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It is well known that squeezed states can be produced by nonlinear optical processes, such as parametric amplification
and four wave mixing, in which two photons are created or annihilated simultaneously. Since the Hamiltonian of the
dynamic Casimir effect contains a2 and a+2, photons in such a process are also generated or annihilated in pairs. Here we
propose to get squeezed light through the dynamic Casimir effect. Specifically, we demonstrate it from the full quantum
perspective and the semiclassical perspective successively. Different from previous work, we focus on generating squeezed
states with the lowest average photon number, because such squeezed states have better quantum properties. For the full
quantum picture, that is, phonons also have quantum properties, when the system is initially in the excited state of phonons,
squeezed light cannot be generated during the evolution, but the light field can collapse to the squeezed state by measuring
the state of phonons. When the phonon is treated as a classical quantity, that is, the cavity wall is continuously driven,
squeezed light with the minimum average photon number will be generated in the case of off-resonance. This will play a
positive role in better regulating the photon state generated by the dynamic Casimir system in the future.

Keywords: cavity quantum electrodynamics, quantum optics, squeezed light

PACS: 03.65.–w, 42.50.Pq, 42.50.–p, 42.50.–p DOI: 10.1088/1674-1056/acf2ff

1. Introduction
Squeezed state[1] is a nonclassical state, which can re-

duce fluctuation of a measurement component below the
shot noise limit. Squeezed state is an important quantum
resource for quantum information processing and quantum
measurement.[2,3] For example, squeezed light can be used
to prepare continuous variable multi-component entangled
state,[4,5] optical communication,[6] quantum teleportation,[7]

gravitational wave detection,[8,9] and to realize high-precision
quantum measurement,[10,11] etc. In 1985, Bell Laboratories
obtained the squeezed light experimentally for the first time
by means of four wave mixing.[12] Then, in 1986, the second-
order nonlinear parametric down-conversion process was used
to prepare and obtain the squeezed light.[13] So far there have
been more and more methods to generate squeezed light, nev-
ertheless the parametric down-conversion process has been
proved to be the most effective way to prepare the squeezed
light.[14–19]

Because the squeezed lights were generated from nonlin-
ear optics in the past, they all have macro intensity. The devel-
opment of quantum communication and quantum computing
requires the light field to reach the single photon level. How-
ever, the single photon or Fock state is not a squeezed state, so
we hope to produce the squeezed light with the minimum aver-
age photon number. It is well known that the squeezed state is
the eigenstate of operator a2, where a is the annihilated opera-

tor of photon. Therefore, in theory, as long as the Hamiltonian
is related to a2, such a system is able to generate squeezed
states. Here, we find that the Hamiltonian of dynamic Casimir
effect satisfies such a requirement.

The Casimir effect refers to the attractive force between
two neutral perfectly conducting plates, which was first pre-
dicted by Casimir in 1948.[20] This surprising phenomenon
has been attributed to the vacuum fluctuation of electromag-
netic field, which is considered as a macroscopic manifesta-
tion of quantum mechanics.[21–23] The vacuum is not really
empty, on the contrary, it contains many virtual photons with
short life. Many researchers theoretically demonstrated that
real particles can be produced from vacuum if injecting energy
into fluctuations.[24–28] This is one of the most basic results
of quantum field theory. For example, in 1970, Moore first
predicted that a cavity with variable cavity length can convert
virtual photons into real photons when its cavity wall moves
back and forth under ideal conditions. This phenomenon was
later referred to as the dynamic Casimir effect (DCE).[27] In
1976, Fulling and Davies[25] demonstrated that photons can be
generated by moving a single cavity wall to make it undergo
nonuniform acceleration.

Since the first prediction of DCE, many different experi-
ments have been proposed, such as in 2005 Braggio et al.[29]

proposed that photons can be generated and observed by ad-
justing the reflectivity of the semiconductor interface of the
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superconducting electromagnetic resonator. In 2009, Johans-
son et al.[30] suggested that DCE can be observed by changing
the magnetic flux through the superconducting quantum in-
terference device (SQUID) by parametrically modulating the
boundary condition of the coplanar waveguide (CPW). Wilson
et al.[31] reported the observation of photon generation in a mi-
crowave cavity whose electrical length is varied by using the
tunable inductance of a superconducting quantum interference
device in 2010. Further, in Refs. [32,33], the equivalent action
of a quickly moving mirror is mimicked by an inductance vari-
ation of a SQUID controlled by a quickly oscillating magnetic
flux. Unlike actual mirrors, the inductance of a SQUID can
be driven at high frequencies (>10 GHz), which enables an
experimentally detectable photon production.

However, it is meaningful to generate and observe dy-
namic Casimir effect through resonators with oscillating cav-
ity walls, whereas it is still difficult in experiments because
the method of generating a large number of photons by mov-
ing the cavity mirror requires very fast movement. In 1996,
Lambrecht et al.[34] made a quantitative estimation of the pho-
ton flux radiated by the optomechanical system consisting of
a cavity with an oscillating mirror for the first time. Using
the resonance enhancement effect, they showed that in a high
Q cavity, a large number of microwave photons can be gener-
ated enough to detect. However, the condition for generating
photons is that the mechanical oscillation frequency ωm is re-
quired to be at least twice the frequency of the cavity mode
ωc. Such resonance condition is the main obstacle to the DCE
experiment.

To overcome these difficulties, Ricardo et al.[35] proposed
a classical analog of the dynamical Casimir effect in engi-
neered photonic lattices in 2017, where the propagation of
classical light emulates the photon generation from the quan-
tum vacuum of a single-mode tunable cavity. In 2018, Macrı̀
et al.[36] took both the cavity field and the moving cavity wall
as quantum mechanical systems, that is, photons and phonons,
and extended the study of DCE to the ultra-strong coupling
limit of cavity optomechanics. They found that this can suc-
cessfully observe photons generated by vacuum cavity mode
resonance.

In view of the generation mechanism of squeezed states
and the Hamiltonian of dynamic Casimir effect, it is reason-
able to predict that the photons generated by dynamic Casimir
effect will appear in pairs, and the generated photon state will
possess the squeezing characteristics to a certain degree. In
this article we plan to mainly verify the above conjecture, and
propose to generate the squeezed state with the lowest average
photon number through the dynamic Casimir effect.

The article is organized as follows. We introduce the
physical model and define the squeezed state with the mini-
mum average photon number in Section 2. In Section 3 we

analyze the squeezing properties of photon states triggered
by initial excited phonon states in the full-quantum dynamic
Casimir effect, and find that the squeezed state can only be
obtained when the phonon is measured. In order to get a sta-
ble squeezed state, in Section 4 we study the properties of
light field produced by dynamic Casimir effect from a semi-
classical perspective, in which the cavity wall is continuously
driven with certain frequency, and find that the squeezed light
with the lowest average photon number can be obtained in the
case of detuning driving. Conclusions and future perspectives
are finally given in Section 5.

2. Model and the squeezed state constructed
It is well known that coherent state is the minimum uncer-

tainty state of orthogonal components. The orthogonal com-
ponent or orthogonal operator of the optical field can be ex-
pressed as X1 = 1

2 (a+ a+) X2 = 1
2i (a− a+), where â+ and â

are the creation operator and annihilation operator of the opti-
cal field, respectively. For a long time, the standard deviation
of the orthogonal operator ∆Xi (i = 1,2) would satisfy the un-
certainty principle, and there is the minimum value ∆Xi = 1/2
and ∆X1∆X2 = 1/4 for coherent state, which is called the quan-
tum noise limit. Then some researchers proposed that, without
violating the uncertainty principle ∆X1∆X2 > 1/4, the fluctu-
ation of one orthogonal component of the optical field can be
smaller than the quantum fluctuation limit, that is, ∆Xi < 1/2
(i = 1 or 2), and such a quantum state is called the squeezed
state.

The squeezing intensity S can be defined by the variance
of the orthogonal operator of the cavity field, it can be writ-
ten as Si = (∆Xi)

2− 1/4 = 〈X2
i 〉− 〈Xi〉2− 1/4 (i = 1,2). If

certain squeezing intensity satisfies Si < 0 (i = 1 or 2), there
will appear squeezing in the cavity field, otherwise there is
no squeezing. The squeezing intensities S1 and S2 can be ex-
pressed in detail by the creation (annihilation) operator, i.e.,

S1 =
1
4
(2〈a+a〉+ 〈a2〉+ 〈a+2〉)− 1

4
〈a+a+〉2,

S2 =
1
4
(2〈a+a〉−〈a2〉−〈a+2〉)+ 1

4
〈a−a+〉2. (1)

The squeezed light produced in previous experiments has
macroscopic intensity, its properties hardly change when they
interact with matter. Now the manipulation of matter has en-
tered the single quantum level, and the demand of light with
low photon numbers in quantum communication and quantum
computing is growing. Therefore, we hope to know what con-
stitutes the squeezed state with the minimum average photon
number.

To obtain squeezed light with low average photon num-
ber, we should know what constitutes the squeezed state with
the minimum average photon number. Therefore, we list the
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possible superposition states of various Fock states with low
photon numbers, as given in Table 1. The first column in Ta-
ble 1 provides various possible superposition states, the second
column indicates whether each superposition state is squeez-
ing state, and the maximum squeezing intensity Simax (i= 1,2)
of all squeezing state is calculated as listed in the third column.
At the same time, the fourth and fifth columns list the prob-

ability amplitudes corresponding to the maximum squeezing
intensities S1max and S2max, respectively.

It can be clearly seen from Table 1 that although several
different coherent superposition of Fock states composed of
|0〉, |1〉, |2〉, |3〉 and |4〉 can produce squeezed states, the |0〉,
|2〉 and |4〉 states will constitute the maximum squeezing with
the minimum average photon number.

Table 1. Squeezing of various superposition states.

Coherent superposition Squeezing Maximum squeezing Probability amplitude Probability amplitude
states state Simax (i = 1,2) of S1max of S2max

Ψ01 = c0|0〉+ c1|1〉 yes
S1 =−0.062 c0 = 0.866

S2 > 0 c1 = 0.500

Ψ02 = c0|0〉+ c2|2〉 yes
S1 =−0.112 c0 =−0.953 c0 = 0.953
S2 =−0.112 c2 = 0.303 c2 = 0.303

Ψ03 = c0|0〉+ c3|3〉 no
Ψ04 = c0|0〉+ c4|4〉 no

Ψ012 = c0|0〉+ c1|1〉+ c2|2〉 yes S1 =−0.112
c0 =−0.953 c0 = 0.953

S2 =−0.112
c1 = 0 c1 = 0
c2 = 0.303 c2 = 0.303

Ψ013 = c0|0〉+ c1|1〉+ c3|3〉 yes S1 =−0.063
c0 = 0.865

S2 > 0
c1 = 0.501
c3 = 0

Ψ014 = c0|0〉+ c1|1〉+ c4|4〉 yes S1 =−0.063
c0 = 0.867

S2 > 0
c1 = 0.498
c4 = 0.001

Ψ023 = c0|0〉+ c2|2〉+ c3|3〉 yes S1 =−0.112
c0 =−0.953 c0 = 0.953

S2 =−0.112
c2 = 0.302 c2 = 0.302
c3 = 0.004 c3 = 0.004

Ψ024 = c0|0〉+ c2|2〉+ c4|4〉 yes S1 =−0.155
c0 = 0.904 c0 = 0.904

S2 =−0.155
c2 =−0.396 c2 = 0.396
c4 = 0.159 c4 = 0.159

Ψ034 = c0|0〉+ c3|3〉+ c4|4〉 no

Ψ0123 = c0|0〉+ c1|1〉+ c2|2〉 yes
S1 =−0.112

c0 = 0.950 c0 = 0.950

+c3|3〉 S2 =−0.112
c1 =−0.002 c1 = 0.002
c2 =−0.314 c2 = 0.314
c3 = 0 c3 = 0

Ψ01234 = c0|0〉+ c1|1〉+ c2|2〉
yes

S1 =−0.155

c0 = 0.903 c0 = 0.903

+c3|3〉+ c4|4〉 S2 =−0.155

c1 = 0 c1 = 0
c2 =−0.396 c2 = 0.396
c3 =−0.001 c3 = 0.001
c4 = 0.160 c4 = 0.160

In order to observe the squeezing of several superposition
states more clearly, we use the following three coherent super-
position states as examples to illustrate, here assuming c0, c2,
and c4 to be positive real number, which are

ψ02 = c0|0〉+ c2|2〉, (2a)

ψ24 = c2|2〉+ c4|4〉, (2b)

ψ024 = c0|0〉+ c2|2〉+ c4|4〉. (2c)

The squeezing intensities S1 and S2 of the above three initial
states as functions of c0 and c2 are plotted in Fig. 1. The nor-
malization condition of probability amplitude is automatically
satisfied.

For the state ψ02 = c0|0〉+ c2|2〉, it is obvious from
Fig. 1(a) that there appears squeezing in S2 only when c0 >

0.83. Notice c2 =
√

1− c2
0. The squeezing of the photon state

reaches the maximum S2max =−0.112 at c0 = 0.953.
For the state ψ24 = c2|2〉+c4|4〉, it is clear from Fig. 1(b)

that there is no squeezing no matter what value c2 takes.
For the state ψ024 = c0|0〉+ c2|2〉+ c4|4〉, see Figs. 1(c)

and 1(d), it is clear that there are some parameter regions with
squeezing marked by blue and surrounded with thick black
curves. Compared with ψ02, the maximum squeezing can be
promoted to S1max = S2max =−0.155 with the addition of |4〉.

It can be concluded from the above discusstion that |0〉 is
very important to get squeezed for the superposition of Fock
state. If we can construct coherent superposition states of |0〉,
|2〉, |4〉 or more photons in the evolution of the system, we can
reach squeezing.
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Fig. 1. (a) The squeezing intensity Si (i= 1,2) as a function of c0 for the
photon state ψ02. (b) The squeezing intensity Si (i = 1,2) as a function
of c2 for the photon state ψ24. [(c), (d)] The squeezing intensities (c) S1
and (d) S2 as functions of c0 and c2 for the photon state ψ024. Here c0,
c2, and c4 are assumed to be positive real numbers.

As the Hamiltonian of the dynamic Casimir effect con-
tains the square term a2, it is an ideal physical system that can
produce photon pairs. In this work, we consider a single-mode
cavity, and one of the cavity mirrors is fixed while the other is
oscillating with tiny amplitude, as shown in Fig. 2. It is the
simplest model that describes the DCE in the absence of dissi-
pation.

Fig. 2. Scheme of dynamic Casimir effect. A single mode cavity with
frequency ωc, while one wall oscillates with frequency ωm.

It is worth noting that the elementary analysis in Ref. [35]
shows if the mechanical and photonic loss rates are much
lower than the optmechanical coupling rate, mechanical en-
ergy can be converted, at least in principle, into light with near
100% efficiency. It follows that when the system loss is very
small, including the mechanical and photonic loss rates, and
the Q factor of cavity is very high, the system loss has lit-
tle influence on the photon number generated by the dynamic
Casimir effect. Therefore, the resonator with high Q factor
and low system loss is selected in this study, and the influence
of the loss on the average photon number generated by the dy-
namic Casimir effect can be ignored.

Next, we study the squeezing characteristic of the cavity
field due to the cavity wall vibration in the dynamic Casimir
effect.

3. The full quantum theory
In order to generate the squeezed cavity field with the

minimum average photon number, we firstly resort to the full

quantum dynamic Casimir effect, in which the oscillating cav-
ity wall can be modeled as phonon. As shown in Fig. 2, a
single-mode cavity has frequency ωc, while its oscillating wall
can be seen as a phonon with frequency ωm. The Hamiltonian
of the system can be written as (}= 1)[36]

H =}ωcâ+â+}ωmb̂+b̂+ h̄gâ+a(b̂+ b̂+)

+
1
2

h̄g(â2 + â+2)(b̂+ b̂+), (3)

where a and a+ are the annihilation and creation operators of
cavity mode, while b and b+ are the annihilation and creation
operator of phonon (oscillating wall). Photon and phonon are
both the Bosons. The third term refers to the optmechanical in-
teraction with the coupling coefficient g, in which the oscillat-
ing cavity wall changes the frequency of the cavity mode. The
last term refers to the dynamic Casimir effect, in which energy
exchange occurs between photon and phonon. Checking the
Hamiltonian of DCE, it is clear that energy is not conserved
in DCE, because some energy comes from vacuum. As the
photon are created or annihilated in pair, the dynamic Casimir
effect can be used to generate squeezed light in principle.

Here, we set ωm = 2ωc, which is the resonant condi-
tion of DCE, and g = 0.04ωm. Initially, there is one phonon
for the cavity wall, and it is vacuum in the cavity, that is,
Ψ(0) = |0c,1m〉. Then the state of the system Ψ(t) evolves
according to the Schrödinger equation, i.e.,

Ψ(t) = ∑
n,m

cnm|nc,mm〉. (4)

Noticeably, |nc〉 refers to n photon in cavity, while |mm〉 refers
to m phonons in mechanical oscillator (cavity wall). The aver-
age photon number 〈a+a〉, the average phonon number 〈b+b〉,
and the squeezing intensity S1 and S2 can be calculated ac-
cordingly.

Figure 3(a) shows 〈a+a〉 and 〈b+b〉, and Fig. 3(b) shows
S1 and S2. It is obvious from Fig. 3(a) that photons (red curve)
and phonons (blue curve) are exchanging with time, in which
one phonon can be converted into two photons, and vice versa.
When the time starts from 0 to 55/ωm, the average photon
number 〈a+a〉 increases from 0 to 2. In this process, the cavity
field must be in the coherent superposition state of |0c〉, |2c〉
and |4c〉, and there should be squeezing at certain time in prin-
ciple according to the result of Fig. 1. However, we find Si

(i = 1,2) are both positive at any time as shown in Fig. 3(b),
in other words, there is no squeezed light anymore.

The reason for this difference is that ψ024 = c0|0〉+
c2|2〉+ c4|4〉 of Eq. 2(c) is just the supposition of photonic
Fock state, but in DCE Ψ(t) = ∑n,m cnm(t)|nc,mm〉 it is the su-
perposition of direct product states of photons and phonons
|nc,mm〉. In the time involved in Figs. 3(a) and 3(b), only
the contributions of |0c,1m〉, |2c,0m〉, |2c,1m〉, |4c,1m〉 are in-
cluded. When calculating the expected values, such as 〈a〉,
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〈a+〉, 〈a2〉 and 〈a+2〉, the two states ψ024 and Ψ(t) will get
completely different results. Because the photon state and
phonon state are entangled in the dynamic Casimir effect, the
cavity field does not have squeezing in the free evolution.
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Fig. 3. (a) Evolution of 〈a+a〉 and 〈b+b〉 in DCE. (b) The corre-
sponding squeezed intensities S1 and S2 in DCE. The initial condition
is Ψ(0) = |0c,1m〉. The parameters of the system are ωm = 2ωc and
g = 0.04ωm.

How can we make the cavity field to be squeezed? The
answer is to measure the state of the cavity wall, so that the
cavity field will collapse into the superposition state of the
Fock state. Suppose that there is a measurement that can mea-
sure whether the cavity wall is one, two or three phonons.
Each result corresponds to a special cavity field state. For
example, the original state is Ψ(t) = ∑n,m cnm(t)|nc,mm〉. At
time t, we perform the measurement on phonon. If we get 1
phonon, the cavity field will collapsed into the state

Ψ|1m〉(t) = ∑
n

d1n|nc〉. (5)

Notably, t means that we perform measurement at t. The pos-
sibility amplitude d1n of the reduced cavity field reads

d1n =
cn1(t)√
∑
n′
|cn′1|2

. (6)

Similarly, if we get m phonon at time t, the cavity field will
collapsed into the state

Ψ|mm〉(t) = ∑
n

dmn|nc〉 (7)

with

dmn =
cnm(t)√
∑
n′
|cn′m|2

. (8)

Therefore, whether there is compression in the cavity field and
how strong the compression is depend on when and how many
phonons are measured.

With these reduced cavity field state Ψ|mm〉(t), we can
calculate the conditional squeezing intensities S1(m, t) and
S2(m, t) of the cavity field when m phonons are measured at
the moment t.
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Fig. 4. (a) The conditional squeezing intensity Si(1, t) when detect 1 phonon
at time t. (b) The conditional squeezing intensity Si(3, t) when detect 3
phonon at time t. The parameters are the same as those in Fig. 3.

The conditional squeezing intensities S1(1, t) and S2(1,t)
of the cavity field when 1 phonon is detected at the moment
t are shown in Fig. 4(a). The inset is the enlarged view of
Fig. 4(a). It is shown that when t < 13/ωm, the cavity field pos-
sesses squeezing when measuring 1 phonon. In this time in-
terval, whether S1(1,t) or S2(1,t) is squeezed depends on when
it is measured. The maximum squeezing intensity is about
−0.003.

The conditional squeezing intensities S1(3,t) and S2(3,t)
of the cavity field when 3 phonons are detected at the moment
t are shown in Fig. 4(b). The results show that the cavity field
is squeezed when 3 phonons are detected in most of the time.
Mostly there appears S2(3,t) squeezed. The maximum squeez-
ing intensity can reach −0.15.

Therefore, in the full quantum representation of DCE,
when there is an initial phonon, there is no cavity field squeez-
ing in the free evolution. However, at certain time, we measure
the phonons, and the reduced cavity field will be squeezed,
depending on the detection results. In this way, we get the
squeezed cavity field with very low average photon number.

On the other hand, we can know how many phonons are
in the cavity wall according to the squeezed intensity of cav-
ity field, and we can also know whether the cavity field is
squeezed according to the number of phonons detected.
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4. The semi-classical perspective
In the above section, we have discussed the case in which

the system is initially driven by a phonon. Whether the cavity
field is squeezed depends on the detection of the number of
phonons. Now we discuss the case in which the cavity wall
is continuously driven at a fixed frequency ωm. The energy
exchange between photons and phonons does not affect the
vibration state of the cavity wall, which is simpler in exper-
iment. In this case, the cavity wall vibrator (phonon) can be
taken as a constant, and such treatment is called semiclassical
approximation. The Hamiltonian of DCE under semiclassical
approximation is expressed as (we set }= 1)[35]

H0 = ω(t)â+â+ iχ(t)(â+2− â2), (9)

where ω(t) is the instantaneous frequency of the cavity, which
is given as ω(t) = ωc[1+ ε sin(ωmt)] with ε being the mod-
ulation amplitude. The relationship between DCE coefficient
χ(t) and ω(t) is expressed as χ(t) = ω ′(t)/(4ω(t)). When
|ε|� 1, the cavity frequency becomes ω(t)≈ωc and the DCE
coefficient can be approximated as χ(t)≈ εωm cos(ωmt)/4 for
simplicity.

In order to generate more photons from DCE, resonance
conditions ωm = 2ωc are generally required.[37] First, we an-
alytically calculate the squeezing characteristics of the cavity
field generated in the resonance case.

It is known that the photons generated from DCE grow
exponentially with time when ωm = 2ωc.[38] In order to ob-
serve this phenomenon, after applying some deduction,[35]

the effective time-independent Hamiltonian is obtained as fol-
lows:

H I
0 ≈

( iεωc

4

)
(â+2− â2), (10)

whose time evolution operator is

U I
0 = exp

(
− i

}
H I

0t
)
= exp

(
r

a+2−a2

2

)
, (11)

where r corresponds to dimensionless time, r = εωct. The
time evolution operator generates the following transforma-
tion in the field operators

a+(t) = a+ cosh(r)+asinh(r),

a(t) = a+ sinh(r)+acosh(r). (12)

Now the average number of photons in DCE at any time can
be calculated as

〈0|a+(t)a(t)|0〉= sinh2(r), (13)

and the expected values of a(t), a+(t), a+2(t) and a2(t) can
be easily acquired correspondingly. Finally, the squeezing in-
tensity of the light field can be obtained according to Eq. (1)
as

S1 =
1
2

sinh2(r)+
1
2

sinh(r)cosh(r),

S2 =
1
2

sinh2(r)− 1
2

sinh(r)cosh(r). (14)

We plot in Figs. 5(a) and 5(b) the evolution of average photon
number 〈a+a〉 and the squeezed intensity Si (i = 1,2) accord-
ing to the above formula, respectively. It is obvious that the
average photon number increases exponentially in Fig. 5(a).
Notably, the cavity field generated by DCE is squeezed as
shown in Fig. 5(b), and the maximum squeezing can reach
S2 =−0.25 when εωct > 5.

As a verification, we repeat the above results using nu-
merical methods. Using the Fock state |nc〉 to establish Hilbert
space, we express Hamiltonian with matrix and wave function
with vector composed of probability amplitude of each Fock
state. The initial state is set as vacuum state, and then free
evolution is carried out. The squeezed intensity calculated
by this numerical method is shown in Fig. 5(c). Comparing
Figs. 5(c) and 5(b), we can find that the numerical calcula-
tion results and the analytical results are completely consistent
when εωct < 4.2. The reason is the truncation of Hilbert space
in numerical calculation, and the maximum Fock state in the
calculation is |450c〉. Since the number of photons increases
exponentially with time, the size of Hilbert space required also
increases exponentially with time. At all events, our results
reflect that the DCE will produce squeezed light with an expo-
nential increase in the number of photons at resonance.
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However, squeezed light with macroscopic intensity is
not the object of our work. We hope that there is a two-photon
process in DCE, and the cavity field maintains a very low in-
tensity at the same time. The result reported in Ref. [35] gives
us enlightenment. Ancheyta et al. in Ref. [35] pointed out that
if the cavity wall vibration frequency ωm and the cavity fre-
quency ωc do not meet the resonance condition ωm = 2ωc, the
cavity field will not increase exponentially with time.

To explore the dynamics of the system in general off-
resonant cases, we take ωm = 2ωc +∆ , where ∆ represents
the frequency detuning. After some deduction, the time-
independent Hamiltonian is obtained as follows:

HI
′

0 =
( iεωc

4

)
(â+2− â2)−

(
∆

2

)
â+â. (15)

It can be seen from Ref. [35] that the detuning ∆ is divided into
two ranges, i.e., ∆ < εωc and ∆ > εωc, and different ranges
correspond to different evolution characteristics of the photon
number. In detail, when ∆ < εωc, the average photon num-
ber increases exponentially; and when ∆ > εωc, the average
photon number oscillates with finite amplitude.

Therefore, we calculate the detuning cases numerically.
First, we consider the case of ∆ < εωc in which the aver-
age photon number will increase exponentially with time, and

choose ∆/(εωc) = 0.5 as an example. The average photon
number and squeezed intensity of cavity field are shown in
Fig. 6. As shown in Fig. 6(a), the average photon number in-
creases exponentially when ∆/(εωc) = 0.5, whereas it grows
more slowly than the resonance case, i.e., Fig. 5(a). Accord-
ingly, as shown in Fig. 6(b), while the corresponding S2 still
shows squeezing characteristics, only the squeezing exists in a
certain time range εωct ∈ [0, 3], and the maximum squeezing
is S2 =−0.167, which smaller than the case of resonance, i.e.,
−0.25. It can be concluded that, in the case of ∆ < εωc, with
the increase of detuning ∆ , the rate of exponential increase
will be slower, and the squeezing of cavity field will also be
weakened. However, in this case, the number of photons in-
creases exponentially to reach the macroscopic intensity.
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Now, we check the case of ∆ > εωc and take ∆/(εωc) =

1.5 as an example. The corresponding average photon num-
ber and squeezed intensity are shown in Figs. 7(a) and 7(b),
respectively. It is clear from Fig. 7(a) that the average photon
number of DCE oscillates periodically with time, and the max-
imum average photon number is just 0.8. It can be seen that
the increase of detuning ∆ changes the evolution of the pho-
ton number, which changes from an exponential increase in the
resonant case to a periodic oscillation. It reflects that photons
are exchanging with phonons on the cavity wall. However, the
phonon here is a classical quantity that does not change with
photons. The two-photon process in Hamiltonian (15) guaran-
tees that the cavity field is a coherent superposition of a series
of even photon states. Therefore, there must be squeezed states
in the evolution process. Figure 7(b) reveals that S1 and S2

of the cavity field will periodically squeezing alternately. By
comparing Figs. 7(a) and 7(b), we find that there is no squeez-
ing when the average photon number is maximum. For exam-
ple, at εωct = 2.8, the average number is maximal with 0.8,
but the corresponding S1 and S2 are the same and both larger
than 0, i.e., 0.4. When the time is εωct = 0.79+ 5.6n (n =

0,1,2,3, . . .), S2 reaches the maximum squeezing of −0.11,
meanwhile the average photon number is just 0.1. When the
time is εωct = 4.9+ 5.6n (n = 0,1,2,3, . . .), S1 reaches the
maximum squeezing of −0.11, meanwhile the average pho-
ton number is still 0.1. Therefore, as time evolves, S1 and S2

alternately reach the same maximum squeezing and have the
same average photon number. To further verify this conclu-
sion, we decompose the cavity field state at εωct = 0.79 when
S2 reaches the maximum squeezing, and give its probability
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distribution in different Fock states in Fig. 7(c). It is found
that the probability in |0c〉, |2c〉, and |4c〉 are 0.933, 0.059,
and 0.006 respectively, which is consistent with the result in
Fig. 1(d). This just proves that under the semiclassical the-
ory, stable low average photon number squeezed states can be
generated through the dynamic Casimir effect when frequency
shift ∆/(εωc)> 1.

Comparing Figs. 5–7, we find that the average photon
number of the cavity field is the largest under the condition
of resonance, and the average photon number gradually de-
creases with the increase of frequency detuning ∆ . Accord-
ingly, the squeezing intensity of the cavity field weakens with
the increase of the frequency detuning. This seems to imply
that there is a contradiction between the maximum squeezing
and the minimum average photon number in the DCE pro-
cess. Reducing the average photon number will also weaken
the squeezing. However, we can still find a balance between
the low average photon number and the squeezed intensity.

5. Conclusion
Different from previous work, we mainly discuss the

scheme of generating extremely weak squeezed light from
DCE process. We first discuss the squeezing properties of the
superposition state composed of |0c〉, |2c〉 and |4c〉, and find
that the |0c〉 is very important for squeezing.

Then we analyze the possibility of producing extremely
weak DCE squeezed light from both the full quantum scheme
and the semiclassical scheme.

In the full quantum scheme of DCE, the cavity wall is
treated as a phonon. We find that the cavity field does not ex-
hibit any squeezing in the DCE process starting from a phonon
state. Only when the cavity wall is measured, the collapsed
cavity field states will have different squeezing properties ac-
cording to the measured phonon states. These collapsed cavity
field states have much lower average photon numbers.

The semiclassical scheme of DCE is to drive the cavity
wall stably and continuously at a certain frequency. The vi-
bration of the cavity wall is regarded as a classical quantity
and is not affected by the photon state. In this scheme, we find
that the detuning between 2ωc and ωm is very important, and
it was attempt to avoid it in the previous DCE research. Un-
der proper detuning, we can periodically obtain squeezed light
with very low average photon number.

It should be noted that the verification of our theoret-
ical work in experiments is still a great challenge. How-
ever, the current experimental progress still gives us hope.
Several generalized DCE schemes have been realized in
experiments.[30–33] For example, in Refs. [32,33], the equiv-
alent action of a quickly moving mirror is mimicked by an
inductance variation of a SQUID controlled by a quickly os-
cillating magnetic flux, and detected the generated microwave

photons. Furthermore, the preparation and manipulation of
single phonon have been experimentally achieved in Ref. [39].
Therefore, the dynamic Casimir effect would be observed
through superconducting circuits system which has been real-
ized in experiment.[32] Then, based on the manipulation tech-
nique of single phonons in Ref. [39], phonon state can be de-
tected. After detecting phonons, the cavity field can automat-
ically collapse to squeezed state, thereby achieving the prepa-
ration of a squeezed state.

Although dissipation and decoherence have a certain im-
pact on the loss and absorption of photons, the possible ex-
perimental implementation in our system is usually in the mi-
crowave band, and the impact of loss is very small and can
be ignored. In the future, when DCE can be observed in the
visible or infrared band, the influence of photon loss must be
considered.
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