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Residual stress modeling of mitigated fused silica
damage sites with CO2 laser annealing

Chuanchao Zhang(张传超)†, Wei Liao(廖威), Lijuan Zhang(张丽娟),
Xiaolong Jiang(蒋晓龙), Zhenhua Fang(方振华), and Xiaodong Jiang(蒋晓东)
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A numerical model based on measured fictive temperature distributions is explored to evaluate the residual stress
fields of CO2 laser-annealed mitigated fused silica damage sites. The proposed model extracts the residual strain from
the differences in thermoelastic contraction of fused silica with different fictive temperatures from the initial frozen-in
temperatures to ambient temperature. The residual stress fields of mitigated damage sites for the CO2 laser-annealed case
are obtained by a finite element analysis of equilibrium equations and constitutive equations. The simulated results indicate
that the proposed model can accurately evaluate the residual stress fields of laser-annealed mitigated damage sites with
a complex thermal history. The calculated maximum hoop stress is in good agreement with the reported experimental
result. The estimated optical retardance profiles from the calculated radial and hoop stress fields are consistent with the
photoelastic measurements. These results provide sufficient evidence to demonstrate the suitability of the proposed model
for describing the residual stresses of mitigated fused silica damage sites after CO2 laser annealing.

Keywords: fused silica, damage mitigation, residual stress, laser annealing
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1. Introduction
High-quality fused silica can be produced at large scales

and is widely used for the manufacture of large and expen-
sive optical components such as windows, lenses and gratings
suitable for high-power laser systems. Over the past decades,
despite significant progress having been made in increasing
the damage resistance of fused silica optics operating at UV
wavelengths, laser-induced surface damage of fused silica op-
tics is still a major issue for high-power laser systems.[1–3] Al-
though the surface damage sites initially have a diameter of the
order of tens of microns, the size of such sites increases expo-
nentially with subsequent high-fluence nanosecond UV laser
shots, which limits the durability of optical components for
high-power laser systems.[4,5] To avoid growth of the damage
site, localized CO2 laser melting of fused silica has been used
to mitigate surface damage sites on fused silica optics.[6–9]

However, thermal quenching following the melting of dam-
age sites can accumulate a significant amount of residual stress
due to the finite relaxation times near the glass transition of
fused silica, which may cause critical fracture to relieve stress
throughout the heat-treated region.[10] CO2 laser annealing by
a linear ramp-down of laser power after damage mitigation has
been demonstrated and applied to avoid rapid cooling down,
which minimizes the residual stress to an acceptable level,
avoiding critical fracture.[11–13]

Accurate description of residual stress of mitigated fused
silica damage sites for quenched and laser-annealed cases is
of major interest for optimization of the damage mitigation

process. The nondestructive photoelastic method is generally
used to characterize stress in transparent materials. The mea-
sured retardance value is associated with the stress level to be
evaluated. But the residual stress of mitigated damage sites
is nonuniform, and there is no direct proportionality between
the retardance and the stress level of a mitigated damage site.
Thus, the stress distribution and quantitative values of stress
levels of a mitigated fused silica damage site cannot be directly
evaluated by the photoelastic method.[14] In order to assess the
residual stress distribution of mitigated fused silica damage
sites, various numerical models of CO2 laser interaction with
fused silica, which take into account multiphysics processes
and temperature-dependent physical properties in the whole
thermal history during localized CO2 laser treatment of fused
silica, have been developed to quantify the residual stress of
mitigated damage sites. Gallais et al. regarded the residual
stress of mitigated damage sites as the imprinted thermal stress
induced by temperatures below a limit between 1100 ◦C and
1600 ◦C after heating.[14] Matthews et al. indicated that the
magnitude of the final residual tensile stress of mitigated dam-
age sites is nearly equal to the maximum compressive stress
prior to cool-down.[12] Vignes et al presented a multiphysics
finite-element model to analyze the residual stress of miti-
gated damage sites considering viscous flowing, quenching of
the material and structural relaxation.[15] These reported nu-
merical models have been successfully used to evaluate the
residual stress distribution of quench-cooled mitigated dam-
age sites. For CO2 laser annealing, however, the mitigated
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damage site shows a more complex thermal history, meaning
that the reported numerical models inaccurately predict the
residual stress distribution of laser-annealed mitigated dam-
age sites. Matthews et al. reported that the calculated value
for the maximum hoop stress of mitigated damage sites with
CO2 laser annealing is 41% larger than the value from critical
fracture experiments, while the deviation between the calcu-
lated and experimental values for the maximum hoop stress of
quench-cooled mitigated damage sites is only 6%.[12] Hence,
the ability to accurately assess the residual stresses of laser-
annealed mitigated damage sites is still a challenge.

In this study, a numerical model based on the measured
fictive temperature distribution of the mitigated damage sites is
explored to evaluate the distribution and quantitative values of
the residual stress of CO2 laser-annealed mitigated fused silica
damage sites. The fictive temperature of a glass, which is de-
fined as the temperature of the equilibrium melt whose struc-
ture is equivalent to that of the cooled glass, is a convenient
tool in describing glass structural relaxation phenomena.[16]

The proposed model assumes that the initial frozen-in state of
fused silica is the zero-point of residual stresses in the melt
zone, and the generation of residual stresses results from the
differences in thermoelastic contraction of fused silica with
different fictive temperatures from the initial frozen-in tem-
perature to ambient temperature, and has succeeded in eval-
uating the nonuniform residual stress fields of quench-cooled
mitigated damage sites.[17] Spatially resolved fictive tempera-
tures of mitigated damage sites for quenched and CO2 laser-
annealed cases have been widely characterized using confocal
Raman microscopy.[12,18] Based on the reported fictive tem-
perature distribution, the residual stress fields of the CO2 laser-
annealed mitigated damage sites were systematically analyzed
by the proposed model in this study, and the calculated max-
imum hoop stress agrees well with the reported experimental
result, demonstrating the suitability of the proposed model for
describing the residual stresses of mitigated fused silica dam-
age sites for CO2 laser annealing.

2. Residual stress model based on fictive temper-
ature
During the localized CO2 laser melting of a fused silica

damage site the melted fused silica is soft, and thermally in-
duced stresses are released by structural relaxation. The melt
zone persists in a zero-stress state until the laser is shut off,
and rapid thermal quenching ensues. Due to the high cooling
rate for the quenched case, the melt zone of the mitigated site
is frozen-in at higher fictive temperatures with greater density.
After collective cooling of fused silica, the melt zone under-
goes intense residual tensile stresses, while CO2 laser anneal-
ing by a linear ramp-down of laser power following damage
mitigation can effectively suppress rapid cool-down and allow

the melt zone to more fully relax. Thus, the mitigated dam-
age site for the CO2 laser-annealed case is frozen-in at a lower
fictive temperature than for the quenched case, and therefore
the residual stress is effectively minimized.[11–13] The axial
fictive temperature distributions of mitigated damage sites for
quenched and CO2 laser-annealed cases have both been widely
characterized.[12,18]

According to the reported data for mitigated damage sites
quench-cooled at a peak temperature of 2300 K and mitigated
damage sites laser-annealed by linear ramp from a maximum
of 2300 K to ambient 300 K,[12] depth profiles of fictive tem-
peratures on the axis of mitigated damage sites can be fitted as
logistic curves

Tfquenched(z)on−axis = 1349.64+
511.93

1+
( z

212.95

)6.45 , (1)

Tfannealed(z)on−axis = 1302.59+
377.82

1+
( z

139.61

)2.67 , (2)

where Tfquenched(z)on−axis (in K) is the depth profile of on-axis
fictive temperatures of mitigated damage sites quench-cooled
at 2300 K peak temperature, Tfannealed(z)on−axis (in K) is the
depth profile of on-axis fictive temperatures of mitigated dam-
age sites laser-annealed by linear ramping from a maximum of
2300 K to ambient 300 K; z is measured in microns.

The two-dimensional (2D) axisymmetric fictive temper-
ature distributions of mitigated damage sites result from
isotropic thermal diffusion of the thermodynamic temperature
field, and show an axisymmetric characteristic of a spher-
ical cap.[17] Thus, the fictive temperature distributions can
be mapped by the fictive temperature profiles along the ax-
ial depth. According to Eqs. (1) and (2) and the distribution
characteristics of fictive temperatures for the mitigated dam-
age sites in Ref. [17], the 2D axisymmetric fictive temperature
distributions of mitigated damage sites can be described as

Tfquenched(r,z) = 1349.64+
511.93

1+
(√

r2+(z+423)2−423
212.95

)6.45 , (3)

Tfannealed(r,z) = 1302.59+
377.82

1+
(√

r2+(z+423)2−423
139.61

)2.67 , (4)

where Tfquenched(r,z) is the 2D axisymmetric fictive tempera-
ture distribution of mitigated damage sites quench-cooled at
2300 K peak temperature, Tfannealed(r,z) is the 2D axisym-
metric fictive temperature distributions of mitigated damage
sites laser-annealed by linear ramping from a maximum of
2300 K to ambient 300 K. The typical fictive temperature dis-
tributions of mitigated damage sites for both quenched and
laser-annealed cases were artificially reconstructed according
to Eqs. (3) and (4), and are shown in Fig. 1, where it can be
seen that CO2 laser annealing can effectively abate the local
fictive temperature modification of mitigated damage sites.
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Before damage mitigation, the fictive temperature of the
fused silica substrate is uniform with a value of 1315 K. After
damage mitigation, the fictive temperature of the local melt
zone increases, as shown in Fig. 1, resulting in local den-
sification and induction of tensile stresses on the surface of
mitigated damage sites. The key of the proposed model for
evaluating the residual stress of mitigated damage sites is that
the relationship between residual strain and fictive temperature
can be determined. According to the proposed model of resid-

ual stress fields analyzed from fictive temperature distribu-

tions for quench-cooled mitigated damage sites,[17] the differ-

ence between specific volume changes of fictive temperature-

increased fused silica and the substrate from the initial frozen-

in temperatures to the ambient temperature can be regarded as

the residual thermal volume displacement as the body collec-

tively cools. Therefore the residual thermal volume strain of

fused silica with fictive temperature Tf is expressed as

εresid vol(Tf) =
[V (T0,Tf)−V (Tf,Tf)]− [V (T0,Tf ini)−V (Tf ini,Tf ini)]

V (T0,Tf)
, (5)

where V (T,Tf) = [1+3α(Tf)(T −T0)]/ρ(Tf) is the specific
volume of fused silica with fictive temperature Tf at thermo-
dynamic temperature T , Tf ini is the initial fictive temperature
of the fused silica substrate with a value of 1315 K and T0 is
room temperature.
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Fig. 1. The artificial reconstruction of typical fictive temperature dis-
tributions of mitigated damage sites in Ref. [12] for mitigated dam-
age sites quench-cooled at a peak temperature of 2300 K (a) and miti-
gated damage sites laser-annealed by linear ramping from a maximum
of 2300 K to ambient 300 K (b).

According to the symmetry of this study, a 2D axisym-
metric geometry is used to describe the residual stress as a
function of the residual thermal strain of fictive temperature-
increased fused silica. Making use of the cylindrical coordi-
nate system (r, θ , z) for axially symmetric problems,[19] the
constitutive equations for the axisymmetric fictive temperature

modification zone of mitigated damage sites are as follows:

εrr =
1
E
[σrr−ν(σθθ +σzz)]+

1
3

εresid vol(Tf),

εθθ =
1
E
[σθθ −ν(σzz +σrr)]+

1
3

εresid vol(Tf),

εzz =
1
E
[σzz−ν(σrr +σθθ )]+

1
3

εresid vol(Tf),

εzr =
σzr

2G
, (6)

where the ε values are components of the strain, E is Young’s
modulus, G is shear modulus and ν is Poisson’s ratio.

Combining the equilibrium equations and constitutive
equations, the residual stresses of mitigated damage sites for
laser annealing can be obtained by commercial finite element
analysis (FEA) software. The physical properties of fused sil-
ica used in the model are summarized in Table 1.

Table 1. Physical properties of fused silica used in the calculations.

Property Symbol Value
Density (kg·m−3) ρ(Tf) 0.001Tf +2186.7a)

Thermal expansion coeffi-
cient (K−1)

α(Tf) [0.267+2.88×10−4(Tf−273.15)
−3.26×10−5×900]×10−6b)

Young’s modulus (GPa) E(Tf) ρ(Tf)× (5859.52+0.07216Tf)
2a)

Poisson’s ratio ν 0.16
a)Ref. [2], b)Ref. [3].

3. Results and discussion
From Eqs. (3)–(6) and the equations of equilibrium for

axially symmetric problems

∂σrr

∂ r
+

∂σzr

∂ z
+

σrr−σθθ

r
= 0,

∂σrz

∂ r
+

∂σzz

∂ z
+

σrz

r
= 0, (7)

where the σ are components of the stress, the residual stress
field of a mitigated damage site can be obtained by solving
elastic equilibrium conditions and stress–strain relations.

The calculated hoop stress fields of mitigated damage
sites for quenched and CO2 laser-annealed cases based on fic-
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tive temperature distributions are shown in Fig. 2, which indi-
cates that the local fictive temperature modification zones of
mitigated damage sites suffer intensive tensile stress. For the
mitigated damage sites quench-cooled at a peak temperature
of 2300 K, the hoop stresses remain almost constant on the
melt surface. The hoop stress at the surface center r = 0 is
21.8 MPa and increases slowly to a maximum of 23.7 MPa
at r = 335 µm; with the radius further increasing, the hoop
stress decreases rapidly and reaches a minimum of −2.4 MPa
at r = 660 µm. For the mitigated damage sites laser-annealed
by linear ramping from a maximum of 2300 K to ambient
300 K, the hoop stresses are almost constant at the melt sur-
face center, and the hoop stress at the surface center r = 0 is
16.8 MPa and just slowly increases to a maximum of 17.2 MPa
at r = 150 µm; with the radius further increasing, the hoop
stress gradually decreases to 0 at r = 650 µm. In comparison
with the calculated hoop stresses at the melt surface center for
quenched and CO2 laser-annealed cases, CO2 laser annealing
can effectively suppress the maximum surface hoop stress.
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Fig. 2. Calculated hoop stresses σθθ of mitigated damage sites for mit-
igated damage sites quench-cooled at a peak temperature of 2300 K
(a) and mitigated damage sites laser-annealed by linear ramping from
a maximum of 2300 K to ambient 300 K (b). A positive value for the
stress indicates tension.

On the axis, the tensile hoop stresses of quench-cooled
mitigated damage sites dramatically increase from 21.8 MPa
at z = 0 to a maximum of 28.4 MPa at z = 110 µm, and then
rapidly decrease to −4.5 MPa at z = 330 µm. The axial ten-
sile hoop stresses of laser-annealed mitigated damage sites in-
crease from 16.8 MPa at z = 0 to a maximum of 18.1 MPa at

z = 35 µm, and then gradually decrease to 0 at z = 280 µm.
It is interesting to note that the maximum hoop stresses of
quench-cooled mitigated damage sites do not occur at z = 0
on-axis, but in fact reside in regions below the surface at
z = 110 µm, which is consistent with the results in Ref. [12].
The maximum hoop stress of quench-cooled mitigated dam-
age sites is 57% larger than that of laser-annealed mitigated
damage sites.
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Fig. 3. Depth profiles of the calculated hoop stress σθθ along the axis
of mitigated damage sites for quenched and CO2 laser annealed cases
(solid line). The fictive temperature profiles on the axis used in the cal-
culations are plotted for comparison (dashed line). Square and circle
symbols are data points in Ref. [12].

The depth profiles of fictive temperatures and calcu-
lated hoop stresses on the axis of mitigated damage sites for
quenched and CO2 laser-annealed cases are plotted in Fig. 3
for comparison. The quenched and laser-annealed cases both
display a characteristic sigmoidal shape with nearly constant
Tf at the surface, and a mostly monotonic decrease into the
bulk to Tf ini. It is obvious that the hoop stresses increase to the
maximum value with depth of constant Tf increasing, and then
decrease with the decrease of fictive temperatures. The slopes
of hoop stresses are consistent with those of the correspond-
ing fictive temperatures for quenched and CO2 laser-annealed
cases. According to the reported depth profiles of fictive tem-
peratures for thermally quenched silica sites at peak tempera-
tures of 1700 K and 2300 K in Ref. [12], the maximum hoop
stresses for the mitigated damage sites quench-cooled at peak
temperatures of 1700 K and 2300 K are also calculated by the
proposed model. The calculated maximum hoop stresses in
this study and the calculated and measured maximum hoop
stresses in Ref. [12] are summarized in Table 2. The second
column indicates maximum hoop stresses estimated from crit-
ical fracture experiments in Ref. [12]. The third column indi-
cates maximum hoop stresses simulated by the finite element
analysis of the model in Ref. [12]. The fourth column indi-
cates calculated maximum hoop stresses using the proposed
model in this work.

For the quenched case at a peak temperature of 1700 K,
the maximum hoop stress 16.8 MPa calculated by the pro-
posed model in this study is consistent with the experimen-
tal result of < 18.7 MPa in Ref. [12], while the calculated
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maximum hoop stress of 26.7 MPa in Ref. [12] is much larger
than the experimental result. For the quenched case at a peak
temperature of 2300 K, both the simulated maximum hoop
stresses in Ref. [12] and in this work are close to the ex-
perimental results, which indicates that the models used in
Ref. [12] and in this work can both effectively evaluate the
residual stress fields of mitigated damage sites quench-cooled

at a peak temperature of 2300 K. Compared with the maxi-

mum hoop stresses for thermally quenched mitigated damage

sites at 1700 K, 2300 K and 3000 K calculated using the pro-

posed model, it is obvious that the maximum hoop stresses

increase with increasing quenched peak temperature, which

agrees with the general experimental results.

Table 2. Summary of calculated and measured maximum hoop stresses.

Case
σc (MPa) σFEA, max (MPa) σFEA, max (MPa)

from Ref. [12] from Ref. [12] (this work)
Quench-cooled at 1700 K < 18.7±0.5 26.7 16.8
Quench-cooled at 2300 K 29±3.1 30.6 28.4
Quench-cooled at 3000 K – – 33.6
Laser-annealed from 2300 K to 300 K 19±1.3 26.8 18.1

For the laser-annealed case, the calculated maximum
hoop stress in Ref. [12] is 41% larger than the experimental
result, while the calculated maximum hoop stress in this study
is just 5% less than the experimental result. Thus, the pro-
posed model in this study can accurately evaluate the residual
stress fields of mitigated damage sites for the laser-annealed
case. The residual stress generation of mitigated damage sites
is a multiphysics process involving viscous flowing, quench-
ing of the material and structural relaxation. In addition, the
physical properties of fused silica are temperature dependent.
Thus, it is extremely difficult to precisely assess the residual
stress directly from the thermal history of the localized CO2

laser treatment of fused silica. The proposed model is just de-
pendent on the measured fictive temperature distribution, and
avoids complex thermodynamic processes. Therefore, the pro-
posed model can accurately evaluate the residual stress fields
of laser-annealed mitigated damage sites with a more complex
thermal history.

The calculated radial stress fields of mitigated damage
sites for quenched and CO2 laser-annealed cases based on fic-
tive temperature distributions are shown in Fig. 4. The distri-
butions of radial stresses are significantly different from those
of hoop stresses. The tensile radial stresses on the surface
extend far beyond the local fictive temperature modification
zone. For the mitigated damage sites quench-cooled at a peak
temperature of 2300 K, the surface radial stresses rapidly in-
crease from 21.8 MPa at r = 0 to a maximum of 35.8 MPa at
r = 335 µm, and then gradually decrease to zero at radii larger
than 2 mm. For the mitigated damage sites laser-annealed by
linear ramping from a maximum of 2300 K to ambient 300 K,
the radial stresses just slowly increase from 16.8 MPa at r = 0
to a maximum of 19.5 MPa at r = 245 µm, and then gradually
decrease to zero at radii larger than 2 mm. Compared with the
fictive temperature distributions in Fig. 1, the maximum resid-
ual radial stresses reside in the border regions of local fictive
temperature modification zones, where the slope of the fictive
temperature profiles is larger. The maximum radial stress of

quench-cooled mitigated damage sites is 84% larger than that
of laser-annealed mitigated damage sites, which shows that
CO2 laser annealing can effectively suppress the maximum ra-
dial stress.
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Fig. 4. Calculated radial stresses σrr of mitigated damage sites for mit-
igated damage sites quench-cooled at a peak temperature of 2300 K
(a) and mitigated damage sites laser-annealed by linear ramping from
a maximum of 2300 K to ambient 300 K (b). A positive value for the
stress indicates tension.

According to the residual radial and hoop stress fields, it
is convenient to assess the optical retardance caused by stress-
induced birefringence. The calculated residual radial and hoop
stress fields have an azimuthal symmetry. The directions of
principal stresses are parallel or orthogonal to the radius. The
relative optical retardation between waves polarized in the ra-
dial direction and in the tangential direction can be obtained by
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the integrated principal stress difference along the z direction
in this study, and can be calculated by[17,22]

R =
∫ d

0
K(σrr−σθθ )dz, (8)

where K is the stress-optic coefficient of fused silica and is
equal to 35 nm·cm−1·MPa−1, and d is the thickness of fused
silica sample.

Figure 5 shows the radial profiles of optical retardance
for a light beam traveling through the thickness of mitigated
damage sites for quenched and laser annealed cases, which are
calculated from the simulated residual hoop and radial stress
fields in Figs. 2 and 4. The radial characteristic shape of the
optical retardance for quench-cooled mitigated damage sites
is in agreement with the reported measurement.[23] CO2 laser
annealing can effectively reduce the optical retardance of mit-
igated damage sites. The slope of the radial optical retardance
profile of the laser-annealed mitigated damage sites dramat-
ically decreases compared with that of quench-cooled miti-
gated damage sites.
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Fig. 5. The calculated radial profiles of optical retardance for a light
beam traveling through the thickness of mitigated damage sites induced
by the simulated residual radial and hoop stress fields for quenched and
laser-annealed cases.

4. Conclusion
A numerical model based on the measured fictive tem-

perature distribution of mitigated damage sites is explored to
evaluate the quantitative values of the residual stress fields of
CO2 laser-annealed mitigated fused silica damage sites. The
proposed model extracts the residual strain from the differ-
ences in thermoelastic contraction of fused silica with differ-
ent fictive temperatures from initial frozen-in temperatures to
the ambient temperature, and the residual stress fields of mit-
igated damage sites for the quenched and CO2 laser-annealed
cases are obtained by a finite element analysis of equilib-
rium equations and constitutive equations. The simulated re-
sults indicate that the proposed model can accurately evalu-
ate the residual stress fields of laser-annealed mitigated dam-
age sites with a more complex thermal history. The calcu-
lated maximum hoop stress is in good agreement with re-
ported experimental results. The maximum hoop stress of

quench-cooled mitigated damage sites is 57% larger than that
of laser-annealed mitigated damage sites. The maximum ra-
dial stress of quench-cooled mitigated damage sites is 84%
larger than that of laser-annealed mitigated damage sites. CO2

laser annealing can effectively suppress the maximum resid-
ual stresses. The estimated optical retardance profiles from
the calculated radial and hoop stress fields are consistent with
photoelastic measurements. These results provide sufficient
evidence to demonstrate the suitability of the proposed model
to describe the residual stresses of mitigated fused silica dam-
age sites for CO2 laser annealing.
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