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We study the phase, Larmor and dwell times of a particle scattered off triangular barriers (TBs). It is interesting that
the dependences of dwell, reflective phase and Larmor times on the wave number, barrier width and height for a pair of
mirror-symmetric (MS) exact triangular barriers (ETBs) are quite different, as the two ETBs have quite distinct scattering
surfaces. In comparison, the dependence of the transmitted phase or Larmor times is exactly the same, since the transmitted
amplitudes are the same for a pair of MS TBs. We further study the Hartman effect by defining the phase and Larmor
velocities associated with the phase and Larmor times. We find no barrier width saturation effect for the transmitted and
reflected times. This is indicated by the fact that all the velocities approach finite constants that are much smaller than the
speed of light in vacuum for TBs with positive-slope impact faces. As for ETBs with vertical left edges, the naive velocities
seem to also indicate the absence of the Hartman effect. These are quite distinct from rectangular barriers and may shed

new light on the clarification of the tunneling time issues.

Keywords: triangular barrier, Hartman effect

PACS: 03.65.Xp

1. Introduction

As a purely quantum mechanical phenomenon, quantum
tunneling is extremely important in a vast range of fields, such
as helping overcome the Coulomb barrier in nuclear fusion,!!!
tunneling-induced DNA mutation,?! scanning tunneling mi-
croscopes, advanced electronics like tunnel diodes® and even

[4.5]

false vacuum decay in cosmology. With the extensive

exploration of quantum tunneling, an early discovered time

issuel®7]

is still unresolved; namely, how long does it take
for a tunneling particle to traverse a barrier region. Recently,
this matter again returned as a bone of contention among
researchers,®-13] mainly thanks to the ultraprecise timing

[14,15

technology developed in attosecond science. I There are

various definitions of tunneling time in the literature, such as
Esenbud-Wigner time delay (also termed phase time),[!o-18]
dwell time!'”! and Larmor time.[?°??l Each of them reflects
quite distinctive features in quantum tunneling.?* Aside from
the well-studied tunneling times mentioned above, several
other time definitions have been proposed. These include the

10111 jntroduced by Rivlin et al., the self-

tunneling flight time
adjoint time operator introduced in analogy with the relativis-
tic Dirac Hamiltonian!?* and the entropic time inspired by the
statistical implication from the relation between the imaginary
Biittiker—Landauer time and the inverse temperature. [>!

With the push from the rapid progress in attosecond
science, %! the question of whether quantum tunneling takes
a finite time or is instantaneous seems closer to be answered.
Even if it is acknowledged that tunneling takes a finite time,

a well-accepted time definition in the academic community

fCorresponding author. E-mail: spacecraft@pku.edu.cn
© 2024 Chinese Physical Society and IOP Publishing Ltd
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is still lacking. For example, phase time keeps track of the
peak of a moving wave packet while a thick barrier behaves
as a high energy filter, which makes the track of the peak of a
wave packet meaningless since it is highly distorted after tun-
neling; dwell time measures the ratio of the expectation value
of a projection operator [, dx|x)(x| (the barrier region is in-
cluded in [xj,x¢]) to the incident flux but never distinguishes
transmitted waves from reflective partial ones. Many other
time definitions, such as Pollack—Miller time?”! or Biittiker—
Landauer time,[?81 also suffer from various drawbacks, such
as the failure to fulfill Tpw = 7r|7]> + wr|R[?>. In contrast,
Larmor time, which maps the time evolution to the rotation
angle swept by the spin of an incoming particle in the “clock
face” orthogonal to the magnetic field coving the barrier, is
not only experimentally feasible!®°! but also closely related

(29301 Thus its out-of-plane part corre-

(31,32

to weak measurement.
sponds to the back reaction of a measurement. I Interest-
ingly, the four times can be classified either as the dwell time a
particle sojourning in the barrier or the passage time a particle
getting across it, and they are neatly unified with the path inte-
gral formalisms. >3] These treatments may support that tunnel-
ing time can be best viewed as a distribution and thus different
definitions only capture specific features of the distribution. In
this paper, we mainly focus on the first three well-posed tun-
neling times and the Larmor time in particular.

As a paradigm in the study of tunneling time, the rect-
angular barrier draws the most attention and has been ana-
lyzed extensively, 33! especially in the discovery of the Hart-

6,7,34

man effect.[%7-34] Tt is proposed that the superluminal behav-

ior arising from the lack of independence of tunneling time on

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

030306-1


https://doi.org/10.1088/1674-1056/acf2fe
mailto:spacecraft@pku.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 33, 030306 (2024)

the barrier width is an artifact of the misinterpretation!3>-3! of

phase time as traversal time.3”! This viewpoint receives sup-
port from the study of phase and dwell times in a rectangular
double barrier and its deformation, double-8 barrier.*8] Later,
an analytical study on smooth Asech?[x/a] barriers showed
that a smooth rather than vertical scattering interface indeed al-
leviates or even smears out the time saturation effect with the
increase of barrier width, which is proportional to a, largely
due to the steep rising of tunneling rate in a very narrow re-
gion in momentum space.*”! Recently, the sech’-type barrier
and well were thoroughly studied in exploring the detail of
the reshaping mechanism and the causality issue by analyz-
ing the pole structure of transmission amplitude.?! Utilizing
generalized phase time with time reversal invariance, the Hart-
man effect in an arbitrary shape with smooth barriers has been
studied.*!! A natural example of smooth barriers is the lin-
ear gravitational potential, which was first studied by Davies
when exploring whether the weak equivalence principle holds
in the quantum domain.*>*3 Later on, we proposed a new
configuration of magnetic field, spin and momentum of a tun-
neling particle through the linear potential when analyzing the
Larmor time. 44

In this paper, we extend our previous study of tunnel-
ing times in linear potential**] to exact triangular barriers
(ETBs), which are barriers with vertical edges either on the
left or right side and thus are natural truncations of linear barri-
ers. The major advantage of studying triangular barriers (TBs)
is that they can provide analytical solutions. Moreover, TBs
have barrier width, height and two side slopes as varying pa-
rameters, and these shape parameters facilitate the study of
barrier shape sensitivity for various tunneling times. As far
as we know, the study of tunneling in TBs was initiated by
Fowler and Nordheim to explore the mechanism of electron
emission induced by intense electric fields from metals, #6471
and it is also partially motivated as a rough simplification of
—sz +eE-r—a'EL in

laser-induced tunneling ionization.[*8! A recent study of the

the effective potential Veg(r, E) =

Harman effect through comparisons of tunneling in square and
TBs can be found in Refs. [49,50]. Here we mainly compare
the phase, dwell and Larmor times for a particle tunneling
through a pair of MS ETBs, namely the positive-slope exact
triangular barrier (PETB) and the negative-slope exact triangu-
lar barrier (NETB). The two kinds of ETBs can be regarded as
the two limiting cases of the general TBs. The study of general
TBs is in progress. The present study undoubtedly demon-
strates the barrier-shape sensitivity of various reflective tun-
neling times. By defining the velocities associated with these
tunneling times, we investigate the Hartman effect further in
TBs.

The rest of our paper is organized as follows. In Sec-
tion 2, we present the basic solution of the Schrodinger equa-

tion with TBs and then we demonstrate the basic features of
phase, dwell and Larmor “times” in order in Section 3. In Sec-
tion 4 we define the tunneling velocities associated with phase
and Larmor times, and show the barrier width dependence to
illustrate the absence of a saturation effect of the tunneling
time for TBs. We conclude our results in Section 5.

2. Basic theory of a TB

It is necessary to revisit the one-dimensional tunneling so-
lutions of TBs, which may serve as a simple one-dimensional
approximation to the laser-induced tunneling ionization. 411
For simplicity, we begin with a PETB, which can be regarded
as the truncation of a linear barrier, *#! see Fig. 1(a).

For a particle tunneling through a TB Vi (z) = ©(2)©® (L —
z)az, where a and L are the slope and width of the PETB, re-

spectively. The general solution to the Schrodinger equation

d

ih—®(z,t) = |——==
5@l = |

is @(z,t) = [ dke_ihkzt/zmg(k)q)k(z), where the Fourier com-
ponent ¢ (z) is the eigensolution of the stationary Schrédinger
equation

2m

o)+ [1 - (hk)thri(Z)] 00(2) =0, M

and g(k) is the weighting factor in wave number k space for
various Fourier components @ (z) of the wave packet P (z,7).
To study tunneling time, it is necessary for most of the com-
ponents ¢(z) to tunnel coherently, which means the corre-
sponding transmission rate 7 (k) does not vary significantly
for |k — k| < o, where k. is the central wave number for the
wave packet ®(z,¢) and oy, is the width of the wave packet in k
space, say, g(k) = exp[—%]. For a general barrier, the re-
quirement of a small variation of 7' (k) in k € (k; — Ok, ke + O)
means o |dlog[T (k)]/dk|r—;, < 1 and thus it is better to
prepare a narrow wave packet in k space.l?! As a prelimi-
nary step, in this paper we exclusively discuss eigensolutions,
which may be viewed as a nearly chromatic approximation of
a narrow wave packet. The wave packet treatment will be left
for future works.

Clearly, for a particle outside the region of the TB shown
in Fig. 1(a),

0l(e) + e BeT and gi(2) > ye i,

where the upper or lower sign in =+ depends on whether the
particle is injected from the left or right side, and ¢} (z) and
¢;(z) describe the injected and transmitted waves. For a parti-
cle inside the region of a PETB, the general solution is

0F (2) = c1Ailkaz — k2] + c2Bilkaz — k2], )

where ¢y, ¢ are the two yet-to-be-determined constants and
L, =1/k, = (2ma/h?)~'/3 is a characteristic length scale and
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kq = kL, is the corresponding dimensionless wave number. By
convention, we can always choose the + sign for ¢;(z), which
is equivalent to assume that the packet is incoming from the
left. Exact TBs have two possible configurations, which are
related by the spatial reflection z — —z. As an example, the po-
tential in Fig. 1(b) is an NETB, V;i(—z) = —0(—z)0(L+z)az,
which is MS to its partner in Fig. 1(a).

Scattering throught a PETB

|bo.7[=]|? (a)
5F —l¢us[2]]?
4t — |¢a5[2]|2
N 3
2 L
1 L
ok
—4 —2 0 2 4
z
6 Scattering throught a NETB
b
| (b)
|do.7[2]|2
4 — |$1.5[7] \?
R 3f — |p2.5[2]|2
2 L
1 A
0

Fig. 1. The probability density distribution |y (z)|? for a particle with
energy (%k)?/(2m) tunneling through two spatial MS TBs Vi;(z) and
Vii(—2z). The curves with wave numbers k = 0.7, 1.5, 2.5 are depicted
with light green, blue and red colors, respectively.

Here we explicitly write down the eigensolution for a
PETB in the following and degrade the eigensolutions for
the MS NETB and the more general TB in Appendix B. The
ansatz for the scattering eigensolution of the PETB Vi, (z) is

% (@) = (2)0(=2) + ¢ (2)O(2)O(L —2)
+ ()0 (z— L)
O‘eikz+ﬁe—ikz7 Z<0,
= cipAilkez — k2] + copBilkaz — k2], 0 <z < L, (3)
yeike, L<z.

The continuity equations read
o+pB= ClpAi[—/;S] + CzpBi[—fc[ZlL
ik(a—B) = ka (c1pAi'[—k3] + c2pBi'[-K7]) ,
cipAilk,L — k2] + capBilk,L — k2] = ye'kE,
k ) - . . .
i (c1pAi (kL — k2] + capBi' koL — kg}) =ye'*. (&)

For simplicity, we set the incoming flux as a unit such that
o = 1 and the coefficients can be obtained in a straightforward

way as
2k(kQo + ke Lc1)

P R2Q) Q) ikkaQe )
—2ikk, e ik
7= TI2Q + k22 + ikka Q] ©)
2k (kBilksL — k2] + ik Bi' [koL — k2])
‘b= K200 + 1201 + ikka Qe D
2k (kAilk,L — k2] + ik Al [k L — K2])
2= 12Q0 1 k2 + 1kk, €0 @

where %, = B/, F, = y/a are reflective and transmitted
amplitudes, respectively, and the subscript p in the coefficients
above is for PETBs; similarly the subscript n is for NETBs.
We have also defined the following functions:

Qo = Ailk,L — k3Bi[—k2] — Ai[—k2|Bi[k,L — k2],

Q) = Ai'[k,L — k2|Bi'[-k2] — AV [—k2|Bi'[k,L — k2],
Q1 = Ai'[k,L — k2|Bi[—k?] — Ai[—k2|Bi'[k,L — k2],

Qe = Ai'[-k2|Bilk,L — k2] — Ailk,L — k2|Bi'[—k2], (9)

and Q. = Q.| + Q. The functions in Eq. (9) are also use-
ful for the eigensolution of the MS NETB, Vi;(—z), shown
in Fig. 1(b), see Appendix B. The relative probability den-
sity profiles for a particle scattering off a pair of MS ETBs
in Fig. 1 are quite different. Interestingly, the transmission
amplitudes (6) and (B3) are exactly the same, i.e., F, = Jp;
the reflection amplitudes (5) and (B2) are closely related,
i.e., Den[%,] = Den[%,] and Num|[%,] = (Num[%, e?!¥])*,
where “Den” and “Num” denote denominator and numerator,
respectively, * means the complex conjugate and e 2L is a
phase factor due to the coordinate choice. This is only a spe-
cial case of a general result derived from the one-dimensional
stationary Schrodinger equation with the potential V (z) € R,
namely, the transmission amplitudes must be the same and the
reflection amplitudes are closely related for a pair of MS bar-
riers V(z) and V(—z), where V(z) can be of an arbitrary shape

with a finite nonzero region. 3!

3. The three kinds of tunneling time

3.1. Phase time

H6I7.191 §g a well-

Phase time or Eisenbud—Wigner time
motivated time definition in quantum tunneling, though it
lacks essential causality relevance to correlate the transmit-
ted and incoming wave packets and thus cannot capture the
elapsed time in the tunneling process.**! Chasing the peak
of a wave packet is useless since a thick barrier works as a
high-energy filter and the shape of an incoming wave packet is
strongly distorted after tunneling. However, phase time is still
a valuable definition in evaluating the time scales in quantum
tunneling®®) and reveals the self-interference between the in-
coming and reflective partial waves. For example, we will see
below that the reflective phase times are quite different for a
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pair of MS ETBs. The phase times corresponding to reflective
and transmitted partial waves are defined below:

TRhase = ﬁ (210+ 89R>

b nk ok
dtan~! | MR
_m zzo+[Rem} . 0)
hk ok
T _m 96r
Tphase = 7 <L+ 8k>
—1 | Im[T]
Rk ok ’

where L is the barrier width and [y is the spatial distance ahead
of the barrier, and R and 7 are the reflection and transmis-
sion amplitudes, respectively, say, Egs. (5) and (6) for a PETB.
Also, note that we have ignored the multivaluedness of the
tangent function. In other words, we choose the value 65 €
[—7/2,7/2] for the inverse function of “O5 = tan~! [tan(65)]”,
where S=R, T.

Since the transmission amplitudes are the same for a pair
of MS barriers, such as Egs. (6) and (B3), the resulting trans-
mitted phase times are also the same. In the following, we
do not distinguish the two transmitted phase times (as well as
the transmitted Larmor times) provided that the two barriers
involved are MS.

To demonstrate the transmitted phase time behavior with
the variation of wave number k, we plot ATpThase = %‘9‘% and
T[;Fhase in Fig. 2. From the main figure of Arghase,
clearly that the transmitted phase time delays are negative for

Wwe can se€e

small &, which seems to indicate that it takes less time for a
less energetic particle to transverse an ETB than a free spatial
region of the same width. In other words, the presence of a
barrier seems to speed up instead of slow down the tunneling
particle, contradicting the classical intuition, which has long
been observed and refined in terms of the famous Hartman
effect.3438] Another feature shown in the inset of Fig. 2(a)
is that the peaks of Tghase(k) are shifted to the right and the
peak values decrease significantly with the increasing of bar-
rier heights when the barrier width is fixed. In comparison,
the peak values of AT}
gently with the increase of barrier heights V. Compared to

T T . .. T T
AT s> the wave number k maximizing T, or AT,

in the main subfigure reduce very

[i.e.,

max ([T (k)] = T (k)], is increasing with increasing Vo,
which leads to a further decrease of Z£ in 71 On the other

ik phase*
hand, for a fixed barrier height with different barrier widths,

the corresponding k are roughly the same and the peaks of

T T T . . . . . .
Tohase (k) OF ATy (k) increase with increasing barrier width.

It looks like 7, (k) does have a barrier width dependence
for TBs, in comparison with the phase time behavior for rect-

angular barriers, which will be confirmed in Section 4. It is

plausible that the occurrence of peaks in ‘L'pThase(k) for TBs is
due to the accumulation of the interference enhanced by the
gentle slope either on the left or the right side of the TBs. The
peaks in the k-spectrum of the transmitted phase time and the
lack of width a independence are also present in the smooth
sech?(z/a)-type barrier’®! and may be due to the same inter-

ference effect.

Fixed barrier width L =3 nm

(a
- /\\&_

’g 8 10 k (nm™!)
— —Vo=5 peV
Vo="7 peV
= Vo=9 peV
< —Vo=12 peV

6 8 10 —Vp=15peV

Fixed barrier hight V=9 peV

2t (b)
! A
e
L 3_—# I 6 7 k (nm-!)
4t — L =3 nm
-2 3/\ L=5nm
-3 2 L =8 nm
1

— L =10 nm
— L=12 nm

ATdhase (n8)

3 4 5 6 71
Fig. 2. The transmitted phase time delays ATpThase with wave number
k for fixed barrier width L = 3 nm and barrier height Vo = aL =9 nV,
respectively. The legends with different colors are for different barrier
heights in (a) and different barrier widths in (b) and insets, respectively.
The units in the vertical and horizontal axes in the insets are exactly the
same as the units in the subfigures. (a) The k-spectrum of transmitted
phase time delay with fixed barrier width L = 3 nm. The inset illustrates

the rpThase with the same L. (b) The k-spectrum of transmitted phase time
T

delay with fixed barrier height Vo = 9 uV. The inset illustrates the Tohase
with the same V.

Next, we substitute the reflective amplitudes Eqgs. (5) and

(B2) into Eq. (10) and set the barrier distance [y = 0. This

. . . . . Rp _ m 0 Blg
gives two quite different reflective phase times, Tohase = 7k Ok

n

26, .
and T;}}H:se = 4t a1 respectively. Here

0P — tan~! { kkalkz 1 Q1 — K 2020 }
K (k2920)? — (k221)% + (kka) > Qc[Qc1 — Q2] |’
(12)
o — tan-! { 2kka [k 21 Qcr — K> 20 Q1] }
(k290)% — (k3921)? + (kka)? Qc[Qc2 — Q1]
(13)

are the arguments of the complex reflective amplitudes cor-
responding to barriers Vyi(z) and Vi (—z), respectively. Note
that we have subtracted the phase factor e ~>* due to the non-
zero initial position of the potential from R, see Eq. (B2).

To reveal the dependence of reflective phase times on the
norm of slopes, a, of the interface of ETBs, we plot the two-
dimensional subfigures of T;;fse and TS{ZSC with the variation of
a and k in Fig. 3, where we keep the barrier area A = %aL2 as

. . . . 24 .
a constant since the tunneling rate is proportional to e a4 in
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the Wentzel-Kramers—Brillouin approximation. For PETBs,
R
phase

a means a decrease of L o< 1/4/a and an increase of Vj «< /a.

decreases with the increase of a, as the increasing slope

This means a steeper barrier and a steeper barrier is a more

rigid reflector by classical intuitions. The “ridge” of 7 phase in
Fig. 3(a) decreases and extends to larger k with the increase of

a, similarly for © For a fixed a, the phase time peak may

hase
be due to the cori)lpetmon tendency of the increasing penetra-
tion depth and the increasing velocity of the moving particle
caused by the increase of k. When a gets larger, the barrier be-
comes taller and thinner, and a taller barrier means an incom-
ing particle with the same energy is more likely to be reflected
than transmitted and needs more energy to penetrate the same
depth in comparison to a barrier with smaller a. This leads to
a shift of the peak to larger k and a particle with larger k and a
steeper barrier leads to a decrease of the peak value of reﬂec-
tive phase times. The profile of transmitted phase time 7

phase
with slope a and wave number k is somewhat similar to T phgge
except for quantitative differences.
Barrier area VoL =6.4 peVX6.4 nm
.
N 10.6 3
\ “oa &
\ 0.2 _3
0 :::‘:5_
<\
\?6
o
Fig. 3. (a) and (b) The reflective phase times 7 hsse for Tphase are plotted

with varying wave number k and norm of slope a by keeping the product
of barrier height and width VoL = al’> =6.4x64 pueV -nm a constant,
respectively.

In comparison to T, the two-dimensional profile of

phase ’

phase for NETBs is quite different. The numerical values of

R.p
Tphase

sponding parameters k, Vj and a are the same. This can be eas-

are much larger than those of Tphase when the corre-

ily understood as the slope of a PETB V;(z) experienced by a

reflective particle is much “softer”, while the vertical interface

of the mirror symmetric NETB, Vi (—z), is much stiffer, which
acts like a hard wall and reflects the incoming particle much
quicker than the “softer” slope of Vyi(z). This can also be ver-
ified by the Larmor times. In Fig. 3, we see that the “ridge”

of T} and the right brink

phage is much sharper than that of ©

phase’
of the ridge of T

R.p
17phase

phage is a “cliff” instead of the gentle slope as

Moreover unlike the smooth “plain” on the right side

phase’ the right side of the cliff of 7, phase is full of
sags and crests, a clear signal of interference caused by the two

of the ridge of T

edges of an NETB. For fixed barrier area, a smaller a means
the larger characteristic length L, o< a~3 and the larger barrier
width L, which allows more constructive interference as L, L
get more compatible with the wavelength A = 27 /k, not to
mention the zoom-in effect due to the much smaller time scale

(an order of magnitude smaller than ), thus the interfer-

phase

ence effect is more transparent in 7, as shown in Fig. 3.

phase ’

3.2. Dwell time

In comparison with phase time, dwell time is positively
defined and averages over all scattering channels without dis-
tinguishing between reflective and transmitted partial waves.
Dwell time is defined!**! as

L+zr

2
hk . dz|¢ (k,2)|7, (14

Ty [ Z],LJrZr] =

Substituting the wave function (3) and (B1) into Eq. (14) and
for simplicity setting z1 = z; = 0, we can get the dwell times

0, [0,1] = hk{(clpCZP + c1pcay)CIl[L] + le1p|*All[L]
+|czp|2BiI[L]}, (15)
TEW[—L,O] = {(Clnc2n+cln02n)C1I[ ]+ |Cln|2AiI[L]

hk
+|ean|*Bil[L]}, (16)

which are formally the same except for the coefficient cyy, 24
(s = p,n) differences. Dwell times with an interval [—zj,z/]
larger than the region of the ETB can be found in Appendix A.
The integral of Airy functions, Ail, Bil and Cil are defined as
follows:

Al[Z] = /0 AR kz—
= Lo { (koL — k3)Ai1> + EZAI* + Ai” — Ail"?}
Bil[lL] = /0 - dzBi?[k,z — k2]
= L { (koL —k2)Bil* +k2Bi* + Bi”? — Bil"*},
CiI[L / dzAilkaz — k2] Bilkaz — k2]
= Lo{ (koL —k2)AilBil +k2AiBi
+AP'Bi’ — Ail'Bil'}, (17)

where, for notational simplicity, we have defined the abbrevi-

ations Ai = Ai[—k2], Bi = Bi[—k2], Ail = Ai[k,L—k2], Bil =
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Bi[k,L — k2], and the corresponding derivatives Ai’ = Ai'[—k2],
Bi’ = Bi'[-k2], Ail’ = Ai'[k,L — k2], Bil’ = Bi'[k,L — k2].

Barrier area VoL =6.4 peVXx6.4 nm

T S\\" (DS)
o N ™

& (UH]\I) 10

Fig. 4. (a) and (b) The dwell times ‘L'BW and 1)y are plotted with vary-
ing wave number k& and norm of slope a by keeping the barrier area
A= LV)L =3.2%6.4 ueV-nm a constant, respectively.

We plot the dwell times with varying wave number k and
norm of slope a in Fig. 4. Compared with the reflective phase

time 75 | we see that the tendency of 75, with varying k

phase’
is somewhat similar, while the tendency of 7f}y; in compari-

R.n
son to Tphase

of the dwell time seems reasonable: if an incoming particle

is not. By intuition, the wave number spectrum

has nearly vanishing kinematical energy in free space, then
the probability that the particle dwelling inside the barrier ap-
proaches 0 as the barrier becomes impenetrable for a particle
with k£ — 0; moreover, the probability that the particle pene-
trates beneath the barrier decreases towards zero much faster
than k, irrespective of the barrier shape. On the other hand,
if k gets larger, it leads to faster velocity and a longer pen-
etration depth and the competition between the two factors
will lead to different peak profiles of TDR\’,{’, and Tg{{l, depend-
ing on the barrier shapes. In comparison, the reflective phase
times T}i{fm
cle with vanishingly small kinematic energy travels infinitely

with s = n, p turn to 4o with kK — O since a parti-

slowly, which leads to infinitely large reflection times. As for

the transmitted phase time delay ATpThase’

tive infinite when k — 0, which reflects the growing distortion

it diverges to a nega-

of the wave packet due to the high-frequency filter effect of
thick barriers. This divergence also implies that we can more
accurately regard transmitted phase time as a proper time scale
estimate in quantum tunneling,*®! but only when the trans-
mitted wave packet is distorted insignificantly in comparison

to the incoming packet. Similar to reflective phase times, the
numerical values of Tf}y, are also much smaller than those of
TBW. Also resembling the phase times shown in Fig. 3, the
ridges of the two dwell times become taller and steeper with
the decrease of a, as the transmission rate |7,|> = |7,|? also
increases with decreasing a.

For the peak positions in k space when a is fixed, i.e.,
Tow (k) = max |18y, (k)], where s = n,p, given a fixed a, each
peak of 75y, locates at a smaller value of k than ko, i.e., k < ko,
while for Tl k > ko. The landscape of the peaks forms the
ridge of T}, s = n,p. Different from the phase time T;]’:SC,
the cliff of the ridge of 7y, is on the left side with & slightly
smaller than k rather than on the right side with slightly larger
k. This is because only when an impinging particle’s en-
ergy is close to the critical value ko = v/2mVy /i does it have
sufficiently large probability to penetrate beneath the NETB
Viri(—z) due to its steep edge, and hence 13y, will increase
significantly.

As for the smoothness of dwell times in comparison to
phase times, the interferences of phase time and interference
time may cancel each other due to the relation

Toasel Rl + Toase| To* = T + T, (18)
which was worked out elegantly by the manipulation of the
stationary Schrodinger equation by Winful.!33-°1 We now take
a closer look at the interference times of negative and positive
slope ETBs

T = — ——Im[Ry], (19)

where s = n,p refers to NETB and PETB, respectively. We
have subtracted the additional phase factor e 2L in R, to
take account of the special coordinate choice z = —L to make
Eq. (18) work well when substituting the interference time
ik o< Im[R,] into it. For clearness, we plot 7% in Fig. 5, from
which we can see transparently that the oscillatory behavior of
Tk (k), indicated by the decreasing oscillation amplitudes of
the dashed curves with the increase of k, is much larger than
that of the interference time 7j.(k). The curve of 7k (k) for
either fixed L or Vj is less zigzagged but the numerical val-
ues are comparable to Tj.(k). However, the smoothness pro-
files of the dwell times are largely determined by the reflection
phase times since the contributions of transmitted phase time
Tghase|’7}|2 are the same for a pair of MS barriers. As ’L';l’gse
is relatively smooth and its numerical values are at least an
order of magnitude larger than |7i.(k)|, the ripple caused by
the interference time ’L’I% (k) can be ignored, which leads to the
smooth behavior of TBW. In comparison, the numerical val-

R.n

ues of Tohase

each other and give rise to a smooth Tfjy.

are of the same order as Tjj;(k), which may cancel

Similar to phase and dwell times shown previously, both
interference times are larger with a smaller norm of slope a,
which includes cases of smaller V; with fixed L and larger L
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with fixed V. This is easy to understand as a smaller slope
|a| means a steeper barrier and thus less interference between
incoming and reflective partial waves. We have shown the two
cases in Fig. 5. As a comparison, 7j;:(k) is more sensitive to
the variation of barrier height Vjy with a fixed L, rather than the
variation of barrier width L with a fixed Vj. The insensitivity
of the latter case can be seen from the nearly coincident solid
curves in Fig. 5(b); although they indeed differ slightly, as can
be seen in the inset. Taking account of the relation (18) and the

smoothness of the dwell times 7}y, in Fig. 4, we may attribute
R,s
=&

the general tendency of 7,

as being inherited from the dwell
time 73y, Then, the small oscillatory behavior in ’L';l’;se can be

regarded as the modulation of 73, by the interference time
T (K)-

Barrier width L =3 nm

H Vo=5 peV/n

L (a
0.6.‘“() Vem 5 weV/p
,é\ 0.4 “::“ %:9 peV/n
-~ NN - Vo=9 peV/p
S 0.2 Vo=15 peV/n

----- Vo=15 peV/p

= 0 NN N
= D N B A Y i~ G
— N3N 5T 6T T T8 9
—0.2 Tk (am7Y)
Barrier hight V=9 peV
0.05F L=3 nm/n
0.8 (b) 0:04’ \\ L=3 nm/p
= Ok 003 N ——L=8nm/n
g 0.6p 0.021 \\ ————— L=8 nm/p
= 0.4k 0.1 ‘\? —— L =12 nm/n
o 5.0 5.3 5.6 5.9 6.2 6.5
[S W 20 O o g BE B L=12 nm/p
= o.i /
\l:/ \I‘ \\2 ,,' 'III ‘\’, »
—-0.2 % k (nm~1)

Fig. 5. The interference times T [s = n,p correspond to Vii(—z) and
Vii(z), respectively] plotted with wave number k for fixed barrier width
L =3 nm and fixed barrier heights Vo =9 peV, respectively. The dashed
curves correspond to ‘L'IPF and the solid curves correspond to Tf;.. (a) The
Ty for fixed barrier width L. (b) The 7} for fixed barrier height Vp.
The inset magnifies the tiny deviation of 7j; with three different barrier
widths L in the region k € (5.0,6.5) nm~!.

3.3. Larmor times

The conventional notion of time refers to a correlation
between a certain time-consuming process and the dynamical
variable involved, such as the time of a sidereal day and the
recording of the rotation of a pointer on a clock face, or the
half-life period of the ratio of the number of decayed atoms.
Similarly, we can also use some dynamic variables to record
the time elapsed in tunneling phenomena. This is the under-
lying idea for a Larmor clock, where one utilizes the internal
degree of freedom, the spin carried by a particle such as a neu-
tron, to determine the time evolved in tunneling. The corre-
lated “pointer” is the angle the spin sweeps on a Bloch sphere.

To make use of a Larmor clock, a small magnetic field is
imposed on the region of the ETB only and the Hamiltonian

becomes
. p?
Hm:%-H/m(z)—u-BB(Z)G(L—ZL (20)

where p = h%a is the magnetic moment and uyn is the
The Landé g-factor is g = —3.826085
for a neutron. = We assume the magnetic field B =
By (sin O cos ¢,sinOsin¢,cosH).

packet treatment, the magnetic field is required to cover a
57

nuclear magneton.
Note that for a full wave
larger region®”! than the barrier region [0, L], whereas in
the monochromatic limit, we only cover the barrier region
z € [0, L] with B for simplicity. However, strictly speaking,
this naive treatment may violate the uncertainty principle. %!
We adopt the unconventional configuration first proposed in
Ref. [44], where the magnetic field B is aligned parallel or
antiparallel instead of orthogonal to the direction of motion

as conventional configuration of Larmor time in the literature.
The ansatz of the wave function is

i 1> ikz (R§> ikz]
— el 4+ £ le , 2<0,
V2 [(1 Rp

1 Aizo + ¢ Biz
P(,) — C1p 0T C2p BIZ0 0<z<lL, (21
¢k (Z) (ClpAizl +C£pBi21 9 Z ) ( )
T\ |
1 P ikz
7 (7;)_ ) e z>1L,

where

_ 1 cos(0/2) sin(6/2)e ¢
v= V2 (Sin(9/2)6i¢ —cos(0/2) ) ’

2mE hiing B
R=""" and ki_2m<Ei“Ng°)/h2,
n 2
Az = Ai[kz— 12 — (— 1)+ "8HNB
1Zg = AL | KgZ — Ky — (— hk‘% )
Biz, = Bi | kyz — 2 — (—1)s "8HNB
12y = B1|KaZ — "_(_>h7kg’

with s = 0,1 here corresponding to the Airy functions in the
upper and lower of the Pauli spinor in Eq. (21), respectively.
Imposing the continuity conditions at x =0 and x = L,
we can obtain the various coefficients R;y, T,* and ¢, ¢y
for a specific 8. For compactness, we degrade the explicit
forms of these coefficients in Appendix C, where we include
the two cases with 8 = 0 and 8 = 7. In the following, we ex-
clusively assume 6 = O for simplicity. The angle of the spin
precession can be obtained from the ratio of the spin expecta-
tion values in y and x directions, namely, (oy)/(0x), as the in-
coming neutron is assumed to be polarized in the x-direction,

1 ikz

say 5| ;)¢
5@, = tan"![(0y)c/(0x)c], where ¢ = R, T indicate that the
expectations are taken on the reflective and transmitted chan-

The precession angle in the x—y plane is

nels, respectively. Substituting the transmitted or reflected par-
tial wave in Eq. (21) into the precession angle 0 &, the corre-
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sponding Larmor time can be obtained as below:

tan—! i[I;*Ii—Ii*I;q

(T Td+T T
guUNBo

b
'y = lim —< = lim . (22)

By—0 @y, By—0
where If =T+ R* correspond to ¢ = T,R in 7{,, the trans-
mitted and reflection Larmor times, and ZF correspond to
upper and lower components of the spinor wave function in
Eq. (21). The explicit formula for transmitted or reflective
Larmor time is given in Appendix C. The procedure to get
the Larmor time for the NETB is quite similar, which is also
degraded into Appendix C. As already mentioned, the trans-
mitted Larmor time also does not distinguish between a pair
of MS barriers, such as ETBs, i.e., 7= = 7;*, see Egs. (C2)
and (C11). Since the k spectrum of 71y, for fixed barrier area
is qualitatively similar to that of the dwell times Tgw shown in
Fig. 4, we do not show them here to avoid redundancy; how-
ever, please note that 7, and 15, do differ quantitatively,
especially for peak values. Similar to the situation of phase
and dwell times shown in Fig. 3 or Fig. 4 for a pair of MS
ETBs, TEM’p > TISR,MA,H when the wave numbers k are the same.
The explicit calculations of TIl}M,x = limg, o %, (s =n,p)
can be found in Appendix C, see Egs. (C9) and (C14). The
k spectrums of the Larmor times with fixed barrier width and
barrier height are shown in Figs. 6 and 7 for the MS ETBs,
respectively. In each of the two figures, we either keep a fixed
barrier width L by varying barrier height V; and the larger V}

Barrier width L =3 nm and B=1 mG

o Vo=4.5 peV

3.0f (a) P _

P Vo=16.3 pueV
~ 2.5F i i Vo=9 peV
E 2.0f Lo — Vo=12 peV
S 1.5} N — Vy=16.5 peV
(18] 1 3
S 1.0f LN

0.5} b
0 R
2 4 6 8 10 12
k (nm™1)
Barrier hight V=9 peV and B=1 mG
L =5 nm
o~ 8 L=8 nm
£ 6 — L =10 nm
2:’ 4 — L =12 nm
§S
2
0

0 2 4 6 8 10
k (nm™1!)
Fig. 6. Reflected Larmor time T]}fMﬁp plotted with wave number k for
fixed barrier width L and fixed barrier heights Vj, respectively. (a) TEM‘p
for fixed barrier width L = 3 nm. The barrier heights in the legend from
top to bottom correspond to slopes a = 1.5, 2.1, 3, 4, 5.5 peV/nm, re-
spectively. (b) Tllep for fixed barrier height Vy = 9 peV. The different
barrier widths in the legend from top to bottom correspond to slopes
a=3,1.38,1.125,0.9, 0.75 peV/nm, respectively.

means the steeper barrier and hence the larger slope a, or we
keep a fixed barrier height by varying barrier length and the
larger L means the smaller a. Just like phase and dwell times,
the reason for ‘L’EM,p > ’L’EM,H (when the other parameters take
the same values) can also be explained by the same fact that,
for an incoming particle, the impact interface of the NETB is
the vertical wall while that of the PETB is the soft slope. This
means that a low-energy particle is immediately bounced back
by the hard wall of the NETB, while it has a non-negligible
probability to climb up or penetrate beneath the much gentler
slope of the PETB. The resultant time in which a particle is
bounced back from the PETB is much longer than the same
particle impinging on the MS NETB.

Barrier width L =3 nm and B=1 mG

Vo=4.5 peV
; ; ‘/():9 ]J.ev
/é\ 0.2 Lo — Vo=12 peV
~— | |
B ;
s
—0.1
2 4 6 8 10
k (nm—1)
Barrier hight Vy =9 peV with B=1 mG
0.30f (b) f L=3nm
0.25} | L=5nm
= 0.20 L=8nm
— L =10 nm
— L =12 nm
somb Ul
[
8 10

Fig. 7. Reflected Larmor time TEM.H plotted with respect to wave num-
ber k for fixed barrier width L and fixed barrier heights Vj, respectively.
(a) TI}}M.n for fixed barrier width L = 3 nm. (b) TEM.n for fixed barrier
height V) =9 peV.

In comparison with the dwell times shown in Fig. 4, we
find that when the wave number £ is large enough, either dwell
time Thy, or Thy get close to the transmitted Larmor time
TEM‘ In detail, Ty — TEM — T]%W with increasing k when
k is larger than k. In other words, with increasing k, the dwell
times 7hy, and Ty for the MS ETBs approach the transmit-
ted Larmor time TEM from the upper and lower sides, respec-
tively, which are shown in Fig. 8. To save space, we do not
show the curves of the time comparison in k spectrum for the
PETB with a fixed barrier height and the curves for the NETB
with a fixed barrier width as they lead to the same conclu-
sion; namely, when the wave number k is small enough, the
two dwell times approach the corresponding reflective Larmor
times, respectively; when k is sufficiently large, the two dwell
times approach the transmitted Larmor time from the two op-
posite sides when the ETBs are MS. This is not unexpected.
Since dwell time is a weighted average over transmitted and
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reflected partial waves. When k is sufficiently small, the par-
ticle is most probably reflected and hence is dominated by the
reflected partial wave; on the contrary, when k is large enough,
the scattered particle is dominated by the transmitted partial
wave, so it is no surprise that dwell time gets close to either
the transmitted or reflected Larmor time when « is sufficiently
large or small. This fact is shown by the coincidence of the
solid curves representing dwell times with the dashed ones
representing the corresponding Larmor times in Fig. 8.

Comparison of T armor and Tqwen with L =3 nm

TB\V_ 5 peV

3.0 (a) A ! TEW—S peV
2.5 / \ | —mm- TBw—5 peV
2.0 — hw—12 peV
é) / v h —— TE\/V—IQ peV
N~— 1.5 II :
= / ) T]%\/V—IQ peV
1.0 ’II ‘,'4 ’,r"-\ ~
0.5/
0 &= :

Comparison of Tparmor and Tawen with Vo=9 peV
THw—5 nm

3.5 (b) S0 THw—5 nm
s v 0.20
3.0 7N s — T§V\r—5 nm
; L 0.18

- 2.5 / “0.10 —— THbw—8 nm
n A A = —
£ 2.0 i .40 45 50 55 ---- THw—8 nm
e 1.5 /I ’7’3\)\/-8 nm

1.0f /

/
0.5}/
Y
0 ===

2 4 6 8 10 12 14

k (nm™!)
Fig. 8. Comparison of dwell and Larmor times plotted with respect to
wave number k. (a) The comparison of T]%W with TITM and T]]}M,p for a
PETB when the barrier width L is fixed. (b) The comparison of 7jjy,
with ‘L'EM and T]]}MJ for an NETB when the barrier height Vj is fixed.

The inset magnifies the four curves of Tll)w and TIISM‘n with two different

barrier widths within the region k € (3.5, 5.5) x nm ™.

If we ignore small k behaviors and details such as os-
cillatory behavior, we see that the general tendencies of the
reflective Larmor times, TEM,p and TEM,n are somewhat sim-
ilar to the corresponding ones of the reflective phase times,

R.p R.n
Tphase and Tphase‘
showed that to the zeroth order of the sharp k distribution

This is not surprising. Falck and Hauge

(close to the monochromatic limit) when one extrapolates the
field region into the limit covering only the barrier, the Lar-
mor time reduces to phase time plus extra higher-order cor-
rections, O[w?].l’
Larmor time is proportional to

1 In the extrapolation limit, the reflective

[ kg PIRWP s [ 0], @3)

R
where T

number k. A detailed investigation of the higher-order cor-

(k) is the reflective phase time with mean wave

rections is much more involved and beyond the scope of this
paper. It would be interesting to analyze whether there is a
similar relation between phase time and Larmor time in the

new configuration with spin and magnetic field,** although
we may expect that the relation still holds, since the under-
lying idea is the same as the standard configuration of Lar-
mor time.?%?21 We can also understand the similarity be-
tween phase and Larmor times in another way by inspecting
the equality derived in Ref. [59]. A complex traversal time
was obtained by the Feynman path integral and it was shown
that the real part is the Larmor time, which is the partial deriva-
tive of the phase of the transmitted or reflected amplitude 6.
to barrier height Vo***! i.e., 7fy, , = Ret> = —1d86./IVy
with ¢ = T, R, whereas the phase time is the derivative of the
corresponding phase to energy, Tj, .. = 1d6./dE. So Tohase
measures the response of the phase 6, = arctan[Im[Z,] /Re[Z,]]
to the variation of energy E and 7{ ), measures the response of
0. to the variation of barrier height Vj. Since the variation
of Vy is contrary to the variation of E for a given tunneling
probability, there is a minus sign in the definition of 77y .
The resemblance between the definitions may explain certain
similarities between TI]SM.,n and 17;1’286, such as the oscillatory
behaviors when £ is large enough (e.g., k > ko).

It is interesting to note that the Larmor time T my, is
still different from the transmitted Larmor time 17, defined
in Eq. (22). Only when the energy of an incoming particle,
(hk)?/(2m), is well above the barrier height Vp, does Tim.y,
coincide with TEM. As an example, note that for a square bar-
rier, Tpw = Tum,v, = —hdarg A/dVy, where A is either the
reflective amplitude R or the transmitted amplitude 7, since
dargT /dVy = dargR/dV, for a square barrier, it is a spe-
cific example of symmetric barriers;°”) however, the equal-
ity Tpw = TLm does not hold for the Larmor time defined in
Eq. (22).144

4. Saturation effect and the slope dependence of
Larmor times

To reveal whether there is a barrier width saturation ef-
fect, i.e., the well-known Hartman effect discovered in rectan-
gular barriers,3*! it is necessary to study the L dependence ex-
plicitly. The superficial acausality of the Hartman effect relies
on two premises: (1) We take it for granted that the tunneling
time involved has the meaning of traversal time,*®! a semi-
classical concept not necessarily applicable to quantum tun-
neling, which is a purely quantum mechanical phenomenon
without any classical analogy. (2) The saturation of tunnel-
ing time with the increase of barrier width leads to an unlim-
ited group velocity of tunneling particle. However, one can
view the “apparent acausality” in timing tunneling as a pecu-
liar feature of weak measurement in post-selection of the expo-
nentially suppressed transmitted subensembles from the total

31,3260 and thus it is impossible to utilize tunnel-

10,11,61

ensembles, |
I superluminally.
Besides the two points mentioned above, we think that

ing to transfer information!

a rectangular barrier with steep edges is too special and it is
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necessary to test whether barrier width saturation effect is a
common feature in smooth barriers,*! such as TBs. For this
aim, we naively define transmission velocities vEM =L/ ’L'EM

T
and Vphase

T T
™ and Tphase’
is composed of two parts, L = 1 + l»; however, 7, and TPT

=L/ TpThase for transmitted Larmor and phase times,
respectively. For generic TBs, the barrier width
hase
only have a slight dependence on the variation of the barrier
width separation with given L and Vj), and remains unchanged
when the width separations are interchanged, i.e., [y <> [1 (for
the definition of width separation /; and /,, see Appendix D,
and we have excluded TBs with both left and right slopes of
the same sign in our considerations). For details, see Egs. (D6)
and (D7). So the equality of Tghase as well as the equality of
’L’EM for a pair of MS ETBs are only special/limiting cases of
this interchange symmetry I <+ [; of the general TBs when L
and Vj are given.

For velocities corresponding to reflective times, we have
to classify the definitions into two classes. For a TB with a
positive-slope left edge such as a PETB, we can define reflec-
tive Larmor velocity

R (7k)*
VLM,p = e(k - kO) R + Q(ko - k) R (24)
TLM’p ma TLM,p
as well as the reflective phase velocity
R.p (hk)z
Vphase =0 (k - kO) R,p + Q(ko - k) " Rp (25)
Tphase ma Tphase

These definitions are in close analogy with the semi-classical
picture of a particle reflected by a slope. Likewise, for a
generic type of TB (not including those with negative-slope
left edges), we can define reflective Larmor or phase times by
replacing Ty, — Ty and r;{,fse  Thase.as Where Ty o
and T[]Elasq A are given in Egs. (D6) and (D7). Increasing the
slope of the left edge of a general TB may provide a possible
way to define reflection times for NETBs, as an NETB may
be viewed as the limiting case of a general TB with the slope
of its left edge approaching +oo while keeping its width and
height fixed. However, we take an alternative definition of the
reflective Larmor time of an NETB. Since an NETB has an
infinite slope acting as a hard wall, we let the weak magnetic
field slightly cover a region ahead of this “wall”, i.e., in the
region [—ly, L], where the barrier takes non-zero values only
in the region [0, L]. The reflective Larmor time is defined as
ilog[R_, /R, ]

m n,l() nJO \ (26)

R .
T =1
LM = g 250 guUNBo

where RIT o re the spin-up and -down components of the re-
flective partial waves and are given by

Caing, CT ki cos(kilo) + (KK + ikaKy) isin(kilo)

D* ky cos(kilp) — (kK™ + ik K ) isin(kilo)
27

£ _
Roa=¢€

The various functions involved are defined by D* = kz.QOi +
K2Qf + ikk,QF, CF = KQF — k2Qf + ikk, (25 — QF),

— 20t 120% pt— 120%f_ 120% — 120+
Kzsi - kl.(zojka.cgl ,in N kirQo —k2Qf, KS = KQS +
k1Q3 and K5 = k°Q3 — ki Q5.

Ubhase and viym with Vo =15ueV and k (nm—1)
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£ k=17.93
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Fig. 9. The barrier width dependence of the velocities defined from
the transmitted and reflected Larmor times for PETBs. The dotted
lines correspond to free velocities v¢ and the solid and dashed curves
correspond to Larmor and phase velocities, respectively. Note that
ko = +/ZmVy/h = 7.93 nm~! represented by the blue lines or curves

corresponds to the critical wave number. (a) The VEM and vghase with

fixed k by varying barrier width L. (b) The VEM‘p and Vsﬂgse with fixed k
by varying barrier width L.

With the above definitions, we will find the barrier width
saturation behavior of the tunneling time if the associated ve-
locity increases at least linearly with the increase of barrier
width L. First we look at the transmitted and reflective Lar-
mor velocities vEM and VEM with a given V. From Fig. 9,
we see that both velocities approach constants when L is large
enough, indicating that there is no barrier width saturation ef-
fect for both the transmitted and reflected times for PETBs.
In Fig. 9, the horizontal dotted lines are the free velocities
vg = hk/m and the wave numbers k shown in the legend with
different colors not only correspond to the solid curves, but
also to the dotted lines or dashed curves. The solid curves rep-
resent the Larmor velocities. It means that for thin PETBs
VEM < vf, VEM < v¢ and for thick PETBs, only when k is
much smaller than the critical kg = +/2mVj /i (represented by
the dotted yellow and green lines and solid yellow and green
curves), the transmitted Larmor velocity v{; is larger than the
free velocity v¢. This indicates that the presence of a PETB
indeed retards the propagation of an incoming particle, un-
less the energy of the particle is well beneath the apex of the
thick PETB, Vj. Further, if k| < k> and k1, k; are significantly
smaller than ko, vl (k1) > vl (k2). In other words, when k is
well inside the tunneling region, the barrier transmission ve-

030306-10



Chin. Phys. B 33, 030306 (2024)

locity viy; (k) reverses the order of v¢(k), as indicated by the
solid yellow and green curves.

The situations for v}, .. and v;;gsc
see the dashed curves in Fig. 9. Roughly speaking, the phase

are somewhat similar,

velocities oscillate around the Larmor velocities with the same
k, which can be seen clearly from the solid and dashed curves

with the same colors in both subfigures. In comparison, the
R.p
phase
vghase for small L and large k > kg, while for X much smaller
T
phase
for thin barriers. The comparison is similar for Larmor
R.p
phase
of PETBs are smaller than and respect orders of free velocities

oscillation amplitudes of v are much larger than those of

than kg, the variations of v
R,p
vphase

velocities. Moreover, the reflective velocities v

are much larger than those of

R
and vy,

ve(k). This is not surprising, since a positive-slope ETB is like
an elastic reflector and thus does retard the propagation of a
free particle.

Since we start our timing at a distance [y ahead of the
steep edge of an NETB and define the reflective Larmor time
as in Eq. (26), the reflective Larmor velocity is defined as
vEM_n =2ly/ TII}M.n‘ We plot VEM‘H by varying barrier width L
with a fixed slopé —8.01 peV/nm’and distance [y = 6 A, and by
varying /o with a specific barrier of width L =9 nm and height
Vo =45 peV in Figs. 10(a) and 10(b). The dashed curves corre-
spond to the velocities of free particles with the wave numbers
indicated by the colors in the legend. From Fig. 10 we see that
the reflective Larmor velocities vEM’n oscillate around the free
velocities v¢ when k is much smaller than ko, say k < ko/2,
and VEM)n < v¢ when k is comparatively larger but still in the
tunneling region (k < ko), see the blue, purple and red curves.
Through inspection of these figures, we find that the NETB
only retarded the reflective particle when the corresponding
wave number was in the tunneling region but not too small,
say ko /2 < k < ko; vEMm also approaches a constant when [y is
large enough. We may naively think that the increase of viy;
with increasing barrier width L in Fig. 10(a) indicates the preé-
ence of the barrier width saturation effect in TIl}M.n' However,
this is not so simple, as barrier height is also incréasing when
a is fixed. If instead we increase barrier width L with fixed
barrier height, it also leads to an asymptotic constant VEMJI,
which may indicate the absence of the barrier width saturation
effect for NETBs. In fact, even naively using the phase or Lar-
mor times calculated in the earlier section, Section 3, we may
still find that the barrier width saturation behaviors are absent
for these reflective times, which is contradictory to the case of
rectangular barriers.

A similar behavior can also be observed for TBs with the
general shape denoted by Ay, .;,, where the subscript denotes
the ratio of the widths separated by the vertical line passing the
apex of the triangular barrier, see Appendix D for details. In
short conclusion, for transmitted particles, a wide TB seems to
accelerate particles’ propagation when k is much smaller than

ko, while decelerating it when k is closer to and larger than k.
However, the situation is the opposite for reflected particles;
namely when k < kg, the presence of a wide TB retards the
reflection of the reflective particle in comparison to free one.
For a TB with /1 : [ > 1, only when £ is significantly larger
than ko does the reflected particle go quicker than a free one;
while for a TB with steep left slopes, i.e., [] : [, < 1, the re-
flection velocity acquires a discontinuous jump when k > k.
In other words, a wide TB indeed retards the propagation of
the reflected particle with k < ko, see Fig. D4. The veloci-
ties of a particle scattered off a generic TB are also defined
in analogy to Eqs. (24) and (25). Our discussion of TBs with
a generic shape is very brief and we will leave the details for
future work.

Barrier slope a =8.01 peV/nm, lp=6 A

300 .y ko/6
@ ko/4
w20 0
E o T ko/2
Sl — 2ko/3
E S —
E s 9ko/10
=5 10F
5
10 20 30 40 50 60
L (nm)
Barrier width L =9 nm, height V=45 peV
106153 T O S 5,93 nm !
— o 7.93 nm—!
n 8
E 9.64 nm~!
Z g —12.18 nm~!
a
= —13.7 nm~!
=S 4 e
s}
2
0 5 10 15 20 25 30 35

l() (A)

Fig. 10. The dependences of reflective Larmor velocity VEMAH for
NETBs on barrier width L and the barrier distance Iy, respectively. The
dashed curves or lines are the corresponding velocities of free particles.
(a) The vEM‘n with varying barrier width L of an NETB with a fixed bar-

rier slope —8.01 peV/nm and the barrier distance Iy = 6 A. (b) The VEM.n
with varying the barrier distance /y for an NETB with width L =9 nm
and height Vp = 45 peV.

Although we have shown that there is no sign of a barrier
width saturation effect through the velocities defined with the
phase and Larmor times, the absence of a barrier saturation
effect does not necessarily validate that the Larmor or phase
times have the traversal time meaning, since we find that when
k < ko, a larger kK means a smaller velocity, in contradiction to
the classical intuition that a larger k means a larger velocity, at
least in free space.

5. Summary

In this paper, we study the Wigner phase time, Larmor
time and dwell time for a particle tunneling through TBs, espe-
cially the positive-slope and negative-slope ETBs, abbreviated
as PETBs and NETBs, respectively. The transmitted phase or
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Larmor times do not distinguish whether the steeper edge is
on the left or right side, provided that the pair of TBs are MS.
This is simply due to the fact that the transmission amplitudes
for a pair of MS one-dimensional barriers are exactly the same,
regardless of the barrier shape.

By plotting the dwell, reflective phase and Larmor times
as functions of wave number k-spectrum and barrier parame-
ter, such as the slope of a barrier, we demonstrate that these
times have quite distinct behaviors for a pair of MS PETBs
and NETBs. This may indicate that these times are barrier-
shape sensitive. In comparison, dwell time is much smoother
than the other two times since it averages over all scattering
channels, while the oscillatory behavior of the other two times
may be signals of the interference between the transmitted and
reflected partial waves scattered by the two edges of a barrier.
In short, the tunneling time for an NETB is much smaller than
that for an MS PETB given the same wave number k. This
may be explained by the fact that a particle with energy lower
than barrier height V; is more likely and quickly to be reflected
by the vertical edge of an NETB than by the soft edge of an
MS PETB.

In comparing the oscillatory behaviors of phase and
dwell times, we study the well-established relation derived by
Winful,[3>3¢! the Eq. (18). The wave number spectrum of the
interference time T (s = n,p) in Fig. 5 reveals that there is in-
deed slight oscillation in 7). for an NETB than tfi; for a PETB,
which is expected based on the quite distinct impact edges of
an NETB and a PETB. In the comparison of the Larmor and
dwell times in Fig. 8, we find that when k is small, dwell time
matches the transmitted Larmor time; when £ is large, dwell
time approaches the reflective Larmor time instead. This fact
may be understood by the rough relations expected for dwell
time, Ty, ~ [TI*7fy;  + [RI*Tfy,» i.e., when k is small, the
scattering is dominated by the reflection channel, otherwise it
is dominated by transmission channel. This relation also holds
approximately for phase time. In fact, Larmor time does equal
the phase time for a sharp packet in k space if ignoring higher-
order corrections.’®’] A detailed investigation of the relation
between these times, especially the new configuration of Lar-
mor time,*! will be meaningful; however, it is beyond our
scope and we leave it for future studies.

Finally, by defining velocities with the corresponding
phase and Larmor times, we find that the barrier width L sat-
uration effect seems to be absent for TBs. This has been di-
rectly demonstrated for PETBs as the velocities approach con-
stants much less than the speed of light in vacuum with in-
creasing L, and similar behaviors are found for NETBs with
slightly tedious calculations. However, when L is large enough
and k is significantly smaller than kg, the transmitted velocity
Vim OF Vi can be larger than the velocity of a free parti-
cle v and in contradiction with our intuition, namely, when
ki < ky < ko, vI(k1) > v (ka), where vT refers to either vy,

T R
or vphase : phase,p

with v¢, an ETB seems to retard instead of speed up the reflec-

. . .o R
Comparing the reflective velocities VIM,p and v

tion of a particle. In addition, unlike the transmitted particles,
if ko > ki > kp, VR(k1) > WR(k2), see Fig. 9 for details. The
situation is similar for a generic shape of TBs and some pre-
liminary results are presented in Appendix D.

The deficiency of our stationary state treatment is that the
results may not be fully convincing; however, we can view
them as the monochromatic limit of the wave packet method.
In short, the main results are summarized as follows. (i) The
tunneling times for TBs are barrier-shape sensitive and there
seems to be no barrier width saturation effect. (ii)) When the
energy of the particle is well inside the tunneling region, the
transmitted times lose traversal meaning, as supported by the
anti-intuitive behaviors from the velocity analysis for ETBs.
(iii) When the particle is capable of surpassing the barrier clas-
sically, the times may still be meaningful. The temporal be-
havior of the tunneling process needs to make full use of some
novel quantum switch[>63! or attosecond processes and thus
an investigation of tunneling times based on the strict wave
packet method is necessary and urgent, and will be explored
in the future.

Appendix A: Dwell times for a general interval

The dwell times in the interval [—z, (z; + L)] for a PETB
and [—(z1+ L),z for the MS NETB are

T [—2 (& + L))

m [atl
_m dzloR ()12
i addel o)

- % {2zl + @ [sin(2kz) + 6) — sin 6]
+ |e1p |2 AIL[L] + |e2p|* Bil[L]
+ (¢} peap + c1pcsy) CIIL] + | Ty (r —zl)}7 (A1)

@ [~(a+1L),z]

m [
= — dz|oL(z)?
i L)

’"{ [Ral (sinf2k(z+L) + 6§] — sin[2kL + 6]

Tk k
+ 221+ | Tal*(ze — 21) + |c1n | AL + |0 |*Bil[L]

+ (¢]pcan + €1nC3y ) CIl[L] }, (A2)

o _1 [Im(Rp) n__ —1 | Im(Ry)
where Bg =tan~! {WRE)} and 6 = tan ! [Re(RnJ.

Appendix B: Eigen-wave function

The eigensolution ¢ (z) for a particle tunneling through
an NETB, Vyi(—z) = —O(—z)0@(L +z)az, MS to the PETB
‘/tl'i (Z)’ iS
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9 (2) = 91(2)0(—z— L) +¢{(2)0(~2)0 (2 + L) + ¢ (2)0(2)

Oce”‘z—&—ﬁe’”‘f7 . z< —L,
= { cuAil—(kez+k3)] + cuBi[(kaz +k3)], —L<z<0, (B1)
yeikz, 0<z
\
From the continuity equations at z = —L,0, we can obtain the 2e ik (ikaAi/[*(ki)z] - kAi[(kk)z])
: . Coip = - . - ) B5
solution as below: i o 2n 12Q0 + K2, + ikka Qe (BS)
%n — e—2ikL |:1 _ 5 ll(l 2C1 + (l 1) :| ) (Bz)
k=820 + k€1 + ikk, Qe where again we set & = 1 and define the reflection and trans-
P —2ikk, ek (B3) mission amplitudes as %, = /a, J, = Y/ «, respectively.
n — . I
7 K2 Q0 + kg Q1 + ikka ] The eigensolution ¢ (z) for a particle tunneling through a
2e- ikl (kBi[f(kﬁ)z} - ikaBi’[f(ki)z}) TB with a general shape Vii(z) = @ (I +2)@(—z)a(z + 1) +
= “ “ B4 1
€ln K200+ K20 + ikka Qe - BV ek -2)b(h—2) s
aelle + Be—ik, < =1,
tri(z) — ClaAi[ka(Z+ll)_kgl"_CZaBi[ka(Z"_ll)_kczt]a~ -1 <z<0,
k Clei[—kb(Z —bh)— ki%] + copBi[—kp(z— 1) — kl%L 0<z<,
yelke, h <z,

(B6)

where aly = bl, = Vp, ky, = (2mb/h*)'/3 and ky = k/k. From the continuity equations of ¢{"(z) and d¢\"(z)/dz at coordinates
z=—11,0,l, and the transfer matrix method, we can obtain the transmission and reflection amplitudes
Tai = 2k e~ 404 ) (72 (2kkaky Q0508 — { [iKa (P0Q8 + ek 21 QL) +KEQIQE | + (@ o) }) |, (BT)
{ [k (k200QL, —I2Q4 Q4 ) + (a < b)] + ik- [KZQ4QY + koky Q4,05 — (a 5 b)] }
20k, 205 Q8 — { [ika (R QL QY + kaky Q1 QL) + KGR + (a5 b)}]

Rui = ie 21k (B8)

\
where as the definitions for the eigensolution of ETBs, we =~ Appendix C: The various components in the

have also defined eigenfunctions in the presence of magnetic fields
The various amplitudes in the eigenfunction for the Lar-
Qf = Ailkl; — K|Bi[—k?] — Ai[—k?|Bilkil; — k2], mor time in Eq. (21) are
Qi = Aillkil; — K7 1Bi'[K7] — AT [-K7|Bi [kili — k7], L 2K(KOE +ik, Q)
i y P2Ral 72 S 21Rs! 72 ‘%pzz T, 20f . RS (CD)
= AP'[kil; — K|Bi[— k2] — Ai[—R2]Bi'[kil; — k2], ICQF +R2QF + ikk, Qg
i = Al'[-k7|Bilkil; — k7] — Ailkil; — k7|Bi'[-k7],  (B9) gt —2ikkge o
P m[KRQY k2O +ikk, Q]
and Q! = Q!, + QL,. The subscript i takes values of a, b for o= 2k (kBilkaL — k2] + ikaBi' [koL — k1)) (C3)
k; and 1,2 for /; in this section. In the next section, the above p K2Qy +k2Q) + ikk Q" ’
definitions can still be useful, only then i takes values of & and . 2k (kAi (koL — k3] 4 ik Al [ky L — /&D 4)
k;l; takes the value of k,L. For the other coefficients ci,4, ¢4, 2 kZ_QSE + k2O + ikk, Q5 ’
1bs C2bs t o = 1 and substitute ¥ = Tg; back into th o ~ -
€1b» C2p, ONE CAN 5€ And SUbSttute = Jui DAk MO THE @ n 0= 0. For simplicity, we have defined k+ = k> + %.

continuity equations to get the explicit solutions, which will . .. . L
¥ e & P By comparison, it is clear that the amplitudes for a Pauli spinor

not be given here for brevity. At last, note that the transmission are totally in parallel to the Eqs. (5)—(8), except the slight shift

amplitude Ty in Eq. (B7) is symmetric when exchanging &5, in the Airy functions. Also note that if setting 0 = 7, the above

Iy with kp, [, while the reflection amplitude Ry is not. This amplitudes become

implies that the transmission rate and the associated transmis-
. . . + _ =+ _
sion times of TBs are also unaltered under the MS operations Eylo=n =Ry, Ty lo=n=T", (C5)

by exchanging the pair of a, /| and b, [, parameters. Ca+p|9=ﬂ' =e 0t (C6)

_ i0 —
apr Caplo=z=—¢ Oc

ap»
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where a = 1,2. In other words, it looks like that the upper and
lower reflective and transmitted amplitudes interchanged when
0 =0+« 6 = m. As for an NETB, since the situation is similar,
we do not write the corresponding amplitudes explicitly.
Substituting Egs. (C1) and (C2) into Eq. (22), we can ob-
tain the explicit formulas for the transmitted and reflective Lar-
mor times, respectively. Substituting Eq. (C5) with the choice
of 8 = & will lead to equivalent Larmor times and thus will
not be shown here. The transmitted Larmor time is
a1 { ko [ 2 (KR2Qy +k20Q7 )~ Q7 (R0 +1207)] }
(R2Qy +I2Q7 ) (KQg +12Q ] )+(kka 20 @

Tl = lim
LM = By—0 gunBo

(C7)

In principle, we can obtain the reflective Larmor time TEM_P
in the same way; however, the explicit formula for TEMAP is
rather lengthy. To get a more compact formula, we note that
| %, | %, | is very close to unity, especially in the limit B+ 0.
In fact, numerical calculations show that | %, /%, P-1¢
[—1074,10%] if choosing k € [0,15] x 10° m~! and B €
[1,10%] mG. Since the incoming partial wave is in the o spin
eigenstate, i.e., the polar and azimuthal angles & = /2, & =0
on the Bloch sphere, | %, /%, | ~ 1 means that the reflective
spin eigenstate still lies in the equator of the Bloch sphere, i.e.,
o = 1/2, to a good approximation. The precession angle can

be read out from the argument of %, /%, . In other words, if

64)1’ _ _ . .
we define e'°*r = %; /.%p as an approximation, the preces-

sion angle is 6@12 and the reflective Larmor time is
lim SoF

By—0 gUNBo’

where the subscript p means the Larmor time for PETBs. An

TiMp = (C8)

explicit form of the precession angle for reflective partial wave
is
SPP = tan! Kha(R — 255)
A (FQy — k)

+tan ™! [kka!)c } }
(k20 +k321)
—(+e-), (€9)

where “(+ +
with the upper indices + and — interchanged. Substituting

—)” means the formal formula in the large brace

Eq. (C9) into Eq. (C8), we can get the reflective Larmor time
‘L'EMP for a fermion scattered off the potential Vi;i(z). Also
note that one can utilize P} = —ilog[%Zy /%, ] as a simple
formal expression.

As for NETBs, when we set 8 = 0, the solution is

. 2, (1kQE + K, QF)
%i — o—2ikL 1— C10
=€ kz_QOi kg_()li ikk, Q& o
—Dikkge KL
L?-:i: — 4 ) cii
n p [kZ_Q(:)t +k¢21'Qli + ikkani] ( :
J0eikLg (kBi[—(%)z] — ikaBi’[—(l%)z])
o ” a (C12)

K2Qy +k2QJ + ikk,Q ’

. H2e ﬂkLk(lkAl[( )2 — kAl[(ka)]>
“n = ROF + QT + ikk,QF

(C13)

=T i, so the transmit-
ted Larmor times are the same for MS ETBs, as mentioned

From Eq. (C11), we see again 7= =

already, and hence there is no need to distinguish the trans-
mitted Larmor times by the subscripts p, n in (C7). For the

o
reflective Larmor time TLM n = limp, 0 z7—f-, where
sog — frar [ et}
(k20 —kz Q)
kk, Q.
-1 a=4ac
+ tan 5
{(kzﬂo ka9, )”

—(— o). (C14)

The results show that the reflective Larmor time for an NETB
is much smaller than the corresponding one for a PETB. In
other words, T]}jM’n is nearly an order of magnitude smaller
than TEM,p providéd that the relevant parameters are the same.

Appendix D: Some preliminary results for a
generic type of TB

With the scattering coefficients such as Eqs. (B7) and
(B8), we can obtain tunneling times for a TB with a generic
shape by the time definitions shown in the main context. The
TB does not include the type of triangle with an obtuse an-
gle on the bottom edge. A sketch of TBs with general shapes
and the relative probability densities for a left incoming par-
ticle scattered off the barriers is shown in Fig. D1, where the
two TBs are MS with barrier height A and width L = [ + 5.
The widths are separated by the vertical lines (represented by
L=1/2,2/1
for Figs. D1(a) and D1(b), respectively. Since the calculation

the solid thin lines) passing the apexes to /; :

of the tunneling times for a TB of generic shape is tedious, we
only present the results of the Larmor and phase times directly.

To obtain the Larmor time measured by spin precession,
we have to figure out the coefficients in the ansatz similar to
Eq. (21) below:

(1Y sikey (R wike _
7 [( e+ ,R;l € , < -,
¢ Ai? (z) +cf Bi® (z))
U la® V' + 2a "+ , —l1<z<0
Izri(x) _ <C1a I;i (Z) +62aBla (Z) !
U(Clb 1&(Z)+C2bBl+(Z)) 0<z<h
CipA 7(7)‘*‘0217131 (2) 7
( tri. ) 1kz 7> 127
tn
(DD
where Ai% (z) = Ailk,(z+1;) — (k%)?] and Bli( ) =Bilk,(z+

h) = (k9)%], AiL(2) = Ail—ky(z — b) — (k})?] and Bil(z) =
Bi[—ky(z — h) — (k%)%  The ke = (2mc/W?)3, k§ =
1/ %(E + u.Bo)/ke, where the subscript or superscript ¢ =
a, b. With the transfer matrix method, we can get
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T 2ikk,k,e KL/ 02)
O Tha(kaQf, +1kQ0 L) (ky QL — kR0, )] +a <> b’

RE — o—2ik { [ka(k2Q(])]i-lei — kakbgfzig?i) tlae b)] +ik- [kll(kbgca]iQCbZi +kﬂg(l))ig?i) —(ae b)] } ) (D3)
{Tka - (ko +1kQ% ) (kp by — 1kQZ )] +[a ¢ b]}

Asym TriB 1:2

VTri (HEV)
12 (a)
10 [3.5[2] 12
8 — [asl]?
6 2
— |¥6.0[#]]
4
2 g
0
—4 —2 0 2 4 6 8
Asym TriB 2:1
Vl‘ri (peV)
ﬁ fa L2112 ()
— |Yas[2]|?
*F— o ol2]
6
4
2

-8 -6 -4 =2 0 2 4
Fig. D1. Sketch map of the probability density distribution |y (z)|* for a
particle tunneling through a pair of MS TBs with the barrier height A and
width separation ratio /; : [, = 1/2 for (a) and I; : [, = 2 : 1 for (b), where
the k are shown in the legends.

Similar to earlier calculations, 73 is just Ty if ignoring the

sub or superscripts =, in other words, limp,—q 7?1[ = Tui. Like-
+

i = Rui- This is not surprising since a small
spin-magnetic field coupling — - B only shifts the barrier ei-

wise, limpg,—o R

ther higher or lower a little bit without affecting the form of
solutions. Thus, scattering coefficients such as the reflection
and transmission amplitudes remain nearly unaltered except
for minor changes of parameters, such as k — ki. The an-
gles in the equatorial x—o—y plane swapped by the spin rota-
tion of the transmitted and reflected partial waves relative to

the initial spin —= (1,1)" pointing in the x-axis can be read

7
from e *7 = T/ T, and e R = R/ Ryi» Which are
6 —tan] [ kak (k2% Qb —ka Q0 QL )+ (a < b)
=tan
Tui | ko (K2Q%_Q +K;Q4 Q7 ) +(a < b)
—[=e+], (D4)
0. —tan~! k [ke (ko201 Q% + ko7, Qf,) — (a4 b)]
i | ka (kakp Qi Q0 =205, Q) +(a < b)
— (o -)+o, (D5)
Note that the phase angles (}5Tl ., ¢R[, can be defined in
this way as in the case of small B, limgyo |7, /7| = 1,
limgy0 [R5 /Ry = 1, just as mentioned above in Eq. (C8).

Then we can define the transmitted and reflected Larmor times
as

¢Rtri

T : (PTLri R .
T = lim T = lim .
LM.A By—0 g.uNBO ’ LM,A By—0 g/.LNB()

As for the phase times, they can be obtained by substi-
tuting Eqs. (B7) and (B8) into the definitions (11) and (10),
respectively, which leads to

(D6)

T _m 39} R M 39§
Toha = 22 ok hA T 3 ok (D7)
where
ko (K2 QL Q% + ko, Q8 QP b
of ! O b ) D] o
k (kakp Q8 Q5 —K2Q0Q%) + (a < b)
OR — tan-"! [kz[(kawl )2 —(a < b)? —K*@} + (kak,,)zwg]
A 2k (k2@ @y — k2@ @3) '

D9)

The four @-s are defined as follows: @ = (k,Q¢Q5 —
kQHQL), B = (kQPQf — kaRH,Q4), B3 = b QHQ +
(a > b), @y = [k, Q8 Q8 + (a < b)]. For simplicity, we only
show the reflective Larmor times for a pair of asymmetric TBs
as a function of wave number k and total width L with the
given height of apex Vp = 15 peV in Fig. D2. The width sepa-
ration ratios /; : I, of the two triangular barriers are 8 and 1/8,
respectively.

To see whether the phase and Larmor times of TBs are
affected by the barrier width saturation effect, we also define
the velocities in a fashion similar to those of ETBs defined in
Section 4. The results are directly shown in Fig. D3, where
we see there are no such effects for general TBs just as for
ETBs, since the velocities approach or oscillate around con-
stants when L is large enough. The lack of dashed red curves
in Fig. D3 is because the values are much larger than the plot
ranges and these curves also oscillate around constants. More-
over, from Fig. D4, we can see that the presence of barriers in-
deed retarded the propagation of the tunneling particle where
the curves are all below the dashed yellow lines representing
free particles when k < ky. However, when k > kg, the curves
representing barrier width separation ratios 1:4 and 1 : 14 all
turn to much higher values than the velocities of free particles,
while the reflective Larmor or phase velocities for the barriers
with much gentler left slopes correspond to /; : [ =4 : 1 and
14 : 1 still remains smaller than v¢ until & is significantly larger
than kg, where oscillation behaviors become transparent both
for phase and Larmor velocities. In contrast, the velocities de-
fined with the transmission phase and Larmor times are much
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larger than the velocities of the free particles when k is signifi-
cant smaller than ko; when k is close or even larger than ko, the
barrier seems retard the propagation of transmitted particles,
in contradiction to classical intuitions. Due to space limita-
tions, we leave detailed investigations of the tunneling times
for generic shapes of TBs for future works.

Height Vo =15 peV, l,:l, =8
T

Height V=15 peV, lo:l,=1/8
® T

Fig. D2. The reflected Larmor times as functions of the barrier width L
and the wave number & of the incoming particle for a pair of MS TBs
with width separation ratios (a) 8 : 1 and (b) 1 : 8, respectively.
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Fig. D3. The reflective velocities defined from the Larmor and phase
times for asymmetric TBs with Vo = 15 peV. The solid and dashed
curves in the two subfigures correspond to barrier width separation ra-
tiosly :lp =4:1and [; : [, =1:5, respectively. The velocities for
particles with different wave numbers are shown with different colors
in the legends. (a) The reflection Larmor velocities, where the magnetic
field is set to be 1 mG. (b) The reflection phase velocities.
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Fig. D4. The comparison of reflective Larmor and phase velocities with the
corresponding free particles. The dashed yellow lines correspond to the ve-
locity of free particles and the dotted vertical lines correspond to the critical
wave number kg = /2mVy/h =7.93 nm~!. The different colors correspond
to barrier width 25 nm and 15 nm with different width separation ratios. (a)
The reflection Larmor velocities, where the magnetic field is set to be 1 mG.
(b) The reflection phase velocities.
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