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Monogamy and polygamy relations are important properties of entanglement, which characterize the entanglement
distribution of multipartite systems. We explore monogamy and polygamy relations of entanglement in multipartite systems
by using two newly derived parameterized mathematical inequalities, and establish classes of parameterized monogamy and
polygamy relations of multiqubit entanglement in terms of concurrence and entanglement of formation. We show that these
new parameterized monogamy and poelygamy inequalities are tighter than the existing ones by detailed examples.
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1. Introduction

Entanglement is one of the most remarkable phenom-
ena in quantum mechanics, which is also the most im-
portant resources in quantum information processing and
communication.[1–4] In recent years, great efforts have been
made toward the understanding of the role played by the
entanglement in quantum information theory such as quan-
tum teleportation,[5] quantum key distribution,[6] and quantum
computing.[7]

An important problem in the theory of quantum entan-
glement is the quantification of entanglement.[8] The entan-
glement for bipartite systems has been intensively studied,
while the characterization and quantification of multipartite
entanglement is far from being satisfied. An essential prop-
erty of quantum entanglement is that a quantum system en-
tangled with one of the other subsystems limits its entangle-
ment with the remaining ones, known as the monogamy of
entanglement.[9,10] Monogamy describes the distribution of
entanglement among the multipartite systems. It is an im-
portant way to study the structure and properties of multi-
partite entanglement. In Ref. [11] the authors showed that
any entanglement measure given by a strictly concave func-
tion of the reduced density matrix for pure bipartite states is
monogamous for pure tripartite states. Since the monogamy
of entanglement restricts on the amount of information that
an eavesdropper could potentially obtain about the secret key
extraction, it plays a crucial role in the security of many
information-theoretic protocols such as quantum key distri-
bution protocols.[12,13] The monogamy of entanglement has

also been widely used in, e.g., quantum information theory,[14]

condensed-matter physics,[15] and even black-hole physics.[16]

Coffman, Kundu and Wootters first characterized the
monogamy of entanglement for three-qubit states ρABC,[17]

ℰ(ρA|BC)≥ ℰ(ρAB)+ℰ(ρAC), (1)

where ρAB = trC(ρABC) and ρAC = trB(ρABC) are the re-
duced density matrices and ℰ is an entanglement measure.
It is shown that not all entanglement measures satisfy such
monogamy relations. Although the concurrence C does not
satisfy such monogamy inequality, it has been proved that
the squared concurrence C2 [18] and the squared entangle-
ment of formation E2 [19,20] do satisfy the monogamy rela-
tions for multipartite qubit systems. With respect to the in-
equality (1), the monogamy relations have also been explored
for other entanglement measures such as the convex-roof ex-
tended negativity (CREN) Ñ,[21–23] Tsallis-q entropy,[24–26]

Rényi-α entropy,[27,28] unified entropy,[29,30] and geometric
measure.[31,32]

Another important concept is the entanglement of as-
sistance, which is a dual amount to bipartite entanglement
measure. It has a dually monogamous property in multipar-
tite quantum systems and gives rise to polygamy relations.
As another entanglement constraint in multipartite entangle-
ment, polygamy can be described by assisted entanglement.
For arbitrary tripartite systems, Gour et al. in Ref. [33] es-
tablished the first polygamy inequality by using the squared
concurrence of assistance C2

a . For a tripartite state ρABC, the
usual polygamy relation is characterized through the follow-
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ing form:

ℰa(ρA|BC)≤ ℰa(ρAB)+ℰa(ρAC), (2)

where ℰa is the corresponding entanglement measure of assis-
tance associated to ℰ . It was later generalized to multiqubit
systems by using various assisted entanglements.[24,29,33] For
the arbitrary dimensional quantum systems, using entangle-
ment of assistance, general polygamy inequalities of multi-
partite entanglement were also proposed in Refs. [34–36]. In
Ref. [37] the author showed that any entanglement of assis-
tance is polygamous but not monogamous, and any faithful
entanglement measure is not polygamous.

Recently, generalized classes of monogamy inequalities
related to the α-th power of entanglement measures were pro-
posed. In Refs. [38–40], the authors proved that the squared
concurrence and the convex-roof extended negativity satisfy
the monogamy inequalities in multiqubit systems for α ≥ 2. It
has also been shown that the entanglement of formation (EoF)
satisfies monogamy relations when α ≥

√
2.[38–40] In addi-

tion, the Tsallis-q entanglement and Rényi-α entanglement
satisfy monogamy relations when α ≥ 1.[24,27,39,40] More-
over, the corresponding polygamy relations have also been
established.[25,33,35,41]

In this paper, we present the monogamy inequalities in
terms of the concurrence C and entanglement of formation E,
we also provide the polygamy inequalities in terms of the con-
currence of assistance Ca and the entanglement of assistance
Ea. Furthermore, we show that our optimized monogamy and
polygamy relations are tighter inequalities than the results in
Refs. [38–40,42,43].

2. Tighter monogamy and polygamy relations
for concurrence

Let ℋX denote a finite-dimensional complex vector space
associated to a quantum subsystem X . Given a bipartite pure
state |φ⟩AB in Hilbert space ℋA⊗ℋB, the concurrence is given
by

C(|φ⟩AB) =
√

2[1−Tr(ρ2
A)], (3)

where ρA = TrB(|φ⟩AB⟨φ |) is the reduced density matrix ob-
tained by tracing over the subsystem B.[44–46] The concurrence
for a bipartite mixed state ρAB is defined by the convex roof
extension as follows:

C(ρAB) = min
{pi,|φi⟩}

∑
i

piC(|φi⟩), (4)

where the minimum is taken over all possible decomposi-
tions of ρAB = ∑

i
pi|φi⟩⟨φi|, with pi ≥ 0, ∑

i
pi = 1, and |φi⟩ ∈

ℋA ⊗ℋB. It has been proved that the concurrence of a mixed
state ρAB can be calculated by an analytical expression as[47]

C(ρAB) = max{µ1 −µ2 −µ3 −µ4,0},

where µ1 ≥ µ2 ≥ µ3 ≥ µ4 are the eigenvalues of the matrix√√
ρρ̃

√
ρ . Here, ρ̃ = (σy ⊗σy)ρ

*(σy ⊗σy), and ρ* is the
complex conjugation of ρ .

For any N-qubit mixed state ρAB1···BN−1 acting on ℋA ⊗
ℋB1 ⊗·· ·⊗ℋBN−1 , the concurrence C(ρA|B1···BN−1) of the state
ρAB1···BN−1 under bipartition A and B1,B2, . . . ,BN−1 satisfies

Cα(ρA|B1···BN−1)≥Cα(ρAB1)+Cα(ρAB2)+ · · ·+Cα(ρABN−1),

(5)
for all α ≥ 2, where ρABi =TrB1···Bi−1Bi+1···BN−1(ρAB1···BN−1).

[38]

The relation (5) is improved to be

Cα(ρA|B1···BN−1) ≥ Cα(ρAB1)+
α

2
Cα(ρAB2)+ · · ·

+
(

α

2

)m−1
Cα(ρABm)

+
(

α

2

)m+1
[Cα(ρABm+1)+ · · ·

+Cα(ρABN−2)]

+
(

α

2

)m
Cα(ρABN−1) (6)

in Ref. [39] and then to be

Cα(ρA|B1···BN−1) ≥ Cα(ρAB1)+
(

2
α
2 −1

)
Cα(ρAB2)+ · · ·

+(2
α
2 −1)m−1Cα(ρABm)

+(2
α
2 −1)m+1[Cα(ρABm+1)+ · · ·

+Cα(ρABN−2)]

+
(

2
α
2 −1

)m
Cα(ρABN−1) (7)

in Ref. [40] for all α ≥ 2, where C(ρABi) ≥ C(ρA|Bi+1···BN−1)

for i = 1,2, . . . ,m, and C(ρAB j) ≤ C(ρA|B j+1···BN−1) for j =
m+1, . . . ,N −2, 1 ≤ m ≤ N −3 and N ≥ 4.

In Ref. [42] the relation (7) is improved for all α ≥ 2 as

Cα(ρA|B1···BN−1)

≥ Cα(ρAB1)+
((

(1+ k)
α
2 −1

)
/k

α
2

)
Cα(ρAB2)

+ · · ·+
((

(1+ k)
α
2 −1

)
/k

α
2

)m−1
Cα(ρABm)

+
((

(1+ k)
α
2 −1

)
/k

α
2

)m+1
[Cα(ρABm+1)

+ · · ·+Cα(ρABN−2)]

+
((

(1+ k)
α
2 −1

)
/k

α
2

)m
Cα(ρABN−1), (8)

with kC2(ρABi) ≥ C2(ρA|Bi+1···BN−1) for i = 1,2, . . . ,m, and
C2(ρAB j) ≤ kC2(ρA|B j+1···BN−1) for j = m+ 1, . . . ,N − 2, 1 ≤
m ≤ N − 3, N ≥ 4 and 0 < k ≤ 1. The relation (8) is further
improved for all α ≥ 2 as

Cα(ρA|B1···BN−1) ≥ Cα(ρAB1)+𝒦1Cα(ρAB2)+ · · ·

+𝒦1 · · ·𝒦m−1Cα(ρABm)
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+𝒦1 · · ·𝒦m(𝒦m+1Cα(ρABm+1)+ · · ·

+𝒦N−2Cα)(ρABN−2)

+𝒦1 · · ·𝒦mCα(ρABN−1) (9)

with C2(ρABi) ≥ liC2(ρA|Bi+1···BN−1), C2(ρA|Bi···BN−1) ≥
C2(ρABi) + µiC2(ρA|Bi+1···BN−1) for i = 1,2, . . . ,m,
C2(ρA|B j+1···BN−1) ≥ l jC2(ρAB j), C2(ρA|B j ···BN−1) ≥
µ jC2(ρAB j) + C2(ρA|B j+1···BN−1) for j = m + 1, . . . ,N − 2,

1 ≤ m ≤ N − 3,N ≥ 4, where 𝒦r = (µr + lr)
α
2 − l

α
2

r with
1 ≤ r ≤ N −2, µr ≥ 1 and lr ≥ 1 in Ref. [43].

Next, we show that the above monogamy relations can
become even tighter under some conditions. For conve-
nience, we denote CAB j =C(ρAB j) for j = 1,2, . . . ,N −1, and
CA|B1B2···BN−1 =C(ρA|B1B2···BN−1). Before giving our result, we
propose the following lemmas.

Lemma 1 Let l ≥ 1 and δ ≥ 1 be any real numbers. For
any x ≥ lδ ≥ 1, 1 ≤ p ≤ 1+ 1

x and non-negative real numbers
m,n, we have

(1+ x)m − pm−1xm ≥ (1+ lδ )m − pm−1(lδ )m, for m ≥ 1,
(10)

(1+ x)n − pn−1xn ≤ (1+ lδ )n − pn−1(lδ )n, for 0 ≤ n ≤ 1.
(11)

Proof We first prove the case for m ≥ 1. Consider the
function f (x,m) = (1+ x)m − pm−1xm with x ≥ lδ ≥ 1, 1 ≤
p ≤ 1 + 1

x and m ≥ 1, l ≥ 1 and δ ≥ 1. Since ∂ f (x,m)
∂x =

m(1 + x)m−1 − mpm−1xm−1 = m[(1 + x)m−1 − (px)m−1] ≥ 0,
the function f (x,m) increases with x. As x ≥ lδ ≥ 1, f (x,m)≥
f (lδ ,m) = (1+ lδ )m − pm−1(lδ )m. Therefore, we get the in-
equality (10). The inequality (11) can be proved similarly to
the proof of inequality (10).

For any 2⊗2⊗2N−2 mixed state ρABC ∈ℋA ⊗ℋB ⊗ℋC,
we have the relation from inequality (5), C2

A|BC ≥ C2
AB +C2

AC.
Therefore, there exists µ ≥ 1 such that

C2
A|BC ≥C2

AB +µC2
AC. (12)

Lemma 2 Suppose that µ , l and δ are any real numbers
satisfying µ ≥ 1, l ≥ 1 and δ ≥ 1. For any 2⊗2⊗2N−2 mixed
state ρABC ∈ ℋA ⊗ℋB ⊗ℋC, if C2

AB ≥ lδC2
AC and 1 ≤ p ≤

1+ µC2
AC

C2
AB

, we have

Cα

A|BC ≥ p
α
2 −1Cα

AB +((µ + lδ )
α
2 − p

α
2 −1l

δα
2 )Cα

AC (13)

for all α ≥ 2.
Proof By straightforward calculation, we have

Cα

A|BC = (C2
A|BC)

α
2 ≥ (C2

AB +µC2
AC)

α
2

= µ
α
2 Cα

AC[(µ
−1(C2

AB/C2
AC)+1)

α
2

−p
α
2 −1(µ−1(C2

AB/C2
AC))

α
2 ]+ p

α
2 −1Cα

AB

≥ µ
α
2 Cα

AC[(µ
−1lδ +1)

α
2 − p

α
2 −1(µ−1lδ )

α
2 ]

+p
α
2 −1Cα

AB

= p
α
2 −1Cα

AB +((µ + lδ )
α
2 − p

α
2 −1l

δα
2 )Cα

AC, (14)

where the second inequality is due to Lemma 1. We can also
see that if CAB = 0, then CAC = 0, and the lower bound be-
comes trivially zero.

For multiqubit systems, we have the following theorems.
Theorem 1 Let δr ≥ 1, µr ≥ 1 and lr ≥ 1 be

real numbers, 1 ≤ r ≤ N − 2. For any N-qubit mixed
state ρAB1···BN−1 ∈ ℋA ⊗ ℋB1 ⊗ ·· · ⊗ ℋBN−1 , if C2

ABi
≥

lδi
i C2

A|Bi+1···BN−1
, C2

A|Bi···BN−1
≥C2

ABi
+µiC2

A|Bi+1···BN−1
, 1 ≤ pi ≤

1 +
µiC2

A|Bi+1 ···BN−1
C2

ABi

for i = 1,2, . . . ,m, and C2
A|B j+1···BN−1

≥

l
δ j
j C2

AB j
, C2

A|B j ···BN−1
≥ µ jC2

AB j
+ C2

A|B j+1···BN−1
, 1 ≤ p j ≤

µ jC2
AB j

C2
A|B j+1 ···BN−1

for j =m+1, . . . ,N−2, 1≤m≤N−3 and N ≥ 4,

we have

Cα

A|B1···BN−1

≥ p
α
2 −1
1 Cα

AB1
+

m

∑
i=2

i−1

∏
h=1

Γh p
α
2 −1
i Cα

ABi

+Γ1 · · ·Γm

(
Γm+1Cα

ABm+1
+

N−2

∑
j=m+2

j−1

∏
h=m+1

p
α
2 −1
h ΓjCα

AB j

)
+Γ1 · · ·Γm(pm+1 · · · pN−2)

α
2 −1Cα

ABN−1
, (15)

for all α ≥ 2, where Γr = (µr + lδr
r )

α
2 − p

α
2 −1
r l

δrα

2
r with 1 ≤ r ≤

N −2.
Proof From Lemma 2, if C2

ABi
≥ lδi

i C2
A|Bi+1···BN−1

,
C2

A|Bi···BN−1
≥ C2

ABi
+ µiC2

A|Bi+1···BN−1
, 1 ≤ pi ≤ 1 +

µiC2
A|Bi+1 ···BN−1

C2
ABi

for i = 1,2, . . . ,m, we have

Cα

A|B1···BN−1
≥ p

α
2 −1
1 Cα

AB1
+Γ1Cα

A|B2···BN−1

≥ p
α
2 −1
1 Cα

AB1
+Γ1 p

α
2 −1
2 Cα

AB2

+Γ1Γ2Cα

A|B3···BN−1
≥ ·· ·

≥ p
α
2 −1
1 Cα

AB1
+Γ1 p

α
2 −1
2 Cα

AB2

+ · · ·+Γ1 · · ·Γm−1 p
α
2 −1
m Cα

ABm

+Γ1 · · ·ΓmCα

A|Bm+1···BN−1
. (16)

If C2
A|B j+1···BN−1

≥ l
δ j
j C2

AB j
, C2

A|B j ···BN−1
≥ µ jC2

AB j
+

C2
A|B j+1···BN−1

, 1 ≤ p j ≤
µ jC2

AB j

C2
A|B j+1 ···BN−1

for j = m+ 1, . . . ,N − 2,

we get

Cα

A|Bm+1···BN−1
≥ Γm+1Cα

ABm+1
+ p

α
2 −1
m+1 Cα

A|Bm+2···BN−1

≥ Γm+1Cα
ABm+1

+ p
α
2 −1
m+1 Γm+2Cα

ABm+2

+(pm+1 pm+2)
α
2 −1Cα

A|Bm+3···BN−1
≥ ·· ·

≥ Γm+1Cα
ABm+1

+ p
α
2 −1
m+1 Γm+2Cα

ABm+2
+ · · ·
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+(pm+1 · · · pN−3)
α
2 −1

ΓN−2Cα
ABN−2

+(pm+1 · · · pN−2)
α
2 −1Cα

ABN−1
. (17)

Combining inequalities (16) and (17), we complete the proof.
In Theorem 1 we have assumed that CABi for i =

1,2, . . . ,m. If CAB1 = 0, then CABi = 0 for i = 2, . . . ,m, and
the lower bound becomes trivially zero.

In particular, if C2
ABi

≥ lδi
i C2

A|Bi+1···BN−1
, C2

A|Bi···BN−1
≥

C2
ABi

+ µiC2
A|Bi+1···BN−1

, 1 ≤ pi ≤ 1 +
µiC2

A|Bi+1 ···BN−1
C2

ABi

for i =

1,2, . . . ,N −2, then the following monogamy relation holds.
Theorem 2 Let δr ≥ 1, µr ≥ 1 and lr ≥ 1 be real numbers,

1 ≤ r ≤ N−2. For any N-qubit mixed state ρAB1···BN−1 ∈ℋA⊗
ℋB1 ⊗ ·· · ⊗ℋBN−1 , if C2

ABi
≥ lδi

i C2
A|Bi+1···BN−1

, C2
A|Bi···BN−1

≥

C2
ABi

+ µiC2
A|Bi+1···BN−1

, 1 ≤ pi ≤ 1 +
µiC2

A|Bi+1 ···BN−1
C2

ABi

for i =

1,2, . . . ,N −2, we have

Cα

A|B1···BN−1

≥ p
α
2 −1
1 Cα

AB1
+

N−2

∑
i=2

i−1

∏
h=1

Γh p
α
2 −1
i Cα

ABi

+Γ1 · · ·ΓN−2Cα
ABN−1

, (18)

for all α ≥ 2, where Γr = (µr + lδr
r )

α
2 − p

α
2 −1
r k

δrα

2
r with 1 ≤ r ≤

N −2.
Remark 1 We have provided a class of lower bounds of

the α-th power of concurrence with three different parameters

p, δ and µ , where 1 ≤ p ≤ 1+ µC2
AC

C2
AB

, µ ≥ 1 and δ ≥ 1. When

p = 1, δ = 1 and C2
AB ≥ lC2

AC, for all α ≥ 2, we have

Cα

A|BC ≥Cα
AB +((µ + l)

α
2 − l

α
2 )Cα

AC. (19)

Using concurrence as the quantum entanglement measure, it is
obvious that inequality (19) in Ref. [43] is just a special case
of our Lemma 2. Moreover, the lower bound of the α-th power
of concurrence becomes tighter when p (or δ ) increases as

Cα

A|BC ≥ p
α
2 −1Cα

AB +((µ + lδ )
α
2 − p

α
2 −1l

δα
2 )Cα

AC

≥ Cα
AB +((µ + lδ )

α
2 − l

δα
2 )Cα

AC

≥ Cα
AB +((µ + l)

α
2 − l

α
2 )Cα

AC (20)

for all α ≥ 2, where the second and third equalities hold
when p = 1 and δ = 1, respectively. Then our results are
seen to be tighter than that in Ref. [43]. Therefore, our new
monogamy relation for concurrence is better than those in
Refs. [38–40,42,43].

Example 1 Let us consider the three-qubit state |φ⟩ABC in
the generalized Schmidt decomposition,[48,49]

|φ⟩ABC = λ0|000⟩+λ1 eiϕ |100⟩+λ2|101⟩+λ3|110⟩+λ4|111⟩,
(21)

where λi ≥ 0, i = 0,1, . . . ,4, and
4
∑

i=0
λ 2

i = 1. One gets CA|BC =

2λ0

√
λ 2

2 +λ 2
3 +λ 2

4 , CAB = 2λ0λ2 and CAC = 2λ0λ3. Setting

λ0 = λ3 = λ4 = 1/
√

5, λ2 =
√

2/5 and λ1 = 0, we have
CA|BC = 4/5, CAB = 2

√
2/5 and CAC = 2/5. Therefore, with

respect to inequality (13) we have

p
α
2 −1Cα

AB +((µ + lδ )
α
2 − p

α
2 −1l

δα
2 )Cα

AC

= p
α
2 −1(2

√
2/5)α +((µ + lδ )

α
2 − p

α
2 −1l

δα
2 )(2/5)α , (22)

Cα
AB +(2

α
2 −1)Cα

AC = (2
√

2/5)α +(2
α
2 −1)(2/5)α , (23)

Cα
AB +(((1+ k)

α
2 −1)/k

α
2 )Cα

AC

=(2
√

2/5)α +((1+ k)
α
2 −1)/k

α
2 )(2/5)α , (24)

Cα
AB +((µ + l)

α
2 − l

α
2 )Cα

AC

=(2
√

2/5)α +((µ + l)
α
2 − l

α
2 )(2/5)α . (25)

When l = 1/k, µ = 1, the lower bound Eq. (25) gives the same
result as Eq. (24). Let k = 2/3, l = 3/2, µ = 2, δ = 1 and
p = 2. It can be seen that our result Eq. (22) is better than the
result Eq. (25) in Ref. [43] for α ≥ 2, hence also better than
Eq. (24) given in Ref. [42] and Eq. (23) given in Ref. [40], see
Fig. 1.

2 3 4 5 6 7 8

0.2

0.4

0.6

0.8

1.0

C

a

Fig. 1. From top to bottom, the green thick (black thin, blue dotted and
red dot-dashed) line represents the lower bound taken from our previous
results (Refs. [40,42,43], respectively).

For a tripartite state |φ⟩ABC, the concurrence of assistance
(CoA) is defined by[50,51]

𝒞a(ρAB) = max
{pi,|φi⟩}

∑
i

pi𝒞(|φi⟩), (26)

where the maximum is taken over all possible pure state de-
compositions of ρAB. For pure states |φ⟩AB one has 𝒞(|φ⟩AB)=

𝒞a(|φ⟩AB). The generalized polygamy relation based on the
concurrence of assistance was established in Refs. [33,52],

𝒞2(|φ⟩A|B1···BN−1) =𝒞2
a(|φ⟩A|B1···BN−1)

≤ 𝒞2
a(ρAB1)+𝒞2

a(ρAB2)

+ · · ·+𝒞2
a(ρABN−1). (27)

For convenience, we denote by CaAB j = Ca(ρAB j) for j =
1,2, . . . ,N − 1, and CaA|B1B2···BN−1 = Ca(ρA|B1B2···BN−1). Sim-
ilar to the proof of Theorem 1, by using inequality (11) we
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have the following tighter polygamy relations for the concur-
rence of assistance.

Theorem 3 Let δr ≥ 1, 0 ≤ µr ≤ 1 and lr ≥ 1 be
real numbers, 1 ≤ r ≤ N − 2. For any N-qubit mixed
state ρAB1···BN−1 ∈ ℋA ⊗ ℋB1 ⊗ ·· · ⊗ ℋBN−1 , if C2

aABi
≥

lδi
i C2

aA|Bi+1···BN−1
, C2

aA|Bi···BN−1
≤ C2

aABi
+ µiC2

aA|Bi+1···BN−1
, 1 ≤

pi ≤ 1+
µiC2

aA|Bi+1 ···BN−1
C2

aABi

for i= 1,2, . . . ,m, and C2
aA|B j+1···BN−1

≥

l
δ j
j C2

aAB j
, C2

aA|B j ···BN−1
≤ µ jC2

aAB j
+C2

aA|B j+1···BN−1
, 1 ≤ p j ≤

µ jC2
aAB j

C2
aA|B j+1 ···BN−1

for j = m+1, . . . ,N −2, 1 ≤ m ≤ N −3,N ≥ 4,

we have

Cα

aA|B1···BN−1

≤ p
α
2 −1
1 Cα

aAB1
+

m

∑
i=2

i−1

∏
h=1

Γh p
α
2 −1
i Cα

aABi

+Γ1 · · ·Γm

(
Γm+1Cα

aABm+1
+

N−2

∑
j=m+2

j−1

∏
h=m+1

p
α
2 −1
h ΓjCα

aAB j

)
+Γ1 · · ·Γm(pm+1 · · · pN−2)

α
2 −1Cα

aABN−1
(28)

for all 0 ≤ α ≤ 2, where Γr = (µr + lδr
r )

α
2 − p

α
2 −1
r l

δrα

2
r with

1 ≤ r ≤ N −2.
In particular, if C2

aABi
≥ lδi

i C2
aA|Bi+1···BN−1

, C2
aA|Bi···BN−1

≥

C2
aABi

+ µiC2
aA|Bi+1···BN−1

, 1 ≤ pi ≤ 1+
µiC2

aA|Bi+1 ···BN−1
C2

aABi

for i =

1,2, . . . ,N −2, we have the following polygamy relations.
Theorem 4 Let δr ≥ 1, 0 ≤ µr ≤ 1 and lr ≥ 1 be

real numbers, 1 ≤ r ≤ N − 2. For any N-qubit mixed
state ρAB1···BN−1 ∈ ℋA ⊗ ℋB1 ⊗ ·· · ⊗ ℋBN−1 , if C2

aABi
≥

lδi
i C2

aA|Bi+1···BN−1
, C2

aA|Bi···BN−1
≤ C2

aABi
+ µiC2

aA|Bi+1···BN−1
, 1 ≤

pi ≤ 1+
µiC2

aA|Bi+1 ···BN−1
C2

aABi

for i = 1,2, . . . ,N −2, we have

Cα

aA|B1···BN−1
≤ p

α
2 −1
1 Cα

aAB1
+

N−2

∑
i=2

i−1

∏
h=1

Γh p
α
2 −1
i Cα

aABi

+Γ1 · · ·ΓN−2Cα
aABN−1

, (29)

for all 0 ≤ α ≤ 2, where Γr = (µr + lδr
r )

α
2 − p

α
2 −1
r l

δrα

2
r with

1 ≤ r ≤ N −2.
Remark 2 We have provided a class of upper bounds of

the α-th power of CoA with three different parameters p, µ

and δ , where 1 ≤ p ≤ 1+ µC2
aAC

C2
aAB

, 0 < µ ≤ 1 and δ ≥ 1. The
upper bounds of the α-th power of CoA get tighter when p (or
δ ) decreases, or µ increases, namely,

Cα

aA|BC ≤ p
α
2 −1Cα

aAB +
(
(µ + lδ )

α
2 − p

α
2 −1l

δα
2

)
Cα

aAC

≤ Cα
aAB +

(
(µ + lδ )

α
2 − l

δα
2

)
Cα

aAC

≤ Cα
aAB +

(
(1+ lδ )

α
2 − l

δα
2

)
Cα

aAC

≤ Cα
aAB +

(
(1+ l)

α
2 − l

α
2

)
Cα

aAC

≤ Cα
aAB +(2

α
2 −1)Cα

aAC (30)

for all 0 ≤ α ≤ 2, where the second, third, fourth and fifth
equalities hold when p = 1, µ = 1, δ = 1 and l = 1, respec-

tively. From inequality (30), we get (1+ l)
α
2 − l

α
2 = (1+k)

α
2 −1

k
α
2

if l = 1
k with 0 ≤ k ≤ 1, as well as (1+k)

α
2 −1

k
α
2

≤ 2
α
2 − 1 for

0 ≤ α ≤ 2. Obviously, the new polygamy inequality of CoA is
better than the inequality in Ref. [42]. Therefore, our inequal-
ity is also tighter than the inequalities in Refs. [38–40].

Example 2 Let us consider the three-qubit state |φ⟩ABC in

Eq. (21) again. We have CaA|BC = 2λ0

√
λ 2

2 +λ 2
3 +λ 2

4 , CaAB =

2λ0

√
λ 2

2 +λ 2
4 and CaAC = 2λ0

√
λ 2

3 +λ 2
4 . Setting λ0 = λ3 =

1/2, λ2 =
√

2/2 and λ1 = λ4 = 0, we have CaA|BC =
√

3/2,
CaAB =

√
2/2 and CaAC = 1/2. Therefore, with respect to in-

equality (29), when N = 3 we have

p
α
2 −1Cα

aAB +
(
(µ + lδ )

α
2 − p

α
2 −1l

δα
2

)
Cα

aAC

= p
α
2 −1
(√2

2

)α

+
(
(µ + lδ )

α
2 − p

α
2 −1l

δα
2

)(1
2

)α

, (31)

Cα
aAB +

(
2

α
2 −1

)
Cα

aAC =
(√2

2

)α

+(2
α
2 −1)

(1
2

)α

, (32)

Cα
aAB +

((
(1+ k)

α
2 −1

)
/k

α
2

)
Cα

aAC

=
(√2

2

)α

+
(
(1+ k)

α
2 −1

)
/k

α
2

(1
2

)α

. (33)

Let k = 4/7, l = 7/4, µ = 3/4, δ = 1, p = 11/8. It can be
seen that our result Eq. (31) is better than the result Eq. (33) in
Ref. [42] for 0 < α ≤ 2, thus also better than Eq. (32) given in
Ref. [40], see Fig. 2.

0.0 0.5 1.0 1.5 2.0

0.7

0.8

0.9

1.0

a

C
a

Fig. 2. From bottom to top, the green thick (black thin and blue dotted) line
represents the upper bound from our result (Refs. [40,42], respectively).

3. Tighter monogamy and polygamy relations
for EoF
Let ℋA and ℋB be m- and n-dimensional (m ≤ n) vec-

tor spaces, respectively. The entanglement of formation of a
pure state |φ⟩ ∈ℋA⊗ℋB is defined by E(|φ⟩) = S(ρA), where
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ρA = TrB(|φ⟩AB⟨φ |) and S(ρ) =−Tr(ρ log2 ρ).[53,54] For a bi-
partite mixed state ρAB ∈ℋA ⊗ℋB, the EoF is given by

E(ρAB) = min
{pi,|φi⟩}

∑
i

piE(|φi⟩), (34)

with the minimum taking over all possible pure state decom-
position of ρAB.

Denote f (x) = H( 1+
√

1−x
2 ), where H(x) = −x log2(x)−

(1− x) log2(1− x). It is obvious that f (x) is a monotonically
increasing function for 0 ≤ x ≤ 1 which satisfies

f
√

2(x2 + y2)≥ f
√

2(x2)+ f
√

2(y2), (35)

f (x2 + y2)≤ f (x2)+ f (y2), (36)

where f
√

2(x2 + y2) = [ f (x2 + y2)]
√

2. It is shown in Ref. [47]
that E(|ϕ⟩) = f (C2(|ϕ⟩)) for any 2⊗m (m ≥ 2) pure state |ϕ⟩,
and E(ρ) = f (C2(ρ)) for any two-qubit mixed state ρ .

EoF does not satisfy the inequality E(ρA|BC)≥ E(ρAB)+

E(ρAC).[17] In Ref. [19] it is shown that EoF is a monotonic

function: E2(C2(ρA|B1B2···BN−1))≥ E2(
N−1
∑

i=1
C2(ρABi)). It is fur-

ther proved that for N-qubit systems,

Eα(ρA|B1B2···BN−1) ≥ Eα(ρAB1)+Eα(ρAB2)

+ · · ·+Eα(ρABN−1) (37)

for all α ≥
√

2, where E(ρA|B1B2···BN−1) is the EoF of
ρ under bipartition A|B1B2 · · ·BN−1, and E(ρABi), i =

1,2, . . . ,N − 1, is the EoF of the bipartite state ρABi =

TrB1B2···Bi−1Bi+1···BN−1(ρ).
[38]

The relation (37) is improved to be

Eα(ρA|B1···BN−1) ≥ Eα(ρAB1)+
α√

2
Eα(ρAB2)

+ · · ·+
(

α√
2

)m−1
Eα(ρABm)

+
(

α√
2

)m+1
(Eα(ρABm+1)

+ · · ·+Eα(ρABN−2))

+
(

α√
2

)m
Eα(ρABN−1) (38)

in Ref. [39], and then to be

Eα(ρA|B1···BN−1) ≥ Eα(ρAB1)+
(

2
α√

2 −1
)

Eα(ρAB2)

+ · · ·+
(

2
α√

2 −1
)m−1

Eα(ρABm)

+
(

2
α√

2 −1
)m+1

(Eα(ρABm+1)

+ · · ·+Eα(ρABN−2))

+
(

2
α√

2 −1
)m

Eα(ρABN−1) (39)

in Ref. [40] for α ≥
√

2, with the conditions E(ρABi) ≥
E(ρA|Bi+1···BN−1) for i = 1,2, . . . ,m, and E(ρAB j) ≤

E(ρA|B j+1···BN−1) for j = m + 1, . . . ,N − 2, 1 ≤ m ≤ N − 3
and N ≥ 4.

The relation (39) is further improved for all α ≥
√

2 as

Eα(ρA|B1···BN−1)

≥ Eα(ρAB1)+
((

(1+ k)
α√

2 −1
)
/k

α√
2

)
Eα(ρAB2)

+ · · ·+
((

(1+ k)
α√

2 −1
)
/k

α√
2

)m−1
Eα(ρABm)

+
((

(1+ k)
α√

2 −1
)
/k

α√
2

)m+1
(Eα(ρABm+1)

+ · · ·+Eα(ρABN−2))

+
((

(1+ k)
α√

2 −1
)
/k

α√
2

)m
Eα(ρABN−1), (40)

with kE
√

2(ρABi) ≥ E
√

2(ρA|Bi+1···BN−1) for i = 1,2, . . . ,m, and
E
√

2(ρAB j) ≤ kE
√

2(ρA|B j+1···BN−1) for j = m + 1, . . . ,N − 2,
1 ≤ m ≤ N − 3, N ≥ 4 and 0 < k ≤ 1 in Ref. [42]. Then in-
equality (40) is further improved as

Eα(ρA|B1···BN−1)

≥ Eα(ρAB1)+𝒦1Eα(ρAB2)+ · · ·+𝒦1 · · ·𝒦m−1Eα(ρABm)

+𝒦1 · · ·𝒦m(𝒦m+1Eα(ρABm+1)+ · · ·+𝒦N−2Eα(ρABN−2))

+𝒦1 · · ·𝒦mEα(ρABN−1) (41)

for all α ≥
√

2, with E
√

2(ρABi) ≥ liE
√

2(ρA|Bi+1···BN−1),
E
√

2(ρA|Bi···BN−1) ≥ E
√

2(ρABi) + µiE
√

2(ρA|Bi+1···BN−1)

for i = 1,2, . . . ,m, E
√

2(ρA|B j+1···BN−1) ≥ l jE
√

2(ρAB j),

E
√

2(ρA|B j ···BN−1) ≥ µ jE
√

2(ρAB j) + E
√

2(ρA|B j+1···BN−1) for
j = m + 1, . . . ,N − 2, 1 ≤ m ≤ N − 3,N ≥ 4, where 𝒦r =

(µr + lr)
α√

2 − l
α√

2
r with 1 ≤ r ≤ N − 2, µr ≥ 1 and lr ≥ 1 in

Ref. [43].
In the following, we show that these monogamy relations

for EoF can become even tighter under some conditions. For
convenience, we denote EAB j =E(ρAB j) for j = 1,2, . . . ,N−1,
and EA|B1B2···BN−1 = E(ρA|B1B2···BN−1).

Theorem 5 Let δr ≥ 1, µr ≥ 1 and lr ≥ 1 be
real numbers, 1 ≤ r ≤ N − 2. For any N-qubit mixed
state ρAB1···BN−1 ∈ ℋA ⊗ ℋB1 ⊗ ·· · ⊗ ℋBN−1 , if E

√
2

ABi
≥

lδi
i E

√
2

A|Bi+1···BN−1
, E

√
2

A|Bi···BN−1
≥ E

√
2

ABi
+µiE

√
2

A|Bi+1···BN−1
, 1 ≤ pi ≤

1 +
µiE

√
2

A|Bi+1 ···BN−1

E
√

2
ABi

for i = 1,2, . . . ,m, and E
√

2
A|B j+1···BN−1

≥

l
δ j
j E

√
2

AB j
, E

√
2

A|B j ···BN−1
≥ µ jE

√
2

AB j
+ E

√
2

A|B j+1···BN−1
, 1 ≤ p j ≤

µ jE
√

2
AB j

E
√

2
A|B j+1 ···BN−1

for j = m+ 1, . . . ,N − 2, 1 ≤ m ≤ N − 3,N ≥ 4,

then

Eα

A|B1···BN−1

≥ p
α√

2
−1

1 Eα
AB1

+
m

∑
i=2

i−1

∏
h=1

Γh p
α√

2
−1

i Eα
ABi

+Γ1 · · ·Γm

(
Γm+1Eα

ABm+1
+

N−2

∑
j=m+2

j−1

∏
h=m+1

p
α√

2
−1

h ΓjEα
AB j

)
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+Γ1 · · ·Γm(pm+1 · · · pN−2)
α√

2
−1Eα

ABN−1
, (42)

for all α ≥
√

2, where Γr = (µr + lδr
r )

α√
2 − p

α√
2
−1

r l
δrα√

2
r with

1 ≤ r ≤ N −2.
Proof Since f

√
2(x2)≥ lδ f

√
2(y2), 1 ≤ p ≤ 1+ µ f

√
2(y2)

f
√

2(x2)
,

due to inequality (35) there exists µ ≥ 1 such that f
√

2(x2 +

y2)≥ f
√

2(x2)+µ f
√

2(y2). Hence for α ≥
√

2 we have

f α(x2 + y2)

= [ f
√

2(x2 + y2)]
α√

2 ≥ [ f
√

2(x2)+µ f
√

2(y2)]
α√

2

= µ
α√

2 f α(y2)[(1+µ
−1( f

√
2(x2)/ f

√
2(y2)))

α√
2

−p
α√

2
−1
(µ−1( f

√
2(x2)/ f

√
2(y2)))

α√
2 ]+ p

α√
2
−1 f α(x2)

≥ µ
α√

2 f α(y2)[(µ−1l + lδ )
α√

2 − p
α√

2
−1
(µ−1lδ )

α√
2 ]

+p
α√

2
−1 f α(x2)

= [(µ + lδ )
α√

2 − p
α√

2
−1l

αδ√
2 ] f α(y2)+ p

α√
2
−1 f α(x2), (43)

where the second inequality is obtained from inequal-
ity (10). Let ρA|B1···BN−1 = ∑i pi|φi⟩A|B1···BN−1⟨φi| ∈ ℋA ⊗
ℋB1 ⊗ ·· · ⊗ℋBN−1 be the optimal decomposition such that
E(ρA|B1···BN−1) = ∑

i
piE(|φi⟩A|B1···BN−1) for the N-qubit mixed

state ρ . Then we have[40]

E(ρA|B1···BN−1) = ∑
i

piE(|φi⟩A|B1···BN−1)

= ∑
i

pi f
(

C2(|φi⟩A|B1···BN−1)
)

≥ f
(
∑

i
piC2(|φi⟩A|B1···BN−1)

)
= f

(
∑

i
(
√

pi
2)∑

i
(
√

piC(|φi⟩A|B1···BN−1))
2
)

≥ f
([

∑
i

piC(|φi⟩A|B1···BN−1)
]2)

≥ f (C2(ρA|B1···BN−1)), (44)

where the first inequality is due to f (x) that is a convex func-
tion. The second inequality is due to the Cauchy-Schwarz
inequality: (∑

i
x2

i )
1
2 (∑

i
y2

i )
1
2 ≥ ∑

i
xiyi, with xi =

√
pi and yi =

√
piC(|φi⟩A|B1···BN−1). Due to the definition of concurrence and

because f (x) is a monotonically increasing function, we obtain
the third inequality. Therefore,

Eα

A|B1···BN−1
≥ f α(C2

A|B1···BN−1
)

≥ p
α√

2
−1

1 f α(C2
AB1

)+
m

∑
i=2

i−1

∏
h=1

Γh p
α√

2
−1

i f α(C2
ABi

)

+Γ1 · · ·Γm

(
Γm+1 f α(C2

ABm+1
)

+
N−2

∑
j=m+2

j−1

∏
h=m+1

p
α√

2
−1

h Γj f α(C2
AB j

)
)

+Γ1 · · ·Γm(pm+1 · · · pN−2)
α√

2
−1 f α(C2

ABN−1
)

= p
α√

2
−1

1 Eα
AB1

+
m

∑
i=2

i−1

∏
h=1

Γh p
α√

2
−1

i Eα
ABi

+Γ1 · · ·Γm

(
Γm+1Eα

ABm+1

+
N−2

∑
j=m+2

j−1

∏
h=m+1

p
α√

2
−1

h ΓjEα
AB j

)
+Γ1 · · ·Γm(pm+1 · · · pN−2)

α√
2
−1Eα

ABN−1
, (45)

where the first inequality is due to inequality (44), the second
inequality is obtained similarly to the proof of Theorem 1 by
using inequality (43). The last equality holds since for any
2⊗2 quantum state ρABi , E(ρABi) = f [C2(ρABi)].

In particular, similar to the case of concurrence, we also
have the following tighter monogamy relation for EoF.

Theorem 6 Let δr ≥ 1, µr ≥ 1 and lr ≥ 1 be real numbers,
1 ≤ r ≤ N−2. For any N-qubit mixed state ρAB1···BN−1 ∈ℋA⊗
ℋB1 ⊗ ·· · ⊗ℋBN−1 , if E

√
2

ABi
≥ lδi

i E
√

2
A|Bi+1···BN−1

, E
√

2
A|Bi···BN−1

≥

E
√

2
ABi

+ µiE
√

2
A|Bi+1···BN−1

, 1 ≤ pi ≤ 1 +
µiE

√
2

A|Bi+1 ···BN−1

E
√

2
ABi

for i =

1,2, . . . ,N −2, we have

Eα

A|B1···BN−1
≥ p

α√
2
−1

1 Eα
AB1

+
N−2

∑
i=2

i−1

∏
h=1

Γh p
α√

2
−1

i Eα
ABi

+Γ1 · · ·ΓN−2Eα
ABN−1

(46)

for all α ≥
√

2, where Γr = (µr + lδr
r )

α√
2 − p

α√
2
−1

r l
δrα√

2
r with

1 ≤ r ≤ N −2.
Remark 3 We have presented a class of lower bounds of

the α-th power of EoF with three different parameters p, δ

and µ , where 1 ≤ p ≤ 1+ µE
√

2
AC

E
√

2
AB

, δ ≥ 1 and µ ≥ 1. The lower

bound of the α-th power of EoF gets tighter when p (or δ )
increases. Hence we have

Eα

A|BC ≥ p
α√

2
−1Eα

AB +
(
(µ + lδ )

α√
2 − p

α√
2
−1l

δα√
2

)
Eα

AC

≥ Eα
AB +

(
(µ + lδ )

α√
2 − l

δα√
2

)
Eα

AC

≥ Eα
AB +

(
(µ + l)

α√
2 − l

α√
2

)
Eα

AC

for all α ≥
√

2, where the the second and third equalities hold
when p = 1 and δ = 1, respectively. Therefore, our inequal-
ities are tighter than that in Ref. [43], and hence the ones in
Refs. [38–40,42,43].

Example 3 Let us again consider the three-qubit state
|φ⟩ABC defined in Example 1 with λ0 = λ3 = λ4 = 1/

√
5,

λ2 =
√

2/5 and λ1 = 0. We have

EA|BC = −(4/5) log2(4/5)− (1/5) log2(1/5)≈ 0.721928,

EAB = −((5+
√

17)/10) log2((5+
√

17)/10)

−((5−
√

17)/10) log2((5−
√

17)/10)≈ 0.428710,

EAC = −((5+
√

21)/10) log2((5+
√

21)/10)

−((5−
√

21)/10) log2((5−
√

21)/10)≈ 0.250225.
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Therefore, with respect to inequality (46), when N = 3 we have

p
α√

2
−1Eα

AB +
(
(µ + lδ )

α√
2 − p

α√
2
−1l

δα√
2

)
Eα

AC

= p
α√

2
−1
(0.428710)α

+((µ + lδ )
α√

2 − p
α√

2
−1l

δα√
2 )(0.250225)α , (47)

Eα
AB +

(
2

α√
2 −1

)
Eα

AC

=(0.428710)α +
(

2
α√

2 −1
)
(0.250225)α , (48)

Eα
AB +

( (1+ k)
α√

2 −1

k
α√

2

)
Eα

AC

=(0.428710)α +
( (1+ k)

α√
2 −1

k
α√

2

)
(0.250225)α , (49)

Eα
AB +

(
(µ + l)

α√
2 − l

α√
2

)
Eα

AC

=(0.428710)α +
(
(µ + l)

α√
2 − l

α√
2

)
(0.250225)α . (50)

When l = 1/k and µ = 1, the lower bound Eq. (50) gives the
same result as Eq. (49). Set k = 2/3, l = 3/2, µ = 1.1, δ = 1
and p = 1.8. It can be seen that our result Eq. (47) is better
than the result Eq. (50) in Ref. [43] for α ≥

√
2, hence better

than Eq. (49) given in Ref. [42] and Eq. (48) given in Ref. [40],
see Fig. 3.

2 3 4 5 6

0.1

0.2

0.3

0.4

0.5

a

E

Fig. 3. From top to bottom, the green thick (black thin, blue dotted
and red dotdashed) line represents the lower bound from our result
(Refs. [40,42,43], respectively).

We can also provide tighter polygamy relations for the
entanglement of assistance. The corresponding entanglement
of assistance (EoA) of a bipartite mixed state ρAB is defined by

Ea(ρAB) = max
{pi,|φi⟩}

∑
i

piE(|φi⟩), (51)

where the maximum is taken over all possible pure state de-
compositions of ρAB = ∑

i
pi|φi⟩AB⟨φi| with pi ≥ 0 and ∑

i
pi = 1

in Ref. [55]. For an arbitrary dimensional multipartite quan-
tum state ρAB1B2···BN−1, a general polygamy inequality of mul-
tipartite quantum entanglement was established in Ref. [35],

Ea(ρA|B1B2···BN−1) ≤
N−1
∑
i

Ea(ρABi). In the following, for con-

venience we denote EaAB j = Ea(ρAB j) for j = 1,2, . . . ,N − 1,

and EaA|B1B2···BN−1 = Ea(ρA|B1B2···BN−1). Using the same ap-
proach as for CoA, we have the following theorems.

Theorem 7 Let δr ≥ 1, 0 ≤ µr ≤ 1 and lr ≥ 1 be
real numbers, 1 ≤ r ≤ N − 2. For any N-qubit mixed
state ρAB1···BN−1 ∈ ℋA ⊗ ℋB1 ⊗ ·· · ⊗ ℋBN−1 , if E

√
2

aABi
≥

lδi
i E

√
2

aA|Bi+1···BN−1
, E

√
2

aA|Bi···BN−1
≤ E

√
2

aABi
+ µiE

√
2

aA|Bi+1···BN−1
, 1 ≤

pi ≤ 1+
µiE

√
2

aA|Bi+1 ···BN−1

E
√

2
aABi

for i= 1,2, . . . ,m, and E
√

2
aA|B j+1···BN−1

≥

l
δ j
j E

√
2

aAB j
, E

√
2

aA|B j ···BN−1
≤ µ jE

√
2

aAB j
+ E

√
2

aA|B j+1···BN−1
, 1 ≤ p j ≤

µ jE
√

2
aAB j

E
√

2
aA|B j+1 ···BN−1

for j = m+1, . . . ,N −2, 1 ≤ m ≤ N −3,N ≥ 4,

then

Eα

aA|B1···BN−1
≤ p

α√
2
−1

1 Eα
aAB1

+
m

∑
i=2

i−1

∏
h=1

Γh p
α√

2
−1

i Eα
aABi

+Γ1 · · ·Γm

(
Γm+1Eα

aABm+1

+
N−2

∑
j=m+2

j−1

∏
h=m+1

p
α√

2
−1

h ΓjEα
aAB j

)
+Γ1 · · ·Γm(pm+1 · · · pN−2)

α√
2
−1Eα

aABN−1
(52)

for all 0 ≤ α ≤
√

2, where Γr = (µr + lδr
r )

α√
2 − p

α√
2
−1

r l
δrα√

2
r with

1 ≤ r ≤ N −2.
In particular, we have the following polygamy relations.
Theorem 8 Let δr ≥ 1, 0 ≤ µr ≤ 1 and lr ≥ 1 be

real numbers, 1 ≤ r ≤ N − 2. For any N-qubit mixed
state ρAB1···BN−1 ∈ ℋA ⊗ ℋB1 ⊗ ·· · ⊗ ℋBN−1 , if E

√
2

aABi
≥

lδi
i E

√
2

aA|Bi+1···BN−1
, E

√
2

aA|Bi···BN−1
≤ E

√
2

aABi
+ µiE

√
2

aA|Bi+1···BN−1
, 1 ≤

pi ≤ 1+
µiE

√
2

aA|Bi+1 ···BN−1

E
√

2
aABi

for i = 1,2, . . . ,N −2, we have

Eα

aA|B1···BN−1
≤ p

α√
2
−1

1 Eα
aAB1

+
N−2

∑
i=2

i−1

∏
h=1

Γh p
α√

2
−1

i Eα
aABi

+Γ1 · · ·ΓN−2Eα
aABN−1

(53)

for all 0 ≤ α ≤
√

2, where Γr = (µr + lδr
r )

α√
2 − p

α√
2
−1

r l
δrα√

2
r with

1 ≤ r ≤ N −2.
Remark 4 We have presented a class of upper bounds of

the α-th power of EoA with three different parameters p, δ

and µ , where 1 ≤ p ≤ 1+ µE
√

2
aAC

E
√

2
aAB

, δ ≥ 1 and 0 ≤ µ ≤ 1. The

upper bound of the α-th power of EoA is tighter when p (or
δ ) decreases. Hence, we have

Eα

aA|BC ≤ p
α√

2
−1Eα

aAB +
(
(µ + lδ )

α√
2 − p

α√
2
−1l

δα√
2

)
Eα

aAC

≤ Eα
aAB +

(
(µ + lδ )

α√
2 − l

δα√
2

)
Eα

aAC

≤ Eα
aAB +

(
(µ + l)

α√
2 − l

α√
2

)
Eα

aAC

for all 0 ≤ α ≤
√

2, where the second and third equalities hold
when p = 1 and δ = 1, respectively. Obviously our inequal-
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ities are tighter than that in Ref. [43], and also than those in
Refs. [38–40,42,43].

Example 4 Let us again consider the three-qubit state
|φ⟩ABC given in Example 2 with λ0 = λ3 = 1/2, λ2 =

√
2/2

and λ1 = λ4 = 0. We have

EaA|BC = −(3/4) log2(3/4)− (1/4) log2(1/4)≈ 0.811278,

EaAB = −((2+
√

2)/4) log2((2+
√

2)/4)

−((2−
√

2)/4) log2((2−
√

2)/4)≈ 0.600877,

EaAC = −((2+
√

3)/4) log2((2+
√

3)/4)

−((2−
√

3)/4) log2((2−
√

3)/4)≈ 0.354578.

Therefore, with respect to inequality (53), when N = 3 we have

p
α√

2
−1Eα

aAB +((µ + lδ )
α√

2 − p
α√

2
−1l

δα√
2 )Eα

aAC

= p
α√

2
−1
(0.600877)α +((µ + lδ )

α√
2

− p
α√

2
−1l

δα√
2 )(0.354578)α , (54)

Eα
aAB +(2

α√
2 −1)Eα

aAC

=(0.600877)α +(2
α√

2 −1)(0.354578)α , (55)

Eα
aAB +(

(1+ k)
α√

2 −1

k
α√

2
)Eα

aAC

=(0.600877)α +(
(1+ k)

α√
2 −1

k
α√

2
)(0.354578)α , (56)

Eα
aAB +((µ + l)

α√
2 − l

α√
2 )Eα

aAC

=(0.600877)α +((µ + l)
α√

2 − l
α√

2 )(0.354578)α . (57)

When l = 1/k and µ = 1, the lower bound Eq. (57) gives the
same result as Eq. (56). Let k = 2/3, l = 3/2, µ = 1/2, δ = 1
and p = 5/4. It can be seen that our result Eq. (54) is better
than the result Eq. (57) in Ref. [43] for 0 ≤ α ≤

√
2, hence

better than Eq. (56) given in Ref. [42] and Eq. (55) given in
Ref. [40], see Fig. 4.

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

0.5

0.6

0.7

0.8

0.9

1.0

a

E
a

Fig. 4. From bottom to top, the green thick (black thin, blue dotted,
and red dot-dashed) line represents the upper bound from our result
(Refs. [40,42,43], respectively).

4. Conclusions
Entanglement monogamy and polygamy are the essen-

tial properties of multipartite qubit systems, which charac-

terize the distributions of entanglement. We have presented
monogamy relations related to the α-th power of concur-
rence and entanglement of formation. We have also provided
polygamy relations related to the corresponding entanglement
measures of assistance. All the relations we derived are tighter
than the previous existing results. These tighter monogamy
and polygamy inequalities provide finer characterizations of
the entanglement distributions among the multiqubit systems.
By using our approach the monogamy and polygamy prop-
erties with respect to other entanglement measures such as
convex-roof extended negativity, Tsallis-q entanglement and
Rényi-α entanglement can be similarly investigated.
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