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Tunable caging of excitation in decorated Lieb-ladder geometry with
long-range connectivity
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Controlled Aharonov–Bohm caging of wave train is reported in a quasi-one-dimensional version of Lieb geometry
with next-nearest-neighbor hopping integral within the tight-binding framework. This longer-wavelength fluctuation is
considered by incorporating periodic, quasi-periodic or fractal kind of geometry inside the skeleton of the original network.
This invites exotic eigenspectrum displaying a distribution of flat band states. Also a subtle modulation of external magnetic
flux leads to a comprehensive control over those non-resonant modes. Real space renormalization group method provides
us an exact analytical prescription for the study of such tunable imprisonment of excitation. The non-trivial tunability of
external agent is important as well as challenging in the context of experimental perspective.
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1. Introduction

Recent exciting headway in experimental condensed mat-
ter physics helps us to emulate several quantum mechanical
phenomena in a quite tunable environment. This unprece-
dented advancement in fabrication technique provides a scope
for direct visualization of different theoretically proposed phe-
nomena such as localization of excitation in low-dimensional
networks.[1,2] That is why creation of so-called artificial sys-
tems for the simulation of complex many-body systems con-
taining additional degree of freedom has grabbed considerable
scientific impact.[3] Moreover, scientific communities have al-
ready addressed the celebration of sixty years of the pioneer-
ing work of Anderson.[4] The absence of diffusion of wave
packet in the random disorder environment is well known. In
fact, this now becomes a general prescription in diverse top-
ics of condensed matter physics starting from optical lattice of
ultra cold atoms[5] to the acoustics, wave guide arrays[6] or in
micro cavities having exciton polaritons.[7] Unlike the case of
Anderson localization (AL), the concept of compact localized
states (CLSs)[8–15] in several ones or two-dimensional peri-
odic or non-periodic structures has attracted the spot light of
fundamental research. The journey started nearly thirty years
ago approximately since Sutherland.[16]

This unconventional non-diffusive progress of wave
has generated significant attention because of its con-
tribution to various novel physical phenomena in
strongly correlated system, such as unconventional An-
derson localization,[17,18] Hall ferromagnetism,[19,20] high-
temperature superconductivity,[21] and superfluidity,[22] to
name a few. Moreover, this study has kept scientists in-

trigued since it offers a suitable platform to investigate
several phenomena that are linked with the information of
quantum physics together with the topological effect in-
cluding fractional quantum hall effect[23] and flat band
ferromagnetism.[24] For these CLSs, the diminishing envelope
of the wave train beyond finite-size characteristics trapping
cell implies extremely low group velocity due to the divergent
effective mass tensor. This means that the particle behaves
like a super heavy such that it cannot move. The vanishing
curvature of the E–k plot corresponding to such momentum
independent self-localized states are generally caused by the
destructive nature of the quantum interference occurred by
multiple quantum dots and the local spatial symmetries in-
volved with the underlying structure. Hence these are also
called flat band states.

In general, occurrence of dispersionless flat band can be
classified into two categories depending on their stability with
respect to the application of magnetic perturbation. In par-
ticular, the type of geometries discussed by Mielke[25] and
Tasaki[19] cannot contain flat bands for finite magnetic flux.
However, for the other type of lattices, e.g., Lieb lattice,[26]

there exists macroscopically degenerate flat band even in the
presence of flux. In fact, the non-dispersive band is completely
insensitive to the applied external perturbation. As is well
known, the inherent topology of the line-centered square lat-
tice (also known as the Lieb lattice) induces interesting spec-
tral properties such as the macroscopically degenerated zero-
energy flat band, the Dirac cone in the low-energy spectrum,
and the typical Hofstadter-type spectrum in a magnetic field.
Moreover, Lieb geometry is one of the most prominent can-
didate useful for magnetism. The spectral divergence of the
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zero-energy flat band provides that platform.
In this article, inspired by all the experimental realiza-

tions of Aharonov–Bohm (AB) caging, we study a quasi-one-
dimensional Lieb-ladder network within the tight-binding for-
malism. The phenomenon of imprisonment of wave train
is studied when the next-nearest-neighbor (NNN) connection
term is added to the Hamiltonian. Interesting modulation of
self-trapping of excitation is also studied in detail when the
NNN connectivity is ‘decorated’ by either magnetic flux or
some quasi-periodic, fractal kind of objects.

As a second motivation we have analyzed an AB inter-
ferometer model made in the form of a quasi-one-dimensional
Lieb geometry to study the flux controlled localization aspects.
It is needless to mention that this flux controlled caging is a
subset of widely used phenomena of AB caging[27] and this
has been experimentally verified in recent years.[1,2] How-
ever, when an electron traverses a closed loop that traps a
finite magnetic flux Φ , its wave function picks up a phase
factor. This simple sentence is at the core of the pioneer-
ing AB effect,[28–32] which has led to a substantial research
in the standard AB interferometry that dominated the funda-
mental physics, in both theoretical and experimental perspec-
tives, in the mesoscopic scale over the past few decades.[33–35]

It should be noted that the recent experiments by Yamamoto et
al.[36] has stimulated more experiments on quantum transmis-
sion in AB interferometers.[37] Also the previously mentioned
theoretical model studies have also played an important part in
studying the elementary characteristics of the electronic states
and coherent conductance in quantum networks in the meso-
scopic dimensions.[35] The recent advancement in the fabrica-
tion and lithography processes has opened up the possibility to
make a tailor-made geometry with the aid of quantum dots or
Bose–Einstein condensates. It is unnecessary to mention that
this has provoked a substantial content of theoretical research
even in model quantum networks with a complex topological
character.[38,39]

In this article, highly motivated by the ongoing scenario
of theory and experiments in AB interferometry, we investi-
gate the spectral and transmission properties of a model quan-
tum network in which diamond shaped AB interferometers are
arranged in the form of a quasi-one-dimensional Lieb ladder
geometry. Such diamond-based interferometer models have
been analyzed before as the minimal prototypes of bipartite
networks having nodes with different coordination numbers,
and representing a family of itinerant geometrically frustrated
electronic systems.[40] There are other studies which include
the problem of imprisonment of excitation under the influ-
ence of spin-orbit interaction,[41] a flux-induced semiconduct-
ing behavior,[42] quantum level engineering for AB cages[43]

or, as models of spin filters.[44]

In what follows, we demonstrate our findings. In Sec-
tion 2 we discuss the basic quasi-one-dimensional Lieb lad-
der network in respect of energy band and transmittivity. In
Section 3 we incorporate an NNN connectivity by inserting a
rhombic loop inside the unit cell and discuss the flux sensitive
localization. In Section 4 the NNN hopping is decorated by
a quasi-periodic Fibonacci geometry, and the distribution of
self-localized states has been studied. Section 5 demonstrates
the self-similar pattern of compact localized states as a func-
tion of magnetic flux. In Section 6 we study the Lieb AB inter-
ferometer model in respect of its electronic eigenspectrum. In
Section 7 we discuss the tentative scope of experiment in this
regard with relevant examples. Finally in Section 8 we draw
our conclusions.

2. Model system and Hamiltonian
We start our demonstration from Fig. 1, where a quasi-

one-dimensional version of the Lieb geometry is shown. We
make a distinction between the sites (blue colored dots marked
as A site and red colored dots marked as B sites) based on their
coordination numbers. The array is modeled by the standard
tight-binding Hamiltonian written in the Wannier basis, viz.,

H = ∑
j

ε jc
†
jc j + ∑

⟨ jk⟩
[t jkc†

jck +h.c.], (1)

where the first term bears the potential information of the re-
spective quantum dot location and the second one indicates the
kinetic signature between two neighboring lattice sites. The
on-site potential of the respective sites are marked as εA and
εB, and the nearest neighbor overlap parameter can be assigned
as t. Without loss of generality, numerically the site potentials
are taken to be uniform (equal to zero) and the nearest neigh-
bor hopping is also same (equal to unity) everywhere.

AB
x

y

Fig. 1. A portion of a quasi-one-dimensional Lieb ladder network with
endless axial span.

After this formal description of the underlying system,
we now try to evaluate the density of states (DOS) by means
of the standard Green function formalism. This will help us
to study the spectral canvas offered by the lattice considered.
For this computation, we will employ the help of the standard
expression, viz.,

ρ(E) =−
( 1

Nπ

)
Im[TrG(E)]. (2)

Here G(E)= [E−H+ i∆ ]−1 is the usual Green function and ∆

is the imaginary part of the energy, reasonably small enough,
added for the numerical evaluation of DOS. N denotes the to-
tal number of atomic sites present in the system, and Tr is the
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trace of the Green function. In our numerical calculation we
have taken a system containing totally 800 atomic sites. The
analysis is demonstrated in the subsequent discussion.
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Fig. 2. (a) Plot of density of eigenstates as a function of energy E for
quasi-one-dimensional Lieb-ladder geometry, (b) the amplitude distri-
bution profile for E = 0, and (c) variation of transmittance with energy.

2.1. Density of eigenstates and transport

In Fig. 2(a) the variation of DOS is presented as a func-
tion of energy, where we can see the presence of the abso-
lutely continuous Bloch bands populated by extended eigen-
functions. We have carefully checked that for any eigenmode
belonging to the resonant band, the overlap parameter keeps
on non-decaying behavior and that is a signature of the state
being delocalized. At the band center (E = 0), the central
spike confirms the existence of momentum-independent flat
band state, which is an inherent signature of the Lieb geom-
etry. The spectral divergence corresponding to the zero en-
ergy mode comes from the vanishing group velocity of the
wave packet as ρ ∝

∫
v−1

g d𝑘. With the aid of difference equa-
tion, one can obtain the distribution of amplitude for such a
self-localized eigenstate. The non-vanishing amplitudes are
pinned at the intermediate sites as shown in Fig. 2(b) and one
of such a characteristic trapping island is isolated from oth-

ers by a distinct physical boundary formed by the sites with
zero amplitude as a result of destructive quantum interference.
The dispersionless nature of the central band is responsible
for anomalous behavior in the transport and optical properties.
The construction of this state definitely resembles the essence
of a molecular state which is spatially quenched within a finite
size cluster of atomic sites. The analogous wave function does
not present any evolution dynamics beyond the trapping cell.
Extremely low mobility of the wave train is the key factor for
the dispersionless signature of the state. Here, we should point
out that the compact localized state, thus formed, lies inside
the continuum regime populated by extended states. There is
no local gap around E = 0. Thus, here the hopping integral
never dies out for E = 0 and hence one should observe non-
zero transport (although nominal in magnitude) for that par-
ticular mode. The localization character can be prominently
viewed in the presence of any perturbation when the spectrum
shows central gap around E = 0, if any. Notably, this definitely
does not rule out the non-dispersive nature of the state.

To corroborate the above findings related to the spectral
landscape we now present a precise discussion to elucidate
the electronic transmission characteristics for this quasi-one-
dimensional system. For this analysis we consider a finite-
sized underlying network. Now the ladder-like system needs
to be clamped in between two pairs of semi-infinite periodic
leads with the corresponding parameters. One can then adopt
the standard Green function approach[45,46] and compute the
same for the composite system (lead-system-lead). The trans-
mission probability[47–51] can be written in terms of this Green
function including the self-energy term,

τi j = Tr [ΓiGr
ΓjGa]. (3)

Here the terms Γi and Γj denote the connection of the network
with the i-th and j-th leads, respectively, and G’s are the re-
tarded and advanced Green functions of the system. The re-
sult is demonstrated in Fig. 2(c). It describes a wide resonant
window for which we have obtained ballistic transport. The
existence of Bloch-like eigenfunctions for this wide range of
Fermi energy is solely responsible for this high transmission
behavior. The conducting nature of the spectral density is ba-
sically reflected in this transmission plot.

2.2. Band dispersion

To study the energy-momentum relation of this periodic
system we cast the original Hamiltonian in terms of wave vec-
tor 𝑘 by virtue of the following expression:

H = ∑
k

ψ
†
k ℋ(𝑘)ψk. (4)
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Fig. 3. Band dispersion diagram of a quasi-one-dimensional Lieb-
ladder network showing the central flat band and other two pairs of
dispersive bands.

Φ Φ Φ Φ Φ Φ Φ

Fig. 4. A quasi-one-dimensional array of Lieb-ladder geometry with
the NNN hopping term incorporated with a diamond loop threaded by
uniform magnetic flux Φ .

Using this relation, the Hamiltonian matrix in k-space
reads

ℋ(𝑘) =


ε t 0 t(1+ e−ika) 0
t ε t 0 0
0 t ε 0 t(1+ e−ika)

t(1+ e ika) 0 0 ε 0
0 0 t(1+ e ika) 0 ε

 .
(5)

The straightforward diagonalization of the above matrix
reveals the entire band picture of the Lieb-ladder network as
presented in Fig. 4. It clearly shows one momentum insensi-
tive non-dispersive band at E = 0 with absolutely zero curva-
ture and two pairs of Bloch bands carrying dispersive signature
at E = ±

√
2[1+ cos(ka)] and E = ±

√
2[2+ cos(ka)]. The

central flat band state confirms the existence of robust type of
molecular state.

3. Diamond-Lieb network
In the above description presented so far, the off-diagonal

element, i.e., the hopping parameter is taken to be restricted
within the nearest neighboring atomic sites only within the
tight-binding formulation. We now consider the same quasi-
one-dimensional Lieb-ladder geometry with the NNN hopping
integral taken into consideration between the A types of sites
as cited in Fig. 4. With the inclusion of longer range connec-
tivity the entire periodic geometry turns out to be quasi-one-
dimensional Lieb ladder with a rhombic geometry embedded
inside the skeleton. This additional overlap parameter intro-
duces another closed loop within each unit cell where the im-
pact of application of magnetic perturbation may be examined
in detail. The circulation direction of the magnetic vector po-
tential may be restricted along the periphery of the rhombic
plaquette by an appropriate selection of the gauge.

Before presenting the numerical results and discussion, it
is necessary to appreciate that the application of flux can intro-
duce additional externally tunable parameter which may lead
to interesting band engineering. This flux tunable localization
of excitation will be discussed in the subsequent subsection.

3.1. Allowed eigenspectrum as a function of flux

Now we analyze the impact of uniform magnetic pertur-
bation on the sustainability of the self-localized states. The
magnetic flux is applied inside each embedded rhombic pla-
quette. As a result of this application of magnetic flux, the
time reversal symmetry is broken (at least locally) along the
arm of the rhombic plaquette. This is considered by introduc-
ing Peierls’ phase factor associated with the hopping integral,
viz., t → t e iΘ , where Θ = 2πΦ/4Φ0 and Φ0 = hc/e is termed
as fundamental flux quantum. The resultant nature of quan-
tum interference happened due to multiple quantum dots is the
ultimate determining factor for the sustainability of the self-
localized modes after applying the perturbation. Here we have
evaluated the allowed eigenspectrum [Fig. 5(a)] with respect
to the applied flux for this flux included quasi-one-dimensional
diamond-Lieb geometry. The spectrum is inevitably flux pe-
riodic. Multiple band crossings, formation of several mini-
bands and thus merging of each other are seen in this quasi-
continuous pattern.

+1 +1−1 −1

4

2

0

-2

-2 -1 0 1 2

-4

E

F/F0

0 +1 0 0 -1 00

0 +1 0 0 -1 00

(a)

(b)

F F F

Fig. 5. (a) Presentation of allowed eigenspectrum as a function of mag-
netic flux for diamond-Lieb network, and (b) amplitude profile corre-
sponding to the energy E = ε −2t cosΘ , and Θ = 2πΦ/(4Φ0).

Here we should give emphasis on a pertinent issue. Fig-
ure 5(b) shows a consistent demonstration of amplitude pro-
file (satisfying the difference equation) for energy E = ε −
2t cosΘ , with ε being the uniform potential energy every-
where. One non-vanishing cluster is again isolated from the
other by a physical barrier formed by the sites with zero am-
plitude as a direct consequence of phase cancelation at those
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nodes. This immediately tells us that the incoming electron
coming with this particular value of energy will be local-
ized inside the trapping island. However, now the energy
eigenvalue is sensible to the applied flux which is an external
agency. The central motivation behind the application of this
external parameter is that if possible, we may invite a compre-
hensive tunability of such bound states solely by manipulating
the applied flux. We do not need to disturb any internal param-
eter of the system, instead one can, in principle, control the
band engineering externally by a suitable choice of flux. The
external perturbation can be tuned continuously satisfying the
eigenvalue equation to control the position of the caged state.

3.2. Density of states profile

For the completeness of the analysis, we have computed
the variation of density of states profile as a function of en-
ergy of the incoming projectile for this quasi-one-dimensional
lattice with long-range connectivity using the standard Green
function technique in both the absence and presence of exter-
nal perturbation. The variation with respect to the energy of
the incoming projectile for different values of magnetic flux

is shown in Fig. 6. The applied flux values are respectively
Φ = 0, Φ = Φ0/4, and Φ = Φ0/2. All the variations are plot-
ted for system size N = 753. It is evident from the plots that
there are different absolutely continuous subbands populated
by extended kind of eigenfunctions. The existence of such
dispersive modes is expected because of the inherent trans-
lational periodicity of the geometry. We have examined that
for any mode belonging to the continuum zones the flow of
the hopping integral shows oscillatory behavior. This oscil-
latory nature signifies that once a non-zero value for hopping
has been set for calculation, it will not vanish and if a non-
zero value of the hopping integral persists, it will clearly indi-
cate that the amplitudes of the wave function have a non-zero
overlap between neighboring sites. This confirms the signa-
ture of the resonant modes for all the eigenstates belonging to
the absolutely continuous zone. It is unnecessary to say that
the intricate nature of the DOS is highly sensitive on the ex-
ternal perturbation. Also, the density of states plots as well
as the allowed eigenspectrum supports the existence of flux
dependent caged state as discussed in the above section.

1.0

0.8

0.6

0.4

0.2

0.0
-4 -2 0 2 4

E

-4 -2 0 2 4

E

-4 -2 0 2 4

E
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(a) (b) (c)

Fig. 6. Variation of density of states ρ(E) as a function of energy E of the excitation. The external magnetic flux values are (a) Φ = 0,
(b) Φ = Φ0/4, and (c) Φ = Φ0/2.

3.3. Band engineering

In the presence of uniform magnetic flux one can easily
express the Hamiltonian in the k-space language. The diag-
onalization of this matrix will give the band dispersion as a
function of flux. In this quasi-one-dimensional diamond Lieb
geometry we have got that there are two flux independent dis-
persive bands E =±

√
2(1+ cos(ka)) and three other flux sen-

sible resonant bands. Therefore, we should highlight a very
pertinent issue here. For the last three flux dependent bands,
one can easily control the group velocity of the wave train as
well as the effective mass (equivalently the mobility) of the
particle by tuning the external source of perturbation. This
non-trivial manipulation of the internal parameters of the sys-
tem with the aid of flux makes this aspect of band engineering
more challenging as well as interesting indeed.

Here it is noted that the wave function picks up a phase
related to the magnetic vector potential, viz., ψ = ψ0 e i

∮
𝐴d𝑟.

The magnetic flux here plays an equivalent role as the wave
vector.[52] One can thus think a k–Φ/Φ0 diagram which is

equivalent to a typical kx–ky diagram for electrons traveling
in a two-dimensional periodic lattice. The “Brillouin zone”
equivalently are expected to show up, across which variations
of the group velocity will take place. This is precisely shown
in Fig. 7. In this plot, every contour presented corresponds to a
definite value (positive or negative) of the group velocity of the
wave packet. The red lines are the contours with zero mobility.
Hence they are the equivalents of the boundaries of the Bril-
louin zone across which the group velocity reverts its sign if
one moves parallel to the Φ-axis at any fixed value of the wave
vector k, or vice versa. This essentially signifies that, we can,
in principle, make an electron accelerate (or retard) without
manipulating its energy by changing the applied magnetic flux
only. The vanishing group velocity contours (marked by red)
indicate that the associated wavefunctions are self-localized
around finite size islands of atomic sites, making the eigen-
mode a non-dispersive one. As the curvature of the band is
related to the mobility of the wave packet one can conclude
from Fig. 7 that tuning of the curvature of the dispersive band
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is also possible with the help of external perturbation.

-2 -1 0 1 2

F/F0
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-p
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p

--
2
p

2
p

Fig. 7. Diagram of k–Φ showing different group velocity contours for
electron moving in diamond embedded Lieb geometry. The red lines
mark the zero group velocity of the wave packet. These red contours act
as border lines showing a continuous change of vg with respect to flux.

4. Lieb ladder with quasi-periodic NNN interac-
tion

In the above-mentioned case the amplitude for E = 0 will
be pinned at the top and bottom vertices of the diamond em-
bedded. From this standpoint we now decorate each arm of
the rhombic plaquette by a finite generation quasiperioidic fi-
bonacci kind of geometry with two different types of bonds X
and Y as depicted in Fig. 8. The two kinds of hoppings associ-
ated with these two bonds are named as tx and ty, respectively.
The generation sequence for this quasi-periodic structure fol-
lows the standard inflation rule X → XY and Y → X . Based on
this prescription regarding the anisotropy in off-diagonal term,
there exists three different types of atomic sites α (flanked by
two X-bonds), β (in between X–Y pair) and γ (in between Y –
X pair). Here we should mention that we consider the genera-
tions with X type of bond at the extremities, i.e., G2n+1 (with n
being integer). This is only for convenience and does not alter
the result physics-wise as we go for thermodynamic limit.

X

Y

X

a

a

g
b

Fig. 8. An infinite array of Lieb ladder with the NNN hopping described
in a quasi-periodic fashion.

Hence, if we start with a odd generation Fibonacci seg-
ment that decorates each arm of the diamond, then one can
decimate the chain n-times by employing the RSRG method
to get back the original diamond structure with renormalized

parameters. The recursive flows of the parameters are gov-
erned by the following equations, viz.,

εα(n+1) = εα(n)+
t2
x (n)
∆(n)

[2E − (εβ (n)+ εγ(n))],

εβ (n+1) = εα(n)+
[E − εβ (n)]t2

x (n)
∆(n)

+
t2
x (n)

E − εβ (n)
,

εγ(n+1) = εγ(n)+
[E − εγ(n)]t2

x (n)
∆(n)

+
t2
y (n)

E − εβ (n)
,

εC(n+1) = εα(n)+
2t2

x (n)
∆(n)

{2E − [εβ (n)+ εγ(n)]},

tx(n+1) =
t2
x (n)ty(n)

∆(n)
,

ty(n+1) =
tx(n)ty(n)
E − εβ (n)

, (6)

where ∆(n) = {[E − εβ (n)][E − εγ(n)]}− t2
y (n).

4
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1

0

-3 -2 -1 0 1 2 3

E

n

Fig. 9. Distribution of self-localized modes showing a typical three-
subband pattern for large enough generation.

Obviously after decimation if we want to explore the
same compact localized state (at E = ε) in this renormalized
lattice, then due to the iterative procedure, on-site potential
will be now a complicated function of energy. If we now ex-
tract roots from the eigenvalue equation (E − εα) = 0, all the
roots will produce a multifractal distribution of the set of com-
pact localized states. Obviously, as we increase the generation
of the fibonacci structure, in the thermodynamic limit, all the
self-localized modes exhibit a global three-subband structure.
The pattern is already prominent in Fig. 9. Each subband can
be finely scanned in the energy scale to bring out the inher-
ent self-similarity and multifractality, the hallmark of the Fi-
bonacci quasicrystals.[53] The self-similarity of the spectrum
have been checked by going over to higher enough genera-
tions, though we refrain from showing these data to save space
here.

Before ending this discussion, we should point out that
a similar kind of work[54] has been reported from our group
where the spectral competition between the axial ordering and
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the transverse aperiodicity has been studied in detail. From
that standpoint we have decorated the NNN hopping in quasi-
periodic fashion for this Lieb ladder geometry, which, to the
best of our knowledge, has not been reported earlier. Our aim
is to analyze the spectral landscape with such interesting com-
petitive scenario for this quasi-one-dimensional lattice.

5. Lieb ladder with fractal type of long-range
connection

We start this demonstration from Fig. 10, where a finite
generation of self-similar Vicsek geometry[55,56] is grafted in-
side the basic Lieb motif. The longer-range connection is here
established through the aperiodic object. Also a uniform mag-
netic flux Φ may be applied in each small plaquette of the
fractal structure. It should be appreciated that while a Lieb ge-
ometry in its basic skeleton is known to support a robust type
of central self-localized state, the inclusion of fractal struc-
ture of a finite generation in each unit cell disturbs the trans-
lational ordering locally (though it is maintained on a global
scale in the horizontal direction) in the transverse direction.
This non-trivial competitive scenario makes the conventional
methods of obtaining the self-localized states impossible to
be implemented, especially in the thermodynamic limit. We
take the help of the RSRG technique[57] to bypass this issue
and present an analytical formalism, from which one can ex-
actly determine the localized modes as a function of external
flux. Here it is noted that the unit cell of the underlying model
structure contains a non-translationally invariant self-similar
entity. With the increase of generation of the fractal object,
the straightforward diagonalization of the Hamiltonian may
not work here. Any self-localized mode obtained from a finite
generation of fractal may be excluded from the set of roots
obtained in the thermodynamic limit due to the fragmented
nature of the spectrum. In this regard, real space decimation
technique provides an analytically exact scheme of obtaining
the hierarchical distribution of such bound states. The method
can be applied practically to any quasi-one-dimensional sys-
tem and has already been employed to study the controlled
caging of excitation in different networks.[54–56,58–60] Starting
from a finite generation of scale invariant fractal network, af-
ter suitable steps of decimation[55,56] one can produce a Lieb
ladder geometry with a diamond plaquette embedded into it
(as discussed in the above discussion). The renormalized po-
tential of the top vertex of the diamond is now a complicated
function of energy and flux. Therefore straightforward solv-
ing of the equation [E − εA(E,Φ)] = 0 gives us an interesting
distribution of compact localized states in the E–Φ space.

Fig. 10. An infinite array of Lieb strip with long-range connectivity
decorated by fractal object.

This non-trivial distribution of eigenvalues as a function
of flux may be considered with an equivalent dispersion rela-
tion since for an electron moving round a closed path, the mag-
netic flux behaves the similar physical role as that of the wave
vector.[52] The distribution of eigenmodes composes an inter-
esting miniband-like structure as a function of external pertur-
bation. The competition between the global periodicity and
the local fractal entity has a crucial impact on this spectrum.
We can continuously engineer the magnetic flux to perform
the imprisonment of wave train with high selectivity. More-
over, there are a number of inter-twined band overlaps, and a
quite densely packed distribution of allowed modes, forming
quasi-continuous E–Φ band structure. Close observation of
this eigenspectrum reveals the formation of interesting vari-
ants of the Hofstadter butterflies.[61] The spectral landscape
is a quantum fractal, and encoding the gaps with appropriate
topological quantum numbers remains an open problem for
such deterministic fractals.
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-1.00 -0.50 0.00 0.50 1.00
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Fig. 11. Distribution of self-localized states with applied flux.

Before ending this section we should put emphasis on a
very pertinent point. An aperiodic fractal object is inserted in
the unit cell of the periodic geometry. The self-similar pat-
tern of the fractal entity will have the influence on the spec-
trum. All such self-localized modes are the consequences of
destructive quantum interference and the geometrical configu-
ration of the underlying system. For this class of energy eigen-
value, the spatial span of the cluster of atomic sites contain-
ing non-vanishing amplitudes increases with the generation of
the fractal geometry incorporated. Hence, with an appropri-
ate choice of the RSRG index n, the onset of localization and
the spread of trapping island can be staggered, in space. This
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tunable delay of the extent of localization has already been
studied for a wide variety of fractal geometries.[55,56,59,60] This
comprehensive discussion regarding the manipulation of the
geometry-induced localization makes the phenomenon of AB
caging more interesting as well as challenging from the exper-
imental point of view.

6. Diamond-Lieb interferometer
In this section we investigate the spectral character-

istics of a quantum network in which each arm of the
Lieb-ladder geometry is ‘decorated’ by diamond-shaped AB
interferometer.[37] Each elementary interferometer is pierced
by a invariable magnetic perturbation applied perpendicular to
the plane of the interferometer, and traps a flux Φ (in units
of Φ0 = hc/e). This type of diamond based interferometers
have been formerly studied as the minimal prototypes of bipar-
tite structures having nodes with different coordination num-
bers, and representing a family of itinerant geometrically frus-
trated electronic systems.[62–64] One can refer to Fig. 12(a).
A standard diamond-Lieb AB interferometer is shown pictori-
ally there whereas Fig. 12(b) demonstrates that each diamond
loop can take a shape of a quantum ring consisting of multiple
lattice points. Each arm of the diamond may be decorated by
the number of atomic scatterers (N) between the vertices, such
that the total number of single level quantum dots contained
in a single interferometer is 4(N + 1). An uniform magnetic
flux Φ may be allocated within each loop, and the electron
hopping is restricted to take the non-vanishing value for the
nearest neighboring nodes only.

1
2

N
1

2
N

F

(a)

(b)

Fig. 12. (a) Schematic diagram of elementary diamond-Lieb interfer-
ometer and (b) the decoration of basic unit.

To study the systematic spectral analysis we take the help
of RSRG approach. Each elementary loop of the interferom-
eter is properly renormalized to transform it into a simple di-
amond having just four sites. Due to this decimation process
we will get three types of sites A, B and C (marked by black,
red and blue colored atomic sites, respectively, in Fig. 12(a))
with corresponding parameters given by

ε̃A = ε +6t
UN−1(x)
UN(x)

,

ε̃B = ε +4t
UN−1(x)
UN(x)

,

ε̃C = ε +2t
UN−1(x)
UN(x)

,

tF(B) = t e±i(N+1)θ/UN(x). (7)

Here, UN(x) is the N-th order Chebyshev polynomial of sec-
ond kind, and x = (E − ε)/2t. The ‘effective’ diamond loops
are then renormalized in a proper way (C types of sites are
decimated out) such that we will get back the Lieb ladder with
renormalized on-site potential and overlap integral given by

ε̃4 = ε̃B +
4tFtB

(E − εC)
, ε̃6 = ε̃A +

6tFtB

(E − εC)
, t̃ =

2tFtB

(E − εC)
. (8)

We will now exploit all the above equations to extract the de-
tailed information about the electronic spectrum and the nature
of the eigenstates provided by such a model interferometer.

6.1. Spectral landscape and inverse participation ratio

For analysis, we first put N = 0 here so that the quantum
ring of elementary interferometer takes the form of a diamond
(Fig. 12(a)). The density of states with energy for different
values of magnetic flux enclosed within each elementary in-
terferometer is shown in the upper panels of Fig. 13. From
the plots, we can see that in the absence of magnetic flux the
density of states reflects the periodic nature of the geometry. It
consists of absolutely continuous zones populated by resonant
eigenstates with sharp spikes at E = 0 and ±2. Here, it should
be noted that the localized character of those modes cannot
be distinctly revealed because of its position within the con-
tinuum of extended modes. However, when we apply quarter
flux quantum the central localized mode becomes isolated and
prominent. It is also seen from the plots that with the grad-
ual increment of flux value the window of resonant modes in
the DOS profile shrinks along the energy scale and ultimately
leads to extreme localization of eigenstates for half flux quan-
tum. Actually, the effective overlap parameter between the two
axial extremities of the interferometer vanishes for this special
flux value, and this makes the complete absence of resonant
modes possible. This is the basic physical background of ex-
treme localization of excitation. We should appreciate that this
typical flux induced localization of wave train inside a charac-
teristic trapping island is a subset of the usual AB caging.[27]

For the sake of completeness of the discussion related to
the spectral property of such a quantum interferometer model,
we have also calculated the IPR to certify the above density
of states plots. To formulate the localization of a normalized
eigenstate the inverse participation ratio is defined as

I ∼
L

∑
i=1

|ψi|4. (9)
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It is known that for an extended mode, IPR goes as 1/L, but
it approaches to unity for a localized state. The lower panels
of Fig. 13 describe the variation of IPR with the energy of the
injected projectile for different flux values. It is evident from
the plots that the IPR supports the spectral profile cited in the
upper panels of Fig. 13. We can see that with nominal strength

of perturbation the central gap opens up around E = 0, clearly
indicating the central localized mode. The shrinking of reso-
nant window with the gradual increment of flux is also appar-
ent from the IPR plots. It is also interesting to appreciate that
half flux quantum IPR plot (Fig. 13(f)) also demonstrates the
AB-caging leading to the extreme localization of eigenstates.
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Fig. 13. Upper: Variation of density of states ρ(E) as a function of energy E of the excitation. Lower: Variation of inversion
participation ratio (IPR) with energy. The external magnetic flux values are (a) Φ = 0, (b) Φ = Φ0/4, and (c) Φ = Φ0/2.

6.2. Flux dependent eigenspectrum

Figure 14 shows the essential graphical variation of al-
lowed eigenspectrum for a diamond-Lieb AB interferometer
with N = 0 versus the external magnetic flux. With the incre-
ment of N (the number of scatterers in each elementary inter-
ferometer), the spectrum will be densely packed with several
band crossings. The present variation is seen to be periodic
flux of periodicity equal to one flux quantum. It is unneces-
sary to say that the eigenspectrum is inevitably sensitive to the
numerical values of the parameters of the Hamiltonian. How-
ever, the periodicity retains for such a spectrum after every
single flux quantum change of the external perturbation.

It is observed that there is a tendency of clustering of the
allowed eigenvalues towards the edges of the eigenspectrum
as is clear from the above-mentioned diagram. A number of
band crossings are noticed and the spectrum cites kind of a
zero band gap semiconductor like behavior, mimicking Dirac
point as observed in the case of graphene, at Φ/Φ0 =±i, with
i being an integer including zero. As we increase the com-
plexity in each interferometer by increasing N, the central gap
gets consequently filled up by more eigenstates, and the E–
Φ contours get more flattened up forming a quasi-continuous
spectrum, exotic in nature. The central eigenstate correspond-
ing to eigenvalue E = 0 is a robust kind of mode irrespective of
the application of perturbation, i.e., the existence of that state
is insensitive to the value of the external flux. Moreover, when
the magnetic flux is set as Φ = (i+ 1/2)Φ0, we can observe
a spectral collapse. In that case, one can easily identify the

localization character of the central state.
Most importantly, it is evident from the spectral landscape

that it consists of a set of discrete points (eigenvalues) for half
flux quantum. This is the canonical case of extreme local-
ization. For such a special flux value the vanishing overlap pa-
rameter makes the geometry equivalent to discrete set of lattice
points with zero connectivity between them. This makes the
excitation caged within the trapping island. Further, it should
be noted that this AB-caging[27] may happen for any value of
N, the number of eigenvalues in the discrete set depends on
the choice of N.
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Fig. 14. Flux dependent allowed eigenspectrum for the diamond-Lieb
AB-interferometer model. The pattern is flux periodic.

7. Possible scope for experiment
The essence of caging of wave train by means of lat-

tice topology and quantum interference resulted from the un-
derlying system is not limited to its theoretical perspective
but also it has been emerged as progressive topic of experi-
mental research in the recent era of advanced nanotechnology
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and lithography techniques. The femtosecond laser-writing
method along with the aberration-correction techniques[1] is
helpful for suitable fabrication of two-dimensional arrays of
sufficiently deep single-mode wave guides. This technique has
been successfully implemented recently to accomplish exper-
imental visualization of flat bands in Lieb photonic lattice,[1,3]

and other photonic structures.[2,65–67] The basic superiority of
these experimental procedures over other photonic platforms
is that the associated laser-writing parameters can be opti-
mized to produce low propagation loss over a long distance,
which implies that such single-mode wave guides may be use-
ful to operate at a particular wavelength. In addition, this tech-
nique also provides us a precise tunability over the inter-wave
guide coupling strengths, allowing us to explore different pa-
rameter regimes. All these challenging experiments have be-
come the milestone in this field of research and these inspire
us to take such a model lattice as our system of interest.

8. Closing remarks

We report a methodical analysis of the flux induced tun-
able caging of excitation in a quasi-one-dimensional Lieb net-
work with long-range connectivity within the tight-binding
framework. With the inclusion of second neighbor overlap
integral in a decorated way, external source of perturbation
can act as an important role for the selective caging of wave
packet. Flux-dependent band engineering and hence the com-
prehensive control over the group velocity of the wave train
as well as the band curvature are studied in detail. Deco-
ration of the NNN hopping in certain quasi-periodic fashion
or by some deterministic fractal object is also demonstrated
analytically. Real space renormalization group approach pro-
vides us a suitable platform to obtain an exact prescription for
the determination of self-localized modes induced by destruc-
tive quantum interference effect. We have seen that in the
quasi-periodic Fibonacci variation the distribution of eigen-
states shows a standard three-subband pattern, while in the
case of fractal entity, a countably infinite number of localized
modes cite an interesting quasi-continuous distribution against
flux. We have also critically studied the spectral properties of
a diamond Lieb interferometer. The energy spectrum shows
an exotic feature comprising extended, staggered and edge-
localized eigenfunctions. The number of such states depends
on the number of quantum dots present in each arm of the el-
ementary diamond interferometer, and can populate the spec-
tral landscape as densely as desired by the experimentalists. A
constant magnetic perturbation can be utilized to control the
positions of all such states. Moreover, at special flux value the
spectrum describes the AB caging of eigenstates leading to an
interesting spectral collapse.
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[36] Yamamoto M, Takada S, Bäuerle C, Watanabe K, Wieck A D and

Tarucha S 2012 Nat. Nanotechol. 7 247
[37] Aharony A, Takada S, Entin-Wohlman O, Yamamoto M and Tarucha S

2014 New J. Phys. 16 083015
[38] Andrade Jr J S, Herrmann H J, Andrade R F S and Silva L R da 2005

Phys. Rev. Lett. 94 018702
[39] Cardoso A L, Andrade R F S and Souza A M C 2008 Phys. Rev. B 78

214202
[40] Lopes A A and Dias R G 2011 Phys. Rev. B 84 085124
[41] Bercioux D, Governale M, Cataudella V and Ramaglia V M 2004 Phys.

Rev. Lett. 93 056802
[42] Sil S, Maiti S K and Chakrabarti A 2009 Phys. Rev. B 79 193309
[43] Movilla J L and Planelles J 2011 Phys. Rev. B 84 195110
[44] Aharony A, Tokura Y, Cohen G Z, Entin-Wohlman O and Katsumoto

S 2011 Phys. Rev. B 84 035323
[45] Lowdin P O 1963 J. Mol. Spectrosc. 10 12
[46] Lowdin P O 1962 J. Math. Phys. 3 969

127201-10

http://doi.org/10.1103/PhysRevLett.114.245504
http://doi.org/10.1364/OL.40.005443
http://doi.org/10.1103/PhysRevLett.114.245503
http://doi.org/10.1103/PhysRevLett.114.245503
http://doi.org/10.1103/PhysRev.109.1492
http://doi.org/10.1103/RevModPhys.80.885
http://doi.org/10.1038/nature01936
http://doi.org/10.1088/1367-2630/14/6/065002
http://doi.org/10.1038/srep16852
http://doi.org/10.1103/PhysRevA.87.023614
http://doi.org/10.1103/PhysRevA.94.043831
http://doi.org/10.1103/PhysRevB.96.161104
http://doi.org/10.1103/PhysRevB.96.161104
http://doi.org/10.1209/0295-5075/105/30001
http://doi.org/10.1103/PhysRevLett.113.236403
http://doi.org/10.1103/PhysRevLett.113.236403
http://doi.org/10.1103/PhysRevB.95.115135
http://doi.org/10.1103/PhysRevB.95.115135
http://doi.org/10.1080/23746149.2018.1473052
http://doi.org/10.1103/PhysRevB.34.5208
http://doi.org/10.1103/PhysRevLett.96.126401
http://doi.org/10.1103/PhysRevB.82.104209
http://doi.org/10.1103/PhysRevLett.69.1608
http://doi.org/10.1103/PhysRevLett.109.096404
http://doi.org/10.1103/PhysRevB.93.214505
http://doi.org/10.1103/PhysRevB.93.214505
http://doi.org/10.1038/ncomms9944
http://doi.org/10.1103/PhysRevLett.107.146803
http://doi.org/10.1103/PhysRevLett.107.146803
http://doi.org/10.1103/PhysRevLett.72.144
http://doi.org/10.1088/0305-4470/25/16/011
http://doi.org/10.1103/PhysRevLett.62.1201
http://doi.org/10.1103/PhysRevLett.81.5888
http://doi.org/10.1103/PhysRev.115.485
http://doi.org/10.1080/00018738600101921
http://doi.org/10.1103/PhysRevA.30.1982
http://doi.org/10.1103/PhysRevLett.54.2049
http://doi.org/10.1103/PhysRevB.52.R14360
http://doi.org/10.1103/PhysRevLett.73.3149
http://doi.org/10.1103/PhysRevLett.73.3149
http://doi.org/10.1103/PhysRevLett.90.156802
http://doi.org/10.1103/PhysRevLett.90.156802
http://doi.org/10.1088/1751-8113/43/35/354020
http://doi.org/10.1088/1751-8113/43/35/354020
http://doi.org/10.1038/nnano.2012.28
http://doi.org/10.1088/1367-2630/16/8/083015
http://doi.org/10.1103/PhysRevLett.94.018702
http://doi.org/10.1103/PhysRevLett.94.018702
http://doi.org/10.1103/PhysRevB.78.214202
http://doi.org/10.1103/PhysRevB.78.214202
http://doi.org/10.1103/PhysRevB.84.085124
http://doi.org/10.1103/PhysRevLett.93.056802
http://doi.org/10.1103/PhysRevLett.93.056802
http://doi.org/10.1103/PhysRevB.79.193309
http://doi.org/10.1103/PhysRevB.84.195110
http://doi.org/10.1103/PhysRevB.84.035323
http://doi.org/10.1016/0022-2852(63)90151-6
http://doi.org/10.1063/1.1724312


Chin. Phys. B 32, 127201 (2023)

[47] Datta S 1997 Electronic Transport in Mesoscopic Systems (Cambridge:
Cambridge University Press)

[48] Datta S 2005 Quantum Transport: Atom to Transistor (Cambridge:
Cambridge University Press)

[49] Dutta P, Maiti S K and Karmakar S N 2014 AIP Adv. 4 097126
[50] Dutta P, Maiti S K and Karmakar S N 2010 Org. Electron. 11 1120
[51] Dutta P, Maiti S K and Karmakar S N 2013 J. Appl. Phys. 114 034306
[52] Cheung H F, Gefen Y, Riedel E K and Shih W H 1988 Phys. Rev. B 37

6050
[53] Kohmoto M, Sutherland B and Tang C 1987 Phys. Rev. B 35 1020
[54] Nandy A and Chakrabarti A 2015 Phys. Lett. A 379 2876
[55] Pal B, Patra P, Saha J P and Chakrabarti A 2013 Phys. Rev. A 87 023814
[56] Pal B and Chakrabarti A 2012 Phys. Rev. B 85 214203
[57] Southern B W, Kumar A A and Ashraff J A 1983 Phys. Rev. B 28 1785

[58] Nandy A and Chakrabarti A 2016 Phys. Rev. A 93 013807
[59] Nandy A, Pal B and Chakrabarti A 2015 J. Phys.: Condens. Matter 27

125501
[60] Nandy A 2021 Phys. Scr. 96 045802
[61] Hofstadter D R 1976 Phys. Rev. B 14 2239
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