the Dirac distribution of the
quantum system similar to Eq. (2) as

Si j f1 f2 = ⟨ f1, f2|i, j⟩⟨i, j|ρ| f1, f2⟩= p f1, f2

〈
PA

i PB
j
〉

w , (3)

where p f1, f2 = ⟨ f1, f2|ρ| f1, f2⟩ represents the probability of
successful post-selection.

In order to measure the corresponding modular val-
ues, the initial state of the meter is set as |Φm

in ⟩ = (|00⟩+
ε|11⟩)/

√
1+ ε2, with ε ≪ 1, and the corresponding quantum

circuits are shown in Fig. 1. Take the measurement of ⟨PA
i +

PB
j ⟩m as an example. After interaction e−iπ(P̂A

i P̂
a1
1 +P̂B

j P̂
a2
1 ) be-

tween the system and the meter in Fig. 1(a), a post-selection
operation | f1, f2⟩⟨ f1, f2| is performed on the system. Then, the
measurement of the meter only requires projecting the final
state of the meter onto |φ1⟩|+⟩a1 |+⟩a2 and |φ2⟩ = |+⟩a1 |R⟩a2

respectively. The resulting probabilities of projection are

𝒫1 =
1
2
+ ε Re

[〈
PA

i +PB
j
〉

m

]
+O

(
ε

2) ,
𝒫2 =

1
2
+ ε Im

[〈
PA

i +PB
j
〉

m

]
+O

(
ε

2) . (4)

As ε ≪ 1, the above equation can be simplified by ne-
glecting higher-order terms and taking the first-order approx-
imation. The real and imaginary parts of the weak value of〈
PA

i +PB
j
〉

m can be obtained from the two measurements of
the meter. The measurements of

〈
PA

i
〉

m and
〈
PB

j
〉

m follow
the same procedure as depicted in Figs. 1(b) and 1(c). The
only difference is the interaction between the system and the
meter, which is changed to e−iπP̂A

i P̂
a1
1 and e−iπP̂B

j P̂
a2
1 , respec-

tively. Afterwards, the matrix elements of Dirac distribution of
the system can be obtained using these modular values based
on the relations in Eqs. (2) and (3), which enables a direct
measurement of nonlocal mixed states.

However, the direct measurement schemes using weak
values and modular values are both not theoretically exact in
characterizing the system state. In these schemes, a small pa-
rameter is employed, and the first-order approximation on the
parameter is implemented with all the higher-order terms dis-
carded from the measurement of the final state of the meter.
However, if we could avoid the contribution of the higher-
order terms, we would directly extract the precise modular
information. With such an idea, we propose a direct measure-
ment scheme for nonlocal quantum states, which can directly
read out the theoretical value of the density matrix elements
without relying on approximations.
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3. Direct measurement of nonlocal quantum
states without approximation
Looking back at the process of measuring the modu-

lar values, the purpose of choosing the meter state |Φm
in ⟩ =

(|00⟩ + ε|11⟩)/
√

1+ ε2 and the system-meter interaction

e−iπ(P̂A
i P̂

a1
1 +P̂B

j P̂
a2
1 ) is to concentrate the information related to

the modular values onto the |11⟩ component with the coef-
ficient ε/

√
1+ ε2 ≪ 1. This inevitably introduces complex

quadratic terms O(ε2) in the measurement as shown in Eq. (4).
With this setting, the scheme can only give an approximate
value from the measurement results while obtaining the mod-
ular values.
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Fig. 1. Direct measurement of nonlocal states. (a) The measurement of
𝒫AB in Section 3, or

〈
PA

i +PB
j
〉

m in Section 2. (b) The measurement of
𝒫A in Section 3 or

〈
PA

i
〉

m in Section 2. (c) The measurement of 𝒫B in
Section 3 or

〈
PB

j
〉

m in Section 2. The system and the meter interact via
controlled-Z operations using the basis |i⟩⟨i| and | j⟩⟨ j| (or |i⟩⟨i|/| j⟩⟨ j|)
as control bits for addressing, followed by post-selection on the system
using | f ⟩⟨ f |, where | f ⟩= | f1⟩A| f2⟩B.

Our method builds upon the above measurement scheme,
but with some important modifications to directly measure the
nonlocal quantum states without relying on approximations.
Taking the example of the two-body system discussed above,
for convenience, let us assume that the two subsystems have
the same dimension d. In our method, the initial state of
the meter is chosen as the maximally entangled state |Φm

in ⟩ =
(|00⟩+ |11⟩)/

√
2, which does not require a small parameter

ε . The principle of our method can be illustrated by Fig. 1 but
with different controlled-Z operations. Specifically, we use
the interactions e−iπ(P̂A

i P̂
a1
1 +P̂B

j P̂
a2
0 ), e−iπP̂A

i P̂
a1
1 , and e−iπP̂B

j P̂
a2
0

for Figs. 1(a), 1(b), and 1(c), respectively, where P̂a1
1 and P̂a2

1
represent the projection operators that project the a1 and a2

parts of the meter to |1⟩, respectively. In the following, we
first introduce the process of Fig. 1(a). Here, we no longer
focus on the modular values and write the interaction as

e−iπ(P̂A
i P̂

a1
1 +P̂B

j P̂
a0
1 ) = (1−2P̂B

j P̂a2
0 )(1−2P̂A

i P̂a1
1 ). (5)

In the scheme in Section 1, the projection operators P̂a1
1

and P̂a2
1 of the meter are coupled with the system observables

P̂A
i and P̂B

j involved in addressing. In our scheme, we use P̂a1
1

and P̂a2
0 of the meter as the control qubits for the controlled-

Z operations, and apply the projection operators directly on
the system and meter states through Eq. (5) to eliminate the
contribution of redundant terms. For convenience, the density
matrix of the initial state of the system and meter is denoted
as ρs ⊗ ρm, where ρm = |Φm

in ⟩⟨Φm
in |. After interaction with

the system and choosing | f ⟩⟨ f | = | f1, f2⟩⟨ f1, f2|, we perform
a projection measurement |φ⟩⟨φ | on the meter, where |φ⟩ in-
cludes two cases, |φ1⟩ and |φ2⟩. The resulting probability is

𝒫AB = ⟨ f |ρs| f ⟩⟨φ |ρm|φ⟩
−2
〈

f
∣∣P̂B

j ρs
∣∣ f
〉〈

φ
∣∣P̂a2

0 ρm
∣∣φ〉

−2
〈

f
∣∣P̂A

i ρs
∣∣ f
〉〈

φ
∣∣P̂a1

1 ρm
∣∣φ〉

−2
〈

f
∣∣ρsP̂A

i
∣∣ f
〉〈

φ
∣∣ρmP̂a1

1

∣∣φ〉
−2
〈

f
∣∣ρsP̂B

j
∣∣ f
〉〈

φ
∣∣ρmP̂a2

0

∣∣φ〉
+4
〈

f
∣∣P̂A

i ρsP̂A
i
∣∣ f
〉〈

φ
∣∣P̂a1

1 ρmP̂a1
1

∣∣φ〉
+4
〈

f
∣∣P̂B

j ρsP̂A
i
∣∣ f
〉〈

φ
∣∣P̂a2

0 ρmP̂a1
1

∣∣φ〉
+4
〈

f
∣∣P̂B

j ρsP̂B
j
∣∣ f
〉〈

φ
∣∣P̂a2

0 ρmP̂a2
0

∣∣φ〉
+4
〈

f
∣∣P̂A

i ρsP̂B
j
∣∣ f
〉〈

φ
∣∣P̂a1

1 ρmP̂a2
0

∣∣φ〉 . (6)

Similarly, we can obtain the measurement results for the
interactions e−iπP̂A

i P̂
a1
1 and e−iπP̂B

j P̂
a2
0 as

𝒫A = ⟨ f |ρs| f ⟩⟨φ |ρm|φ⟩−2
〈

f
∣∣P̂B

j ρs
∣∣ f
〉〈

φ
∣∣P̂a2

0 ρm
∣∣φ〉

+4
〈

f
∣∣P̂A

i ρsP̂A
i
∣∣ f
〉〈

φ
∣∣P̂a1

1 ρmP̂a1
1

∣∣φ〉
−2
〈

f
∣∣ρsP̂A

i
∣∣ f
〉〈

φ
∣∣ρmP̂a1

1

∣∣φ〉 , (7)

𝒫B = ⟨ f |ρs| f ⟩⟨φ |ρm|φ⟩−2
〈

f
∣∣P̂A

i ρs
∣∣ f
〉〈

φ
∣∣P̂a1

1 ρm
∣∣φ〉

+4
〈

f
∣∣P̂B

j ρsP̂B
j
∣∣ f
〉〈

φ
∣∣P̂a2

0 ρmP̂a2
0

∣∣φ〉
−2
〈

f
∣∣ρsP̂B

j
∣∣ f
〉〈

φ
∣∣ρmP̂a2

0

∣∣φ〉 . (8)

Comparing the above two equations with Eq. (6), it
can be found that after removing the duplicated terms,
Eq. (6) only has two terms that are complex conju-
gates of each other: ⟨ f |P̂A

i ρsP̂B
j | f ⟩⟨φ |P̂

a1
1 ρmP̂a2

0 |φ⟩ and
⟨ f |P̂B

j ρsP̂A
i | f ⟩⟨φ |P̂

a2
0 ρmP̂a1

1 |φ⟩. Then we make the expansion
below ⟨ f |P̂A

i ρsP̂B
j | f ⟩, and have〈

f
∣∣P̂A

i ρsP̂B
j
∣∣ f
〉
= ⟨ f1|i⟩⟨ j| f2⟩⟨ f2|B⟨i|Aρs| f1⟩A| j⟩B

=
1
d

ei 2π

d ( f2 j− f1i)
ρi f2 f1 j, (9)

where ρi f2 f1 j = ⟨ j|⟨ f1|i⟩| f2⟩⟨ f2|⟨i|ρs| f1⟩| j⟩. The term ρi f2 f1 j

defined here is similar to the Dirac distribution and is equiva-
lent to the density matrix in terms of information. The distri-
bution matrix element ρi f2 f1i also has a conversion relationship

110306-3



Chin. Phys. B 32, 110306 (2023)

with the density matrix element ρi j′i′ j as

ρi f2 f1 j =
1
d2

d

∑
i′, j′

ρi j′i′ j e−i 2π

d [(i′−i) f1+( j− j′) f2],

ρi j′i′ j =
1
d2

d

∑
i′, j′

ρi f2 f1 j ei 2π

d [(i′−i) f1+( j− j′) f2]. (10)

Therefore, the distribution ρi f2 f1 j expanded in the basis
|i⟩| f2⟩⟨ f1|⟨ j| can also be viewed as a representation of gen-
eral quantum state. Through the above measurement process,
we can directly obtain the distribution matrix element ρi f2 f1 j

from the measurement results. Let 𝒫0 = ⟨ f |ρs| f ⟩⟨φ |ρm|φ⟩
denote the resulting probability without performing any oper-
ations. In the first case, the meter projection measurement in
the above measurement is taken as |φ⟩⟨φ | = |φ1⟩⟨φ1|, where
|φ1⟩ = |+⟩a1 |+⟩a2 and |+⟩ = 1/

√
2(|0⟩+ |1⟩). At this point,

the real part of the distribution ρi f2 f1 j can be obtained from the
results of the four measurements, given by

𝒫AB −𝒫A −𝒫B +𝒫0 = Re[ρi f2 f1 j]. (11)

For the second case, the meter projection is taken
as |φ⟩⟨φ | = |φ2⟩⟨φ2|, where |φ2⟩ = |+⟩a1 |R⟩a2 and |R⟩ =

1/
√

2(|0⟩+ i|1⟩). From the measurement results, the imagi-
nary part of the distribution ρi f2 f1 j can be obtained as

𝒫AB −𝒫A −𝒫B +𝒫0 =− Im[ρi f2 f1 j]. (12)

Therefore, traversing through all the basis {|n⟩⟨n|} allows
us to obtain the complete distribution.
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ε=0.1

ε=0.2

Fig. 2. The average precision of direct characterization of arbitrary
two-particle two-dimensional states using both our method and approx-
imated modular value schemes. Our method shows better precision as
N increases.

To evaluate the precision improvement of our scheme, we
numerically analyze the fidelity between states measured us-
ing different methods and the ideal states. We define the pre-
cision of characterization schemes as average infidelity

δ
2 = 1−E[F(ρexp,ρideal)]

= 1−E
[
trace

(√
ρ

1
2

expρidealρ
1
2

exp

)]
, (13)

where E[F(ρexp,ρideal)] =
1
S ΣSF(ρ

(S)
exp,ρ

(S)
ideal) is the average fi-

delity for S samples of arbitrary state. In Fig. 2, the mean pre-
cision of two-particle two-dimensional states is numerically
estimated using our method and the approximated modular
value method by assuming the Poisson distribution statistics.
Here, the number of random input states is chosen as S = 100.
The numerical results show the feasibility of our method.
Compared to the approximated modular value method, the pre-
cision increases with the growth of number of input copies N.

4. Discussion and conclusions
We propose a new direct measurement scheme of nonlo-

cal quantum state without any approximations. This scheme
effectively avoids the impact of redundant terms on measuring
the density matrix elements through a special system–meter
coupling. Consequently, it enables the direct measurement of
the ideal value of nonlocal density matrix element without tak-
ing approximations. Our numerical results show the advantage
of higher precision compared to the approximation methods.
Our approach overcomes the inherent low precision associated
with weak coupling schemes, which facilitates a more accu-
rate characterization of nonlocal systems and opens up new
avenues for directly measuring nonlocal quantum states. Fur-
thermore, it is possible to extend our method to direct charac-
terization of multiparticle states by utilizing entangled ancil-
lary states, such as GHZ state. The specific density matrix ele-
ments can be directly acquired from the measurement statistics
with elaborate quantum circuits and post-selections.
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