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Different wave patterns for two-coupled Maccari’s system with
complex structure via truncated Painlevé approach
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We focused on the two-coupled Maccari’s system. With the help of truncated Painlevé approach (TPA), we express
local solution in the form of arbitrary functions. From the solution obtained, using its appropriate arbitrary functions, we
have generated the rogue wave pattern solutions, rogue wave solutions, and lump solutions. In addition, by controlling the
values of the parameters in the solutions, we show the dynamic behaviors of the rogue wave pattern solutions, rogue wave
solutions, and lump solutions with the aid of Maple tool. The results of this study will contribute to the understanding of
nonlinear wave dynamics in higher dimensional Maccari’s systems.
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1. Introduction
In recent years, the investigation of exact solution of

nonlinear partial differential equations has become a hot
issue in most scientific research fields, such as fluid dy-
namics, physics, chemistry, genetics, optical fibers, and
mathematical biology. Through the continuous exploration
and efforts of researchers, more and more methods for
solving nonlinear evolution equations have been developed
and promoted, such as extend Fan sub-equation mapping
method,[1] Weierstrass semi-rational expansion method,[2]

tensor method,[3] homotopy analysis method,[4] homoge-
neous balance method,[5] third-order newton-type method,[6]

Laplace decomposition method,[7] Adomian decomposition
method,[8] Newton-raphson method,[8] multipoint method,[9]

Darboux transformation,[10] and TPA.[11] Through the above
methods, many wave-like solutions can be constructed.

There are widespread concern about the existence of
wave-like solutions in the ocean. At present, wave-like so-
lutions have been mentioned by a large number of nonlinear
systems, such as the Fokas–Lenells equation,[10] the (2+ 1)-
dimensional Maccari’s system,[12] the nonlinear Schrödinger
equation,[13] and the (3+ 1)-dimensional variable-coefficient
nonlinear wave equation.[14] There are many ways to get
wave-like solutions. Thilakavathy et al. obtained the local
solutions, such as multi-rogue wave solutions, rogue wave
doublet solutions, and lump wave solutions by using TPA.[12]

Ahmed et al. constructed the additional solutions to the Mac-
cari system by Lie symmetry approach.[15] Jabbari et al. con-
structed exact solutions of the coupled Higgs equation and
the Maccari system by the semi-inverse method and (G′/G)-
expansion method.[16] The first integral method can be used to

study the exact solutions of the Maccari’s system, such as the
coupled Maccari’s system, two coupled nonlinear Maccari’s
system, three coupled nonlinear Maccari’s system.[17] Two
methods: the planar dynamic system method and the poly-
nomial complete discriminant system method, are used to find
the solutions of the coupled nonlinear Maccari systems.[18] It
is obvious that the new exact solutions to the coupled non-
linear Maccari’s system have complex structures by extended
rational sine–cosine and rational sinh–cosh methods.[19]

When studying the Maccari equation, we have to men-
tion its origin. It was derived by means of an extension of the
reduction method[20] developed by Tang.[21] And it has the
following form: 

iAt +Axx +LA = 0,
iBt +Bxx +LB = 0,
Ly = (|A|2 + |B|2)x.

(1)

The Maccari system is equivalent to the long-wave-short wave
interaction model.[21] In addition, the Maccari system is also
a special case of a generalized (N +M)-component (2+ 1)-
dimensional AKNS system, from which the Maccari system
can be obtained by simplification.[21,22] Inspired by the above
article, this article is devoted to the study of the two-coupled
Maccari’s system[17,23–25]

iXt +Xxx +RX = 0,
iYt +Yxx +RY = 0,
Rt +Ry +(|X +Y |2)x = 0,

(2)

where i =
√
−1, X(x,y, t) and Y (x,y, t) are complex short

wave amplitudes and R(x,y, t) is real long wave ampli-
tude. The subscripts denote partial differentiation and aster-
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isk means complex conjugate hereafter. From the above dis-
cussion, we can easily see that equations (1) and (2) are very
similar in form, but the third equation is different. This is be-
cause their derived equations are different, although they are
derived by the same reduction method.[20,23] In terms of ex-
pansion, equation (1) is derived from the Nizhnik equation,[20]

while equation (2) is derived by considering the Kadomtsev–
Petviashvili equation.[23] It is also important to note that both
Eqs. (1) and (2) are integrable, which can be proved by deriv-
ing the corresponding Lax pairs.

At present, the development of the Maccari system has
been matured, and many researchers have found many inter-
esting properties. Abundant localized coherent structures are
revealed by the variable separation approach, some special
types of the localized excitations like the multiple solitoffs,
dromions, lumps, ring solitons, breathers, and instantons are
plotted also, and it is not difficult to find that the interac-
tion between two traveling ring soliton solutions is completely
elastic.[21,26] In contrast, we want to study wave forms that
do not interact with each other. To do this, we use the TPA
method to investigate Eq. (2). In this article, by choosing ap-
propriate functions, we obtain rogue wave pattern solutions,
rogue wave solutions, and lump wave solutions. It is worth
mentioning that the rogue wave pattern we obtained is differ-
ent from the traditional rogue wave. Compared to the tradi-
tional rogue wave, the rogue wave pattern we obtained is char-
acterized by extreme suddenness, but it does not disappear. In
other words, the rogue wave pattern has half the rogue wave
property, half the lump solution property.

The layout of this paper is arranged as follows. In Sec-
tion 2, we show how the two-coupled Maccari equation can
be solved by TPA. In Section 3, we construct wave-like solu-
tions by various arbitrary functions. Finally, in Section 4, we
summarize this paper.

2. Solution of the two-coupled Maccari’s system
by TPA
In order to solve the above equation, we define X = u,

X∗ = v, Y = m, and Y ∗ = n, we rewrite Eq. (2) as follows:

iut +uxx +Ru = 0,
−ivt + vxx +Rv = 0,
imt +mxx +Rm = 0,
−int +nxx +Rn = 0,
Rt +Ry +(|u+m|2)x = 0.

(3)

We can introduce a local Laurent expansion of the vari-
ables u, v, m, n, and R in neighborhood of a non-characteristic
singular manifold φ(x,y, t) = 0, φx 6= 0, φy 6= 0. To find out
the solutions of the above two-coupled Maccari’s system we
consider the following transformation:

u = u0φ
α , v = v0φ

β , m = m0φ
γ ,

n = n0φ
δ , R = R0φ

η , (4)

where u0, v0, m0, n0, and R0 are analytic functions of (x,y,z)
and α , β , γ , δ , and η are integers to be determined.

By inserting Eq. (4) into Eq. (3) and balancing the most
dominant terms, we have

α = β = γ = δ =−1, η =−2. (5)

The Laurent series of the solutions of Eq. (3) at the con-
stant level term yields the following Bäcklund transformation:

u =
u0

φ
+u1, v =

v0

φ
+ v1, m =

m0

φ
+m1,

n =
n0

φ
+n1, R =

R0

φ 2 +
R1

φ
+R2. (6)

Assuming u1 = v1 = m1 = n1 = 0,R = R2(x, t). Substitut-
ing Eq. (6) and the above assumptions into Eq. (3) and propos-
ing coefficients of (φ−3,φ−3,φ−3,φ−3,φ−3), we have

2u0φ 2
x +R0u0 = 0,

2v0φ 2
x +R0v0 = 0,

2m0φ 2
x +R0m0 = 0,

2n0φ 2
x +R0n0 = 0,

−2R0φt −2R0φy−2φx(u0 +m0)(v0 +n0) = 0.

(7)

By solving Eq. (7), we obtain{
2φ 2

x +R0 = 0,
R0φt +R0φy +φx(u0 +m0)(v0 +n0) = 0.

(8)

Proposing coefficients of (φ−2,φ−2,φ−2,φ−2,φ−2), we
obtain

−iu0φt −2φxu0x−u0φxx +u0R1 = 0,
iv0φt −2φxv0x− v0φxx + v0R1 = 0,
−im0φt −2φxm0x−m0φxx +m0R1 = 0,
in0φt −2φxn0x−n0φxx +n0R1 = 0,
R0t −R1φt +R0y−R1φy

+(u0x +m0x)(v0 +n0)+(u0 +m0)(v0x +n0x) = 0.

(9)

Substituting Eq. (8) into the last equation of Eq. (9),
yields the following form:

R1 = 2φxx−
2φx(φt +φy)x

φt +φy
. (10)

Substituting Eq. (10) into Eq. (9), the variable u0, v0, m0,
and n0 can be solved as follows:

u0 = S1(y)exp
[∫

(
−iφt +φxx

2φx
−

(φt +φy)x

φt +φy
) dx

]
,

v0 = S1(y)exp
[∫

(
iφt +φxx

2φx
−

(φt +φy)x

φt +φy
) dx

]
,

m0 = S2(y)exp
[∫

(
−iφt +φxx

2φx
−

(φt +φy)x

φt +φy
) dx

]
,

n0 = S2(y)exp
[∫

(
iφt +φxx

2φx
−

(φt +φy)x

φt +φy
) dx

]
,

(11)
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where S1(y) and S2(y) are low-dimensional arbitrary functions
with respect to y.

By proposing coefficients of (φ−1,φ−1,φ−1,φ−1,φ−1),
we have 

iu0t +u0xx +u0R2 = 0,
−iv0t + v0xx + v0R2 = 0,
im0t +m0xx +m0R2 = 0,
−in0t +n0xx +n0R2 = 0,
R1t +R1y = 0.

(12)

Substituting Eq. (10) into the last equation of Eq. (12)
yields the following trilinear form:

2φxxt(φt +φy)
2−2φxt(φt +φy)x(φt +φy)

+2φx(φt +φy)x(φt +φy)t

−2φx(φt +φy)xt(φx +φy)+2φxxy(φt +φy)
2

−2φxy(φt +φy)x(φt +φy)

−2φx(φt +φy)xy(φx +φy)

+2φx(φt +φy)x(φt +φy)y = 0. (13)

The above trilinear Eq. (13) makes it clear that any mani-
fold φ(x, t) can be partitioned into the following form:

φ = φ1(x)+φ2(t), (14)

where φ1(x) and φ2(t) are the arbitrary functions. Substituting
Eqs. (11) and (14) into the second expression of Eq. (8) yields
the following condition:

S2(y) =−S1(y)±
√

2φ2t . (15)

Once again, proposing coefficients of (φ 0,φ 0,φ 0,φ 0,φ 0),
we have

R2t +R2y = 0. (16)

Substituting Eq. (14) into Eq. (11), and with the help of
Eq. (16), R2 is obtained in the following form:

R2 =−
∫

φ2tt

2φ1x
dx+

φ 2
2t +φ 2

1xx−2φ1xφ1xxx

4φ 2
1x

. (17)

By substituting the first equation of Eqs. (8), (10), (11),
(14), and (17) into Eq. (6), the solution of the two-coupled
Maccari’s system is obtained as follows:

X =
S1(y)exp[

∫
(−iφ2t+φ1xx

2φ1x
)dx]

φ1(x)+φ2(t)
,

Y =
S2(y)exp[

∫
(−iφ2t+φ1xx

2φ1x
)dx]

φ1(x)+φ2(t)
,

R =
−2φ 2

1x
(φ1(x)+φ2(t))2 +

2φ1xx

φ1(x)+φ2(t)

−
∫

φ2tt

2φ1x
dx+

φ 2
2t +φ 2

1xx−2φ1xφ1xxx

4φ 2
1x

.

(18)

The squared forms of the first two equations of Eq. (18)
are as follows:

|X |2 = S2
1(y)φ1x

(φ1(x)+φ2(t))2 . (19)

When S2(y) =−S1(y)−
√

2φ2t ,

|Y |2 = (−S1(y)−
√

2φ2t)
2φ1x

(φ1(x)+φ2(t))2 . (20)

When S2(y) =−S1(y)+
√

2φ2t ,

|Y |2 = (−S1(y)+
√

2φ2t)
2φ1x

(φ1(x)+φ2(t))2 . (21)

3. Localized solutions of the two-coupled Mac-
cari’s system

3.1. Rogue wave pattern solution

In the following, we verify the effect of parameter values
on the rogue wave. To draw the graph, we choose any of the
following functional forms from Eqs. (19)–(21). Figures 1–3
show the wave patterns

φ1(x) =
b1x

a(α(x−2)2 +1)
,

φ2(t) =
1

cγ2(t−2)2 ,

S1(y) =
d1

b(y−2)2 .

In Fig. 1, time has a great influence on the amplitude of
waves. When t = −1 and t = 5, the amplitude of the wave is
the largest. When t = 0 and t = 4, the amplitude of the wave
decreases. Moreover, we can see from Fig. 1 that the positions
of the wave do not change with time.
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Fig. 1. The rogue pattern of Eq. (19) by taking c =−8.5, γ = 0.7, b1 = 0.22,
a = 30, α = 1.22, d1 = 1.5, and b = 100, for (a) t =−1, (b) t = 0, (c) t = 4,
and (d) t = 5.

In Fig. 2, there are two kinds of fluctuations, one is the
overall fluctuation, and the other is the local fluctuation. These
two fluctuations have the same variation over time. When
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t = 15, the amplitude of the wave is the smallest. When t = 20,

the amplitude begins to increase. When t = 25, the ampli-

tude continues to decrease and the amplitude of the wave is

the largest at t = 30.
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Fig. 2. The rogue pattern of Eq. (20) by taking S2(y) = −S1(y)−
√

2φ2t ,
c = −9.5, γ = 0.02, b1 = 0.09, a = 2, α = 5, d1 = 1, b = 90, for different
time: t = 15 (a), t = 20 (b), t = 25 (c), and t = 30 (d).

In Fig. 3, by fixing the appropriate values of parameters,

we obtained the corresponding wave solutions.

When t = 10, the amplitude of the wave is the smallest.

When t = 15, the amplitude begins to increase. When t = 20,

the amplitude of the fluctuation continues to increase. When

t = 25, the amplitude of the wave is the largest.
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Fig. 3. The rogue pattern of Eq. (21) by taking S2(y) = −S1(y)+
√

2φ2t ,
c =−9.5, γ = 0.025, b1 = 0.09, a = 2, α = 5, d1 = 1, b = 90, for different
time: t = 10 (a), t = 15 (b), t = 20 (c), and t = 25 (d).

3.2. Rogue wave solution

In this subsection, in order to get a more complete rogue
wave characteristics, we re-select the functions φ1(x), φ2(t),
and S1(y), and give the corresponding wave solutions, as
shown in Figs. 4–6.

φ1(x) =
cb1

(1+αx2)
+

x
(2(x−4)2 +1)2 ,

φ2(t) =
cb1

(1+2(t−4))2 ,

S1(y) =
4γ2

y2 +3
.
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Fig. 4. The rogue pattern of Eq. (19) by taking α = 1.2, γ = 0.5, b1 = 1.2, c = 1, for different time: t = 2.5 (a), t = 1 (b), t =−1 (c), t =−5 (d), t =−10 (e).
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Fig. 5. The rogue pattern of Eq. (20) by taking S2(y) = −S1(y)−
√

2φ2t , α = 1.2, γ = 0.5, b1 = 1.2, c = 1, for different time: t = 3.45 (a),
t = 2 (b), t = 1 (c), t =−1 (d), t =−5 (e), t =−8 (f).
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In Fig. 4, it is not difficult to find that the amplitude of the
waves is related to time. With the increase of time, the fluctua-
tion range decreases. The amplitude of the waves is maximum
at t = −10, then decreases with increasing time and finally
disappears at t = 2.5.

In Fig. 5, there are very interesting waves. There are two
different kinds of waves, one is the overall fluctuation, and the
other is the local fluctuation. No matter what kind of wave, its
fluctuation amplitude is related to time. An overall fluctuating
wave whose amplitude decreases with time and finally disap-
pears at t = −8. The amplitude of the local wave decreases
with time and finally disappears at t = 3.45.
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Fig. 6. The rogue pattern of Eq. (21) by taking S2(y) = −S1(y) +
√

2φ2t ,
α = 1.2, γ = 0.5, b1 = 1.2, c = 1, for different time: t = 1 (a), t = −1 (b),
t =−5 (c), t =−8 (d).

In Fig. 6, we can see that there are two different kinds of
fluctuations, one local fluctuation and the other overall fluctu-

ation. A locally fluctuating wave whose amplitude decreases
with time and vanishes at t = 1. The amplitude of the overall
wave decreases with time and disappears at t =−8.

3.3. Lump wave solution

In this part, in order to verify the existence of the lump
wave, we assign the following arbitrary function forms to the
functions φ1(x), φ2(t), S1(y) in Eqs. (19)–(21) and obtain the
graphs shown in Figs. 7–9.

φ1(x) =
b1

(a2x2 +1)+1
,

φ2(t) =
b2

(b2t2 +1)+1
,

S1(y) =
b3

(c2y2 +1)+1
.

In Fig. 7, we can find that the amplitude of the wave at
t = 0 is very small, close to stability. When t = 3, the fluctua-
tion amplitude begins to increase. When t = 5, the fluctuation
amplitude is the largest. When time changes, the position of
the lump wave does not change, but the width of the wave be-
comes wider as time increases.

In Fig. 8, it can be observed from the figure that the
change of time has a great influence on the amplitude of the
wave. When t = 5, the amplitude of the wave is the smallest,
and when t = 10, the amplitude is the largest, and compared
with the amplitude when t = 5, the increase of the amplitude
at t = 10 is very obvious.
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Fig. 7. The lump wave pattern of Eq. (19) by taking b1 = 7, b2 = 25, b3 = 25, a = 0.9, b = 0.5, c = 0.5, γ = 0.5, for different time: t = 0 (a),
t = 3 (b), t = 5 (c).
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Fig. 8. The lump wave pattern of Eq. (19) by taking S2(y) =−S1(y)−
√

2φ2t , b1 = 7, b2 =−250, b3 = 25, a = 0.9, b = 0.5, c = 0.5, γ = 0.5,
for different time: t = 5 (a), t = 7 (b), t = 10 (c).

20

10

0

0 0
-3

3 3
-3

xy

Y
2

(a) 20

10

0

0 0
-3

3 3
-3

xy

Y
2

(b) 20

10

0

0 0
-3

3 3
-3

xy

Y
2

(c)

Fig. 9. The lump wave pattern of Eq. (19) by taking S2(y) =−S1(y)+
√

2φ2t , b1 = 7, b2 =−250, b3 = 25, a = 0.9, b = 0.5, c = 0.5, γ = 0.5,
for different time t = 5 (a), t = 7 (b), t = 10 (c).
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In Fig. 9, it can be seen from the figure that when t = 5,
the amplitude of the wave is extremely weak and gradually
disappears, when t = 7, the amplitude of the wave fluctuates
weakly, and when t = 10, the amplitude changes greatly.

4. Conclusion
In this paper, we solved the (2+1)-dimensional nonlinear

two-coupled Maccari equation by using TPA and obtained its
solutions. By choosing three arbitrary functions φ1(x), φ2(t),
and S1(y) in Eqs. (19), (20), and (21), the localized solutions
such as rogue wave pattern solution, rogue wave solution, and
lump wave solution are obtained. The rogue wave pattern so-
lution is shown in Figs. 1–3. The position of the image of the
rogue wave pattern solution does not change with time. But
the amplitude of the rogue wave pattern solution is affected by
time. It is worth mentioning that the rogue wave pattern so-
lution we obtained is not the traditional rogue wave solution,
the wave solution we get did not disappear in the end. In other
words, it has half the rogue wave property, half the lump so-
lution property. The rogue wave solution is constructed and
shown in Figs. 4–6. The amplitude of this wave solution is
affected by time, and different time corresponds to different
amplitudes of fluctuations. The most important thing is that
at some points, the wave will eventually disappear. The lump
wave solution is shown in Figs. 7–9. The change of time af-
fects the width of the lump wave, and the width of the lump
wave increases with time. In this context, the solution of the
(2+ 1)-dimensional nonlinear two-coupled Maccari equation
formed deserves further investigation. With Eq. (2), we ob-

tained rogue wave pattern solution, rogue wave solution, and
lump wave solution. We hope that in the future research work,
more methods will be proposed to gain more new solutions.
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