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The direct implicit particle-in-cell is a powerful kinetic method for researching plasma characteristics. However, it is
time-consuming to obtain the future electromagnetic field in such a method since the field equations contain time-dependent
matrix coefficients. In this work, we propose to explicitly push particles and obtain the future electromagnetic field based on
the information about the particles in the future. The new method retains the form of implicit particle pusher, but the future
field is obtained by solving the traditional explicit equation. Several numerical experiments, including the motion of charged
particle in electromagnetic field, plasma sheath, and free diffusion of plasma into vacuum, are implemented to evaluate the
performance of the method. The results demonstrate that the proposed method can suppress finite-grid-instability resulting
from the coarse spatial resolution in electron Debye length through the strong damping of high-frequency plasma oscillation,
while accurately describe low-frequency plasma phenomena, with the price of losing the numerical stability at large time-
step. We believe that this work is helpful for people to research the bounded plasma by using particle-in-cell simulations.

Keywords: particle-in-cell, direct implicit simulation, finite-grid-instability

PACS: 52.80.Pi, 52.27.Aj, 52.65.Rr DOI: 10.1088/1674-1056/acf449

1. Introduction
Low-temperature bounded plasmas, such as capacitively

coupled plasmas (CCPs) or magnetron plasmas, have gener-
ated significant research interest due to their applications in
film preparation, hi-tech industries, materials surface treat-
ment, and other areas.[1–3] Charged particles in plasmas play
significant roles in plasma-based material processing. There-
fore, researching the particle dynamics and microscopic phys-
ical processes in plasma is crucial for optimizing the plasma
technological processes.

Particle-in-cell (PIC) methods are useful simulation tools
for the kinetics study of plasma. At present, explicit PIC al-
gorithms is perhaps the most widely used method.[4–8] Such
the method calculates the electromagnetic (EM) field based on
the known information of the particles, at the currently calcu-
lation step. Explicit PIC algorithms require very small spatial
step ∆x and time-step ∆t to obtain the desired numerical stabil-
ity. In practice, one needs ∆x < λDe and ωpe∆t < 0.2,[9] where
the λDe and ωpe represent the electron Debye length and the
electron plasma frequency, respectively. In addition, hundreds
of macro-particles per cell are needed to reduce the statistical
error originating from the sampling of the distribution func-
tion by macro-particles.[10] As a result, a very large number

of meshes, calculation-steps and macro-particles are needed
in traditional explicit PIC methods, and it is time-consuming
to use explicit PIC methods for the kinetics study of plasma.

Despite the aforementioned challenges, explicit PIC
methods remain attractive, especially since there is a desire
to address high-frequency plasma oscillations in many situ-
ations. Several methods have been proposed to improve the
calculation speed of the explicit PIC. Firstly, parallel compu-
tation using multiple processors or GPUs can be used to accel-
erate the task.[11–13] Speed gains can also be achieved through
mathematical and physical methods. For example, a large
time-step ∆ti� ∆te for heavy ions can be used since ions are
much heavier than electrons and their macroscopic properties
can be analyzed on a longer timescale.[14] Here, the subscripts
‘i’ and ‘e’ represent ion and electron, respectively. Another
method is the scaling principle, which involves the scaling of
mass of ions, vacuum permittivity and geometric size of the
system.[15–17] Such the method is widely used in the research
of Hall thrusters. Besides, different spatial steps can be used in
different plasma regions. For instance, small spatial step and
time-step should be employed near the plasma sheath to track
fast electrons and resolve the sheath, whereas larger steps can
be used in the bulk region.[18]
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On the other hand, if the high-frequency electron plasma
oscillation is not the main physical process that determines
plasma character, then implicit methods can be used to ac-
celerate the computing by using large spatial and temporal
steps with coarse resolution in Debye length and electron os-
cillation. The traditional implicit methods, such as direct im-
plicit methods[19] or implicit-moment methods,[20] are devel-
oped to relax the numerical stability constraint of explicit PIC
on time-step. Further research has shown that a large spatial
step is also allowed in these implicit PICs because the high-
frequency electron oscillation causing finite-grid-instability is
damped.[21] In recent years, some implicit methods with en-
ergy conservation have been developed,[22–24] which can relax
the requirements of numerical stability on time-step and spa-
tial step significantly.

Implicit methods are attractive as they allow PIC simula-
tions to be run with large time-step and spatial step. However,
their performance is limited in researching bounded plasma
due to several reasons. Firstly, it is time-consuming to solve
the implicit field equations for the traditional implicit PIC
since the equations contain time-dependent coefficients.[25]

On the other hand, the particle pusher in the implicit PICs
with energy conservation is sophisticated to maintain total
energy conservation.[26] Moreover, the spatial step must be
smaller than one-fifth of sheath thickness to resolve plasma
sheath,[21] which means that very large spatial step is not
allowed, and a small time-step is also required to meet the
Courant–Friedrichs–Lewy (CFL) condition.[9] In general, the
implicit PIC methods relax the constraints on time-step and
spatial step by a factor of ∼ 10.[26]

Therefore, the ideal PIC method for researching bounded
plasma should simulate plasma behavior accurately, using the
spatial step large enough to resolve plasma sheath and the
time-step large enough to track fast electron group. In addi-
tion, it should have efficient field solvers and particle push-
ers, and be compatible with existing PIC frameworks to uti-
lize various speed-up techniques. This work proposes a PIC
method with damping of high-frequency electron oscillation,
which obtains the future fields by solving traditional explicit
field equations with constant matrix coefficient and uses the
same particle pusher as that used in the direct implicit PIC
method. Section 2 briefly reviews the theoretical background
of the explicit and direct implicit PIC methods, while Sec-
tion 3 describes the algorithm of the proposed damped PIC.
In Section 4, several numerical experiments are implemented
to evaluate the performance of the new method. The last part
is a summary and a description of the future work.

2. Theoretical background
In this section, we will review two traditional PIC meth-

ods, namely explicit PIC (EXPIC) and direct implicit PIC

(DIMPIC). We begin with a charged particle having velocity
𝑣n−1/2, locating at position 𝑥n, at time step n. The central dif-
ference equations of motion for the charged particle are then
used to compute the position and velocity at next time step, as
follows:[3]

𝑣n+1/2−𝑣n−1/2

∆t
= 𝑎n(𝑥n)+

1
2
(𝑣n+1/2 +𝑣n−1/2)×𝛺n,

𝑥n+1−𝑥n

∆t
= 𝑣n+1/2, (1)

here ∆t is the time-step, 𝑎n(𝑥n) and 𝛺n = (q/m)𝐵n(𝑥n) rep-
resent the electric field acceleration and the cyclotron fre-
quency of the particle at 𝑥n, respectively, where 𝐵n represents
the magnetic field and q/m represents charge mass ratio of the
particle. For convenience, we only consider electrostatic case.

2.1. Explicit PIC

It is both convenient and intuitive to track the motion of
the particle by using EXPIC. In this method, the position 𝑥n is
first used to obtain the charge density ρn at a given mesh us-
ing some interpolation methods. Next, the electric field 𝐸n at
the current time step is obtained by solving the explicit Pois-
son equation with source term of ρn, which in turn is used to
update the velocity and position. Finally, the solution is com-
pleted, and the calculation proceeds to the next time step. The
algorithm of EXPIC is as follows:

(i) 𝑥n→ ρn (interpolation of charge density from the par-
ticles);

(ii) solving the explicit Poisson equation to obtain 𝐸n at
the mesh, that is,

∇
2
φ

n =−ρ
n/ε0, (2)

where φ represents potential and ε0 is the permittivity of vac-
uum;

(iii) 𝑎n(𝑥n) = (q/m)𝐸n(𝑥n) (interpolation of the field
from mesh);

(iv) 𝑣n+1/2 = 𝑣n−1/2 + 𝑎n(𝑥n)∆t + (∆t/2)[(𝑣n+1/2 +

𝑣n−1/2)×𝛺n];
(v) 𝑥n+1 = 𝑥n +𝑣n+1/2∆t;
(vi) 𝛺n+1 = (q/m)𝐵n+1(𝑥n+1) (interpolation of the field

from mesh).
The dispersion relationship for the electrostatic Langmuir

wave with frequency of ωpe predicted by the EXPIC is ex-
pressed as follows:[27]

sin(ω∆t/2) =±ωpe∆t/2, (3)

where ω represents the frequency predicted by numerical cal-
culation. As shown in Eq. (3), the EXPIC is numerically un-
stable when ωpe∆t > 2. In addition, the EXPIC is a method
that cannot damp wave oscillation. Thus, using a large spatial
step here with coarse resolution in Debye length will result in
finite-grid-instability since the numerical oscillations enhance
gradually.[3]
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2.2. Direct implicit PIC

The DIMPIC is developed to relax the numerical stabil-
ity constraint on time-step. In such method, equation (1) is
modified as follows:[28]

𝑣n+1/2−𝑣n−1/2

∆t

=
1
2

[
𝑎n+1 (𝑥n+1)+𝑎n−1 +

(
𝑣n+1/2 +𝑣n−1/2

)
×𝛺n

]
,

𝑥n+1−𝑥n

∆t
= 𝑣n+1/2, (4)

here 𝑎n−1 = (𝑣n−1/2 − 𝑣n−3/2)/∆t represents the time-
averaged electric filed acceleration of the particle at previous
time step. It can be seen from Eq. (4) that the actual value of
𝑎n is substituted with a weighted value of 𝑎n+1 and 𝑎n−1, that
is,

𝑎n(𝑥n) =
1
2
𝑎n+1(𝑥n+1)+

1
2
𝑎n−1, (5)

where 𝑎n−1 is a known quantity. However, 𝑎n+1(𝑥n+1) related
to the position 𝑥n+1 at next time step is an unknown quantity
because one still does not know 𝑥n+1 until now.

If one wishes to calculate 𝑎n(𝑥n) accurately by using
𝑎n+1(𝑥n+1), it is necessary to use 𝑥n+1 to obtain ρn+1, which
in turn can be used to calculate 𝐸n+1. However, this process is
often nearly impossible, and one must rely on some approxi-
mate methods. To obtain 𝑎n+1(𝑥n+1), DIMPIC uses a method
proposed by Langdon et al.,[29] in which the approximate field
𝐸n+1 is first obtained by solving the implicit Poisson equation.
Then, the approximate 𝑎n+1(𝑥n+1) is obtained by some inter-
polation algorithms.

In DIMPIC, the push process is split into two to sepa-
rate the effects of the future electric field from those of known
fields. The first push process uses 𝑎n−1 to pre-push the particle
and obtain the source terms for solving the implicit Poisson
equation, which in turn gives 𝑎n+1(𝑥n+1). Then the second
push process uses 𝑎n+1(𝑥n+1) to final-push the particle and
complete the solution at the current time step. The algorithm
for DIMPIC can be summarized as follows:

Pre-pusher:
(i) ṽn+1/2 = 𝑣n−1/2 +(∆t/2)[an−1 +(ṽn+1/2 +𝑣n−1/2)×

𝛺n];
(ii) x̃n+1 = 𝑥n + ṽn+1/2∆t;
(iii) x̃n+1 → ρ̃n+1𝜒 (interpolation of charge density and

matrix coefficient from the particles), where 𝜒 represents the
effective polarizability related to ρ̃n+1 and 𝛺n.[24]

(iv) Solving the implicit Poisson equation to obtain 𝐸n+1

at the mesh, that is,

∇
2[(1+𝜒) ·φ n+1] =−ρ̃

n+1/ε0. (6)

Final-pusher:

(v) 𝑎n+1(𝑥n+1)∼= (q/m)𝐸n+1(x̃n+1) (interpolation of the
field from mesh);

(vi) δ𝑣 = (∆t/2)[𝑎n+1(𝑥n+1)+δ𝑣×𝛺n];
(vii) 𝑣n+1/2 = ṽn+1/2 +δ𝑣;
(viii) 𝑥n+1 = x̃n+1 +δ𝑣∆t;
(ix) an = 1

2 an−1 + 1
2𝑎

n+1(𝑥n+1);
(x) 𝛺n+1 = (q/m)𝐵n+1(𝑥n+1) (interpolation of the field

from mesh).
The dispersion relationship for the electrostatic Langmuir

wave with an eigen-frequency of ωpe described by DIMPIC is
given by the following equation:[30]

(2z−1)(z−1)2 =−ω
2
pe∆t2z3, (7)

where z ≡ e−iω∆t and ω represents the frequency predicted
by numerical simulations. By numerically solving Eq. (7),
one can obtain the relationship between the amplitude |z| and
ωpe∆t, which shows that the amplitude is damped and the nu-
merical stability is independent of the time-step ∆t. Besides,
the damping of the wave is also helpful to suppress the grid
heating caused by a large spatial step with poor resolution in
Debye length.

It can be seen that DIMPICs allow the use of large spa-
tial and temporal steps while maintaining numerical stability,
which is not possible in EXPICs. However, the latter method
has a simpler particle pusher. Additionally, DIMPIC has a
more complex algorithm, and has a lower efficiency in solv-
ing the implicit Poisson equations as compared to solving the
explicit Poisson equations. It becomes more challenging to
solve such implicit equations in the high dimensional magne-
tized plasma systems because 𝜒 is now anisotropic. In ad-
dition, the parallelism strategies for DIMPIC and EXPIC are
different. For explicit PICs, significant CPU time gains can be
obtained by only paralleling particle process since most of the
CPU time is related to the particles.[9] For the direct implicit
PICs, however, it is very important to parallel solve both the
field solving process and particle process, because the time of
field solving here takes a significant fraction of the total simu-
lation time.[20] Meanwhile, parallel solving the implicit Pois-
son equation is troublesome due to the time-dependent matrix
coefficients 𝜒.

3. Descriptions of damped explicit PIC method
The descriptions of the new method are started with the

central difference equations of motion used in DIMPIC, and
one can still suppose

𝑎n(𝑥n) =
1
2
𝑎n+1(𝑥n+1)+

1
2
𝑎n−1.

As mentioned before, the traditional DIMPIC solves the im-
plicit Poisson equation first to obtain an approximate field
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𝐸n+1. Then, the approximate 𝑎n+1(𝑥n+1) is obtained by both
this estimated 𝐸n+1 and the quantity x̃n+1 provided by the pre-
pusher, using some interpolation algorithms. Here, however,
we adopt a different strategy. Firstly, we give an approximate
ãn+1(𝑥n+1), and then pre-push the particle to obtain the ap-
proximate field 𝐸n+1 by solving an explicit Poisson equation.
Finally, we re-obtain an approximate 𝑎n+1(𝑥n+1) to finish the
push process.

To obtain 𝑎n+1(𝑥n+1), we suppose that an estimated
ãn+1(𝑥n+1) is already known. It is reasonable to set the es-
timated ãn+1(𝑥n+1) as follows:

ãn+1(𝑥n+1) = 2𝑎n(𝑥n)−𝑎n−1. (8)

Here the known quantity 𝑎n(𝑥n) represents the electric field
acceleration of the particle at previous calculation step. As a
result, one can re-obtain an approximate ãn(𝑥n) at current time
step through the relationship ãn(𝑥n) = 1

2 ãn+1(𝑥n+1)+ 1
2 an−1.

It can be seen that the ãn(𝑥n) here is actually equal to the
known 𝑎n(𝑥n). The second step is to use the known ãn(𝑥n)

to explicitly push the particle and obtain a charge density
ρ̃n+1 based on the information about the particles in the fu-
ture. Then, the field 𝐸n+1 is obtained by solving the explicit
Poisson equation with the source term ρ̃n+1. Now, one gets a
new 𝑎n+1(𝑥n+1) and a new 𝑎n(𝑥n) = 1

2𝑎
n+1(𝑥n+1)+ 1

2 an−1.
Finally, we push the particle again with the new 𝑎n(𝑥n) and
update the an−1 as an = 1

2𝑎
n+1(𝑥n+1)+ 1

2 an−1.
One can also set the estimated ãn+1(𝑥n+1) as zero or

𝑎n(𝑥n), and these options will be discussed in Section 5. Here,
however, we will estimate ãn+1(𝑥n+1) using Eq. (8). The al-
gorithm of the new PIC method is as follows: starting with the
known quantities 𝑣n−1/2, 𝑥n, an−1, 𝑎n(𝑥n), and 𝛺n:

Pre-pusher:
(i) ãn+1

(
𝑥n+1

)
= 2an (𝑥n)−an−1;

(ii) ãn(𝑥n) = 1
2 ãn+1

(
𝑥n+1

)
+ 1

2 an−1;
(iii) ṽn+1/2 = 𝑣n−1/2 + ãn(𝑥n)∆t + (∆t/2)[(ṽn+1/2 +

𝑣n−1/2)×𝛺n];

(iv) x̃n+1 = 𝑥n + ṽn+1/2∆t;
(v) x̃n+1→ ρ̃n+1 (interpolation of charge density from the

particles);
(vi) solving the explicit Poisson equation to obtain 𝐸n+1

at the mesh, that is,

∇
2
φ

n+1 =−ρ̃
n+1/ε0. (9)

Final-pusher:
(vii) 𝑎n+1(𝑥n+1) ∼= (q/m)𝐸n+1(x̃n+1) (interpolation of

the field from mesh);
(viii) δ𝑎= 𝑎n+1

(
𝑥n+1

)
− ãn+1

(
𝑥n+1

)
;

(ix) δ𝑣 = (∆t/2)[δ𝑎+δ𝑣×𝛺n];
(x) 𝑣n+1/2 = ṽn+1/2 +δ𝑣;
(xi) 𝑥n+1 = x̃n+1 +δ𝑣∆t;
(xii) an = 1

2 an−1 + 1
2𝑎

n+1(𝑥n+1);
(xiii) 𝛺n+1 = (q/m)𝐵n+1(𝑥n+1) (interpolation of the

field from mesh).
It can be seen from the above loop that the unknown

future electric field is now obtained by solving an explicit
Poisson equation with source term obtained by the position
from explicitly propulsion of the particle. In addition, the new
method can damp high-frequency plasma oscillation strongly,
as described below. For these reasons, the new PIC method
is namely as damped explicit PIC (DEXPIC). For the new
method, solving the Poisson equation parallel is expected to
be easier due to the time-independent matrix coefficients. Fig-
ure 1 shows the differences between the flowchart of DEXPIC
and that of the DIMPIC in the case where magnetic field is
ignored.

In the following studies, we will examine the numerical
accuracy and stability of the DEXPIC method. Furthermore,
we will demonstrate that the method maintains the desirable
damping of high-frequency electronic oscillation, while accu-
rately describes low-frequency phenomena.

In put for DIM method 
/
, ,

Pre-pusher with :
( , / ) → ( , / )

Weighting to the grid: 
→ ( , )

Field calculation:
( , ) →

Final-pusher with : 
( , / ) → ( , / )

In put for DEX method
/
, , ,

Pre-pusher with :
( , / ) → ( , / )

Weighting to the grid: 
→

Field calculation:
→

Final-pusher with :
( , / ) → ( , / )

Damped explicit methodDirect implicit method

Fig. 1. Differences between the flowchart of the DEXPIC and that of the DIMPIC.
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4. Numerical experiments
In this section, several numerical experiments will be

performed to check the performance of the DEXPIC, includ-
ing the motion of charged particles in EM fields, magnetized
plasma sheath, and free diffusion of magnetized plasma into
vacuum.

4.1. Particle pusher test

The motion of a charged particle in EM fields is first
tested to check the accuracy of the particle pusher. We con-
sider a test particle with mass m = 1 and charge q = −1 that
moves in an electric field varying with x and a constant static
magnetic field:

𝐸 = (1+0.1x,0,0), 𝐵 = (0,0,1). (10)

At the beginning, the particle enters the computational domain
with position (0,0,0) and velocity (0,0,0). The test runs until
the total simulation time T = 12.
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Fig. 2. Accuracy analysis of the DEX particle pusher. The errors in-
crease with the time-step, and show second-order accuracy.

To analyze the accuracy of the particle pusher with vary-
ing time-steps, we use three methods to calculate the trajec-
tory of the particle. The first method, denoted as #1, solves the
equations of motion through ODE solvers with a small time-
step of ∆t = 1.25× 10−4, which provides the equivalent an-
alytical solutions. The other two methods are the DIM parti-
cle pusher and the DEX particle pusher, where different time-
steps are used. The following relationship is introduced to an-
alyze the accuracy of the particle pusher with respect to the
time-step:[31]

Err x =
√

∑n

∣∣𝑥n
test−𝑥n

ref

∣∣2 ∆t,

Err v =
√

∑n

∣∣𝑣n
test−𝑣n

ref

∣∣2 ∆t. (11)

Here 𝑥n and 𝑣n represent the position and velocity at time-
step n. The subscript ‘test’ indicates that the data are obtained
by the DIM particle pusher or DEX particle pusher, while ‘ref’
represents the reference value provided by the method #1. The

logarithmic plots of the errors Err y and Err vy as a function of
time-step are shown in Fig. 2. It can be seen that the errors of
both the DIM particle pusher and the DEX particle pusher in-
crease with the time step, and show the second-order accuracy.

In addition, it is necessary to check the numerical stability
of the DEX particle pusher. To do so, we consider the analysis
of the electrostatic Langmuir wave.[3] In this case, the central
difference equations of the motion are given by

𝑣n+1/2−𝑣n−1/2

∆t

=
1
2

[
𝑎n+1 (𝑥n+1)+ 𝑣n−1/2−𝑣n−3/2

∆t

]
,

𝑥n+1−𝑥n

∆t
= 𝑣n+1/2, (12)

for simple harmonic oscillation with frequency of ωpe, one can
derive the following expression:[32]

𝑎n+1(𝑥n+1) =−ω
2
pe𝑥

n+1 ∼=−ω
2
pex̃n+1, (13)

where x̃n+1 = 𝑥n+𝑣n−1/2∆t + ãn(𝑥n)∆t2 represents the posi-
tion offered by the pre-pusher of the DEXPIC, and ãn(𝑥n) =

𝑎n(x̃n) ∼= −ω2
pe𝑥

n. Now, let us assume that the evolution of
position over time is harmonic so that 𝑥n = 𝑥0zn, where 𝑥0

represents the initial position and zn ≡ e−iωn∆t .[33] Here, ω is
the mode frequency obtained by simulation.

Bring Eq. (13), x̃n+1 = 𝑥n + 𝑣n−1/2∆t + ãn(𝑥n)∆t2,
ãn(𝑥n) ∼= −ω2

pe𝑥
n, and 𝑥n = 𝑥0𝑧

n into Eq. (12), and finally
we obtain the approximate dispersion relationship for the elec-
trostatic Langmuir wave as

(2z−1)(z−1)2 =−ω
2
pe∆t2[(2−ω

2
pe∆t2)z2− z]. (14)

Equation (14) shows that the DEXPIC is numerical unstable
when ωpe∆t > 1 because one has |z| > 1 now. It is worth
noting that the dispersion relationship described by Eq. (14)
is approximate because the value of 𝑎n+1(𝑥n+1) is estimated
at x̃n+1 rather than 𝑥n+1. In the actual tests, we have found
that the stability constraint on time-step is more restrictive, as
shown in the Subsection 4.2.

4.2. Magnetized plasma sheath

We have implemented the DEX particle pusher in a cus-
tom short electrostatic PIC code with one-dimensional (1D)
in space and three-dimensional (3D) in velocity. In this sub-
section, we will use the DEXPIC to simulate magnetized
plasma sheath for the following purposes. Firstly, the numeri-
cal stability constraint on time-step of the DEXPIC will be de-
rived from the experimental data. Secondly, we will observe
how well the DEXPIC does at damping high-frequency elec-
tron oscillations, and what consequences such damping might
have. To analyze the performance of the new method, we will
compare the results obtained by DEXPIC with those obtained
by the standard EXPIC and the DIMPIC.
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In all tests, we assume the ions are immobile, and only
consider the dynamics of electrons. At the beginning, a
1D uniform plasma plate with electron number density of
1× 1016 m−3 and Maxwell velocity distribution for electrons
with temperature of 1 eV is distributed between two parallel
electrodes placed along the x direction. Meanwhile, a constant
transverse static magnetic field Bz is present, and the potential
of the electrodes is set zero. Additionally, every particle that
reaches the electrodes will be absorbed and removed from the
simulation. Moreover, no secondary electron emission, elec-
tron reflection, and particle–particle collisions are considered.
The simulation time is normalized to 1/ωpe.

In first test #1, we use the following parameters to find
the required constraint for numerical stability: system length
L = 120λDe, 30 uniformly spaced grid points, 256 macro-
particles per grid, Bz = 10 Gs (1 Gs= 10−4 T), and tunable
time-steps. The simulations run for time of 10000. Figure 3
shows the time history of the center potential predicted by
the DEXPIC. One can observe obviously numerical instability
when ωpe∆t = 0.895. In fact, when ωpe∆t ≤ 0.894, we do not
observe numerical instability in simulations run for long time
(up to millions plasma oscillation period). It is worth noting
that the CFL condition is ensured in all tests.
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Fig. 3. Time history of the center potential predicted by the DEXPIC
with different time-steps. One can observe the numerical instability
when ωpe∆t = 0.895.

As shown in Fig. 3, the desired numerical stability at large
time-step cannot be ensured by the DEXPIC. However, this
method can still damp high-frequency oscillation significantly
and suppresses the numerical instability originating from the
coarse spatial resolution in the Debye length. As a result, the
DEXPIC is stable when a large spatial step is used, as shown
in the following studies.

Now we consider the second test #2 using the following
parameters: system length L = 30λDe, 30 uniformly spaced
grid points, 256 macro-particles per cell, time-step ωpe∆t =
0.2, and Bz = 10 Gs. The simulations run for time of 1000.

Figure 4 shows the time history of the center potential ob-
tained by three methods, in which the illustration shows the
history from t = 900 to t = 1000. For the EXPIC, the time his-
tory shows a stable numerical oscillation, which actually cap-
tures the electron plasma oscillation.[34] If a large spatial step
(∆x� λDe) is used, then such numerical oscillation will be
amplified and result in significant fine-grid-instability.[3] How-
ever, the EXPIC cannot damp such high-frequency oscillation
very well, as shown in the blue line. As a result, it must use a
very small spatial step, even when the electron plasma oscilla-
tion is no longer important.

On the other hand, the DIMPIC is a well-known method
with damping of high-frequency wave.[28] Therefore, the time
history obtained by the DIMPIC shows that the numerical os-
cillation weakens gradually over time, as shown by the red
line. Interestingly, for the DEXPIC, the time history shows a
similar result to that of the DIMPIC, proving that this method
can also damp the high-frequency plasma oscillation, thereby
suppress possible numerical instability. Now, it has been
demonstrated that DEXPIC is a damped PIC method by com-
paring the time history of the center potential obtained by the
three methods.
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Fig. 4. The time history of the center potential obtained by three methods.
The electron plasma oscillation is damped by both DIMPIC and DEXPIC.

The damping property of the DEXPIC also apply to the
energy of the particles, as shown in Fig. 5, which shows the
time history of electron number, electron kinetic energy EK =
1
2 ∑

Ne
i=1 wemev2

i and electric field energy EP = 1
2 ε0 ∑

Ng
j=1 E2

j dV .
Here, we represents the weight of the macro-electrons, Ne is
the electron number, vi is the velocity of electron i, Ng is grid
number, E j is electric field at grid j and dV is the volume of
each cell. All energies have been normalized to 10−7. It can
be seen that the EXPIC is not convergent because the elec-
tron number reduces over time gradually, indicating numerical
heating of the electrons in long simulations. However, the en-
ergy of the system obtained by the EXPIC is conserved well.
On the other hand, both the DIMPIC and DEXPIC are conver-
gent, but at the cost of a gradual decrease in the energy of the
particles over time.
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Fig. 5. Damping of the DEXPIC on the energy of the particles. (a) The
time history of electron number. (b) The time history of electron kinetic
energy and electric field energy.
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Fig. 6. (a) The time history of electron number. (b) The time history of
electron kinetic energy. One electrode is driven by a voltage source with
amplitude of 200(Te/e) and frequency of 0.02ωpe/(2π). In this case,
the plasma is dominated by low-frequency force fields and the cooling
is tolerable.

The reduction of the energy is related to the numerical
cooling. The cooling rate depends on ωtr∆t, where ωtr rep-
resents the frequency of motion of the particles following the
force fields.[30] As a result, the energy decreases while the par-

ticle number remains constant. The errors caused by such nu-
merical cooling may lead to incorrect results. However, the
cooling mentioned above is tolerable when ωtr∆t is small. In
other words, such numerical cooling is expected to be ignored
when plasma is dominated by low-frequency force fields, such
as radio frequency (RF) fields. For example, if we apply a volt-
age source with amplitude of V =V0sin(ωt) to one electrode,
where V0 = 200(Te/e) and ω = 0.02ωpe, then the cooling is
tolerable, as shown in Fig. 6.

The damping of high-frequency plasma oscillation favor
suppression of finite-grid-instability resulting from the coarse
spatial resolution in the electron Debye length. To prove
this conclusion, we consider the third test #3: system length
L = 150λDe, 30 uniformly spaced grid points (∆x = 5λDe),
256 macro-particles per cell, time-step ωpe∆t = 0.8, and Bz =

30 Gs. The simulations run for time of 1000. The time his-
tory of the center potential and the total energy of the system
obtained by three methods are plotted in Fig. 7.
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Fig. 7. (a) The time history of the center potential. (b) The time history
of total energy of the system. The EXPIC now is unstable due to the
fine-grid-instability resulting from the coarse spatial resolution in the
electron Debye length.

In this test, the spatial step is large enough so it causes
significant fine-grid-instability, which results in the instabil-
ity of EXPIC. Both the amplitude of the potential and the to-
tal energy of the system obtained by the EXPIC increase with
time, as indicated by the blue line in Fig. 7. In contrast, both
DIMPIC and DEXPIC remain stable as they damp the numeri-
cal oscillation, as shown in the red and green lines in Fig. 7(a).
Meanwhile, it seems that the damping provided by DEXPIC
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is stronger than that provided by DIMPIC, as shown in the red
dot-dashed line and the green dashed line in Fig. 7. In addi-
tion, the damping of both DIMPIC and DEXPIC in this case
is stronger due to the larger time-step. Of course, when the
plasma is dominated by low-frequency fields, the numerical
cooling will be tolerable, as mentioned in test #2.

4.3. Free diffusion of magnetized plasma into vacuum

In Subsection 4.2, we have evaluated the performance of
the DEXPIC using the magnetized plasma sheath, in which the
plasma is dominated by the high-frequency electron plasma
oscillation. The results show that the DEXPIC can damp
the numerical oscillation strongly and suppress fine-grid-
instability. Here, we consider another experiment in which
the physical process depends on low-frequency bipolar electric
fields, specifically free diffusion of plasma into vacuum.[35] In
all tests, we consider a 1D uniform plasma plate with thickness
of D placed at the center of the computational domain, with
number density of 1×1016 m−3, Maxwell velocity distribution
for both electrons and ions, Te = Ti = 1 eV and mi/me = 900.
The constant transverse static magnetic field is equal to 30 Gs.
The particle boundary and potential boundary are the same as
that in Subsection 4.2.

In the first test #1, the simulations run with the following
parameters: system length L = 1000λDe and D = 100λDe. The
EXPIC uses 2000 uniformly spaced grid points, ωpe∆t = 0.1
and 256 macro-particles per cell, and its simulation results
are treated as standard data. Both the DIMPIC and DEXPIC
use 200 uniformly spaced grid points, ωpe∆t = 0.8 and 2560
macro-particles per cell. All simulations run until t = 1000,
and the system length is long enough so that the total particle
number remain constant in the simulations.

Figure 8 shows the evolution of the bipolar electric field
over time obtained by three methods, where the field has been
normalized to Te/λDe. It can be seen that the results offered
by three methods agree well. Initially, the electrons in the
outer layer of the plasma escape from the bulk region at fast
speeds, leaving a shell full of positive charge density, which
is surrounded by negative charge density.[23] As a result, one
can observe an ambipolar electric field near this shell. On the
other hand, the shell will be filled with negative charge den-
sity and be surrounded by positive charge density when the
simulations run for longer term, because the drift velocity of
the electron group is slower than that of ion group due to the
effect of the transverse magnetic field.[1] Therefore, the direc-
tion of the bipolar field has reversed. It should be noted that
the results obtained by both the DIMPIC and DEXPIC provide
a correct description of the evolution of the bipolar fields over
time, even they have poor spatial resolution.
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Fig. 8. The evolution of the bipolar electric field over time, in which the
results obtained by three methods agree well.

The velocity distributions of electrons and ions at t =
1000 are plotted in Fig. 9, along with the initial distributions
at t = 0 represented by the black line, where the velocity has
been normalized to the initial average velocity v, and the ve-
locity space is [0, 4], discretized by 100 cells. The ambipolar
fields tend to pull back the escaped charged particles towards
the bulk region, while accelerate the charged particles in the
outer layer of the plasma.[1] As a result, the velocity distri-
butions of both electrons and ions are modulated. The figure
demonstrates that the average velocity of electrons increases,
while that of ions decreases, with the results obtained by three
methods showing good agreement.
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Fig. 9. The velocity distributions of electron and ion at t = 1000. The
average velocity of electrons increases while that of ions decreases due
to the effect of ambipolar field. The results obtained by the three meth-
ods agree well.

Figure 10 shows the time history of the total energy of the
system obtained by three methods, in which the green dot-line
represents the results obtained by the EXPIC using the same
parameters as that used in DIMPIC and DEXPIC. It can be
seen that the standard result shows good energy conservation.
On the other hand, the result obtained by the EXPIC using
poor resolution in Debye length and high frequency electron
plasma oscillation shows that the total energy raises over time,
which indicates numerical instability in the simulations run for
long time. As a comparison, the total energy obtained by both
DIMPIC and DEXPIC decreases rapidly firstly and stabilizes
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gradually over time. The decreased energy originates from the
numerical cooling mentioned before. As time increases, the
plasma gradually becomes dominated by low-frequency bipo-
lar electric field so that the cooling is tolerate. Again, the
figure indicates that the DEXPIC provides stronger damping
compared to that of DIMPIC. The stronger damping may be
beneficial when larger space step or fewer macro-particles per
cell is used, as it can suppress the heating caused by numerical
noise more effectively.
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Fig. 10. The time history of the total energy of the system obtained by
three methods. The total energy predicted by the EXPIC increases over
time.

Now, we consider the second test #2 to check the accu-
racy of the DEXPIC using the spatial step and time-step with
different resolutions in Debye length and high-frequency elec-
tron plasma oscillation. The simulations run with the follow-
ing parameters: system length L = 1000λDe, D = 100λDe, and
the total simulation time is equal to 1000. The EXPIC uses
the same spatial step and time-step as that in test #2. Both the
DIMPIC and DEXPIC use 200, 250, 320, 400, 500, 625, and
1000 uniformly spaced grid points respectively, and the total
particle number is the same as that of the EXPIC so that the ini-
tial velocity distribution function is constant. The time-steps
used in the DIMPIC and DEXPIC are varied with spatial step
to ensure vthe∆t/∆x is constant so that CFL condition is con-
stant, where vthe represents the thermal velocity of electrons.
However, when ∆x = 5λDe, the time-step is set as ωpe∆t = 0.8
rather than ωpe∆t = 1.0 since the stability constraint on the
time-step of the DEXPIC requires ωpe∆t ≤ 0.894.

To calculate the accuracy, we determine the error ε( fe) in
the velocity distribution function fe of the electrons using the
following relation:

ε( fe) =

√∫
| ftest− fref|2 ∆v, (15)

where fref represents the reference distribution function taken
from the standard EXPIC. The integral element ∆v is 0.04.
Equation (15) is actually another version of Eq. (11). The dif-
ferences between the distribution function obtained by three

methods are shown in Fig. 11. It can be seen from the figure
that the accuracy of both DIMPIC and DEXPIC is acceptable
as the resolution in Debye length and high frequency electron
plasma oscillation gets worse, in which the maximum error of
the DEXPIC is only around 0.15%. It should be noted here
that both the DIMPIC and DEXPIC use the same total parti-
cle number as that used by the standard EXPIC, which means
that the number of the macro-particles per cell increases as
the number of grids decreases. The increased number of the
macro-particles per cell helps reduce numerical errors.[10]
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Fig. 11. Differences between the results obtained by standard EXPIC,
DIMPIC, and DEXPIC. The accuracy of the DIMPIC and DEXPIC
is acceptable when the resolution in Debye length and high frequency
electron plasma oscillation gets worse.

Table 1. The evolution of the computation time spent by DIMPIC and DEX-
PIC, as a function of spatial step and time-step. The CPU time spent by the
standard EXPIC is equal to 53.632 s.

Case ∆x ∆t cycle DIMPIC (s) DEXPIC (s)

1 1.000 0.200 1000 43.150 32.803
2 1.600 0.320 1000 27.331 20.181
3 2.000 0.400 1000 21.333 16.150
4 2.500 0.500 1000 17.191 12.862
5 3.125 0.625 1000 13.730 10.344
6 4.000 0.800 1000 10.761 8.233
7 5.000 0.800 1000 10.670 7.773

Both figures 9 and 11 show that the DEXPIC can de-
scribe the modulation of the bipolar electric fields to the ve-
locity distribution function of charged particles accurately, as
the DIMPIC does. More importantly, the DEXPIC takes less
computation time compared to that of the DIMPIC, as shown
in Table 1, which shows the evolution of the computation time
spent by the two methods as a function of spatial step and time-
step. Here, the CPU time spent by the standard EXPIC is equal
to 53.632 s. For both DIMPIC and DEXPIC, when they push
the particles, we do not calculate the magnetic field felt by
the particles based on their positions, because the magnetic
field here is uniform. For the DIMPIC, however, we calcu-
late the magnetic field felt by each particle according to their
positions before solve the implicit Poisson equation and con-
sider the contribution of the charge and magnetic field carried

125204-9



Chin. Phys. B 32, 125204 (2023)

by each particle to the total polarizability 𝜒, to simulate the
plasma with non-uniform magnetic fields, even the magnetic
field here is actually uniform. It can be seen that the DEXPIC
runs faster than DIMPIC in all cases. Compared with DEX-
PIC, the additional computational time required by DIMPIC
is almost used to calculate the polarizability of electrons and
ions.

5. More discussions and the future of work
In conclusion, we proposed a damped explicit PIC

method in this work to improve the computational speed of
traditional direct implicit methods in the research of bounded
plasma. The new method obtains the future electric field by
solving explicit Poisson equation with source term obtained
by the position from explicitly propulsion of the particles, and
provides stronger damping of high-frequency numerical oscil-
lation compared to that provided by the direct implicit method.
However, the new method cannot ensure numerical stability
when very large time-steps are used. Nonetheless, it can still
suppress numerical instability originating from the poor reso-
lution in Debye length and high frequency electron plasma os-
cillation significantly. In tests, the performance of the damped
method using a large spatial step ∆x = 5λDe and a large time-
step ωpe∆t = 0.8 is well while that of the traditional explicit
method using the same parameters is poor.

The damped explicit method may be useful in certain spe-
cific plasma studies, such as magnetron discharges, where a
small time-step ωce∆t = 0.2 is required to capture the dynam-
ics of the system accurately,[36] where ωce represents electron
cyclotron frequency. In this case, the advantages of traditional
direct implicit methods are limited since a very large time-
step ωce∆t � 0.2 is not allowed. Therefore, the new damped
method is expected to be a better choice because its field solver
is more efficient, and it provides stronger damping of numeri-
cal heating when larger spatial steps are used.

Other estimated future acceleration ãn+1(𝑥n+1) can be
used in the damped method. For example, one can set the
estimated ãn+1(𝑥n+1) as zero or 𝑎n(𝑥n), as mentioned in Sec-
tion 3, and the differences between the results obtained by the
damped method using different estimated ãn+1(𝑥n+1) can be
observed in terms of damping, as shown in Fig. 12, which dis-
plays the time history of the total energy of the system de-
scribed in the test #3 in the numerical experiment of plasma
sheath. It can be seen that the damping provided by the
damped method using ãn+1(𝑥n+1) = 0 is similar to that pro-
vided by the direct implicit method, while the damped method
using ãn+1(𝑥n+1) = 𝑎n(𝑥n) provides the strongest damping.
In addition, if a smaller estimated ãn+1(𝑥n+1) is used, then

a larger time-step can be used because now the constraint is
relaxed to ωpe∆t ≤ 1.549.
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Fig. 12. The time history of the total energy of the system, where the
simulation parameters are the same as those of the test #3 in the exper-
iment of plasma sheath. The damped method using different estimated
future accelerations produces different levels of damping.

Finally, the damped explicit PIC method is expected be
coupled with Monte Carlo collision (MCC) method to form
a damped explicit PIC/MCC method for simulate plasma dis-
charge. In addition, the damped method with tunable damp-
ing is also attractive. The construction of rotational symmetry
electrostatic damped explicit PIC/MCC method with tunable
damping is a topic for future studies.
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