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Performance of entanglement-assisted quantum codes with noisy

ebits over asymmetric and memory channels
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School of Cyber Science and Engineering, Nanjing University of Science and Technology, Nanjing 210094, China
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Entanglement-assisted quantum error correction codes (EAQECCS) play an important role in quantum communica-
tions with noise. Such a scheme can use arbitrary classical linear code to transmit qubits over noisy quantum channels by
consuming some ebits between the sender (Alice) and the receiver (Bob). It is usually assumed that the preshared ebits of
Bob are error free. However, noise on these ebits is unavoidable in many cases. In this work, we evaluate the performance
of EAQECCs with noisy ebits over asymmetric quantum channels and quantum channels with memory by computing the
exact entanglement fidelity of several EAQECCs. We consider asymmetric errors in both qubits and ebits and show that
the performance of EAQECCs in entanglement fidelity gets improved for qubits and ebits over asymmetric channels. In
quantum memory channels, we compute the entanglement fidelity of several EAQECCs over Markovian quantum memory
channels and show that the performance of EAQECCS is lowered down by the channel memory. Furthermore, we show that
the performance of EAQECCs is diverse when the error probabilities of qubits and ebits are different. In both asymmetric
and memory quantum channels, we show that the performance of EAQECCs is improved largely when the error probability
of ebits is reasonably smaller than that of qubits.

Keywords: asymmetric quantum channel, entanglement fidelity, entanglement-assisted quantum error correc-

tion code, quantum memory channel
PACS: 03.67.Lx, 03.67.Pp

1. Introduction

Quantum error correction (QEC) is crucial to realiza-
tion of quantum communications and the building of quantum
computers.'!? The stabilizer code formalism!®! is one of the
most successful schemes in quantum information theory for
realizing QEC. Stabilizer codes can be constructed by clas-
sical error correction codes with certain dual-containing con-
ditions. Such constraint is not easy to be satisfied in many
situations.[* The entanglement-assisted (EA) quantum error
correction codes (EAQECCs)-8! generalize the standard sta-
bilizer codes, and EAQECCs can be constructed by any clas-
sical linear code without the dual-containing constraint. The
price is that some ebits need to be preshared between the
sender (Alice) and the receiver (Bob) before the transmission.
In general, the preshared ebits need to be carefully preserved
and thus they are assumed to exist without error. However,
maintaining a number of ebits in perfect condition is usu-
ally difficult in practical applications. Such a phenomenon
is crucial to the entanglement-assisted quantum communica-
tion formalism since imperfect ebits may degrade the perfor-
mance of EAQECCs largely.! In Refs. [9,10], performance
of EAQECCs with imperfect ebits was evaluated in entan-
glement fidelity. In Ref. [11], the entanglement fidelity of
entanglement-assisted concatenated quantum codes was com-
puted based on the concatenation scheme.

In most quantum channels, the probabilities of differ-
ent types of quantum noise usually exhibit a large asymme-
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try. It was shown that the phase-flip errors (Z errors) hap-
pen much more frequently than the bit-flip (X errors).!'?]
Asymmetric quantum codes (AQCs) which have a more bi-
ased error correction towards Z errors than X errors, were con-
structed to better cope the significant asymmetry in quantum
channels.'>-7] Moreover, in fault-tolerant quantum compu-
tation, asymmetric errors have been further explored to help
improve the fault-tolerant thresholds.!'3-2?) What’s more, the
standard discretization error model!*}! supposed that quantum
errors are independent of each other. However, correlated er-

[24-26] S0 far, the asymme-

rors are more practical in reality.
try and memory effect on the performance of EAQECCs with
noisy ebtis are still unknown.

In this work, we study the performance of EAQECCs with
noisy ebits over asymmetric quantum channels and quantum
memory channels by computing the entanglement fidelity of
several EAQECCs. For a Qg = [[n, k,d; c]] EAQECC, we con-
sider that asymmetric and correlated noises exist not only in
the n physical qubits but also in the ¢ ebits. We compute the
entanglement fidelity of the [[3,1,3;2]] entanglement-assisted
repetition code and Bowen’s [[3, 1,3;2]] EAQECC over asym-
metric quantum channels. We know that the [[3,1,3;2]] rep-
etition code is also an asymmetric quantum code,!'®! which
is assumed to be more powerful than the standard stabilizer
codes. Our computation results suggest that the performance
of the two EAQECC:s is quite diverse and is related not only to
the channel asymmetry but also to the ratio (denoted by @) of
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the error probabilities of ebits and qubits. Specifically, if the
asymmetry of quantum channels is sufficiently large and the
error probability of ebits is much smaller than that of qubits,
then the [[3, 1,3;2]] repetition code will perform much better
than Bowen’s [[3,1,3;2]] EAQECC and the [[5, 1, 3]] stabilizer
code.

In quantum memory channels, the numerical results sug-
gest that the entanglement fidelity of the two EAQECC:s is
lowered down in most range of depolarizing probabilities.
Moreover, the performance of the two EAQECC:s is related not
only to the channel memory u but also to the ratio @. We show
that the two EAQECCsS can outperform the [[5, 1, 3]] stabilizer
code over quantum memory channels as the ratio @ becomes
smaller and smaller. For the two EAQECCs, we show that
Bowen’s [[3,1,3;2]] EAQECC can outperform the [[3,1,3;2]]
repetition code over quantum memory channels if the ratio @
is relatively large, e.g., ® > 0.5. However, if the ratio is small,
e.g., o = 0.01, the performance of the two EAQECCs is di-
verse and is effected largely by the channel memory. In such a
case, the numerical results suggest that the [[3, 1, 3;2]] repeti-
tion code can outperform Bowen’s [[3,1,3;2]] EAQECC if the
channel memory U is small, e.g., 4 < 0.1. However, Bowen’s
[[3,1,3;2]] EAQECC can beat the [[3,1,3;2]] repetition code
if the channel memory u is large, e.g., u = 0.5.

The rest of this article is given as follows. In Section 2, we
present the needed background about quantum codes. In Sec-
tion 3, we compute and plot the entanglement fidelity of sev-
eral EAQECCs over asymmetric quantum channels. In Sec-
tion 4, we compute and plot the entanglement fidelity of sev-
eral EAQECCs over Markovian quantum memory channels.
The conclusion is given in Section 5.

2. Preliminaries

In this section, we present some background knowledge
about quantum channels and entanglement-assisted quantum
codes.

We use Pauli channels as the basic channel models to
perform the computation of entanglement fidelity. Denote a
two-dimensional Hilbert space by C2. For a qubit |x) in C?,
we suppose |x) = a|0) + b|1), where a and b are two complex
numbers and a” 4 b*> = 1. Define the Pauli operators

10 01 0 —i 10
I:{o 1}’ Gx:[l 0}’ GY:L o]’ GZ:[O —1]’ M

where i = /—1. Denote the nth tensor product of C? by C*' =
C’RC’®---®C?% H, =C?. Ann-qubit |a) is an element in
the nth tensor product of C2, i.e., |&t) € C*". Let u and v be two
bits. Define two unitary operators on a qubit |x) as X (u)|x) =
lu+x) and Z (v)|x) = (—1)"*|x), respectively. For two bit vec-
tors u = (uq,...,u,) and v = (vi,...,v,), we define X (u) =
(X (u1),...,X (up)) and Z(v) = (Z(v1),...,Z(vyn)). In Pauli

channel models, 23! we only need to consider a discrete set of
quantum errors, i.e., the bit-flip error (X error), the phase-flip
error (Z error), and the combined bit-phase-flip error (Y error).
For a single qubit, the discretization of errors can be charac-
terized by the Pauli matrices in Eq. (1). For 1 <i < n, we
define & € {I,0,,0,,0;}. Then the quantum errors in an n-
qubit quantum state can be described by the following group:

E={ile® - @&, |0<1<3}. )

In most situations, it is enough to use £, = &,/{+1,=+i} since
the global phase in &, is not important. For an operator £ =
£ ®-- g, € E,, we define two bit vectors a = (ay,...,a,)
and b= (by,...,b,) with

(0,0), if &=1,
@h) =Sl it o= o @
(1,1), if & = oy,
where 1 <i < n. Then we can write £ as
E=X(a)Z(b). 4)
The quantum stabilizer code Q = [[n,k]] is a 2k-

dimensional subspace of the Hilbert space C2", and Q is spec-
ified by a stabilizer group S with stabilizer generators S; (1 <
i<n-—k),ie, S=(S,...,S,—). Denote the parity check
matrix of Q by H = (Hx|Hz). Then H can be obtained from
Eq. (3) accordingly. Q has minimum distance d if and only if
it can detect any error of weight less than or equal to d — 1, but
cannot detect some error of weight d.

Define Qp = [[n,k,d;c]] as an entanglement-assisted
quantum stabilizer code (EAQSC) which can detect any qubit
error of weight less than or equal to d — 1. The number of ebits
is ¢. Consider the Pauli operators given by

EAQE® € Epyes &)

where E* € £, E® € €., and the superscripts A and B denote
Alice and Bob, respectively. We take the following denota-
tions:

g =817}, 8 =gt RZE,
Bes1 = 8o 1 1%, g =8y OI, (©)
B = RS @ XD, K= R @ XD,

where ZP X} € &, ht e E, for 1 <i<e¢, and g‘]’-‘ € €&, for
1 <j<n—k Moreover, g (1<i<n—k)andh; (1 <j<c)
satisfy the following commutation or anticommutation rela-

tions:
[giagj}:()v l#]v
hihi]=0, i#]j
[hi,hj] =0, 175] @
iahj}:()a 17&]7

[
{gi,hi} =0, foralli.
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Denote Ss = (g},...,&..h,,....h.) C Euic and denote
St = (g i1s--:8 1) € Enpe.  Denote Sp = S5 x 8§ =
(815> &0 s> hys- .., h.) which is generated by the generators
of Ss and S;. Then the Qg = [[n,k,d;c]] EAQSC is stabilized
by Sg, i.e.,

O ={|la) eH, | {|o) =|o), forall £e€ Sg}. (®)

Combining Egs. (3) and (6), we can derive the parity check
matrix of Qz. We denote the parity check matrix of Qg by
Hg = (Hx|Hz). Moreover, we denote the set of syndrome
representatives that correspond to the parity check matrix of
Hg = (Hx|Hz) by Tg. Then Ty is a set of correctable error
operators of Qg and |T;;| = 2"*+¢.

The Pauli channel on a single qubit can be written as

0 — pod + p: XX + pyY Y + p.Z9Z, &)

where ¢ is a single qubit, 0 < po, px, py, p; < 1, and po+ px +
py+p,=1.Let p=1— pg be the error probability of a Pauli
channel. If p, = p, = p, = p/3, then the standard depolarizing
channel is given by

q)r—>(1fp)d)+§X¢X+§pY¢Y+§pZ¢Z. (10)

Moreover, quantum channels usually have memories
in practice.!”! The standard discretization error model in
Ref. [12] supposes that quantum errors are independent of
each other. However, correlated errors are more practical in
reality. Similarly to classical information theory, an impor-
tant family of quantum memory channels is specified by the
channels with Markovian correlated errors. Thus we use a
Markovian correlated depolarizing quantum channel model
(see Refs. [17,24]) to present the behavior of quantum chan-

nels with memory. For an n-qubits quantum system, we denote

3
2
'{I(n) (p) = Z pkn‘kn—l o .pIEkal Pk

kl7~"7k":0

><Akn---A,qu,il AL a1

where {Ay, }; are the Pauli operators. The conditional proba-
bilities in Eq. (11) follow the normalization condition as

3
Z Pllkn_r " Pholky Ply = 1, (12)

where po = 1 —p, p123 = p/3, pji = (1 — 1) ps + 16y for
0<il<3and1<j<n,andpu € [0,1] is the degree of mem-
ory.

3. Fidelity of entanglement-assisted concate-
nated quantum codes over asymmetric quan-
tum channels

Entanglement fidelity of quantum codes is a reasonable
measure of how well the qubits and entanglement of a sub-
system of a larger quantum system are preserved. In practice,

quantum codes with very high entanglement fidelity are pre-
ferred. In Ref. [11], entanglement fidelity of several EAQSCs
over depolorizing channels was computed. In this section,
we compute and compare the entanglement fidelity of several
EACQC:s over asymmetric quantum channels.

Let H be a Hilbert space of dimension n. Let A be a quan-
tum operator acting on a mixed state p = Y; p;p; = Try | &) (|
in terms of a purification |o) € H ® Hy, where Hy, is a refer-
ence system. The output state A(p) also lies in the Hilbert

space H. Then the entanglement fidelity is defined as
F(p,A) = (a|(A@1|e)(al])] o). (13)

In addition, we can write the quantum operator A in terms of
Kraus operators, i.e., A(p) =Y, EipEiT, where EI-TE,' =1. Then
the entanglement fidelity can be further expressed by a useful
computational formula

F(p,A) =Y [Tr(pE)|>. (14)

For a Qg = [[n,k,d;c]] EAQSC, denote the encoding and
decoding operations of Qg by U and U, respectively. Denote
T and D by the encoding and decoding channels, respectively.
Let {M;} be the syndrome measurement operations and let
{D,} be the correction operations. Let the channel N be the
encoded quantum information transmitted. During the decod-
ing U', denote the basis of the n — k — ¢ ancillas and c ebits
by {|/)} and {|s}, respectively. Let |®,),p be the Bell state
shared between Alice and Bob. We define

Vs = & (s|(1|) U DM /piEU
x (I @ |0)*"*¢| b, ) 6)}

as the set of operators on the composite channel 7N D, where
the subscripts i, j,/,s are taken accordingly. According to
Ref. [9], the entanglement fidelity of Qg over depolarizing
channels is given by

1

e = 5% Y Wijus
i,j,l,s

Fy % (15)

Moreover, there is a result which can facilitate the computa-
tion of entanglement fidelity in Eq. (15).

Lemma 17!
ﬁlzs‘al‘/’»/vlJl - { 0, otherwise, (16)

where Tg is a set of syndrome representatives and Sg is the
stabilizer group.

For EAQSCs over asymmetric quantum channels, we
have the following result about the computation of entangle-
ment fidelity.
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Theorem 1 Let Or be an an EAQSC code, with a sta-
bilizer group Sg and a set of syndrome representatives 7.
For gy, w, and r, , defined in Eqgs. (18) and (19), denote
A = {qw, w,,,} by the probability distribution of elements
in 7; x Sg. The entanglement fidelity of Qr over asymmetric
depolarizing channels Ny ® Ng is the weight enumerator of A.

Proof According to Eq. (15) and Lemma 1, the entangle-
ment fidelity of Qg = [[n,k,d;c]] is given by

1
Foy = 3% Y Vsl = Y i

i,j,l,s E;eTg®Sg

Z Afwx.,wz,vx,vZQW,\-,wZrwx,wz7 17)

Wx;Wz,Vx,Vz

where lwx’wz:vmvz is the number of error operators in Tz ® Sg of
weight distribution {wy, w;, vy, v, }.

In most quantum systems, there exists a large asymme-
try between the occurrence probabilities of X errors, Y errors,

and Z errors.[13:14.16

! Furthermore, it was shown that the oc-
currence probability of Z errors is much larger than that of X
errors. Since the Y operator can be formulated by ¥ = iXZ,
a Y error can be seen as a combination of an X error and a Z
error. Therefore we let p, = p,. Moreover, we suppose that
Alice and Bob transmit quantum information through two in-
dependent quantum channels N, and N;.!! Suppose that both
N, and Ng are depolarizing channels. Let py, py, and p, be the
occurrence probabilities of X, Y, and Z errors in N,, respec-
tively. Denote p, = px + py + p, = 2px + p;. Let ry, ry, and
r; be the occurrence probabilities of X, Y, and Z errors in Ng,
respectively. Denote 7, = ry +ry, +r; = 2ry +r;. We have

n—wy—w;

Gwyew, = (1 —Pa) “P)VCVXP;VZ, (18)
where 0 < w, +w, < n, and denote by
Foew, = (1 —ra) 750, (19)

where 0 < v, +v, < c. Define 0 = r,/p, as the ratio of the
error probabilities of ebits and qubits. In asymmetric quantum
channels, we take 1 = p,/pyx = r;/r, as the channel asymme-
try. It is reasonable to set the same channel asymmetry for the
qubit and ebit channels. There may exist quantum channels
that qubtis and ebits suffer from different channel asymmetry.
But in this paper we do not consider that case. Therefore we
have @ = r,/py = ry/px = 17/ Pz-

Let Qg, = [[3,1,3;2]] be an entanglement-assisted quan-
tum repetition code. The parity check matrix of Qg =
[[3,1,3;2]] (see Ref. [9]) is given by

1101000000
0110100000
0000011001
0000001110

H O, — (20)

According to Egs. (3) and (4), the stabilizer group of Qg is
given as follows:

Sg, = (X1X2X4,X2X3X5,721 275, 2, 737s) 21
and the syndrome representives of Qg, is given as
TEI :{I7X17' .. 7X37ZI7' .. ’Z37Y17" . 7Y3’
X122,X123,21X2,X273,2, X3, 2, X3 }.
In asymmetric Pauli channels, we rewrite Ty, as
T, ={1,X1,...,.X3,Z1,...,23,X1Z1,...,X3Z3,
X122,X123,2, X2, X273, 21 X3, 2 X3 }.

Let Qp, = [[3,1,3;2]] be an EAQSC given by Bowen in
Ref. [27]. The parity check matrix of Qg = [[3,1,3;2]] is
given by

1001001100
0010111000

Hoe, = 0110011110 (22)
1100011101

According to Egs. (3) and (4), the stabilizer group of Q, is
given as follows:

Sg, = (X12223X4, 21 2 X3X5, 21 2 Y324, Y12 Z3Z5).  (23)
and the syndrome representives of O, is given as
To, = {1.X1,....X5,21,.... 25, Y1,....Ys}.
In asymmetric Pauli channels, we rewrite Sg, and g, as
Se, = (X12223X4,217,X3X5,21 X272 X373 74,

X1Z21X27,7575),
T, ={1,Xy,...,Xs,21,...,25,X17Z1,...,X57Z5}.

Let Qp = [[5,1,3]] be the quantum stabilizer code.[**]
The stabilizer group of Q. is given by

Sg, = (X120723X4,X272374X5,X1X324 75,21 X2 X4 Z5).  (24)

Since the Qg = [[5,1,3]] stabilizer code is equivalent to
Bowen’s Qp, = [[3,1,3;2]] EAQSC, the syndrome represen-
tive of O is the same as that of Bowen’s code.

TE:{I,X],...,XS,Z],...,ZS,Y],...,YS}.

According to Theorem 1, the entanglement fidelity of Qf
over asymmetric quantum Pauli channels is given by

Fag, =4q0,070,0+240,070,1 +440,071,0 +340,170,0 +490,171.1
+2q0,172,0 +4q0.271,0 +640,.271,1 +340.272,0
+2q0,371,0 +q0,372,0 + 6q1,070,0 +291,070,2
+4q1,0r1,1 +6q1,072,0+8q1,170,1 + 6411702
+8q1,17r1,0+ 12g1,171.1 + 18411720+ 2912700
+6g1,.2r0,1 6412710+ 6q1,27r1,1 + 6412720
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+4q2.0r0,1 + 3920102+ 12920710+ 18920711
+15¢2,0r2,0 +2g2,110,0 +642,170,1 + 392,170,
+18g2,171,0 +12g2,171,1 +392,172,0 + 293 0700
+6q3,070,1 +2q3,0702 + 10g3 0710

+2g3,0r1,1 + 1093 072,0- (25)

The entanglement fidelity of Qp, over asymmetric quantum
Pauli channels is given by

Fag, =4q0,070,0+390,170,0 +440,170,1 +240,1702
+2q0,2r0,1 + 40,2702 +290,3r0,1 + q0370,2
+6g1,0r0,0 +441,0r0,1 + 2q1,0702 + 10q1 071 0
+64g1,0r1,1 +841,0m2,0 +6q1,170,0 + 12q1,170,1
+6qg1,1r02 + 16q1,171,0 4+ 16411711 + 16911720
+8q1.2r0,1 +4q12102+6q1 2710+ 10g1 271 1
+8q1,2r2,0+8¢2,0r1,0 +8q2,0r1,1 + 892,020
+8q2,171,0+8q2,171,1 +8¢2,112,0 + 1643071 0
+16g3,0r1,1 + 16430720 (26)

In Fig. 1, we plot the entanglement fidelity of several
EAQSCs over asymmetric quantum channels with different
asymmetry 1), and we choose different ratios w. For all the
three codes in Fig. 1, it is shown that the entanglement fi-
delity of each code gets improved as the channel asymmetry
n grows. In particular, the effect of channel asymmetry is
more obvious to the Qg = [[3,1,3;2]] repetition code. For
example, the entanglement fidelity of Qg with 7 = 100 is
much higher than that of Qp, with 1 =10 and n = 1. More-
over, the three codes perform diversely under different ratios
o. In particular, the Qp, = [[3,1,3;2]] repetition code per-
forms much better than Bowen’s Qg, = [[3,1,3;2]] EAQSC
and the [[5,1,3]] stabilizer code when @ = 0.01. It should be
noted that the curve of Bowen’s Qg, = [[3,1,3;2]] EAQSC co-
incides with that of the [[3,1,3]] stabilizer code when ® = 1
in Fig. 1. The reason is that the stabilizer group of Bowen’s
Q, = [[3,1,3:2]] EAQSC is equivalent to that of the [[5,1,3]]
stabilizer code. When @ = 1, the entanglement fidelity of
Bowen’s Qg, = [[3,1,3:2]] EAQSC is equal to that of the
[[5,1,3]] stabilizer code.

1.0

0.8

0.6

0.4

Entanglement fidelity

0.2

1.0

0.8

0.6

0.4

Entanglement fidelity

0.2

0.0 0.1 0.2 0.3 0.4 0.5
Error probability p,

0.0 0.1 0.2 0.3 0.4 0.5 0.6
Error probability p,

Fig. 1. Entanglement fidelity of EAQSCs and the [[5, 1, 3]] stabilizer code over asymmetric quantum channels. The channel asymmetry
is denoted by 1 = p,/px = r;/ry. The ratio of the error probabilities of ebits and qubits is denoted by @ = r,/pa = ry/px = r;/p;. We
use the error probability p, and the entanglement fidelity as the X and Y axes, respectively.

4. Fidelity of entanglement-assisted quantum
codes over quantum memory channels

In practical quantum channels, errors in qubits are usu-
ally not absolutely independent of each other. In this section,
we compute and compare the entanglement fidelity of several

entanglement-assisted quantum codes over Markovian quan-
tum memory channels. We not only consider the memory in
qubits but also consider the memory in ebits. Since qubits
and ebits are usually stored in different space or in different

time, we assume that errors in qubits are independent of those

120304-5



Chin. Phys. B 32, 120304 (2023)

in ebits. Therefore Alice and Bob transmit quantum infor-
mation through two independent quantum channels M, and
M5! Suppose that M, and My are two independent Marko-
vian depolarizing channels. The conditional probability of M,
satisfies

3

Y Phuylkuy—1 """ Pholiy Ply = 1 27
kl,...,knAZO

where po = 1—p, p123=p/3, pyji = (1 — ta) p1 + s & ) for
0 <i,1 <3,and p, € [0,1] is the degree of memory of channel
M,. The conditional probabilities of My satisfy

3

Y gl Tl =1 (28)
Kt sovesking =0

where 1o =1 —1¢, 23 = l‘/3, ni = (1 — ,UB)Z‘] +uB6(,-‘,) for
0 <i,1 <3, and ug € [0, 1] is the degree of memory of channel
M.

Let Sg and Tg be the stabilizer group and the set of syn-
drome representatives of an EAQSC, respectively. Accord-
ing to Lemma 1 and Theorem 1, the entanglement fidelity of
EAQSCs over Markovian depolarizing channels is the weight
enumerator of the corresponding probability distribution of el-
ements in 7 X Sg. We not only consider the memory in the
qubits but also consider that in the ebits. For simplicity, we let
the degree of channel M, be the same as the degree of channel
Mg, i.e., we let 4 = U, = ug. Moreover, from Egs. (27) and
(28), we have

pot =po2 = po3 = (1 —p)(1 —p),
pii :pzz:p33:(1fﬂ)§+u,
P10 =P12 = P13 = P20 = P21 = P23

=p30 = p31 =P32=(1—#)§7 (29)
tor =tz =103 = (1 —p)(1 1),
t =tn=t3=(1 —N)§+N7
ho =tfo =03 =ho =101 =h3 =130

t

21312132:(1*@5- (30)

Then the entanglement fidelity of the Qp = [[3,1,3;2]]
entanglement-assisted repetition code is given by

Fpg, =toftoo [Po(PBo + 3Poop12 + 3po1 P12 +2p1a)
+ p1(3poopor +4po1p12)] + ti2[po(2poop12
+5po1p12 + p11p12 + 7P%2) +p1(2poopor
+ por(p11+10p12) +3pi + 12p1pia+5pin)]}
+n{to1[po(2poop12 + 5po1pi2 + pripi2 +7pT)
+ p1(2poopor + pot (P11 + 10p12) +3p7,
+12p11p1a+5ph)] + 111 [po(5poopiz +2pT,)

+ p1(5poopor + 19p01 P12 +3p1) + 8p11p12 + 6p1,)]
+t12[po(3poopi2 + 2po1 P12 + pripiz + 12p1,)
+p1(3poopor + poi (P11 +20p12) +6p,

+28p11p12 +20p1,)]}- 3D

The entanglement fidelity of Bowen’s Qp, = [[3,1,3;2]]
EAQSC is given by

Fag, =to{too[po(pgo +3poop12 +3poi p12)
+ p1(3poopor +6p11p12)] + t12[Po(3PG0 + 6P12)
+p1(po1(3p11 +9p12) +3p1, + 15p11p12 +9p1) ]}
+t1{to1 [po(3pGo +3P11P12 +3p1,) + p1(12p01 P12
+3p1) + 15p1p12+9p%)] + ti1 [po(3poop 12
+6p1,) + p1(3poopor +21po1 P12 +3p1; +6p11p12
+6p1,)] +112[po(3poopi2 +6po1 P12 + 6p11 P12
+15pt,) + p1(3poopot + poi (6p11 +27p12)
+18p11pia+ 12p})]}. (32)

For comparison with standard quantum stabilizer codes,
we also compute the entanglement fidelity of the [[5,1,3]] sta-
bilizer codes as follows:

Fs = po[pto +3Poop12 +9PgoPor P12+ 6poopii i
+ po1(6p11 P72 + 12pis) +6p11 P12 + 15p11 pis + 6915
+ p1[3Poopor + poopor (12p11p12 +6p1y) + 18P pi,
+po1 (12p1, P12 + 57p11 phy +39p1,) + 6p3 P12
+9p7, Py +24p11 pis + 6pty]. (33)

In Fig. 2, we plot the entanglement fidelity of several
EAQSCs over Markovian quantum memory channels. From
Fig. 2, we know that the channel memory lowers down the
performance of EAQSCs in most range of the depolarizing
probability. Moreover, the Qg = [[3,1,3;2]] repetition code
and Bowen’s Qp, = [[3,1,3;2]] EAQSC can outperform the
[[5,1,3]] stabilizer code provided that the error probability
of ebits is sufficiently smaller than that of qubits. When
o =1, the [[3,1,3]] stabilizer code performs better than the
two EAQSCs over quantum memory channels; while @ = 0.5,
Bowen’s Qg, = [[3, 1,3;2]] EAQSC can outperform the Q, =
[[3, 1,3;2]] repetition code and the [[5, 1, 3]] stabilizer code. As
the ratio ® is smaller, e.g., ® = 0.1,0.01, the performance
of the two EAQSCs becomes much better than the [[5,1,3]]
stabilizer code over quantum memory channels. Specifically,
when @ = 0.01, the performance of the two EAQSCs is di-
verse and is effected largely by the channel memory. In such
a case, the Qp, = [[3,1,3;2]] repetition code can outperform
Bowen’s Qg, = [[3,1,3:2]] EAQSC if the channel memory
is small, e.g., 4 = 0,0.1. However, Bowen’s Q, = [[3,1,3;2]]
EAQSC can beat the Qg, = [[3,1,3;2]] repetition code if the
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channel memory p is large, e.g., 4 = 0.5. It should be
noted that the curve of Bowen’s Qp, = [[3,1,3;2]] EAQSC
does not coincides with that of the [[5,1,3]] stabilizer code
when @ =1 (u # 0) in Fig. 2. Here the situation is differ-
ent from that in asymmetric quantum channels. For Bowen’s

Qg, = [[3,1,3:2]] EAQSC over Markovian quantum mem-
ory channels, we separate the three qubits and the two ebits.
The two parts are independent of each other. However, for
the [[5, 1, 3]] stabilizer code over Markovian quantum memory
channels, the five qubits are considered as a whole.

1.0

—— The [[3, 1, 3:2]] EA
—#— The [[3, 1, 3:2]] EA r
—e= The [[5, 1, 3]] stabilizer code, =0

=i The [[5, 1, 3]] stabilizer code, p=0.1

0.9

—#~ The [[5, 1, 3]] stabilizer code, ji=0.5

0.8

0.7

0.6

0.5

Entanglement fidelity

0.4

0.3
w=0.01

izer code, ji=0

code, jp=0.1

de, p=0.5

1.0

3, 1, 3;2]] code, u=0.1
3. 1, 3:2)) code, p=0.5

0.9

zer code, ji=0

[5, 1, 3]] stal
5, 1, 3]] stabiliz

0.8

0.7

0.6

0.5

Entanglement fidelity

0.4

0.3 ~

[3, 1, 3:2]] EA repetition code, p=0.5

—e— Bowen's [[3, 1, 3:2]] code, p=0
s (3, 1, 3:2]] code, p=0.1

e :2]] code, p=0.5
—*— The [[3, 1, 3;2]] EA repetition code, 1 =0
3,1, 3;2]] EA repetition code, 1 =0.1

0.0 0.1 0.2 0.3 0.4 0.5 0.6

Error probability p

0.0 0.1 0.2 0.3 0.4 0.5 0.6
Error probability p

Fig. 2. Entanglement fidelity of EAQSCs and the [[5,1,3]] stabilizer code over Markovian quantum memory channels. The channel
memory is denoted by . The ratio of the error probabilities of ebits and qubits is denoted by @ = r,/p, = ry/px = r;/p,. We use the
error probability p and the entanglement fidelity as the X axis and the Y axis, respectively.

5. Conclusion

In summary, we have computed the entanglement fidelity
of two entanglement-assisted quantum stabilizer codes over
asymmetric quantum channels and quantum memory chan-
nels. Moreover, we have not only considered asymmetric
errors and correlated errors in qubits but also in ebits. In
asymmetric quantum channels, we have shown that the per-
formance of the two EAQSCs is quite diverse and is related
not only to the channel asymmetry but also to the ratio of
the error probabilities of ebits and qubits. We have shown

that the [[3, 1,3;2]] repetition code performs much better than

Bowen’s [[3,1,3;2]] EAQECCs and the [[5, 1, 3]] stabilize code
if the asymmetry is sufficiently large and the error probabil-
ity of ebits is much smaller than that of qubits. In Marko-
vian quantum memory channels, we have shown that the en-
tanglement fidelity of the two EAQSCs is lowered down by
the channel memory. We have shown that the performance
of the two EAQSCs is not only related to the channel mem-
ory U but also to the ratio of the error probabilities of ebits
and qubits. We have shown that the two EAQSCs can out-
perform the [[5,1,3]] stabilizer code over quantum memory
channels if the ratio is small. We have shown that Bowen’s
[[3,1,3;2]] EAQSC can outperform the [[3,1,3;2]] repetition
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code over quantum memory channels if the ratio of the error
probabilities of ebits and qubits is relatively large. However, if
the ratio is small, we have shown that the performance of the
two EAQSC:s is diverse and is effected greatly by the chan-
nel memory. We have shown that the [[3,1,3;2]] repetition
code can outperform Bowen’s [[3, 1, 3;2]] EAQSC if the chan-
nel memory is small. However, Bowen’s [[3, 1,3;2]] EAQSC
can beat the [[3, 1, 3;2]] repetition code if the channel memory
becomes larger. How to compute the entanglement fidelity of
other EAQSCs over asymmetric quantum channels and quan-
tum memory channels needs further research. However, the
exact computation is extremely difficult as the code length
becomes longer. One possible method is to approximate the
computation of the entanglement fidelity. The other method is
to use the entanglement-assisted concatenated quantum codes
scheme. However, the exact computation of the entanglement
fidelity of entanglement-assisted concatenated quantum codes
is not a direct generalization and needs further research in
the future work. Moreover, how to use entanglement-assisted
quantum codes in quantum key distribution?®>°! to improve
the entanglement fidelity is one important future work which
needs further studied.
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