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Monogamy and polygamy relations are important properties of entanglement, which characterize the entanglement
distribution of multipartite systems. We explore monogamy and polygamy relations of entanglement in multipartite systems
by using two newly derived parameterized mathematical inequalities, and establish classes of parameterized monogamy and
polygamy relations of multiqubit entanglement in terms of concurrence and entanglement of formation. We show that these
new parameterized monogamy and poelygamy inequalities are tighter than the existing ones by detailed examples.
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1. Introduction

Entanglement is one of the most remarkable phenom-
ena in quantum mechanics, which is also the most im-
portant resources in quantum information processing and
communication.!'#! In recent years, great efforts have been
made toward the understanding of the role played by the
entanglement in quantum information theory such as quan-
tum teleportation, ) quantum key distribution, ! and quantum
computing. !}

An important problem in the theory of quantum entan-
glement is the quantification of entanglement.®! The entan-
glement for bipartite systems has been intensively studied,
while the characterization and quantification of multipartite
entanglement is far from being satisfied. An essential prop-
erty of quantum entanglement is that a quantum system en-
tangled with one of the other subsystems limits its entangle-
ment with the remaining ones, known as the monogamy of
entanglement.(>'?) Monogamy describes the distribution of
entanglement among the multipartite systems. It is an im-
portant way to study the structure and properties of multi-
partite entanglement. In Ref. [11] the authors showed that
any entanglement measure given by a strictly concave func-
tion of the reduced density matrix for pure bipartite states is
monogamous for pure tripartite states. Since the monogamy
of entanglement restricts on the amount of information that
an eavesdropper could potentially obtain about the secret key
extraction, it plays a crucial role in the security of many
information-theoretic protocols such as quantum key distri-

bution protocols.!'>!3] The monogamy of entanglement has
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also been widely used in, e.g., quantum information theory,!'¥]

condensed-matter physics,!'>! and even black-hole physics. %]
Coffman, Kundu and Wootters first characterized the

monogamy of entanglement for three-qubit states ppc,!!”)

E(pajsc) = E(pa) +E(Pac) ()

where pap = trc(papc) and pac = trp(papc) are the re-
duced density matrices and £ is an entanglement measure.
It is shown that not all entanglement measures satisfy such
monogamy relations. Although the concurrence C does not
satisfy such monogamy inequality, it has been proved that
the squared concurrence C>U'®! and the squared entangle-

E?119-201 do satisfy the monogamy rela-

ment of formation
tions for multipartite qubit systems. With respect to the in-
equality (1), the monogamy relations have also been explored
for other entanglement measures such as the convex-roof ex-
tended negativity (CREN) N, [21-23] Tsallis-g entropy,>4-26]

27,28

Rényi-a entropy,?”-?8] unified entropy,!?*°! and geometric

measure. 132!

Another important concept is the entanglement of as-
sistance, which is a dual amount to bipartite entanglement
measure. It has a dually monogamous property in multipar-
tite quantum systems and gives rise to polygamy relations.
As another entanglement constraint in multipartite entangle-
ment, polygamy can be described by assisted entanglement.
For arbitrary tripartite systems, Gour et al. in Ref. [33] es-
tablished the first polygamy inequality by using the squared
concurrence of assistance Cg. For a tripartite state papc, the

usual polygamy relation is characterized through the follow-

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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ing form:
Ea(Pajsc) < Ea(pag) + Ea(pac), 2

where &, is the corresponding entanglement measure of assis-
tance associated to £. It was later generalized to multiqubit
systems by using various assisted entanglements.[?+2%331 For
the arbitrary dimensional quantum systems, using entangle-
ment of assistance, general polygamy inequalities of multi-
partite entanglement were also proposed in Refs. [34-36]. In
Ref. [37] the author showed that any entanglement of assis-
tance is polygamous but not monogamous, and any faithful
entanglement measure is not polygamous.

Recently, generalized classes of monogamy inequalities
related to the a-th power of entanglement measures were pro-
posed. In Refs. [38—40], the authors proved that the squared
concurrence and the convex-roof extended negativity satisfy
the monogamy inequalities in multiqubit systems for o > 2. It
has also been shown that the entanglement of formation (EoF)
satisfies monogamy relations when o > /2.3 In addi-
tion, the Tsallis-¢ entanglement and Rényi-& entanglement
satisfy monogamy relations when o > 1.12427:39401 More-
over, the corresponding polygamy relations have also been
established. [23-33-33:41]

In this paper, we present the monogamy inequalities in
terms of the concurrence C and entanglement of formation E,
we also provide the polygamy inequalities in terms of the con-
currence of assistance C, and the entanglement of assistance
E,. Furthermore, we show that our optimized monogamy and
polygamy relations are tighter inequalities than the results in
Refs. [38-40,42,43].

2. Tighter monogamy and polygamy relations
for concurrence

Let Hx denote a finite-dimensional complex vector space
associated to a quantum subsystem X. Given a bipartite pure
state |¢)4p in Hilbert space H4 ® Hp, the concurrence is given
by

C(|19)as) = \/2[1 = Tr(p})], 3)

where py = Trg(|@)ap(@]) is the reduced density matrix ob-
tained by tracing over the subsystem B.[*~4¢] The concurrence
for a bipartite mixed state p4p is defined by the convex roof

extension as follows:

min ; i 4
C(pag) = min Zp (1)) )

where the minimum is taken over all possible decomposi-
tions of pap = Zpi‘¢i><(]),‘ , with p; >0, Zp,' =1, and |(P,> S
l l

Ha ® Hp. It has been proved that the concurrence of a mixed

state pap can be calculated by an analytical expression as!*7]

C(pag) = max{py — i — t3 — pa, 0},

where (| > Up > U3 > Uy are the eigenvalues of the matrix

VPp/P. Here, p = (0, ® 0,)p* (0, ® 0;), and p* is the
complex conjugation of p.

For any N-qubit mixed state p4p,..5y_, acting on Hq ®

Hp, ®---@Hpy_,, the concurrence C(py)p, ...5,_,) of the state

PAB,--By_, under bipartition A and By, B>, ...,By_ satisfies

Ca(pA\Bl-uBN,l ) > c* (PABl ) +Ca (pABz) +- +Ca (pABNq )7

)
forall o > 2, where pap, = Trp,..i—1Bi+1--By_, (PAB By, )-C0)
The relation (5) is improved to be

C*(Pajp,--By ) = Ca(pABl)+%Ca(pABz)+
( ) Ca (PAB,,)
+(5)" o)+
+C%(Pasy_,)]
+(5) " pany) ©)
in Ref. [39] and then to be
C*(PaiB,-By_,) = C*(pan,) + (2% - 1)Ca(pABz) +
+(27 = 1)"'C*(pas,,)
+2% = )" C (P, )+
+C%(pasy_,)]
+(2% 1) " c(pany) ™

in Ref. [40] for all & > 2, where C(pag;) > C(pA‘Bi+1_._BN71)
for i =1,2,....m, and C(pap;) < C(Pas;,,-By_,) for j =
m+1,... N=2,1<m<N-3andN > 4.

In Ref. [42] the relation (7) is improved for all & > 2 as

c* (PA|B, wBy_y)

a a\mtl
+((a+0E=1)5)" (c%(pas, )
+ 0+ C%(Ppasy )]
m
/ ) C*(paBy_, ), ®)

with kC?(pa,) > C*(pap;. -y ,) for i =1,2,....m, and
C*(pa;) < kC*(paj,.,-y_,) for j=m+1,...,N=2,1<
m<N-—3,N>4and 0 < k < 1. The relation (8) is further
improved for all @ > 2 as

C*(paip, By ) = C*(pas,) +Ki1C*(pag,) +

+IC1 o 'Icmflca(pABm)
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L Ko (K1 C*(Pas, ., )+

+Kn-2C%)(Pasy_,)

+K1 - KnC*(pasy_,) &)
with  C*(pag,) > LC* (P, -8y )s  C2(Palp-By,) =
C*(pap,) + HiCZ(PA\Bi+]-4-BN,1) for i = 1,2,....m
CZ(PA\BH,.-.BN,]) > 1iC*(pas,;)s CZ(PA\BJ--.-BN,I) >

1iC2(pag;) + C2(Pas,, yy) for j=m+1,....N=2,
1 <m<N-3,N>4 where K, = (1 +1,)% — 17 with
1<r<N-2,u,>1andl > 1inRef. [43].

Next, we show that the above monogamy relations can
For conve-
—1, and

C(Pa|B, B,--By_, )- Before giving our result, we

become even tighter under some conditions.
nience, we denote Cap; = C(pABj) for j=1,2,...,N
CA\Ble'"BN—l =
propose the following lemmas.

Lemma 1 Let/ > 1 and 0 > 1 be any real numbers. For
any x > I3 >1L,1<p<1+ % and non-negative real numbers

m,n, we have

(14+x)™ = p" " > (14 1%)" — p" =1 (1%)", for m > 1,
(10)

(14+x)" = p" " < (14+1%)" = p" ' (1%)", for 0<n<1.
(11)

Proof We first prove the case for m > 1. Consider the

(14x)™ — p"~1x™ with x > BP>1,1<
of(xm)

function f(x,m) =
p<l+Llandm>1,1>1and § > 1. Since 25" =
m(1+x)""" —mp"= "t = m[(1+x)""" = (px)"~1] > 0,
the function f(x,m) increases with x. Asx > 1%>1, fl,m) >
S8, m) = (1 418y — pr=1 g0y
equality (10). The inequality (11) can be proved similarly to

. Therefore, we get the in-

the proof of inequality (10).

For any 2®2® 2N=2 mixed state PaBc € Ha®@Hp® He,
we have the relation from inequality (5), Cil Bc = Cf‘ 5+ Cfxc-
Therefore, there exists tt > 1 such that

Cajse > Cip+HCic- (12)

Lemma 2 Suppose that y, [ and & are any real numbers
satisfying £ > 1,1> 1 and § > 1. For any 2®2®2"~2 mixed
state panc € Ha @ Hp @ He, if iy >19C3-and 1 < p <

1+ 4 ZAC, we have
CAB

da

> piTlCg+ (u+1°)% —piiT)CE  (13)

Ciisc
for all ¢ > 2.
Proof By straightforward calculation, we have

Cilsc = (wa_ec)7 > (Cip+uCic)?
4 _ a
= 12 Clel(u™ (Cip/Cic) +1)?

—p (R /Che)) B+ P ICY,

a
2

> u3CHl(u P+ )2 —pE T ()
+p2CYy

= pilcg+ (u+10)E - pi 1 )ck, (4

where the second inequality is due to Lemma 1. We can also

see that if C4p = 0, then C4¢c = 0, and the lower bound be-

comes trivially zero.

]

For multiqubit systems, we have the following theorems.
Theorem 1 Let 6, > 1, w, > 1 and I, > 1 be

real numbers, 1 < r < N —2. For any N-qubit mixed

state  Pag,.-By_; € Ha @ Hp, ® -+ ® HBN—I’ if C%Bi >
2
l CA\B,H By_y’ A|B By_, ZCms' + uiC A\B+1 Byt L SPis
A‘BHI“'BN—I S
1+ Cn for i = 1,2,...,m, and CAlBj+]“'BN71 >
) 2 2
l]CAB’ Calg;-y_, = HiCip;, T C A\B By LS PjS
u;C
A for j=m+1,.... N—2,1<m<N-3andN >4,
A|Bl+] By_i
we have
o
CAlBI“‘BN—]
m i—1
z Pl CABIJFZHFhP, CXB,-
i=2h=
N—2 j-1
S Fm(FmHCABmHJr Y TI » FCAB)
j =m+2h=m+1
+Ih -+ Ln(Pms1 - PN— 2) CABN 0 (15)

Sra

forall o > 2, where I} = (16, +1%)% — p2 ;% with 1< r<

N-2.

Proof From Lemma 2, [ C2

A|Biy1--By-1’
I <p <1+

if Cip >
2 2 )
A\B By = Cap MG, By

1iCyg

— A1 BN-1 for i =1,2,...,m, we have
CAB
o %7 o o
Cajgysyy = Pi Cap H11Cyjp,.5y
o o
g [
> pi C;\XBI +Iip; Cig,
o
+FBCA\B3"~BN71 =
Sl a $-1 o
> pi Cap, +1ip;  Cyp,
o
(]
+- I I pi CgBm
l—i “EncngnH»l“‘BNfl' (16)
S
2 i 2 2 2
It Cip,y, = 1Cisp Chpny, = HiCap, +
c? 1<p; < #'jC/%B’ for j=m+1 N-—-2
AlBj1-By_y® - =PI S C’%‘Bj+l"‘BN—l = 1eee ’
we get
-1 (X

o a
CA‘Berl"'BN—l = E'lJrlCABmH +pm+1 AlBpi2By-1

Y

-1

o

m+1Cap,, ., + Pm+1 I, m+2CABm+2
R

+(pm+1pm+2)2 CAIBm+3"'BN—l >

a
Z-1
o 2 o
Z E’H’ICAB,,H] +[7m+1 E"+2CABm+2 + .-

120303-3
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DR

N aCly,
1Ct, - (17)

+(Pmt1+ PN-3)

IR

+(Pms1---PN-2)

Combining inequalities (16) and (17), we complete the proof.
In Theorem 1 we have assumed that Cap, for i =

1,2,...,m. If Cqp, =0, then Cyp, = 0 for i = 2,...,m, and
the lower bound becomes trivially zero.
S c?
In particular, if CAB > 17C A‘BH Bév i A‘B,_,_BNA >
wiC
2 AlBir1By—1 _
CAB"‘M! AlBisy - BNl’l<pl§1+T for i =

1,2,...,N —2, then the following monogamy relation holds.
Theorem 2 Let 6, > 1, y, > 1 and [, > 1 be real numbers,
1 <r <N —2. For any N-qubit mixed state pap,..5y_; € Ha®

. 0 8 2 2
HB] Q- ®HBN71’ if CAB >l CA|B+1 BN 1’ A‘B,‘“'BN,] Z
uiC
C%AB + wC A\B+l Byt L SPi S 1+% for i =
1,2,...,N—2, we have
o
CA‘B]~-~BN_1
a N-2i-1
> pi CABl + Z HFhI’z CAB,
i=2 h=
+1 - TvaCly, s (18)
% 1 Sra

forall o > 2, where I; = (u,+15)% —p?~
N-2.
Remark 1 We have provided a class of lower bounds of

k2 withl<r<

the o-th power of concurrence with three different parameters
2

p, 6 and i, where 1 < p < 1+”C§/;C,/.L21and521.When

p=1,8=1and C3; > IC5, for all o > 2, we have

)Che- (19)

Using concurrence as the quantum entanglement measure, it is
obvious that inequality (19) in Ref. [43] is just a special case
of our Lemma 2. Moreover, the lower bound of the ¢-th power
of concurrence becomes tighter when p (or 0) increases as

Ciipc = pIICk+(u+1%)T —p3! Ta)CAc
> Clp+ (u+1%)% — 1%l
> C+((u+1)% —12)Cer (20)

for all @ > 2, where the second and third equalities hold
when p =1 and 0 = 1, respectively. Then our results are
seen to be tighter than that in Ref. [43]. Therefore, our new
monogamy relation for concurrence is better than those in
Refs. [38-40,42,43].

Example 1 Let us consider the three-qubit state |@)4pc in
the generalized Schmidt decomposition, [434%]

|0)aBc = 20]000) + A1 €"?|100) + A2 101) + A3|110) + A4[111),

ey

4
where 4;>0,i=0,1,...,4,and ¥ A7 = 1. One gets Cyjpc =

i=0
2M01/ A3 + A7 + AZ, Cap = 220A> and Cac = 2A9A3. Setting
A=A =24 = 1/V5, lzzmandll = 0, we have
Cajpc = 4/5. Cap = 2v/2/5 and Cac = 2/5. Therefore, with
respect to inequality (13) we have

PiTICH+ (n+19)E —p Tl

—pE 1 @v2/5) %+ (u+1%)F - pE %) (2/5)%, (22)
Cy+ (27 — 1)Che = (2V2/5)% + (2% = 1)(2/5)%, (23)
cAB+<<<1+k>% 1)/k%)CEe

=(2v2/5)% + (1 +Kk)T —1)/k3)(2/5)%, (24)
Cly+ ((u+1)2 —1%)Ce

=(2V2/5)+((u+1)% —19)(2/5)%. (25)

When [ = 1/k, u = 1, the lower bound Eq. (25) gives the same
result as Eq. (24). Letk=2/3,1=3/2, u =2, 6 =1 and
p = 2. It can be seen that our result Eq. (22) is better than the
result Eq. (25) in Ref. [43] for & > 2, hence also better than
Eq. (24) given in Ref. [42] and Eq. (23) given in Ref. [40], see
Fig. 1.

1.01

Fig. 1. From top to bottom, the green thick (black thin, blue dotted and
red dot-dashed) line represents the lower bound taken from our previous
results (Refs. [40,42,43], respectively).

For a tripartite state |@)4pc, the concurrence of assistance
(CoA) is defined by[>0>1]

Cq = max ; ; 26
(pag) = {p,,\¢,>}2p (1)) (26)

where the maximum is taken over all possible pure state de-
compositions of pap. For pure states |¢)45 one has C(|¢)a5) =

Ca(|¢>AB)'
concurrence of assistance was established in Refs. [33,52],
Cz(|¢>A|Bl~-~BN,1> :C3(|¢>A|Bl---BN,1)
< C:(pas,) +C3(pas,)
+ -+ Cr(PaBy_,)- 27

The generalized polygamy relation based on the

For convenience, we denote by Cuap;, = Ca(pABj) for j =
1,2,...,N—1, and CaA\Ble---BN,| = Ca(pA‘BlBZ'“BN—l)' Sim-

ilar to the proof of Theorem 1, by using inequality (11) we

120303-4
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have the following tighter polygamy relations for the concur-
rence of assistance.

Theorem 3 Let 6, > 1, 0 < u, <1 and [, > 1 be
real numbers, 1 < r < N — 2.
state Pap,.-By ; € Ha @ Hp, ®

For any N-qubit mixed
~-®HBN o if Coap >

0 2 2
l CGA\BHV"EN—N CaAlBi"'BN 1 < CAB + 1iC aA|B+1 ‘By-1’ 1 <
WCoup. . B
;<1 —LG N forj=1,2, ..., m, and C? >
pi= Coas; o aAlBji1By-1 =
2 2 (2 2 .
CaAB > CaA|Bj-»-BN,| < ,uJCuABj JrCﬂA\B_Hl'"BNf]’ 1<p; <

BiC aAB

5 for j=m+1,....N=2,1<m<N-3,N>4,
C“A|Bj+1 By
we have
CgA‘Bl“'BN—l
% 1 m i—1 1
< pi Cop, + Y HFth Cans,
i=2h=
+Ii - (m+l AB+1+Z HP AB)
Jj=m+2h=m+1
a_
+L - Gu(pms1 - py-2) 2~ ' Clhp,, | (28)
S\ % 2 1 Sra .
for all 0 < o <2, where I, = (u, +1)2 —p? > with

1<r<N-2.

. e 0 )
In particular, if Caas, >l C AlBi - B}2V ] CaA\B,-~-~BN,] >
2 2 Hi “AlBi By .
CaABi +lJ’iCaA|Bi+l"'BN71’ 1<p <1+ # for i =
1,2,...,N — 2, we have the following polygamy relations.

Theorem 4 Let 6, > 1, 0 < u, <1 and [, > 1 be

real numbers, 1 < r < N—2. For any N-qubit mixed
state  Pag,--By_, € Ha @ Hp, ® - ®7—[BN o if Clp >
O; c?
L'C aA|Biyy BN P CaAlB “By-1 SC AB; + uiC aAlB:H ‘Bn-1’ 1=
p,gl—&—%forz_lZ .,N —2, we have
aAB;
o N-2i-1 1
o a
Caalgy By, < 1’712 Cop, + Y, HFhPl Carg,
i=2 h=
F FN 2C ABN 1 (29)
P a_q ba
for all 0 < o <2, where I} = (4, +1%)2 —p? [,7 with

1<r<N-2.

Remark 2 We have provided a class of upper bounds of
the a-th power of CoA with three different parameters p, u
and 6, Where1<p<1+ "AC ,0<pu<1land 6 > 1. The
upper bounds of the ¢-th power t of CoA get tighter when p (or
0) decreases, or U increases, namely,

@
2
a.

a a da
Caape < P2 Chp+ ((ﬂ+15) 2 llT>CaAC

-p
Coug+ ((u+19)8 —1% ) clic
c,

IN

IN

Cong+ ((1+1°)% =1

IN

g+ (1401 —z%)cg‘Ac

< Chp+ (27 —1)C%¢ (30)

for all 0 < o < 2, where the second, third, fourth and fifth
equalities hold when p=1, u =1, 8 =1 and [ = 1, respec-
o (14071

—]72 = -
k2
if 1= with 0< k<1, as well as =% < 2% —1 for

0 < o < 2. Obviously, the new polygamy 1nequahty of CoA is

tively. From inequality (30), we get (1 +1) 7

N\Q

better than the inequality in Ref. [42]. Therefore, our inequal-
ity is also tighter than the inequalities in Refs. [38—40].

Example 2 Let us consider the three-qubit state |@)4pc in
Eq. (21) again. We have Cy\pc = 2401/ A3 + A7 +Af, Canp =
201/ A} + A} and Caac = 2201/ AZ + A7. Setting Ag = A3 =
1/2, 2 = v2/2 and 4 = A4 = 0, we have Cpyjpc = V3/2,
Caap = v/2/2 and Cypc = 1/2. Therefore, with respect to in-
equality (29), when N = 3 we have

ot mG)

Letk=4/7,1=7/4, u=3/4,6=1, p=11/8. It can be
seen that our result Eq. (31) is better than the result Eq. (33) in
Ref. [42] for 0 < o < 2, thus also better than Eq. (32) given in
Ref. [40], see Fig. 2.

1.0 /e

0.9

Q0.8

0.0 0.5 1.0 1.5 2.0

«

Fig. 2. From bottom to top, the green thick (black thin and blue dotted) line
represents the upper bound from our result (Refs. [40,42], respectively).

3. Tighter monogamy and polygamy relations
for EoF

Let Ha and Hp be m- and n-dimensional (m < n) vec-
tor spaces, respectively. The entanglement of formation of a

pure state |@) € Ha ® Hp is defined by E(|¢)) = S(pa), where

120303-5
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pa = Trp(|9)ap(¢]) and S(p) = —Tr(plog, p).>*>* For a bi-
partite mixed state pap € Ha ® Hp, the EoF is given by

E(pas) = %n Zp, (16:)), (34)

with the minimum taking over all possible pure state decom-
position of pap.

Denote f(x) = H(Hi\éﬁ), where H(x) = —xlog,(x) —
(I —x)logy(1 —x). It is obvious that f(x) is a monotonically
increasing function for 0 < x < 1 which satisfies

P22 = 200 + 1200, (35)
FOE %) < £ + 167, (36)

where fV2(x2 4y2) = [f(x* +)%)]Y2. It is shown in Ref. [47]
that E(|@)) = f(C*(|¢))) for any 2@m (m > 2) pure state |¢),
and E(p) = f(C?(p)) for any two-qubit mixed state p.

EoF does not satisty the inequality E(pypc) > E(pag) +
E(pac).l"" In Ref. [19] it is shown that EoF is a monotonic
function: E*(C*(pajg,,--y ;) > Ez( Z Cz(pAB ). Itis fur-

=
ther proved that for N-qubit systems,
E%(pag,) +E*(pas,)
+ -+ E%(pasy ) (37

E%(PaB,By-By ) =

for all a > /2, where E(pa|B,B,-By_,) is the EoF of
p under bipartition A|BiBy---By—i, and E(pap;), | =
1,2,...,N — 1, is the EoF of the bipartite state psp, =
Trp,B,-B;_1Biy1 By (p)°[38]

The relation (37) is improved to be

Ot
E*(pap,--By ) = E*(Pas,)+ il *(pas,)

+"'+( *(pas,,)

5 E
()" Eoan,.)
+-+E*(Ppasy_,))

Hog) Ean ) G8)

in Ref. [39], and then to be

a

E%(pas,) + (ﬁ - I)E“(pABZ)

bt (2% — l)m_lEa(PABm)

E®(Pajg By ) =

o m+1
+(2v = 1) (E%(pag, )
+--+E%(paBy_,))
+(2ﬁ - 1) E*(pasy_,) (39)

in Ref. [40] for a > /2, with the conditions E (pag;) >
E(Pa,,,--By,) for i = 1,2,....m, and E(psp;) <

E(pA‘BHI”'BN—]) for j=m+1,...N-2, 1<m<N-3

and N > 4.
The relation (39) is further improved for all o > v/2 as
Ea(pA\Bln-BN_])

> E%(pan )+ (1467 = 1) /K42 ) E(pan,)

NI (((1 Jrk)% — 1>/k% m*IEOC(pABm)
o\ m+1
v

+(((1+k)%71)/k 3
b E%(pas, )

(E*(PaBy.,)

o o \Nm o
+((a+0% = 1) 02) E*pany, ). (40)
with kEﬁ(pABi) > Eﬁ(pA‘BHl-..BNH) fori=1,2,...,m, and
EV*(pas;) < kEV(pajp,, 5y ,) for j=m+1,... .N=2,

1<m<N-3,N>4and 0 <k <1 in Ref. [42]. Then in-
equality (40) is further improved as

Ea(PA|B.mBN_1)

E*(pag,) +K1E*(pag,) + -+ K1+ Kn—1E*(Pas,,)
+K1 - Kn(Kns 1 E*(PaB,,,,) + -+ Kn—2E*(PaBy )
+IC1-~~ICmE°‘(pABN71) “41)

for all o > V2, with EV2(pag,) > LEV2(pajp,,, 5y, )s
ﬁ(pA\B,----BN_|) > EV(pap,) + “iEﬁ(pA\B,vaBN_l)
for i = 12,...,m, Eﬂ(pA|Bj+1~~BN,1) > leﬁ(PAB,-),
Eﬁ(PA\B,----BN,l) > #jE\/E(PAB_,-) + Eﬂ(pA\Bj“---BN,I) for
j*erl N 2, 1<m<N-3N >4, where K, =
(u,—&—l) —lf with 1 <r<N-2,p,>1and /> 1in
Ref. [43].
In the following, we show that these monogamy relations
for EoF can become even tighter under some conditions. For

convenience, we denote Exp; = E(pap;) for j=1,2,... ,N—1,
and Eq\p,,..By_, = E(PA|BIBZ---BN,1>-

Theorem 5 Let 6, > 1, w, > 1 and I, > 1 be
real numbers, 1 < r < N—2. For any N-qubit mixed
state  Pap,.-By_, € Ha ® Hp, ® --- ® Hp,_,, if E/g_ >
5 V2 V2 V2 V2
l EA\B,H “By-1’ EA\BI ‘By-1 = Ey +’u’EA\B+1 “By-1’ spis

EV2

HiE AlBjy1--BN—_1 P V2
1+ 1 for i = 1,2,...,m, and EA|B By >

V2 V2 \f V2
leAB’ EA\B By, = MiEap EA\B By e LS P S

\/i
WE AB; .
v forj=m+1,.... N=-2,1<m<N-3,N>4,
EA‘Bj+1'“BN—l
then
EA\Bl By—i
m i—1
= A v EAB. +ZHU:PZ A E;\XB,-
i=2h=

+I_i Fm(rm+1EAB +1 + Z H p 2 I—JEXBJ)
Jj=m+2h=m+1
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-
+L Tt pv-2) V2 Efy 42)
o o bra
for all a > /2, where I} = (u, +1%)v2 — pY? [, with
1<r<N-2. »
: V27,2 > S V202 < < uf 2()’2)
Proof Since fV=(x*) > 1°fV=(y ),1_p_1+7fﬁ<xz>,

due to inequality (35) there exists i > 1 such that f ﬁ(xz +
y?) > f\/i(xz) +uf‘/§(y2). Hence for o > /2 we have

AP 457
*[fﬁ( PNV > [f
—uff“( DA+ '(f

fp\/f -1

V2(2) 4 V20

V2(2) /12 (62))) V2

(W (V22 >>>ﬁ]+ﬁ*1f“<x2>

> B O [( 4 19)VE = pVE (w1 19) V2]
+pva )

= [(u+19)¥ - pis

IR %,‘Q

9

-1

N
SIS

107 +p Ve ), @3)
where the second inequality is obtained from inequal-

ity (10). Let pg,..sy_, = LiPil®i)a,--.By_, (9l € Ha ®

Hp, ®--- ® Hp,_, be the optimal decomposition such that

E(PaB,--By_,) = LPE(|¢i)aB,--By_,) for the N-qubit mixed
l

state p. Then we have[*"]
) = ZPiE(|¢i>A|Bl»-»BN,1)
sz ( (19:) a1, By 1))

E(PA\BI ~By_y

>f( PC (190 ap, 5 ,))
(; LWRCU)ap,-5,.1)))

> f ([lplc Basr-n)] )

> f(C*(Pajpy-py 1)): (44)

where the first inequality is due to f(x) that is a convex func-
tion. The second inequality is due to the Cauchy-Schwarz
inequality: (lez)% ():ylz)% > Y x;yi, with x; = /p; and y; =
VPiC(|9i)al Bllm By ).l Due to thle definition of concurrence and
because f(x) is a monotonically increasing function, we obtain
the third inequality. Therefore,

o (2
Egip, .8y, = ["(Ciig,..5y )
a _q m i—1 1

> P\f AB] +ZHFhPl
i=2h=

1L (B f*(C, )

j—1

CAB )

N-2 @ _q

+ Y I p* Lfe(cCis, ))
Jj=m+2h=m+1

+H--'Fm(pm+l "PN- 2)f f ( ABy_ 1)

o m i—1

= Pff EABI +ZHFth
i=2h=

+0 I, (FmﬂEzgw

N2l e
2 [0
+ Y H P FjEABj)

Jj=m+2h=m+1

-1
o
EqB,

-1
Efs .. (45

where the first inequality is due to inequality (44), the second

+I-- 'En(pm+l -~-pN72)%
inequality is obtained similarly to the proof of Theorem 1 by
using inequality (43). The last equality holds since for any
2®?2 quantum state pag,, E(pag;) = fIC?(pas,)]-

In particular, similar to the case of concurrence, we also
have the following tighter monogamy relation for EoF.

Theorem 6 Let §, > 1, 4, > 1 and [, > 1 be real numbers,
1 <r <N —2. For any N-qubit mixed state pap,..5y_, € Ha®

f V2 V2
My @ @ Hpy i By, > l EA\BzH ‘By-1’ EAlBi“'BN—l Z
EV2
WEY ., .5
E‘erLl,Eﬁ;+1 By LSpPi< 1+ # for i =
1,2,...,N —2, we have [
1 N—2i-1
2
EA\Bl By, = P Efp, + Z HFth EXB,-
i=2 h=
+Ii - -FN—zEXBN_, (46)
o @ b
for all o > /2, where I, = (W —|—l§")\/E —prﬁ 1, with

1<r<N-2.
Remark 3 We have presented a class of lower bounds of
the a-th power of EoF with three different parameters p, &

mdmme1<p<1+#%,

bound of the o-th power of EoF gets tighter when p (or J)

6 >1and u > 1. The lower

increases. Hence we have

o

o ] o a _ ba
Efigc = pV? E/({B‘F((N‘H&)ﬁ—P‘/i lﬂ)EXC

a da

> Efy+ ((u+10)% - 17 B

25%+«u+0ﬁ—ﬁﬂﬁ%
for all o > /2, where the the second and third equalities hold
when p =1 and 6 = 1, respectively. Therefore, our inequal-
ities are tighter than that in Ref. [43], and hence the ones in
Refs. [38-40,42,43].

Example 3 Let us again consider the three-qubit state

|¢)apc defined in Example 1 with A9 = A3 = Ay = 1//5,

A= \/% and A; = 0. We have

Eqpc = —(4/5)log,(4/5) — (1/5)log,(1/5) ~ 0.721928,

Exp = —((5+V/17)/10)1log,((5+ V/17)/10)
—((5—=+17)/10)log,((5 — V'17)/10) ~ 0.428710,

Exc = —((5+V/21)/10)log,((5+ v/21)/10)
—((5—+21)/10)log,((5 — v/21)/10) ~ 0.250225.

120303-7
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Therefore, with respect to inequality (46), when N = 3 we have

P%71E23+<(H+15)% P%ill‘[>E§c
—pvi ' (0.428710)°
(U 19)¥E — T 1)(0.250225), @7
Efy+ (27 —1)E
— (0.428710)* + (2 Vi 1) (0.250225)°, (48)
Ef+ (%)EAC
k2
—(0.428710)* + (%) (0.250225)%, (49
kVa
Efy+ ((u+D)Vs — 1 ) Ege
= (0428710)% + ((u+1)"2 —173)(0.250225)%.  (50)

When [ = 1/k and p = 1, the lower bound Eq. (50) gives the
same result as Eq. (49). Setk=2/3,1=3/2, u=1.1,6 =1
and p = 1.8. It can be seen that our result Eq. (47) is better
than the result Eq. (50) in Ref. [43] for o > v/2, hence better
than Eq. (49) given in Ref. [42] and Eq. (48) given in Ref. [40],
see Fig. 3.

0.5
0.4F%
0.3f
S

0.2f

0.1}

Fig. 3. From top to bottom, the green thick (black thin, blue dotted
and red dotdashed) line represents the lower bound from our result
(Refs. [40,42,43], respectively).
We can also provide tighter polygamy relations for the
entanglement of assistance. The corresponding entanglement
of assistance (EoA) of a bipartite mixed state p4p is defined by

(I1¢:)), (5D

= max Y piE
Ealpas) = {p,,w»}z

where the maximum is taken over all possible pure state de-
compositions of pap = Zp,|¢,)AB(¢,| with p; > 0 and Zp, =1
in Ref. [55]. For an arbltrary dimensional multlpartlte quan-

tum state Pap, B,--BN—1, a general polygamy inequality of mul-
tipartite quantum entanglement was established in Ref. [35],

N-1
<X E.(pag;)- In the following, for con-
,N—1,

Ey(Pa|B,B,--BN—1)

1
venience we denote Eq4p; = Ea(pABj) for j=1,2,...

and Eyu|,,-By_; = Ea(Pa|B,B,-By_,)- Using the same ap-
proach as for CoA, we have the following theorems.
Theorem 7 Let 6, > 1, 0 < u, <1 and [, > 1 be

real numbers, 1 < r < N —2. For any N-qubit mixed
state  Pa,..By_, € Ha ® Hp, ® --- @ Hp,_,, if Egﬁ; >
5 V2 V2 V2 V2
l; aA|BiyBy_1’ EaA\B By = EaAB +“1EaA\Bl+1 ‘By_1’ 1=
ﬂiE\I/f‘B B V3
piél—i—%fmi:lﬂ, mandEaA‘B/+l By 12
VA Vi, pV2 A
fj ]E“AB ’ EaA\B “By-1 = ‘U'JE“AB +E“A\B_i+l"'BN71’ I<pjs
WE, \Z\ZB
——L—forj=m+1,...,.N=2,1<m<N-3,N >4,
E
aAlBj i By_|
then
oc m i—1 1
o o
EpByBy, = P ESm +Y HFhP Eaas,
i=2h=
+0 - I, (an ESy
N-2 j— 2
> I » TES,)
=m+2h=m+1
&
AL L(pmt1 - pv—2) V2 Egap, | (52)

a1 oa

forall 0 < & < v/2, where I; = (1, +15)V2 — p® 1,2 with
1<r<N-2.
In particular, we have the following polygamy relations.
Theorem 8 Let 6, > 1, 0 < u, <1 and [, > 1 be

real numbers, 1 < r < N —2. For any N-qubit mixed
state pap,-py_, € Ha @ Hp, @ @ Hpy . if EYy >
8 V2 V2 V2 V2
l aA|Biy1-By-1’ EGA\Bi-"BN 1 EaAB Jr”’EaA\Bm “By-1’ 1=
WEYT,
pi < 1+% fori=1,2,...,N—2, we have
aAB;
\% 1 N—-2i—1 %_1
o o o
Efs, sy, <P\ Eap + Y [11i?” Efs,
i=2 h=1
+ 1 Iv2Egp, (53)
o o _) &a
forall 0 < o < v/2, where I} = (u, +15)v2 —pY* .Y with

1<r<N-2.
Remark 4 We have presented a class of upper bounds of
the o-th power of EoA with three different parameters p,

v
and,u,wherel<p<1+”E“AC 6>1land0<pu <1. The

upper bound of the a-th power of EoA is tighter when p (or
6) decreases. Hence, we have

1.9

@ 1 oa a
< Pﬁ lﬁ)EaAC

Egusc Egp+ ((#Jrla)ﬁ -pVr

< Egp+ ((.‘H‘l(s)ﬁ —l‘f) aAC

< B+ ((+D)V3 =19 B

for all 0 < & < /2, where the second and third equalities hold

when p =1 and d = 1, respectively. Obviously our inequal-
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ities are tighter than that in Ref. [43], and also than those in
Refs. [38-40,42,43].
Example 4 Let us again consider the three-qubit state

|¢)apc given in Example 2 with g = A3 = 1/2, A, = V2/2
and A; = A4 = 0. We have
Eupe = —(3/4)log,(3/4) — (1/4)log,(1/4) ~ 0.811278,
Eup = —((2+V2)/4)logy((2+V2)/4)
—((2—=2)/4)1og, ((2 - V2) /4) ~ 0.600877,
Euc = —((2+4V3)/4)log,((2+/3)/4)
—((2—/3)/4)10g, ((2 —V/3)/4) ~ 0.354578.

Therefore, with respect to inequality (53), when N = 3 we have

PV B (u19)E — pV B,

= pva 1 (0.600877)% + (1 + %) V2
] Sa
—pvi '1v2)(0.354578)%, (54)
Egip+ (Zf —DEgc
— (0.600877)% + (22 — 1)(0.354578)%, (55)
(1+k)v2 —1
Egip+( o )Ezac
k2
14KV —1
— (0.600877)% + (LERZ =1y 3545780 (56
k2

Egp+ ((L+1)V2 —1V2)Egyc

—(0.600877)% + (1 +1) V2 — 1V2)(0.354578)%.  (57)

When [ = 1/k and u = 1, the lower bound Eq. (57) gives the
same result as Eq. (56). Letk=2/3,1=3/2,u=1/2,6 =1
and p = 5/4. Tt can be seen that our result Eq. (54) is better
than the result Eq. (57) in Ref. [43] for 0 < o < V2, hence
better than Eq. (56) given in Ref. [42] and Eq. (55) given in
Ref. [40], see Fig. 4.

1.0

0.9F
0.8f

S 0.7f

0.6F

0.5F

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
o

Fig. 4. From bottom to top, the green thick (black thin, blue dotted,
and red dot-dashed) line represents the upper bound from our result
(Refs. [40,42,43], respectively).

4. Conclusions

Entanglement monogamy and polygamy are the essen-
tial properties of multipartite qubit systems, which charac-

terize the distributions of entanglement. We have presented
monogamy relations related to the «a-th power of concur-
rence and entanglement of formation. We have also provided
polygamy relations related to the corresponding entanglement
measures of assistance. All the relations we derived are tighter

than the previous existing results. These tighter monogamy

and polygamy inequalities provide finer characterizations of
the entanglement distributions among the multiqubit systems.
By using our approach the monogamy and polygamy prop-
erties with respect to other entanglement measures such as
convex-roof extended negativity, Tsallis-g entanglement and
Rényi-a entanglement can be similarly investigated.

Acknowledgements

This work was supported by the National Natural Science
Foundation of China (Grant Nos. 12075159 and 12171044),
the Beijing Natural Science Foundation (Grant No. Z190005),

and the Academician Innovation Platform of Hainan Province.

References

[1] Jafarpour M, Hasanvand F K and Afshar D 2017 Commun. Theor. Phys.
67 27
[2] WangM Y, XuJZ, Yan F L and Gao T 2018 Europhys. Lett. 123 60002

[3] Huang H L, Goswami A K, Bao W S and Panigrahi P K 2018 Sci.
China Phys. Mech. Astron. 61 060311
[4] Deng F G, Ren B C and Li X H 2017 Sci. Bull. 62 46
[5] Bennett C H, Brassard G, Crépeau C, Jozsa R, Peres A and Wootters
W K 1993 Phys. Rev. Lett. 70 1895
[6] Boyer M, Ran G, Dan K and Mor T 2009 Phys. Rev. A 79 032341
[7]1 Raussendorf R and Briegel H J 2001 Phys. Rev. Lett. 86 5188
[8] Vedral V, Plenio M B, Rippin M A and Knight P L 1997 Phys. Rev.
Lett. 78 2275
[9] Terhal B M 2004 IBM J. Res. Dev. 48 71
[10] KimJ S, Gour G and Sanders B C 2012 Contemp. Phys. 53 417
[11] GuoY and Gour G 2019 Phys. Rev. A 99 042305
[12] Pawlowski M 2010 Phys. Rev. A 82 032313
[13] Tomamichel M, Fehr S, Kaniewski J and Wehner S 2013 New J. Phys.
15 103002
[14] Seevinck M P 2010 Quantum Inf. Process. 9 273
[15] MaX S, Dakic B, Naylor W, Zeilinger A and Walther P 2011 Nat. Phys.
7 399
[16] Verlinde E and Verlinde H 2013 J. High Energy Phys. 10 107
[17] Coffman V, Kundu J and Wootters W K 2000 Phys. Rev. A 61 052306
[18] Osborne T J and Verstraete F 2006 Phys. Rev. Lett. 96 220503
[19] BaiY K, Zhang N, Ye M Y and Wang Z D 2013 Phys. Rev. A 88 012123
[20] Bai Y K, Xu Y F and Wang Z D 2014 Phys. Rev. Lett. 113 100503
[21] OuY C and Fan H 2007 Phys. Rev. A 75 062308
[22] KimJ S, Das A and Sanders B C 2009 Phys. Rev. A 79 012329
[23] He H and Vida G 2015 Phys. Rev. A 91 012339
[24] Kim J S 2010 Phys. Rev. A 81 062328
[25] KimJ S 2016 Ann. Phys. 373 197
[26] Luo Y, Tian T, Shao L Hand Li Y M 2016 Phys. Rev. A 93 062340
[27] KimJ S and Sanders B C 2010 J. Phys. A: Math. Theor. 43 445305
[28] Wang Y X, Mu L Z, Vedral V and Fan H 2016 Phys. Rev. A 93 022324
[29] KimJ S and Sanders B C 2011 J. Phys. A: Math. Theor. 44 295303
[30] Khan A, Rehman J, Wang K and Shin H 2019 Sci. Rep. 9 16419
[31] GaoL M, Yan F L and Gao T 2020 Int. J. Theor. Phys. 59 3098
[32] GaoL M, Yan F L and Gao T 2021 Quantum Inf. Process. 20 332
[33] Gour G, Bandyopadhay S and Sanders B C 2007 Math. Phys. 48
012108

120303-9


https://doi.org/10.1088/0253-6102/67/1/27
https://doi.org/10.1088/0253-6102/67/1/27
https://doi.org/10.1209/0295-5075/123/60002
https://doi.org/10.1209/0295-5075/123/60002
https://doi.org/10.1007/s11433-018-9175-2
https://doi.org/10.1007/s11433-018-9175-2
https://doi.org/10.1016/j.scib.2016.11.007
https://doi.org/10.1103/PhysRevLett.70.1895
https://doi.org/10.1103/PhysRevA.79.032341
https://doi.org/10.1103/PhysRevLett.86.5188
https://doi.org/10.1103/PhysRevLett.78.2275
https://doi.org/10.1103/PhysRevLett.78.2275
https://doi.org/10.1147/rd.481.0071
https://doi.org/10.1080/00107514.2012.725560
https://doi.org/10.1103/PhysRevA.99.042305
https://doi.org/10.1103/PhysRevA.82.032313
https://doi.org/10.1088/1367-2630/15/10/103002
https://doi.org/10.1088/1367-2630/15/10/103002
https://doi.org/10.1007/s11128-009-0161-6
https://doi.org/10.1038/NPHYS1919
https://doi.org/10.1038/NPHYS1919
https://doi.org/10.1007/JHEP10(2013)107
https://doi.org/10.1103/PhysRevA.61.052306
https://doi.org/10.1103/PhysRevLett.96.220503
https://doi.org/10.1103/PhysRevA.88.012123
https://doi.org/10.1103/PhysRevLett.113.100503
https://doi.org/10.1103/PhysRevA.75.062308
https://doi.org/10.1103/PhysRevA.79.012329
https://doi.org/10.1103/PhysRevA.91.012339
https://doi.org/10.1103/PhysRevA.81.062328
https://doi.org/10.1016/j.aop.2016.07.021
https://doi.org/10.1103/PhysRevA.93.062340
https://doi.org/10.1088/1751-8113/43/44/445305
https://doi.org/10.1103/PhysRevA.93.022324
https://doi.org/10.1088/1751-8113/44/29/295303
https://doi.org/10.1038/s41598-019-52817-y
https://doi.org/10.1007/s10773-020-04564-4
https://doi.org/10.1007/s11128-021-03268-w
https://doi.org/10.1063/1.2435088
https://doi.org/10.1063/1.2435088

Chin. Phys. B 32, 120303 (2023)

[34]
[35]
[36]
[37]
[38]
[39]
[40]
[41]
[42]

[43]
[44]
[45]

Buscemi F, Gour G and Kim J S 2009 Phys. Rev. A 80 012324
Kim J S 2012 Phys. Rev. A 85 062302

Kim J S 2016 Phys. Rev. A 94 062338

Guo Y 2018 Quantum Inf. Process. 17 222

Zhu X N and Fei S M 2014 Phys. Rev. A 90 024304

Jin Z X and Fei S M 2017 Quantum Inf. Process. 16 77

JinZ X, LiJ,Li T and Fei S M 2018 Phys. Rev A 97 032336
Luo Y and Li Y M 2018 Commun. Theor. Phys. 69 532

Yang L M, Chen B, Fei S M and Wang Z X 2019 Commun. Theor.
Phys. 71 545

Liu W W, Yang Z F and Fei S M 2021 Int. J. Theor. Phys. 60 4177
Uhlmann A 2000 Phys. Rev. A 62 032307

Rungta P, Buzek V, Caves C M, Hillery M and Milburn G J 2001 Phys.
Rev. A 64 042315

[46]

[47]
[48]

[49]
[50]

[51]
[52]
[53]
[54]

[55]

120303-10

Albeverio S and Fei S M 2001 J. Opt. B: Quantum Semiclass. Opt. 3
223

Wootters W K 1998 Phys. Rev. Lett. 80 2245

Acin A, Andrianov A, Costa L, Jané E, Latorre J I and Tarrach R 2000
Phys. Rev.Lett. 85 1560

Gao X H and Fei S M 2008 Eur. Phys. J. Spec. Top. 159 71

Laustsen T, Verstraete F and Van Enk S J 2003 Quantum Inf. Comput.
364

Yu C S and Song H S 2008 Phys. Lett. A 373 727

Gour G, Meyer D A and Sanders B C 2005 Phys. Rev. A 72 042329
Bennett C H, Bernstein H J, Popescu S and Schumacher B 1996 Phys.
Rev. A 532046

Bennett C H, Divincenzo D P, Smolin J A and Wootters W K 1996
Phys. Rev. A 54 3824

Cohen O 1998 Phys. Rev. Lett. 80 2493


https://doi.org/10.1103/PhysRevA.80.012324
https://doi.org/10.1103/PhysRevA.85.062302
https://doi.org/10.1103/PhysRevA.94.062338
https://doi.org/10.1007/s11128-018-1996-5
https://doi.org/10.1103/PhysRevA.90.024304
https://doi.org/10.1007/s11128-017-1520-3
https://doi.org/10.1103/PhysRevA.97.032336
https://doi.org/10.1088/0253-6102/69/5/532
https://doi.org/10.1088/0253-6102/71/5/545
https://doi.org/10.1088/0253-6102/71/5/545
https://doi.org/10.1007/s10773-021-04967-x
https://doi.org/10.1103/PhysRevA.62.032307
https://doi.org/10.1103/PhysRevA.64.042315
https://doi.org/10.1103/PhysRevA.64.042315
https://doi.org/10.1088/1464-4266/3/4/305
https://doi.org/10.1088/1464-4266/3/4/305
https://doi.org/10.1103/PhysRevLett.80.2245
https://doi.org/10.1103/PhysRevLett.85.1560
https://doi.org/10.1103/PhysRevLett.85.1560
https://doi.org/10.1140/epjst/e2008-00694-x
https://doi.org/10.26421/QIC3.1-6
https://doi.org/10.26421/QIC3.1-6
https://doi.org/10.1016/j.physleta.2008.12.058
https://doi.org/10.1103/PhysRevA.72.042329
https://doi.org/10.1103/PhysRevA.53.2046
https://doi.org/10.1103/PhysRevA.53.2046
https://doi.org/10.1103/physreva.54.3824
https://doi.org/10.1103/physreva.54.3824
https://doi.org/10.1103/PhysRevLett.80.2493

	1. Introduction
	2. Tighter monogamy and polygamy relations for concurrence
	3. Tighter monogamy and polygamy relations for EoF
	4. Conclusions
	References

