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We derive the multi-hump nondegenerate solitons for the (2+ 1)-dimensional coupled nonlinear Schrödinger equa-
tions with propagation distance dependent diffraction, nonlinearity and gain (loss) using the developing Hirota bilinear
method, and analyze the dynamical behaviors of these nondegenerate solitons. The results show that the shapes of the non-
degenerate solitons are controllable by selecting different wave numbers, varying diffraction and nonlinearity parameters.
In addition, when all the variable coefficients are chosen to be constant, the solutions obtained in this study reduce to the
shape-preserving nondegenerate solitons. Finally, it is found that the nondegenerate two-soliton solutions can be bounded
to form a double-hump two-soliton molecule after making the velocity of one double-hump soliton resonate with that of
the other one.

Keywords: nondegenerate solitons, variable coefficients coupled nonlinear Schrödinger equations, Hirota bi-
linear method
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1. Introduction
It is well known that one of the dominating application

areas of solitons is the optical fiber communication. As the
carriers of information, solitons can well solve the problem
of nonlinear pulse distortions in the fiber optic channels. In
1973, Hasegawa and Tappert first predicted the existence of
solitons in nonlinear optical fibers.[1] Later in 1980, Mol-
lenauer et al. demonstrated the propagation of soliton in op-
tical fibers.[2] Since then, an enormous amount of attention
has been paid in this topic due to its versatile applications by
both experimental and theoretical physicists.[3–8] In addition
to single-hump solitons, it has been reported more recently
that dispersion-managed communication systems can also ad-
mit double-hump solitons or multi-hump solitons, which may
offer potential applications in improving capacity of opti-
cal fiber communication.[9,10] Especially, among these multi-
hump solitons, the nondegenerate soliton solutions,[11] which
are considered as the solitons in multi-mode fibers travel-
ing with non-identical wave numbers, have been put for-
ward for modeling the propagation of multi-hump solitons
in optical fibers. When two nondegenerate solitons collide
with each other, their amplitudes may change but their in-
tensities remain unchanged. Later, inspired by nondegen-
erate solitons, more general nondegenerate Kuznetsov–Ma
breathers[12] and nondegenerate Akhmediev breathers[13,14]

have also been studied. In recent years, based on several dif-
ferent mathematical physics methods such as the Hirota bilin-
ear method, Kadomtsev–Petviashvili hierarchy reduction and
developing Darboux transformation method, nondegenerate

solitons have been reported in various multi-mode fiber sys-
tems, such as the Manakov systems,[15–17] generalized cou-
pled nonlinear Schrödinger systems,[18–22] long-wave short-
wave resonant interaction systems,[23] and coupled Fokas–
Lenells systems.[24]

Generally speaking, to describe the propagation of beams
in two polarized directions, coupled nonlinear Schrödinger
(CNLS) equations[25]

iuz +
1
2

utt +(|u|2 + |v|2)u = 0, (1a)

ivz +
1
2

vtt +(|u|2 + |v|2)v = 0, (1b)

with u and v referring to two complex envelopes of the elec-
trical field, z and t representing the longitudinal propagation
coordinate and temporal transverse coordinates respectively,
are one of the most commonly used models.[26,27] While the
beams traveling in higher dimensions are taken into account,
(1 + 1)-dimensional CNLS equations may be extended into
(2+1)-dimensional ones[28,29]

iuz +utt +uyy +(|u|2 + |v|2)u = 0, (2a)

ivz + vtt + vyy +(|u|2 + |v|2)v = 0, (2b)

where y represents the spatial transverse coordinate. Further-
more, in real fibers, owing to the inhomogeneity of fiber medi-
ums, which may be caused by imperfections of manufacture,
variations in the lattice parameters of the fiber media, fluctu-
ations in the fiber diameters, and so on, the fiber mediums,
such as dispersion, nonlinear effect and gain (loss) parame-
ters, become the parameters of transmission distance, then the

†Corresponding author. E-mail: chengxp2005@126.com
© 2023 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

120202-1

https://doi.org/10.1088/1674-1056/acf282
mailto:chengxp2005@126.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 32, 120202 (2023)

pulse propagations in such mediums should be described by
variable coefficient coupled nonlinear Schrödinger (vcCNLS)
equations.[30–33] Motivated by the practical significance of vc-
CNLS equations and the wide applications of nondegenerate
solitons, we intend to investigate the multi-hump nondegener-
ate solitons in the following system of the (2+1)-dimensional
CNLS equations with variable coefficients:

iuz +
β (z)

2
(utt +uyy)+R(z)(|u|2 + |v|2)u− iρ(z)u = 0, (3a)

ivz +
β (z)

2
(vtt + vyy)+R(z)(|u|2 + |v|2)v− iρ(z)v = 0, (3b)

where real analytic functions β (z) and ρ(z) denote the diffrac-
tion and gain (loss) parameters, respectively; R(z) is the co-
efficient of self-focusing Kerr nonlinearity as R(z) > 0, and
R(z) is the coefficient of self-defocusing Kerr nonlinearity
as R(z) < 0. Due to the non-integrability of vcCNLS equa-
tions, the studies of these systems were often realized by con-
verting them into integrable constant coefficient CNLS equa-
tions. For example, the similarity transformation technique
has been brought into vcCNLS equations to obtain the vec-
tor rogue wave solutions and bright soliton solutions.[34,35]

Wu and Jiang constructed the (2+ 1)-dimensional breathers
for vcCNLS equations through transforming them to the stan-
dard NLS equation.[36] However, we would like to construct
the nondegenerate solitons for Eq. (3) in the frame of the de-
veloping Hirota bilinear method in this paper.

The plan of this work is organized as follows. In Sec-
tion 2, the bilinear forms of the (2+ 1)-dimensional vcCNLS
equations (3) are derived. The nondegenerate one-soliton and
two-soliton solutions of Eq. (3) are obtained by the developing
Hirota bilinear method in Section 3. The propagation charac-
teristics of the nondegenerate solitons and the influences of
variable coefficients on the shapes of nondegenerate solitons
are analyzed in Section 4. Section 5 is allotted for some im-
portant conclusions.

2. Bilinear forms of (2+1)-dimensional vcCNLS
equations
To seek the nondegenerate solitons for vcCNLS equa-

tions (3), we introduce the following dependent variable
transformation[37]

u =
g1

f
e
∫

ρ(z) dz, v =
g2

f
e
∫

ρ(z) dz, (4)

where g1 and g2 are both complex functions of (y,z, t), while
f ≡ f (y,z, t) is a real function. Through transformation (4)
and the constraints among ρ(z), β (z) and R(z), i.e.,

ρ(z) =
1
2

(
ln

β (z)
R(z)

)
z
, (5)

the bilinear form for Eq. (3) can be written as[
iDz +

β (z)
2

(D2
t +D2

y)
]
(g1 · f ) = 0, (6a)

[
iDz +

β (z)
2

(D2
t +D2

y)
]
(g2 · f ) = 0, (6b)

(D2
t +D2

y)( f · f ) = 2(|g1|2 + |g2|2), (6c)

with Dy, Dz and Dt being bilinear derivative operators,[38] de-
fined as

Dm1
y Dm2

z Dm3
t (a(y,z, t) ·b(y′,z′, t ′))

=
(

∂

∂y
− ∂

∂y′

)m1
(

∂

∂ z
− ∂

∂ z′

)m2
(

∂

∂ t
− ∂

∂ t ′

)m3
a(y,z, t)

×b(y′,z′, t ′)|y′=y,z′=z,t ′=t , (7)

where m1, m2 and m3 are non-negative integers.
Inspired by the developing Hirota bilinear method applied

to above-mentioned CNLS equations,[15,21] one may expand
g1, g2 and f as the power series expansions

g1 = εg11 + ε
3g31 + · · · , g2 = εg12 + ε

3g32 + · · · ,
f = 1+ ε

2 f2 + ε
4 f4 + · · · . (8)

Here ε is a formal expansion parameter, g j1 and g j2 ( j =
1,3,5, . . .) are complex functions with respect to (y,z, t), and
f j(y,z, t) ( j = 2,4,6, . . .) are all real functions. By inserting
expansions (8) into the bilinear equations (6) and collecting the
terms proportional to the same powers of ε , a system of linear
partial differential equations to be solved can be acquired. The
multi-hump nondegenerate soliton solution constituting by g j

( j = 1,2) and f for Eq. (3) can then be determined by solving
these linear partial differential equations.

3. Nondegenerate soliton solutions
3.1. Nondegenerate one-soliton solutions for Eq. (3)

In order to explore the nondegenerate one-soliton solu-
tions for (2+1)-dimensional vcCNLS equations (3), we trun-
cate Eq. (8) to

g1 = εg11 + ε
3g31, g2 = εg12 + ε

3g32,

f = 1+ ε
2 f2 + ε

4 f4, (9)

where we assume

g11 = a11 eη1 , g12 = a12 eξ1 ,

g31 = ∆11 eη1+ξ1+ξ ∗1 , g32 = ∆12 eη1+ξ1+η∗1 ,

f2 = δ1 eη1+η∗1 +δ2 eξ1+ξ ∗1 , f4 = δ11 eη1+η∗1+ξ1+ξ ∗1 ,

η1 = k1t + l1y+w1(z), ξ1 = p1t +q1y+ r1(z), (10)

with k1, l1, p1 and q1 being four complex parameters and the
superscript ∗ denoting the complex conjugation. By substi-
tuting Eq. (10) into the bilinear forms (6) and collecting the
coefficients of different powers of ε , we have

120202-2
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w1(z) =
i
2
(k2

1 + l2
1)
(∫

β (z)dz
)
, r1(z) =

i
2
(p2

1 +q2
1)
(∫

β (z)dz
)
,

δ1 =
|a11|2

(k1 + k∗1)
2 +(l1 + l∗1)

2 , δ2 =
|a12|2

(p1 + p∗1)
2 +(q1 +q∗1)

2 ,

∆11 =
a11|a12|2[(k1− p1)(p1 + p∗1)+(l1−q1)(q1 +q∗1)]

[(k1 + p∗1)(p1 + p∗1)+(l1 +q∗1)(q1 +q∗1)][(p1 + p∗1)
2 +(q1 +q∗1)

2]
,

∆12 =−
|a11|2a12[(k1− p1)(k1 + k∗1)+(l1−q1)(l1 + l∗1)]

[(k∗1 + p1)(k1 + k∗1)+(l∗1 +q1)(l1 + l∗1)][(k1 + k∗1)
2 +(l1 + l∗1)

2]
,

δ11 =
a11∆ ∗11 +a∗11∆11 +a12∆ ∗12 +a∗12∆12− [[(k1 + k∗1)− (p1 + p∗1)]

2 +[(l1 + l∗1)− (q1 +q∗1)]
2]δ1δ2

[(k1 + k∗1)+(p1 + p∗1)]
2 +[(l1 + l∗1)+(q1 +q∗1)]

2 , (11)

and the constraint condition among k1, q1, p1 and l1, i.e.,

q1 +q∗1 =
(p1 + p∗1)(l1 + l∗1)

k1 + k∗1
. (12)

The inserting of w1(z) and r1(z) in Eq. (11) into the wave vari-
ables η1 and ξ1 yields

η1 = k1t + l1y+
i
2
(k2

1 + l2
1)
(∫

β (z)dz
)
,

ξ1 = p1t +q1y+
i
2
(p2

1 +q2
1)
(∫

β (z)dz
)
. (13)

After setting the formal expansion parameter ε = 1, the ex-
plicit forms of nondegenerate one-soliton solutions of vcC-
NLS equations in the truncated series expansions form are

u =
(a11 eη1 +∆11 eη1+ξ1+ξ ∗1 )e

∫
ρ(z)dz

1+δ1 eη1+η∗1 +δ2 eξ1+ξ ∗1 +δ11 eη1+η∗1+ξ1+ξ ∗1
,

v =
(a12 eξ1 +∆12 eη1+ξ1+η∗1 )e

∫
ρ(z)dz

1+δ1 eη1+η∗1 +δ2 eξ1+ξ ∗1 +δ11 eη1+η∗1+ξ1+ξ ∗1
, (14)

where ∆11, ∆12, δ1, δ2 and δ11 are shown as Eq. (11), and
a11 and a12 are still two arbitrary constants. According to the
expression (14), it is evident that the solitons propagating in
the two components are represented by two arbitrary functions
β (z) and R(z), which are associated with ρ(z) by formula (5),
and five arbitrary complex parameters a11, a12 and k1, l1, p1.
These wave parameters of different values control the shapes,
amplitudes, width and velocities of solitons in Kerr media.

3.2. Nondegenerate two-soliton solutions of Eq. (3)

For investigating the interaction between nondegenerate
solitons, we consider constructing nondegenerate two-soliton
solutions for Eq. (3), that is, truncating the expansions (8) to
the following terms:

g1 = εg11 + ε
3g31 + ε

5g51 + ε
7g71,

g2 = εg12 + ε
3g32 + ε

5g52 + ε
7g72,

f = 1+ ε
2 f2 + ε

4 f4 + ε
6 f6 + ε

8 f8. (15)

Now we take the seed solutions as g11 = a11 eη1 + a21 eη2 ,
g12 = a12 eξ1 + a22 eξ2 , where ηs = kst + lsy + ws(z), ξs =

pst + qsy + rs(z) (s = 1,2), {ks, ls, ps, qs (s = 1,2)} are

complex constants, and ws(z), rs(z) (s = 1,2) are four com-
plex functions of z. Therefore, similar to the last subsection,
by vanishing the coefficients of all different powers of ε and
then letting ε = 1, the nondegenerate two-soliton solutions of
Eq. (3) are given as

u =
(g11 +g31 +g51 +g71)e

∫
ρ(z)dz

1+ f2 + f4 + f6 + f8
,

v =
(g12 +g32 +g52 +g72)e

∫
ρ(z)dz

1+ f2 + f4 + f6 + f8
, (16)

where

g31 = eη1 ∑
s, j=1,2

∆s j eξs+ξ ∗j + eη2 ∑
s, j=1,2

Λs j eξs+ξ ∗j

+ eη1+η2 ∑
j=1,2

∆3 j eη∗j ,

g32 = eξ1 ∑
s, j=1,2

ρs j eηs+η∗j + eξ2 ∑
s, j=1,2

µs j eηs+η∗j

+ eξ1+ξ2 ∑
j=1,2

ρ3 j eξ ∗j ,

g51 = eη1+η2+η∗1 ∑
s, j=1,2

Θs j eξs+ξ ∗j

+ eη1+η2+η∗2 ∑
s, j=1,2

Ts j eξs+ξ ∗j

+ eξ1+ξ ∗1 +ξ2+ξ ∗2 ∑
s=1,2

∆s4 eηs ,

g52 = eξ1+ξ2+ξ ∗1 ∑
s, j=1,2

νs j eηs+η∗j

+ eξ1+ξ2+ξ ∗2 ∑
s, j=1,2

φs j eηs+η∗j

+ eη1+η∗1+η2+η∗2 ∑
s=1,2

ρs4 eξs ,

g71 = eξ1+ξ ∗1 +ξ2+ξ ∗2 +η1+η2 ∑
j=1,2

∆5 j eη∗j ,

g72 = eη1+η∗1+η2+η∗2+ξ1+ξ2 ∑
j=1,2

ρ5 j eξ ∗j ,

f2 = ∑
s, j=1,2

δs j eηs+η∗j + ∑
s, j=1,2

σs j eξs+ξ ∗j ,

f8 =δ18 eξ1+ξ ∗1 +ξ2+ξ ∗2 +η1+η∗1+η2+η∗2 ,

f4 = ∑
s, j=1,2

As j eηs+η∗j ∑
s, j=1,2

Bs j eξs+ξ ∗j +δ17 eη1+η∗1+η2+η∗2

120202-3
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+δ19 eξ1+ξ ∗1 +ξ2+ξ ∗2 ,

f6 = eξ1+ξ ∗1 +ξ2+ξ ∗2 ∑
s, j=1,2

Φs j eηs+η∗j

+ eη1+η∗1+η2+η∗2 ∑
s, j=1,2

Ψs j eξs+ξ ∗j ,

ws(z) =
i
2
(k2

s + l2
s )
(∫

β (z)dz
)
,

rs(z) =
i
2
(p2

s +q2
s )
(∫

β (z)dz
)
, (s = 1,2). (17)

Here k j, p j, q j and l j ( j = 1,2) satisfy the constraint condi-
tions

k2 =
(q2−q1)k∗2 +2(p1− p2)l∗2

q1−q2
,

l1 =
(2k1− k2 + k∗2)l

∗
2

k2 + k∗2
, l2 = l∗2 ,

q1 =
q∗1(p1 + p∗2)−q∗2(p1 + p∗1)

p∗1− p∗2
,

q2 =
q∗1(p2 + p∗2)−q∗2(p2 + p∗1)

p∗1− p∗2
. (18)

Owing to the lengthiness of parameters δ17, δ18, δ19, ∆s j, Λs j,
∆3 j, ρs j, µs j, ρ3 j, Θs j, Ts j, ∆s4, νs j, φs j, ρs4, ∆5 j, ρ5 j, δs j, σs j,
As j, Bs j, Φs j, Ψs j (s, j = 1,2), the specific forms of parame-
ters are shown in the Appendix. From Eqs. (16)–(18), it can
be discovered that the complicated profiles of the nondegener-
ate two-soliton solutions are designed by nine arbitrary wave
parameters β (z), R(z), k1, p j, as j (s, j = 1,2).

4. Properties of nondegenerate solitons
Based on the nondegenerate soliton solutions (14) and

(16) with Eqs. (17) and (18), now we analyze the influences
of different parameters, including the nonlinear effect R(z),
the diffraction β (z) and the wave numbers, on the profiles and
propagating behaviors of nondegenerate solitons in nonlinear
optics.

4.1. Nondegenerate one-soliton solutions of Eq. (3)

First, we discuss how to design different profiles of non-
degenerate one-soliton solutions for vcCNLS equations (3) by
selecting different diffraction parameter β (z) and nonlinear
coefficient R(z). It can be seen from the nondegenerate one-
soliton solutions (14) with Eq. (5) that the function e

∫
ρ(z)dz

modulating the amplitudes of the solitons that are present in
two components u and v is determined by the diffraction and
nonlinear coefficients. Bringing in ρ(z) in different ways,
a different dynamical phenomenon can be excited. For in-
stance, when the periodic functions like R(z) = cos(z) and
β (z) = cos3(z) are settled on the diffraction and nonlinear co-
efficients, the profiles of the nondegenerate solitons in the two
components |u| and |v| are modulated by the periodic func-
tion |cos(z)| at the same time, which is determined from the
relation (5). At a certain transmission distance z, the wave

packets still propagate in the t and y directions in the non-
degenerate soliton forms. The corresponding evolution plots
of nondegenerate solitons for y = 0 and z = 0.5 are shown in
Figs. 1(a), 1(b) and 1(c), 1(d), respectively, whereas other pa-
rameters are k1 = l1 = 1, p1 = q1 = 0.95 and a11 = 2, a12 = 4.
In addition, if the diffraction and nonlinear coefficients β (z)
and R(z) are continued to be changed to R(z) = sech(z) and
β (z) = sech3(z), which makes e

∫
ρ(z)dz = sech(z), the am-

plitudes of the nondegenerate solitons decay to zeros quickly
along the z and t axis, as shown in Figs. 1(e) and 1(f). The
solutions |u| and |v| are localized both in t and z directions.
That is to say, under the action of the inhomogeneous coeffi-
cients, there appears remarkable difference between the solu-
tions of vcCNLS equations and those of the constant coeffi-
cient CNLS equations.[11] In fact, due to the existence of the
relation (5) between β (z), R(z) and ρ(z), it is not difficult to
verify that given different functions β (z) and R(z), the same
amplitude modulation function ρ(z) can be constructed, that
is to say, different diffractions and nonlinear effects may pro-
duce the same nondegenerate soliton envelope. For instance,
by taking {R(z) = sech(z), β (z) = sech3(z)}, {R(z) = cosh(z),
β (z) = sech(z)}, {R(z) = sinh(z), β (z) = tanh(z)sech(z)} and
{R(z) = tanh(z), β (z) = tanh(z)sech2(z)}, one can receive the
same amplitude modulation function e

∫
ρ(z)dz = sech(z), but

different wave variables η1 and ξ1. In contrast to the vari-
able coefficient case, the nondegenerate one-soliton exhibits
the shape-preserving propagation as soon as the diffraction pa-
rameter β (z) and the nonlinear coefficient R(z) are selected as
some real constants.
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Fig. 1. Evolutions of the nondegenerate one-solitons with the parame-
ters chosen as [(a), (b)] R(z) = cos(z), β (z) = cos3(z) for y = 0; [(c),
(d)] R(z) = cos(z), β (z) = cos3(z) for z = 0.5; [(e), (f)] R(z) = sech(z),
β (z) = sech3(z) for y = 0. Other parameters are k1 = l1 = 1, p1 = q1 =
0.95, a11 = 2, and a12 = 4.

Moreover, according to the explicit solutions (14) with
Eqs. (11), (12) and (13), by selecting different wave parame-
ters k1, p1, l1, a11 and a12, the nondegenerate one-solitons with
different intensities, propagation velocities and phases can be
designed. Particularly, under the special conditions k1 = p1
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and l1 = q1, the nondegenerate one-soliton solutions (14) de-
generate into the modulated bright soliton forms

u =
a11 eη1e

∫
ρ(z)dz

1+ eη1+η∗1+δ
, v =

a12 eη1e
∫

ρ(z)dz

1+ eη1+η∗1+δ
, (19)

which can be rewritten as

u =4(k2
1R + l2

1R)A1eiη1I sech
(

η1R +
δ

2

)
e
∫

ρ(z)dz,

v =4(k2
1R + l2

1R)A2eiη1I sech
(

η1R +
δ

2

)
e
∫

ρ(z)dz, (20)

where k1R, k1I, l1R, l1I, η1R and η1I represent the real and
imaginary parts of k1, l1 and η1, respectively; η1R = k1Rt +
l1Ry− (k1Rk1I + l1Rl1I)

∫
β (z)dz, η1I = k1It + l1Iy + 1

2 (k
2
1R −

k2
1I + l2

1R − l2
1I)
∫

β (z)dz, As = a1s√
|a11|2+|a12|2

(s = 1,2) and

eδ = |a11|2+|a12|2
(k1+k∗1)

2+(l1+l∗1 )
2 .

4.2. Nondegenerate two-soliton solutions of Eq. (3)

Now we continue to take into account the effects of vary-
ing diffraction and nonlinear parameters on the shapes of the
nondegenerate two-soliton solutions. Figure 2 shows the evo-
lutions of two solitons with different β (z) and R(z). It can be
seen from Figs. 2(a) and 2(b) that nondegenerate two-solitons
propagate as a tanh function due to the variable coefficients are
chosen as β (z) = tanh(z) and R(z) = sinh(z)cosh(z)(sinh(z)−
cosh(z))2, which leads to e

∫
ρ(z) dz = tanh(z)+1. Other wave

parameters are l1 = −2, l2 = 2.2, p1 = −1.2, p2 = 1.25,
q2 = 2.5 and a11 = 5, a12 = 3, a21 = a22 = 2. Since the diffrac-
tion and nonlinear coefficients are given by β (z) = sin(z)
and R(z) = tan(z)sec(z), the wave peaks of two solitons in-
crease and decrease with z at a certain frequency, and the en-
velopes of the nondegenerate two-solitons vary periodically as
e
∫

ρ(z) dz = |cos(z)|, which are depicted in Figs. 2(c) and 2(d).
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Fig. 2. Evolutions of the nondegenerate two-solitons with y =
0 and the parameters chosen as [(a), (b)] β (z) = tanh(z), R(z) =
sinh(z)cosh(z)(sinh(z)− cosh(z))2; [(c), (d)] β (z) = sin(z), R(z) =
tan(z)sec(z).

In particular, if the variable coefficients are taken as some
constants, which makes the gain (loss) parameter ρ(z) = 0,
the nondegenerate two solitons will travel with some specific
amplitudes. For example, when β (z) = 2 and R(z) = 1 are
selected, the vcCNLS equations (3) have two stable double-
hump soliton solutions, which can be found in Figs. 3(a) and

3(b), where other parameters are chosen as l1 = 0.65+1.45i,
l2 = 0.45, p1 = 0.5+ 0.6i, p2 = 0.405− 0.55i, q2 = 0.48i,
k2 = 0.38− 0.55i, a11 = a22 = 1+ 0.8i, a12 = a21 = 1.2+ i.
The corresponding two-dimensional evolution plots for y = 0
and z = ±8 are depicted in Figs. 3(c) and 3(d), where one
may observe that the nondegenerate two-solitons maintain the
double-hump structures before and after the collisions, but the
energies are redistributed after the inelastic collisions. More-
over, via computing the maximum values of the nondegener-
ate two-solitons, it can be proved that the total energies of the
nondegenerate two-solitons before and after collision remain
unchanged, which is just one of the prominent characteristics
of the nondegenerate solitons. Sequentially, we find that when
the imaginary parts of all wave numbers are taken as the same
values, which makes the nondegenerate two solitons of both
components propagate at the same speed, the nondegenerate
two solitons in this case are bounded into double-hump two-
soliton molecules,[39] which can be seen from Fig. 4, where
we have set the wave parameters as l1 = −2.34, l2 = 2.2,
p1 = −1.2, p2 = 1.25, q2 = 2.5, a11 = a12 = a21 = a22 = 2,
β (z) = 1 and R(z) = 2.
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Fig. 3. The inelastic collisions between nondegenerate two-solitons for
y= 0. [(a), (b)] Dynamical evolution diagrams of nondegenerate soliton
collisions. [(c), (d)] The corresponding strength plots for both compo-
nents |u| and |v| before (z =−8) and after (z = 8) collision.
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Fig. 4. Stably propagating nondegenerate two-soliton molecules. The
wave parameters are chosen as l1 = −2.34, l2 = 2.2, p1 = −1.2,
p2 = 1.25, q2 = 2.5, a11 = a12 = a21 = a22 = 2, β (z) = 1, and R(z) = 2.
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5. Conclusions
In summary, we have investigated the nondegenerate one-

soliton and two-soliton solutions relating to the Hirota bi-
linear form for the (2+ 1)-dimensional CNLS equations (3)
with variable coefficients. The results show that the shapes
of nondegenerate solitons are controllable by choosing dif-
ferent wave parameters, especially the diffraction coefficient
β (z) and the nonlinearity R(z). Concretely, we have demon-
strated how to design the poses and the propagation veloci-
ties of nondegenerate solitons by choosing different diffrac-
tion coefficients, nonlinear effects and wave numbers, and also
analyzed the dynamic behaviors of these nondegenerate soli-
tons based on the analytical expressions (14) with Eqs. (11)–
(13), and expressions (16) with Eqs. (17) and (18). For the
illustrative purpose, we respectively demonstrate the profiles
of nondegenerate one-solitons of cosine function and hyper-
bolic secant function forms and nondegenerate two-solitons of
hyperbolic tangent function and sine function forms. For the
nondegenerate two-soliton solutions, it is found that despite
the collisions between two double-hump solitons are inelastic
and the energies are redistributed after the inelastic collisions,
the total energies of the nondegenerate two-solitons remain the
same before and after collision. Moreover, as soon as the ve-
locity of one double-hump soliton resonant with that of the
other one, the double-hump two-soliton molecule can be con-
structed, which is shown in Fig. 4. Most importantly, we hope
that the results obtained in this paper may raise the possibility
of relative experiments and potential applications.
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Appendix A
Choosing the formal expansion parameter ε = 1, we can

obtain the nondegenerate two-soliton solutions

u =
g11 +g31 +g51 +g71

1+ f2 + f4 + f6 + f8
, v =

g12 +g32 +g52 +g72

1+ f2 + f4 + f6 + f8
,

where

g11 =a11 eη1 +a21 eη2 ,

g31 = eη1 ∑
s, j=1,2

∆s j eξs+ξ ∗j + eη2 ∑
s, j=1,2

Λs j eξs+ξ ∗j

+ eη1+η2 ∑
j=1,2

∆3 j eη∗j ,

g12 =a12 eξ1 +a22 eξ2 ,

g32 = eξ1 ∑
s, j=1,2

ρs j eηs+η∗j + eξ2 ∑
s, j=1,2

µs j eηs+η∗j

+ eξ1+ξ2 ∑
j=1,2

ρ3 j eξ ∗j ,

g51 = eη1+η2+η∗1 ∑
s, j=1,2

Θs j eξs+ξ ∗j

+ eη1+η2+η∗2 ∑
s, j=1,2

Ts j eξs+ξ ∗j

+ eξ1+ξ ∗1 +ξ2+ξ ∗2 ∑
s=1,2

∆s4 eηs ,

g52 = eξ1+ξ2+ξ ∗1 ∑
s, j=1,2

νs j eηs+η∗j

+ eξ1+ξ2+ξ ∗2 ∑
s, j=1,2

φs j eηs+η∗j

+ eη1+η∗1+η2+η∗2 ∑
s=1,2

ρs4 eξs ,

g71 = eξ1+ξ ∗1 +ξ2+ξ ∗2 +η1+η2 ∑
j=1,2

∆5 j eη∗j ,

g72 = eη1+η∗1+η2+η∗2+ξ1+ξ2 ∑
j=1,2

ρ5 j eξ ∗j ,

f2 = ∑
s, j=1,2

δs j eηs+η∗j + ∑
s, j=1,2

σs j eξs+ξ ∗j ,

f8 =δ18 eξ1+ξ ∗1 +ξ2+ξ ∗2 +η1+η∗1+η2+η∗2 ,

f4 = ∑
s, j=1,2

As j eηs+η∗j ∑
s, j=1,2

Bs j eξs+ξ ∗j

+δ17 eη1+η∗1+η2+η∗2 +δ19 eξ1+ξ ∗1 +ξ2+ξ ∗2 ,

f6 = eξ1+ξ ∗1 +ξ2+ξ ∗2 ∑
s, j=1,2

Φs j eηs+η∗j

+ eη1+η∗1+η2+η∗2 ∑
s, j=1,2

Ψs j eξs+ξ ∗j , (s, j = 1,2).

Let us define (p1± p2) = P±, (p1± p∗1) = P±1 , (p1± p∗2) =

P±2 , (p2± p∗1) = P±3 , (p2± p∗2) = P±4 , (q1±q2) = Q±, (q1±
q∗1) = Q±1 , (q1 ± q∗2) = Q±2 , (q2 ± q∗1) = Q±3 , (q2 ± q∗2) =

Q±4 , (k1± k2) = K±, (k1± k∗1) = K±1 , (k1± k∗2) = K±2 , (k2±
k∗1) = K±3 , (k2 ± k∗2) = K±4 , (l1 ± l2) = L±, (l1 ± l∗1) =

L±1 , (l1± l∗2) = L±2 , (l2± l∗1) = L±3 , (l2± l∗2) = L±4 , (k1± p1) =

U±1 , (k1± p2) =U±2 , (k2± p1) =U±3 , (k2± p2) =U±4 , (k1±
p∗1) = U±5 , (k1 ± p∗2) = U±6 , (k2 ± p∗1) = U±7 , (k2 ± p∗2) =

U±8 , (l1± q1) = V±1 , (l1± q2) = V±2 , (l2± q1) = V±3 , (l2±
q2) = V±4 , (l1 ± q∗1) = V±5 , (l1 ± q∗2) = V±6 , (l2 ± q∗1) =

V±7 , (l2±q∗2) =V±8 , and the wave parameters are

δs j =
as1a∗j1

(ks + k∗j )2 +(ls + l∗j )2 ,

∆3 j =
a11δ2 j(K−K+

j+2 +L−L+
j+2)−a21δ1 j(K−K+

j +L−L+
j )

K+
j K+

j+2 +L+
j L+

j+2
,

σs j =
as2a∗j2

(ps + p∗j)2 +(qs +q∗j)2 ,

ρ3 j =
a12σ2 j(P−P+

j+2 +Q−Q+
j+2)−a22σ1 j(P−P+

j +Q−Q+
j )

P+
j P+

j+2 +Q+
j Q+

j+2
,
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∆s j =
a11σs j[U−s (ps + p∗j)+V−s (qs +q∗j)]

[(k1 + p∗j)(ps + p∗j)+(l1 +q∗j)(qs +q∗j)]
, ρs j =

a12δs j[(p1− ks)(ks + k∗j )+(q1− ls)(ls + l∗j )]

[(p1 + k∗j )(ks + k∗j )+(q1 + l∗j )(ls + l∗j )]
,

Λs j =
a21σs j[U−s+2(ps + p∗j)+V−s+2(qs +q∗j)]

[(k2 + p∗s )(ps + p∗j)+(l2 +q∗s )(qs +q∗j)]
, µs j =

a22δs j[(p2− ks)(ks + k∗j )+(q2− ls)(ls + l∗j )]

[(p2 + k∗j )(ks + k∗j )+(q2 + l∗j )(ls + l∗j )]
.

As jBmn =
as1M∗nm +a∗j1Nmn +am2α∗js +a∗n2βs j− [[(ks + k∗j )− (pm + p∗n)]

2 +[(ls + l∗j )− (qm +q∗n)]
2]δs jσmn

[(ks + k∗j )+(pm + p∗n)]2 +[(ls + l∗j )+(qm +q∗n)]2
,

with s = 1, Nmn = ∆mn, s = 2, Nmn = Λmn; j = 1,M∗nm = ∆ ∗nm, j = 2,M∗nm = Λ ∗nm; m = 1, βs j = ρs j, m = 2, βs j = µs j; n =

1, α∗js = ρ∗js, n = 2, α∗js = µ∗js.

δ17 ={a11∆
∗
32 +a∗11∆32 +a21∆

∗
31 +a∗21∆31− [(K+

1 −K+
4 )2 +(L+

1 −L+
4 )]

2
δ11δ22− [(K−1 −K−4 )2

+(L−1 −L−4 )
2]δ12δ21}{[(K+

1 −K+
4 )2 +(L+

1 −L+
4 )]

2}−1,

δ19 ={a12ρ
∗
32 +a∗12ρ32 +a22ρ

∗
31 +a∗22ρ31− [(P+

1 −P+
4 )2 +(Q+

1 −Q+
4 )

2]σ11σ22− [(P−1 −P−4 )2

+(Q−1 −Q−4 )
2]σ12σ21}{(P+

1 +P+
4 )2 +(Q+

1 +Q+
4 )

2}−1.

𝑉s j =
Cm

s jδ2m∆s j−Dm
s jδ1mΛs j−Em

s jσs j∆3m−Fm
s j a21A1mBs j +Gm

s ja11A2mBs j

K+
m (K+

m+2 + ps + p∗j)+(ps + p∗j)(k2 + p∗j)+L+
m(L+

m+2 +qs +q∗j)+(qs +q∗j)(l2 +q∗j)
,

with m = 1, 𝑉s j =Θs j, m = 2,𝑉s j = Ts j, and Cm
s j = K+

m+2[K
−+(ps + p∗j)]− (ps + p∗j)(k1 + p∗j)+L+

m+2[L
−+(qs +q∗j)]− (qs +

q∗j)(l1 +q∗j), Dm
s j = K+

m [K−− (ps + p∗j)]+(ps + p∗j)(k2 + p∗j)+L+
m [L
−+(qs +q∗j)]+(qs +q∗j)(l2 +q∗j), Em

s j = K+
m [K+

m+2− (ps +

p∗j)]− (ps+ p∗j)(k2− ps)+L+
m [L

+
m+2− (qs+q∗j)]− (qs+q∗j)(l2−qs), Fm

s j = K+
m [K−+(ps+ p∗j)]− (ps+ p∗j)(k2− p j)+L+

m [L
−+

(qs +q∗j)]+(qs +q∗j)(l1−q j), Gm
s j = K+

m+2[K
−− (ps + p∗j)]+(ps + p∗j)(k1− p j)+L+

m+2[L
−− (qs +q∗j)]+(qs +q∗j)(l1−q j).

∆s4 =
Cs4σ11W22 +Ds4σ12W21−Es4σ21W12−Fs4σ22W11 +Gs4as1δ19

(ks + p∗1)(P
+
1 +P+

4 )+P+
2 P+

4 +(ls +q∗1)(Q
+
1 +Q+

4 )+Q+
2 Q+

4
,

with s = 1, W = ∆ ; s = 2, W =Λ , and Cs4 = (ks+ p∗2)(P
+
1 − p+4 )−P−P+

1 +(ls+q∗2)(Q
+
1 −Q+

4 )−Q−Q+
1 , Ds4 = (ks+ p∗1)(P

−
1 −

P−4 )−P−P+
2 +(ls + q∗1)(Q

−
1 −Q−4 )−Q−Q+

2 , Es4 = (ks + p∗2)(P
−
1 −P−4 )−P−P+

3 +(ls + q∗2)(Q
−
1 −Q−4 )−Q−Q+

3 , Fs4 = (ks +

p∗1)(P
+
1 −P+

4 )−P−P+
4 +(ls +q∗1)(Q

+
1 −Q+

4 )−Q−Q+
4 , Gs4 = (ks− p1)(P+

1 +P+
4 )−P+

3 P+
4 +(ls−q1)(Q+

1 +Q+
4 )−Q+

3 Q+
4 .

𝑣s j =
−cm

s jσ1mµs j−dm
s jσ2mρs j− em

s jδs jρ3m− f m
s ja22As jB1m−gm

s ja12As jB2m

(ks + k∗j )(k
∗
j + p2 +P+

m )+P+
m P+

m+2 +(ls + l∗j )(l
∗
j +q2 +Q+

m)+Q+
mQ+

m+2
,

with m = 1, 𝑣s j = νs j, m = 2, 𝑣s j = φs j, and cm
s j = (ks +k∗j )[(k

∗
j + p2)−P+

m ]+P+
m P−+(ls + l∗j )[(l

∗
j +q2)−Q+

m ]+Q+
mQ−, dm

s j =

(ks +k∗j )[(k
∗
j + p1)−P+

m+2]−P+
m+2P−+(ls + l∗j )[(l

∗
j +q1)−Q+

m+2]−Q+
m+2Q−, em

s j = (ks +k∗j )[(ks− p2)−P+
m ]+P+

m P+
m+2 +(ls +

l∗j )[(ls−q2)−Q+
m ]+Q+

mQ+
m+2, f m

s j = (ks+k∗j )[(ks− p2)+P+
m ]+P+

m P−+(ls+ l∗j )[(ls−q2)+Q+
m ]+Q+

mQ−, gm
s j = (ks+k∗j )[(ks−

p1)+P+
m+2]−P+

m+2P−+(ls + l∗j )[(ls−q1)+Q+
m+2]−Q+

m+2Q−.

ρs4 =
cs4δ11w22 +ds4δ12w21− es4δ21w12− fs4δ22w11−gs4as2δ17

(ps + k∗1)(K
+
1 +K+

4 )+K+
2 K+

4 +(qs + l∗1)(L
+
1 +L+

4 )+L+
2 L+

4
,

with s = 1, w = ρ; s = 2, w = ν , and cs4 = (ps + k∗2)(K
+
1 −

K+
4 ) − K−K+

1 + (qs + l∗2)(L
+
1 − L+

4 ) − L−L+
1 , ds4 = (ps +

k∗1)(K
−
1 −K−4 )−K−K+

2 +(qs + l∗1)(L
−
1 −L−4 )−L−L+

2 , es4 =

(ps + k∗2)(K
−
1 − K−4 ) − K−K+

3 + (qs + l∗2)(L
−
1 − L−4 ) −

L−L+
3 , fs4 = (ps + k∗1)(K

+
1 −K+

4 )−K−K+
4 +(qs + l∗1)(L

+
1 −

L+
4 )− L−L+

4 , gs4 = (psK4+)(K+
1 + K4+)− K+

3 K+
4 + (qs −

l1)(L+
1 +L+

4 )−L+
3 L+

4 .

Ψs j ={Hs j−Cs jδ11A22Bs j−Ds jδ12A21Bs j−Es jδ21A12Bs j

−Fs jδ22A11Bs j−Gs jσs jδ17}{K+
1 [K+

1 +2K+
4

+2(ps + p∗j)]+(K+
4 + ps + p∗j)

2 +L+
1 [L

+
1 +2L+

4

+2(qs +q∗j)]+(L+
4 +qs +q∗j)

2}−1,

with s = 1, ω11 = ρ11, τ22 = ρ22, ω12 = ρ12, ω21 = ρ21, s =
2, ω11 = µ11, τ22 = µ22, ω12 = µ12, ω21 = µ21; j =

1, τ∗22 = ρ∗22, ω∗11 = ρ∗11, τ∗12 = ρ∗12, τ∗21 = ρ∗21, j = 2, τ∗22 =

µ∗22, ω∗11 = µ∗11, τ∗12 = µ∗12, τ∗21 = µ∗21, and Cs j = K+
1 [K+

1 −
2K+

4 −2(ps+ p∗j)]+(K+
4 + ps+ p∗j)

2+L+
1 [L

+
1 −2L+

4 −2(qs+

q∗j)]+ (L+
4 + qs + q∗j)

2, Ds j = K−1 [K−1 − 2K−4 − 2(ps + p∗j)]+
(K−4 + ps + p∗j)

2 + L−1 [L
−
1 − 2L−4 − 2(qs + q∗j)] + (L−4 + qs +

q∗j)
2, Es j = K−1 [K−1 −2K−4 +2(ps + p∗j)]+(K−4 − ps− p∗j)

2 +

L−1 [L
−
1 −2L−4 +2(qs +q∗j)]+(L−4 −qs−q∗j)

2, Fs j = K+
1 [K+

1 −
2K+

4 +2(ps+ p∗j)]+(K+
4 − ps− p∗j)

2+L+
1 [L

+
1 −2L+

4 +2(qs+

q∗j)]+ (L+
4 − qs− q∗j)

2, Gs j = K+
1 [K+

1 + 2K+
4 − 2(ps + p∗j)]+

(K+
4 − ps − p∗j)

2 + L+
1 [L

+
1 + 2L+

4 − 2(qs + q∗j)] + (L+
4 − qs −
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q∗j)
2, Hs j = ∆s j∆

∗
32 + ∆31Λ ∗js + ∆32∆ ∗js + Λs j∆

∗
31 + a∗11Ts j +

a11T ∗js+as2ρ∗j4+a∗j2ρs4+a21Θ ∗js+a∗21Θs j+ω11τ∗22+ω∗11τ22+

ω12τ∗12 +ω21τ∗21.

Φs j ={H ′s j−C′s jσ11As jB22−D′s jσ12vs jB21−E ′s jσ21As jB12

−F ′s jσ22As jB11−G′11δs jδ19}{(ks + k∗j )[ks + k∗j
+2(P+

1 +P+
4 )]+(P+

1 +P+
4 )2 +(ls + l∗j )[ls + l∗j

+2(Q+
1 +Q+

4 )]+(Q+
1 +Q+

4 )
2}−1,

with s = 1, Ω11 = ∆11, Π22 = ∆22, Ω12 = ∆12, Ω21 =

∆21, s = 2, Ω11 = Λ11, Π22 = Λ22, Ω12 = Λ12, Ω21 =

Λ21; j = 1, Π ∗22 = ∆ ∗22, Ω ∗11 = ∆ ∗11, Π ∗12 = ∆ ∗12, Π ∗21 =

∆ ∗21, j = 2, Π ∗22 = Λ ∗22, Ω ∗11 = Λ ∗11, Π ∗12 = Λ ∗12, Π ∗21 = Λ ∗21,
and C′s j = (ks + k∗j )[ks + k∗j − 2(P+

1 − P+
4 )] + (P+

1 − P+
4 )2 +

(ls + l∗j )[ls + l∗j − 2(Q+
1 −Q+

4 )] + (Q+
1 −Q+

4 )
2, D′s j = (ks +

k∗j )[ks + k∗j − 2(P−1 −P−4 )] + (P−1 −P−4 )2 + (ls + l∗j )[ls + l∗j −
2(Q−1 −Q−4 )]+(Q−1 −Q−4 )

2, E ′s j = (ks +k∗j )[ks +k∗j +2(P−1 −
P−4 )]+ (P−1 −P−4 )2 +(ls + l∗j )[ls + l∗j +2(Q−1 −Q−4 )]+ (Q−1 −
Q−4 )

2, F ′s j = (ks + k∗j )[ks + k∗j + 2(P+
1 −P+

4 )]+ (P+
1 −P+

4 )2 +

(ls + l∗j )[ls + l∗j + 2(Q+
1 −Q+

4 )] + (Q+
1 −Q+

4 )
2, G′s j = (ks +

k∗j )[ks + k∗j − 2(P+
1 +P+

4 )] + (P+
1 +P+

4 )2 + (ls + l∗j )[ls + l∗j −
2(Q+

1 +Q+
4 )]+(Q+

1 +Q+
4 )

2, H ′s j = µs jρ
∗
31+ρ31µ∗js+ρs jρ

∗
32+

ρ32ρ∗js +as1∆ ∗j4 +a∗j1∆s4 +a12φ ∗js +a∗12φs j +a22ν∗js +a∗22νs j +

Ω11Π ∗22 +Ω ∗11Π22 +Ω12Π ∗12 +Ω21Π ∗21.

∆5 j ={(M1
j ∆11A2 jB22 +M2

j ∆12A2 jB21 +M3
j ∆21A2 jB12

+M4
j ∆22A2 jB11−M5

j Λ11A1 jB22−M6
j Λ12A1 jB21

−M7
j Λ21A1 jB12−M8

j Λ22A1 jB11−M9
j δ1 j∆24

+M10
j δ2 j∆14−M11

j δ19∆3 j−M12
j a21Φ1 j +M13

j a11Φ2 j

−M14
j σ11𝑂22−M15

j σ12𝑂21−M16
j σ21𝑂12

−M17
j σ22𝑂11)}{K+

j (K
+
j+2 +P+

1 +P+
4 )+P+

1 (U+
7 +P+

4 )

+U+
8 P+

4 +L+
j (L

+
j+2 +Q+

1 +Q+
4 )+Q+

1 (V
+
7 +Q+

4 )

+V+
8 Q+

4 }
−1,

with j = 1, 𝑂 = Θ ; j = 2, 𝑂 = T , and M1
j =

K+
j+2(K

−+P+
1 −P+

4 )−P+
1 (U+

5 −P+
4 )+U−2 P+

4 +L+
j+2(L

−+

Q+
1 − Q+

4 ) − Q+
1 (V

+
5 − Q+

4 ) + V−2 Q+
4 , M2

j = K+
j+2(K

− +

P−1 − P−4 ) − P+
2 (U−5 − P−4 ) + U−2 P+

3 + L+
j+2(L

− + Q−1 −
Q−4 ) − Q+

2 (V
−
5 − Q−4 ) + V−2 Q+

3 , M3
j = K+

j+2(K
− − P−1 +

P−4 ) + P+
2 (U−1 + P+

3 ) − U+
5 P+

3 + L+
j+2(L

− − Q−1 + Q−4 ) +
Q+

2 (V
−
1 + Q+

3 ) − V+
5 Q+

3 , M4
j = K+

j+2(K
− − P+

1 + P+
4 ) +

P+
1 (U−1 + P+

4 )−U+
6 P+

4 + L+
j+2(L

− −Q+
1 + Q+

4 ) + Q+
1 (V

−
1 +

Q+
4 ) − V+

6 Q+
4 , M5

j = K+
j (K

− − P+
1 + P+

4 ) + P+
1 (U+

7 −
P+

4 ) − U−4 P+
4 + L+

j (L
− − Q+

1 + Q+
4 ) + Q+

1 (V
+
7 − Q+

4 ) −
V−4 Q+

4 , M6
j = K+

j (K
− − P−1 + P−4 ) + P+

2 (U−7 − P−4 ) −
U−4 P+

3 +L+
j (L
−−Q−1 +Q−4 )+Q+

2 (V
−
7 −Q−4 )−V−4 Q+

3 , M7
j =

K+
j (K

− + P−1 − P−4 ) − P+
2 (U−3 + P+

3 ) + U+
7 P+

3 + L+
j (L
− +

Q−1 − Q−4 ) − Q+
2 (V

−
3 + Q+

3 ) + V+
7 Q+

3 , M8
j = K+

j (K
− +

P+
1 − P+

4 ) − P+
1 (U−3 + P+

4 ) + U+
8 P+

4 + L+
j (L
− + Q+

1 −
Q+

4 ) − Q+
1 (V

−
3 + Q+

4 ) + V+
8 Q+

4 , M9
j = K+

j (K
− − P+

1 −
P+

4 ) + P+
1 (U+

7 + P+
4 ) + U+

8 P+
4 + L+

j (L
− − Q+

1 − Q+
4 ) +

Q+
1 (V

+
7 + Q+

4 ) + V+
8 Q+

4 , M10
j = K+

j+2(K
− + P+

1 − P+
4 ) −

P+
1 (U+

5 + P+
4 )−U+

6 P+
4 + L+

j+2(L
− + Q+

1 −Q+
4 )−Q+

1 (V
+
5 +

Q+
4 ) − V+

6 Q+
4 , M11

j = K+
j+2(K

+
j − P+

1 − P+
4 ) − P+

1 (U−1 −
P+

4 ) − U−2 P+
4 + L+

j+2(L
+
j − Q+

1 − Q+
4 ) − Q+

1 (V
−
1 − Q+

4 ) −
V−2 Q+

4 , M12
j = K+

j (K
− + P+

1 − P+
4 ) − P+

1 (U−3 − P+
4 ) −

U−4 P+
4 +L+

j (L
−+Q+

1 −Q+
4 )−Q+

1 (V
−
3 −Q+

4 )−V−4 Q+
4 , M13

j =

K+
j+2(K

−−P+
1 −P+

4 )+P+
1 (U−1 −P+

4 )+U−2 P+
4 +L+

j+2(L
−−

Q+
1 − Q+

4 ) + Q+
1 (V

−
1 − Q+

4 ) + V−2 Q+
4 , M14

j = K+
j (K

+
j+2 −

P+
1 +P+

4 )−P+
1 (U−3 +P+

4 )+U+
8 P+

4 +L+
j (L

+
j+2−Q+

1 +Q+
4 )−

Q+
1 (V

−
3 + Q+

4 ) + V+
8 Q+

4 , M15
j = K+

j (K
+
j+2 − P−1 + P−4 ) −

P+
2 (U−3 + P+

3 ) +U+
7 P+

3 + L+
j (L

+
j+2 −Q−1 + Q−4 )−Q+

2 (V
−
3 +

Q+
3 ) + V+

7 Q+
3 , M16

j = K+
j (K

+
j+2 + P−1 − P−4 ) + P+

2 (U−7 −
P−4 ) − U−4 P+

3 + L+
j (L

+
j+2 + Q−1 − Q−4 ) + Q+

2 (V
−
7 − Q−4 ) −

V−4 Q+
3 , M17

j = K+
j (K

+
j+2 + P+

1 − P+
4 ) + P+

1 (U+
7 − P+

4 ) −
U−4 P+

4 +L+
j (L

+
j+2 +Q+

1 −Q+
4 )+Q+

1 (V
+
7 −Q+

4 )−V−4 Q+
4 .

ρ5 j ={(M′1 jρ11A22B2 j +M′2 jρ12A21B2 j +M′3 jρ21A12B2 j

−M′4 jρ22A11B2 j +M′5 jµ11A22B1 j +M′6 jµ12A21B1 j

+M′7 jµ21A12B1 j−M′8 jµ22A11B1 j−M′9 jσ1 jρ24

−M′10, jσ2 jρ14−M′11, jδ17ρ3 j−M′12, ja22Ψ1 j

−M′13, ja12Ψ2 j−M′14, jδ11𝑜22−M′15, jδ12𝑜21

−M′16, jδ21𝑜12−M′17, jδ22𝑜11)}{K+
1 (K+

4 +U+∗
5 +P+

j+2)

+P+
j (K

+
4 +P+

j+2)+K+
4 U+∗

8 +L+
1 (L

+
4 +V+∗

5 +Q+
j+2)

+Q+
j (L

+
4 +Q+

j+2)+L+
4 V+∗

8 }
−1,

with j = 1, 𝑜 = ν ; j = 2, 𝑜 = φ , and M′1 j =

K+
1 (K+

4 − U−∗6 − P−j ) − P+
j+2(K

+
4 − P−) − U−3 K+

4 +

L+
1 (L

+
4 − V−∗6 − Q−j ) − Q+

j+2(L
+
4 − Q−) − V−3 L+

4 , M′2 j =

K+
3 (K− + U−∗8 + P−j ) + P+

j+2(K
+
2 + P−) − U+∗

7 K+
2 +

L+
3 (L

− + V−∗8 + Q−j ) + Q+
j+2(L

+
2 + Q−) − V+∗

7 L+
2 , M′3 j =

K+
3 (K−1 + U+∗

8 − P−j ) − P+
j+2(K

+
2 − P−) − U−1 K+

2 +

L+
3 (L

−
1 + V+∗

8 − Q−j ) − Q+
j+2(L

+
2 − Q−) − V−1 L+

2 , M′4 j =

K+
1 (K− − U−∗8 − P−j ) − P+

j+2(K
+
4 + P−) + U+∗

7 K+
4 +

L+
1 (L

− − V−∗8 − Q−j ) − Q+
j+2(L

+
4 + Q−) + V+∗

7 L+
4 , M′5 j =

K+
1 (K+

4 −U+∗
6 + P+

j )− P+
j (K

+
4 + P−)−U−4 K+

4 + L+
1 (L

+
4 −

V+∗
6 + Q+

j ) − Q+
j (L

+
4 + Q−) − V−4 L+

4 , M′6 j = K+
3 (K− +

U+∗
8 − P+

j ) + P+
j (K

+
2 − P−) − U+∗

8 K+
2 + L+

3 (L
− + V+∗

8 −
Q+

j ) + Q+
j (L

+
2 − Q−) − V+∗

8 L+
2 , M′7 j = K+

3 (K−1 + U−∗8 +

P+
j ) − P+

j (K
+
2 + P−) − U−2 K+

2 + L+
3 (L

−
1 + V−∗8 + Q+

j ) −
Q+

j (L
+
2 + Q−) − V−2 L+

2 , M′8 j = K+
1 (K− − U+∗

8 + P+
j ) −

P+
j (K

+
4 − P−) +U+∗

8 K+
4 + L+

1 (L
− −V+∗

8 + Q+
j )−Q+

j (L
+
4 −

Q−) + V+∗
8 L+

4 , M′9 j = K+
1 (K+

4 + U+∗
6 − P+

j ) − P+
j (K

+
4 −

P−) + U+∗
8 K+

4 + L+
1 (L

+
4 + V+∗

6 − Q+
j ) − Q+

j (L
+
4 − Q−) +

V+∗
8 L+

4 , M′10, j = K+
1 (K+

4 + U−∗6 + P+
j ) − P+

j+2(K
+
4 +

P−) +U+∗
7 K+

4 + L+
1 (L

+
4 + V−∗6 + Q+

j ) − Q+
j+2(L

+
4 + Q−) +

V+∗
7 L+

4 , M′11, j = K+
1 (K+ + U−∗8 − P+

j ) − P+
j+2(K

+
4 −

P+
j ) + U−3 K+

4 + L+
1 (L

+ + V−∗8 − Q+
j ) − Q+

j+2(L
+
4 −

Q+
j ) + V−3 L+

4 , M′12, j = K+
1 (K+ + U−∗8 + P+

j ) + P+
j (K

+
4 −

P−) + U−4 K+
4 + L+

1 (L
+ + V−∗8 + Q+

j ) + Q+
j (L

+
4 − Q−) +

V−4 L+
4 , M′13, j = K+

1 (K+ + U+∗
8 − P+

j ) + P+
j+2(K

+
4 −

P−) + U−3 K+
4 + L+

1 (L
+ + V+∗

8 − Q+
j ) + Q+

j+2(L
+
4 − Q−) +

V−3 L+
4 , M′14, j = K+

1 (K− −U+∗
8 − P+

j ) + P+
j (U

+
7 + U+∗

8 ) +
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U+∗
8 K+

4 + L+
1 (L

− − V+∗
8 − Q+

j ) + Q+
j (V

+
7 + V+∗

8 ) +

V+∗
8 L+

4 , M′15, j = K+
3 (K−1 + U−∗8 − P+

j ) + P+
j (U

−
5 +

U−∗8 ) −U−2 K+
2 + L+

3 (L
−
1 + V−∗8 − Q+

j ) + Q+
j (V

−
5 + V−∗8 ) −

V−2 L+
2 , M′16, j = K+

3 (K− + U+∗
8 + P+

j ) − P+
j (K

+
2 + P+

j+2) −
U+∗

8 K+
2 + L+

3 (L
− + V+∗

8 + Q+
j ) − Q+

j (L
+
2 + Q+

j+2) −
V+∗

8 L+
2 , M′17, j = K+

1 (U+∗
6 − K+

4 + P+
j )− P+

j (K
+
4 − P+

j+2) +

U−4 K+
4 +L+

1 (V
+∗
6 −L+

4 +Q+
j )−Q+

j (L
+
4 −Q+

j+2)+V−4 L+
4 .

δ18 ={N1−N2δ11Φ22−N3δ12Φ21−N4δ21Φ12−N5δ22Φ11

−N6σ11Ψ22−N7σ12Ψ21−N8σ21Ψ12−N9σ22Ψ11

−N10δ17δ19−N11A11B11−N12A11B12−N13A11B21

−N14A11B22−N15A21B11−N16A21B12−N17A21B21

−N18A21B22}{K+
+ (K

+
+ +2P+

+ )+(P+
+ )2

+L+
+(L

+
++2Q+

+)+(Q+
+)

2}−1.

with K+
± = (K+

1 ± K+
4 ), K−− = (K−1 − K−4 ), L+

± = (L+
1 ±

L+
4 ), L−− = (L−1 − L−4 ), P+

± = (P+
1 ± P+

4 ), P−− = (P−1 −
P−4 ), Q+

± = (Q+
1 ± Q+

4 ), Q−− = (Q−1 − Q−4 ), and N2 =

K+
− (K

+
− − 2P+

+ ) + (P+
+ )2 + L+

−(L
+
− − 2Q+

+) + (Q+
+)

2, N3 =

K−− (K
−
− − 2P+

+ ) + (P+
+ )2 + L−−(L

−
− − 2Q+

+) + (Q+
+)

2, N4 =

K−− (K
−
− + 2P+

+ ) + (P+
+ )2 + L−−(L

−
− + 2Q+

+) + (Q+
+)

2, N5 =

K+
− (K

+
− + 2P+

+ ) + (P+
+ )2 + L+

−(L
+
− + 2Q+

+) + (Q+
+)

2, N6 =

K+
+ (K

+
+ − 2P+

− ) + (P+
− )

2 + L+
+(L

+
+ − 2Q+

−) + (Q+
−)

2, N7 =

K+
+ (K

+
+ − 2P−− ) + (P−− )

2 + L+
+(L

+
+ − 2Q−−) + (Q−−)

2, N8 =

K+
+ (K

+
+ + 2P−− ) + (P−− )

2 + L+
+(L

+
+ + 2Q−−) + (Q−−)

2, N9 =

K+
+ (K

+
+ + 2P+

− ) + (P+
− )

2 + L+
+(L

+
+ + 2Q+

−) + (Q+
−)

2, N10 =

K+
+ (K

+
+ − 2P+

+ ) + (P+
+ )2 + L+

+(L
+
+ − 2Q+

+) + (Q+
+)

2, N11 =

K+
− (K

+
− + 2P+

− ) + (P+
− )

2 + L+
−(L

+
− + 2Q+

−) + (Q+
−)

2, N12 =

K+
− (K

+
− + 2P−− ) + (P−− )

2 + L+
−(L

+
− + 2Q−−) + (Q−−)

2, N13 =

K+
− (K

+
− − 2P−− ) + (P−− )

2 + L+
−(L

+
− − 2Q−−) + (Q−−)

2, N14 =

K+
− (K

+
− − 2P+

− ) + (P+
− )

2 + L+
−(L

+
− − 2Q+

−) + (Q+
−)

2, N15 =

K−− (K
−
− − 2P+

− ) + (P+
− )

2 + L−−(L
−
− − 2Q+

−) + (Q+
−)

2, N16 =

K−− (K
−
− − 2P−− ) + (P−− )

2 + L−−(L
−
− − 2Q−−) + (Q−−)

2, N17 =

K−− (K
−
− + 2P−− ) + (P−− )

2 + L−−(L
−
− + 2Q−−) + (Q−−)

2, N18 =

K−− (K
−
− + 2P+

− ) + (P+
− )

2 + L−−(L
−
− + 2Q+

−) + (Q+
−)

2, N11 =

a11∆ ∗52 + a∗11∆52 + a12ρ∗52 + a∗12ρ52 + a21∆ ∗51 + a∗21∆51 +

a22ρ∗51 + a∗22ρ51 + ∆14∆ ∗32 + ∆ ∗14∆32 + ∆24∆ ∗31 + ∆ ∗24∆31 +

ρ14ρ∗32 + ρ∗14ρ32 + ρ24ρ∗31 + ρ∗24ρ31 + ∆11T ∗22 + ∆ ∗11T22 +

∆12T ∗12 + ∆ ∗12T12 + ∆21T ∗21 + ∆ ∗21T21 + ∆22T ∗11 + ∆ ∗22T11 +

Θ11Λ ∗22 +Θ ∗11Λ22 +Θ12Λ ∗12 +Θ ∗12Λ12 +Θ21Λ ∗21 +Θ ∗21Λ21 +

Θ22Λ ∗11 + Θ ∗22Λ11 + φ11ρ∗22 + φ ∗11ρ22 + φ12ρ∗12 + φ ∗12ρ12 +

φ21ρ∗21 + φ ∗21ρ21 + φ22ρ∗11 + φ ∗22ρ11 + µ11ν∗22 + µ∗11ν22 +

µ12ν∗12 +µ∗12ν12 +µ21ν∗21 +µ∗21ν21 +µ22ν∗11 +µ∗22ν11.
All s and j not specified in this paper are s, j = 1,2.

References
[1] Hasegawa A and Tappert F 1973 Appl. Phys. Lett. 23 142
[2] Mollenauer L F, Stolen R H and Gordon J P 1980 Phys. Rev. Lett. 45

1095
[3] Mollenauer L F and Smith K 1988 Opt. Lett. 13 675
[4] Hasegawa A 1984 Appl. Opt. 23 3302
[5] Hasegawa A and Kodama Y 1995 Solitons in Optical Communications

(Oxford: Clarendon Press)
[6] Dauxois T and Peyrard M 2006 Physics of Solitons (New York: Cam-

bridge University Press)
[7] Agrawal G P 2007 Nonlinear Fiber Optics (San Diego, CA: Academic

Press)
[8] Akhmediev N N and Ankiewicz A 2010 Dissipative Solitons: From

Optics to Biology and Medicine (Berlin: Springer-Verlag)
[9] Porsezian K and Kuriakose V 2003 Optical Solitons: Theoretical and

Experimental Challenges (Berlin: Springer-Verlag)
[10] Akhmediev N and Ankiewicz A 2000 Chaos 10 600
[11] Stalin S, Ramakrishnan R, Senthilvelan M and Lakshmanan M 2019

Phys. Rev. Lett. 122 043901
[12] Che W J, Liu C and Akhmediev N 2023 Phys. Rev. E 107 054206
[13] Liu C, Chen S C, Yao X and Akhmediev N 2022 Chin. Phys. Lett. 39

094201
[14] Chen S C, Liu C and Akhmediev N 2023 Phys. Rev. A 107 063507
[15] Ramakrishnan R, Stalin S and Lakshmanan M 2020 Phys. Rev. E 102

042212
[16] Cai Y J, Wu J W and Lin J 2022 Chaos Solitons Fractals 164 112657
[17] Qin Y H, Zhao L C and Ling L M 2019 Phy. Rev. E 100 022212
[18] Geng K L, Mou D S and Dai C Q 2023 Nonlinear Dyn. 111 603
[19] Chen X, Mihalache D and Rao J G 2023 Nonlinear Dyn. 111 697
[20] Stalin S, Ramakrishnan R and Lakshmanan M 2020 Phys. Lett. A 384

126201
[21] Cai Y J, Wu J W, Hu L T and Lin J 2021 Phys. Scr. 96 095212
[22] Mou D S and Dai C Q 2022 Appl. Math. Lett. 133 108230
[23] Stalin S, Ramakrishnan R and Lakshmanan M 2022 Phys. Rev. E 105

044203
[24] Zhang C R, Tian B, Qu Q X, Liu L and Tian H Y 2020 Z. Angew. Math.

Phys. 71 18
[25] Liu C, Chen S C, Yao X K and Akhmediev N 2022 Chin. Phys. Lett.

39 094201
[26] Zhang G Q, Yan Z Y, Wen X Y and Chen Y 2017 Phys. Rev. E 95

042201
[27] Song S, Xue H and Xue Y K 2020 Commu. Nonlinear Sci. Numer. Sim-

ulat. 82 105046
[28] Baronio F, Wabnitz S and Kodama Y 2016 Phys. Rev. Lett. 116 173901
[29] Riaz H and Wajahat A 2019 Eur. Phys. J. Plus 134 222
[30] Wang L, Zhang J H, Liu C, Li M and Qi F H 2016 Phys. Rev. E 93

062217
[31] Wu G Z and Dai C Q 2020 Appl. Math. Lett. 106 106365
[32] Silem A and Lin J 2023 Appl. Math. Lett. 135 108397
[33] Gao Z Y, Song S N, Zhang K and Guo X J 2017 Optik 147 306
[34] Manikandan K, Senthilvelan M and Kraenkel R A 2016 Eur. Phys. J. B

89 218
[35] Xie X Y, Tian B, Sun W R and Sun Y 2015 Commu. Nonlinear Sci.

Numer. Simulat. 29 300
[36] Wu H Y and Jiang L H 2019 Nonlinear Dyn. 95 3401
[37] Gao Z Y, Song S N and Duan J 2018 Optik 172 953
[38] Hirota R 1973 J. Math. Phys. 14 805
[39] Yin K H, Cheng X P and Lin J 2021 Chin. Phys. Lett. 38 080201

120202-9

http://doi.org/10.1063/1.1654836
http://doi.org/10.1103/PhysRevLett.45.1095
http://doi.org/10.1103/PhysRevLett.45.1095
http://doi.org/10.1364/OL.13.000675
http://doi.org/10.1364/AO.23.003302
http://doi.org/10.1093/oso/9780198565079.001.0001
http://doi.org/10.1093/oso/9780198565079.001.0001
http://doi.org/10.1063/1.1286263
http://doi.org/10.1103/PhysRevLett.122.043901
http://doi.org/10.1103/PhysRevLett.122.043901
http://doi.org/10.1103/PhysRevE.107.054206
http://doi.org/10.1088/0256-307X/39/9/094201
http://doi.org/10.1088/0256-307X/39/9/094201
http://doi.org/10.1103/PhysRevA.107.063507
http://doi.org/10.1103/PhysRevE.102.042212
http://doi.org/10.1103/PhysRevE.102.042212
http://doi.org/10.1016/j.chaos.2022.112657
http://doi.org/10.1103/PhysRevE.100.022212
http://doi.org/10.1007/s11071-022-07833-5
http://doi.org/10.1007/s11071-022-07869-7
http://doi.org/10.1016/j.physleta.2019.126201
http://doi.org/10.1016/j.physleta.2019.126201
http://doi.org/10.1088/1402-4896/ac0869
http://doi.org/10.1016/j.aml.2022.108230
http://doi.org/10.1103/PhysRevE.105.044203
http://doi.org/10.1103/PhysRevE.105.044203
http://doi.org/10.1007/s00033-019-1225-9
http://doi.org/10.1007/s00033-019-1225-9
http://doi.org/10.1088/0256-307X/39/9/094201
http://doi.org/10.1088/0256-307X/39/9/094201
http://doi.org/10.1103/PhysRevE.95.042201
http://doi.org/10.1103/PhysRevE.95.042201
http://doi.org/10.1016/j.cnsns.2019.105046
http://doi.org/10.1016/j.cnsns.2019.105046
http://doi.org/10.1103/PhysRevLett.116.173901
http://doi.org/10.1140/epjp/i2019-12597-x
http://doi.org/10.1103/PhysRevE.93.062217
http://doi.org/10.1103/PhysRevE.93.062217
http://doi.org/10.1016/j.aml.2020.106365
http://doi.org/10.1016/j.aml.2022.108397
http://doi.org/10.1016/j.ijleo.2017.08.092
http://doi.org/10.1140/epjb/e2016-70420-0
http://doi.org/10.1140/epjb/e2016-70420-0
http://doi.org/10.1016/j.cnsns.2015.05.009
http://doi.org/10.1016/j.cnsns.2015.05.009
http://doi.org/10.1007/s11071-019-04763-7
http://doi.org/10.1016/j.ijleo.2018.06.048
http://doi.org/10.1063/1.1666399
http://doi.org/10.1088/0256-307X/38/8/080201

	1. Introduction
	2. Bilinear forms of (2+1)-dimensional vcCNLS equations
	3. Nondegenerate soliton solutions
	3.1. Nondegenerate one-soliton solutions for Eq. (3)
	3.2. Nondegenerate two-soliton solutions of Eq. (3)

	4. Properties of nondegenerate solitons
	4.1. Nondegenerate one-soliton solutions of Eq. (3)
	4.2. Nondegenerate two-soliton solutions of Eq. (3)

	5. Conclusions
	References

