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We derive the multi-hump nondegenerate solitons for the (2 + 1)-dimensional coupled nonlinear Schrodinger equa-
tions with propagation distance dependent diffraction, nonlinearity and gain (loss) using the developing Hirota bilinear
method, and analyze the dynamical behaviors of these nondegenerate solitons. The results show that the shapes of the non-
degenerate solitons are controllable by selecting different wave numbers, varying diffraction and nonlinearity parameters.
In addition, when all the variable coefficients are chosen to be constant, the solutions obtained in this study reduce to the
shape-preserving nondegenerate solitons. Finally, it is found that the nondegenerate two-soliton solutions can be bounded
to form a double-hump two-soliton molecule after making the velocity of one double-hump soliton resonate with that of

the other one.

Keywords: nondegenerate solitons, variable coefficients coupled nonlinear Schrodinger equations, Hirota bi-

linear method
PACS: 02.30.1k, 02.30.Jr, 42.81.Dp

1. Introduction

It is well known that one of the dominating application
areas of solitons is the optical fiber communication. As the
carriers of information, solitons can well solve the problem
of nonlinear pulse distortions in the fiber optic channels. In
1973, Hasegawa and Tappert first predicted the existence of
solitons in nonlinear optical fibers.!!l Later in 1980, Mol-
lenauer et al. demonstrated the propagation of soliton in op-
tical fibers.[?! Since then, an enormous amount of attention
has been paid in this topic due to its versatile applications by
both experimental and theoretical physicists.[>=8! In addition
to single-hump solitons, it has been reported more recently
that dispersion-managed communication systems can also ad-
mit double-hump solitons or multi-hump solitons, which may
offer potential applications in improving capacity of opti-
cal fiber communication.!®19 Especially, among these multi-
hump solitons, the nondegenerate soliton solutions, "1 which
are considered as the solitons in multi-mode fibers travel-
ing with non-identical wave numbers, have been put for-
ward for modeling the propagation of multi-hump solitons
in optical fibers. When two nondegenerate solitons collide
with each other, their amplitudes may change but their in-
tensities remain unchanged. Later, inspired by nondegen-
erate solitons, more general nondegenerate Kuznetsov—Ma
breathers!!'?) and nondegenerate Akhmediev breathers!'3!4]
have also been studied. In recent years, based on several dif-
ferent mathematical physics methods such as the Hirota bilin-
ear method, Kadomtsev—Petviashvili hierarchy reduction and
developing Darboux transformation method, nondegenerate
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solitons have been reported in various multi-mode fiber sys-
tems, such as the Manakov systems,“s‘m generalized cou-
pled nonlinear Schrodinger systems,['3-22) long-wave short-
wave resonant interaction systems,?¥! and coupled Fokas—
Lenells systems.[?4]

Generally speaking, to describe the propagation of beams
in two polarized directions, coupled nonlinear Schrodinger

(CNLS) equations?!

1

iuz+§un+(\u|2+\v\2)u20, (1a)
1

ivz+§vf,+(|u|2+|v|2)v=0, (1b)

with u and v referring to two complex envelopes of the elec-
trical field, z and ¢ representing the longitudinal propagation
coordinate and temporal transverse coordinates respectively,
are one of the most commonly used models.*6>7 While the
beams traveling in higher dimensions are taken into account,
(1 + 1)-dimensional CNLS equations may be extended into

(2 4 1)-dimensional ones!28-29]
iuz—Hm+uyy+(|u|2+|v|2)u:07 (2a)
vz v+ vy + (Juf® + vy =0, (2b)

where y represents the spatial transverse coordinate. Further-
more, in real fibers, owing to the inhomogeneity of fiber medi-
ums, which may be caused by imperfections of manufacture,
variations in the lattice parameters of the fiber media, fluctu-
ations in the fiber diameters, and so on, the fiber mediums,
such as dispersion, nonlinear effect and gain (loss) parame-
ters, become the parameters of transmission distance, then the
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pulse propagations in such mediums should be described by
variable coefficient coupled nonlinear Schrodinger (veCNLS)
equations. 3331 Motivated by the practical significance of vc-
CNLS equations and the wide applications of nondegenerate
solitons, we intend to investigate the multi-hump nondegener-
ate solitons in the following system of the (2 + 1)-dimensional
CNLS equations with variable coefficients:

iu, + @(un +uyy) —0—R(z)(|u|2 + |v|2)u —ip(z)u=0, (3a)
v P (v +RE (P + Py —ip (v =0, 3y

where real analytic functions (z) and p(z) denote the diffrac-
tion and gain (loss) parameters, respectively; R(z) is the co-
efficient of self-focusing Kerr nonlinearity as R(z) > 0, and
R(z) is the coefficient of self-defocusing Kerr nonlinearity
as R(z) < 0. Due to the non-integrability of vcCNLS equa-
tions, the studies of these systems were often realized by con-
verting them into integrable constant coefficient CNLS equa-
tions. For example, the similarity transformation technique
has been brought into veCNLS equations to obtain the vec-
tor rogue wave solutions and bright soliton solutions.3*3]
Wu and Jiang constructed the (2 + 1)-dimensional breathers
for veCNLS equations through transforming them to the stan-
dard NLS equation.[36] However, we would like to construct
the nondegenerate solitons for Eq. (3) in the frame of the de-
veloping Hirota bilinear method in this paper.

The plan of this work is organized as follows. In Sec-
tion 2, the bilinear forms of the (2 + 1)-dimensional vcCNLS
equations (3) are derived. The nondegenerate one-soliton and
two-soliton solutions of Eq. (3) are obtained by the developing
Hirota bilinear method in Section 3. The propagation charac-
teristics of the nondegenerate solitons and the influences of
variable coefficients on the shapes of nondegenerate solitons
are analyzed in Section 4. Section 5 is allotted for some im-
portant conclusions.

2. Bilinear forms of (2+1)-dimensional vcCNLS
equations

To seek the nondegenerate solitons for vcCNLS equa-
tions (3), we introduce the following dependent variable

transformation[3”]

_ 81 Jpdz |, _ 82 [p(x)dz
u="2>¢e ,v=22e ,
f f

where g; and g, are both complex functions of (y,z,t), while

“)

f = f(,z,1t) is a real function. Through transformation (4)
and the constraints among p(z), (z) and R(z), i.e.,

_ 1 B@
p(z)=3(in R(Z))Z7 5)
the bilinear form for Eq. (3) can be written as
o+ P02 o] @on=0,  ew

[iDﬁ@(D%DS) (82 /) =0, (6b)
(D7 +D))(f- ) =2(l&1]* +g2), (6¢)

with Dy, D and D, being bilinear derivative operators,3! de-
fined as

DMDD (a(y,z,1) - b(Y .2, t))

(3-2)" (3= 2)" (53 atre)
X b(y/7zl’t/)‘y’:y7z’=z,t’=t7 @)

where m, my and mj3 are non-negative integers.

Inspired by the developing Hirota bilinear method applied
to above-mentioned CNLS equations,!'>?!! one may expand
g1, &2 and f as the power series expansions

81 :6811+63g31+“', g2:8g12+83g32+“',
f=14+h+efa+-. )

Here € is a formal expansion parameter, g;; and g (j =
1,3,5,...) are complex functions with respect to (y,z,), and
finz,t) (j =2,4,6,...) are all real functions. By inserting
expansions (8) into the bilinear equations (6) and collecting the
terms proportional to the same powers of &, a system of linear
partial differential equations to be solved can be acquired. The
multi-hump nondegenerate soliton solution constituting by g;
(j=1,2) and f for Eq. (3) can then be determined by solving
these linear partial differential equations.

3. Nondegenerate soliton solutions
3.1. Nondegenerate one-soliton solutions for Eq. (3)

In order to explore the nondegenerate one-soliton solu-
tions for (2 + 1)-dimensional vcCNLS equations (3), we trun-
cate Eq. (8) to

81 = €811 +83g31, &2 = 8g12+83832,
f=1+ef+efy, )

where we assume

g =anem, gin=ape,
g3 = Ay eMFTOTE gy = Ay et
f2 — 5len1+n1 +5ze§1+§1 , f4 — 5nem+m+§1+§1 ,

m=kit+Lhy+wi(z), &i=pit+qy+r(z), (10

with ky,l;, p; and g being four complex parameters and the
superscript * denoting the complex conjugation. By substi-
tuting Eq. (10) into the bilinear forms (6) and collecting the
coefficients of different powers of €, we have
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m@ =10+ ( [p@6), n@ =10t +a)( [Ba),
5 — la | & — la|?
T k)P ()Y (p1+p))2+ (1 +4})%

arila*[(ki — p1)(p1+ p}) + (h — q1)(q1 +q})]

A= (k1 +p}) (p1+p}) + (L + g (a1 +a)](p1 4+ py)* + (a1 +43)?)

a1 [Pa[(ki — pi) (ki +&7) + (L —q1) (L +1})]

App =—

o1

(k7 + p1) (ke +K) + (0 + @)+ ][ +67)2 + (+ 1))
_ andfy +aj,An +andp +apdn — ([(k A7) = (pr+pDP +( 1) — (91 +47)°]816

and the constraint condition among k1, g1, p1 and [1, i.e.,

(p1+p}) (L +17)

12
ki —|—kiK (12)

q1+q;=
The inserting of wy (z) and r;(z) in Eq. (11) into the wave vari-
ables 7111 and &; yields

m :k1t+11y+%(k%Jrllz)(/ﬁ(z)dz),

& :p1r+qu+%(p%+q%)</l3(z)dz). (13)

After setting the formal expansion parameter € = 1, the ex-
plicit forms of nondegenerate one-soliton solutions of vcC-
NLS equations in the truncated series expansions form are

(aj1eM + AppeMtéitéi)e/pl)da

‘= 148 eMHM 4 §eS1Hel 4§ eMTmi+ai+éy’
(a12e51 + AppeM+éi+ni)e/p()dz

U 8 eM T 1 8,8t 4 6y eI TEE

(14)

where Ayj, App, 8, & and §;; are shown as Eq. (11), and
ayy and ayp are still two arbitrary constants. According to the
expression (14), it is evident that the solitons propagating in
the two components are represented by two arbitrary functions
B(z) and R(z), which are associated with p(z) by formula (5),
and five arbitrary complex parameters aii, aj» and kq, 1, pi.
These wave parameters of different values control the shapes,
amplitudes, width and velocities of solitons in Kerr media.

3.2. Nondegenerate two-soliton solutions of Eq. (3)

For investigating the interaction between nondegenerate
solitons, we consider constructing nondegenerate two-soliton
solutions for Eq. (3), that is, truncating the expansions (8) to
the following terms:

81 = &811 +83g31 +85851 +£7g71,
g2 =€E81n+ 83g32 + 85852 + 875’727
f=1+e*fp+etfi+elfs+e8fs. (15)

Now we take the seed solutions as gy = aj e™ +az e™,
g12 = alze‘gl + azge‘52, where Ny = kst + Iy + WS(Z), és =
P.st+QSY+rs(Z) (S = 112)7 {ksa lS’ pS’ qS (S = 172)} are

[(kt +k7) + (pr+pD)PP + (L + 1) + (g1 +47)]?

an

complex constants, and wy(z), r5(z) (s = 1,2) are four com-
plex functions of z. Therefore, similar to the last subsection,
by vanishing the coefficients of all different powers of € and
then letting € = 1, the nondegenerate two-soliton solutions of
Eq. (3) are given as

(g11+g31 +851 +871)el P4z
1+ fH+fat+fot+ S
(g12+ g% + 852 +g7) el PR

— 16
v 1+ hHh+fatfo+ 13 ’ (16)

)

where
* *
gu=eM Y Ajestepem VoA eht
s,j=1,2 s,j=1,2
_|_em+nz Z A3j€nj,
j=1.2
s+ s+nT
g3 = el Z psje™ 4 ef Z prgje™
s,j=12 s,j=12
+e§1+§2 p3je€j,
j=12
* *
g51:em+fl2+m Z @sje‘gx+‘:_,'
s,j=1,2
+ eMtmtn; Z Tq,-e‘gﬁ‘g;
5 =12
* *
+e§1+‘§1 +§2+‘:2 Z AS4CTIA'7
s=1,2
* *
g52:e€1+5z+€. Z vsjenﬁnj
s,j=1,2
* *
+e§1+‘§2+52 Z ¢Sjefls+flj
s,j=1,2
+ eMHni+mn; Z P,
s=1,2
* * *
g71:651+51+52+§2+ﬂ1+712 Z Asjen,,
J=12
g = eM+N{+M+n3+8i1+& Z psjeéj 7
j=12
+n* HEF
H= Z 65/,67'5 Tl,_|_ Z o-sjeés %7
5,j=1,2 s,j=1,2

_ +HE HEHE AN 413
fy = 8gesI eI TRt AN tmAn;

% * * *
fr= Y Age™ Y ByeSTol 4 §yyem it

s,j=1,2 s,j=1,2
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+ 519651+5f+52+52*’

f6:e~§1+§f‘+§2+55 Z gpsjeﬂﬁrﬂ}‘

s,j=1,2
4+ eMH+Ni+m+n; Y qjsjeé‘ﬁé}*’
s,j=1,2
i
wi(@) =5 &+ ) ( [ B)dz),
i
r(@) =5 2+ ) ([ BRd), (s=1.2) a7
Here k;, p;, q; and [; (j = 1,2) satisfy the constraint condi-
tions
fy — 29k +2(p1 —p2)3
q1—q2 ’
2k —ko +K3)15 .
h=—"F—"7y"" h=h,
k2+k2
g = DP1HPy) = a (Pt pi)
pi—p5 ’
* 4 p¥) — gk 4 p*
R (P2 Pzz qi(pz pi). (18)
P1— P>

Owing to the lengthiness of parameters 817, 018, 19, Asj, Ayj,
Az}, Psjs Msj» P3j» Osjs Tyjs Asas Vsjs sy Psas Asjs Psjs Osjs Osj
Agj, Bsj, Dsj, Wj (s,j = 1,2), the specific forms of parame-
ters are shown in the Appendix. From Egs. (16)-(18), it can
be discovered that the complicated profiles of the nondegener-
ate two-soliton solutions are designed by nine arbitrary wave
parameters (z), R(z), k1, pj, asj (s,j =1,2).

4. Properties of nondegenerate solitons

Based on the nondegenerate soliton solutions (14) and
(16) with Egs. (17) and (18), now we analyze the influences
of different parameters, including the nonlinear effect R(z),
the diffraction 3(z) and the wave numbers, on the profiles and
propagating behaviors of nondegenerate solitons in nonlinear
optics.

4.1. Nondegenerate one-soliton solutions of Eq. (3)

First, we discuss how to design different profiles of non-
degenerate one-soliton solutions for veCNLS equations (3) by
selecting different diffraction parameter (z) and nonlinear
coefficient R(z). It can be seen from the nondegenerate one-
soliton solutions (14) with Eq. (5) that the function elp)dz
modulating the amplitudes of the solitons that are present in
two components # and v is determined by the diffraction and
nonlinear coefficients. Bringing in p(z) in different ways,
a different dynamical phenomenon can be excited. For in-
stance, when the periodic functions like R(z) = cos(z) and
B(z) = cos?(z) are settled on the diffraction and nonlinear co-
efficients, the profiles of the nondegenerate solitons in the two
components |u| and |v| are modulated by the periodic func-
tion |cos(z)| at the same time, which is determined from the
relation (5). At a certain transmission distance z, the wave

packets still propagate in the ¢ and y directions in the non-
degenerate soliton forms. The corresponding evolution plots
of nondegenerate solitons for y = 0 and z = 0.5 are shown in
Figs. 1(a), 1(b) and 1(c), 1(d), respectively, whereas other pa-
rameters are k| =11 =1, py =q1 =095 and a;; =2, a;p =4.
In addition, if the diffraction and nonlinear coefficients (z)
and R(z) are continued to be changed to R(z) = sech(z) and
B(z) = sech’(z), which makes e/P()92 = sech(z), the am-
plitudes of the nondegenerate solitons decay to zeros quickly
along the z and ¢ axis, as shown in Figs. 1(e) and 1(f). The
solutions |u| and |v| are localized both in ¢ and z directions.
That is to say, under the action of the inhomogeneous coeffi-
cients, there appears remarkable difference between the solu-
tions of veCNLS equations and those of the constant coeffi-
cient CNLS equations.”” In fact, due to the existence of the
relation (5) between B(z), R(z) and p(z), it is not difficult to
verify that given different functions f(z) and R(z), the same
amplitude modulation function p(z) can be constructed, that
is to say, different diffractions and nonlinear effects may pro-
duce the same nondegenerate soliton envelope. For instance,
by taking {R(z) = sech(z), B(z) = sech®(z)}, {R(z) = cosh(z),
B(z) =sech(z)}, {R(z) = sinh(z), B(z) = tanh(z)sech(z)} and
{R(z) = tanh(z), B(z) = tanh(z)sech?(z)}, one can receive the
same amplitude modulation function e/P(?)92 = sech(z), but
different wave variables 1 and &;. In contrast to the vari-
able coefficient case, the nondegenerate one-soliton exhibits
the shape-preserving propagation as soon as the diffraction pa-
rameter 3(z) and the nonlinear coefficient R(z) are selected as
some real constants.

Fig. 1. Evolutions of the nondegenerate one-solitons with the parame-
ters chosen as [(a), (b)] R(z) = cos(z), B(z) = cos®(z) for y = 0; [(c),
()] R(z) = cos(z), B(z) = cos?(z) for z = 0.5; [(e), ()] R(z) = sech(z),
B(z)= sech? (z) for y = 0. Other parameters are k; =1/} =1, py = q; =
0.95,a;; =2,and aj; =4.

Moreover, according to the explicit solutions (14) with
Egs. (11), (12) and (13), by selecting different wave parame-
ters k1, p1, [1, a1 and aj;, the nondegenerate one-solitons with
different intensities, propagation velocities and phases can be
designed. Particularly, under the special conditions k; = p;

120202-4
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and /1 = q1, the nondegenerate one-soliton solutions (14) de-
generate into the modulated bright soliton forms

ajeMelPl@)dz eMelp(x)dz

_an

= renmie VT e (1Y
which can be rewritten as
. )
u :4(k%R + I%R)Ale'"“sech (an + E) efP(Z)dz’
: )
v =4(kdg + i) Az Msech (Mg + 5 ) /PO, 20)

where kiR, ki1, lir, l11, Mir and 1qp represent the real and

imaginary parts of ky, /; and 1y, respectively; nr = kirt +

Ly — (kirki + hirln) [ B(z)dz, min = kit + Ly + 5 (K —
2 2 2 P ) T —

ki + lig — i) [ B(2)dz, Ay e (s =1,2) and
§ _ _lanl+apP

- (k] +kT)2+(11 +IT)2 :

4.2. Nondegenerate two-soliton solutions of Eq. (3)

Now we continue to take into account the effects of vary-
ing diffraction and nonlinear parameters on the shapes of the
nondegenerate two-soliton solutions. Figure 2 shows the evo-
lutions of two solitons with different $(z) and R(z). It can be
seen from Figs. 2(a) and 2(b) that nondegenerate two-solitons
propagate as a tanh function due to the variable coefficients are
chosen as f3(z) = tanh(z) and R(z) = sinh(z) cosh(z)(sinh(z) —
cosh(z))2, which leads to /P92 = tanh(z) + 1. Other wave
parameters are [} = =2, I, = 2.2, py = —1.2, pp = 1.25,
q2 = 2.5and ajl = 5, app = 3, az) =day = 2. Since the diffrac-
tion and nonlinear coefficients are given by f(z) = sin(z)
and R(z) = tan(z)sec(z), the wave peaks of two solitons in-
crease and decrease with z at a certain frequency, and the en-
velopes of the nondegenerate two-solitons vary periodically as
elpl)dz — | cos(z)|, which are depicted in Figs. 2(c) and 2(d).

Fig. 2.

Evolutions of the nondegenerate two-solitons with y
0 and the parameters chosen as [(a), (b)] B(z) = tanh(z), R(z)
sinh(z) cosh(z)(sinh(z) — cosh(z))?; [(c), (d)] B(z) = sin(z), R(z) =
tan(z) sec(z).

In particular, if the variable coefficients are taken as some
constants, which makes the gain (loss) parameter p(z) = 0,
the nondegenerate two solitons will travel with some specific
amplitudes. For example, when B(z) =2 and R(z) = 1 are
selected, the veCNLS equations (3) have two stable double-
hump soliton solutions, which can be found in Figs. 3(a) and

3(b), where other parameters are chosen as /; = 0.65+ 1.451,
I, =0.45, py =0.540.61, pp = 0.405 —0.551, g, = 0.48i,
kry =0.38—0.551,a;1 =a» =1+0.8i,ay=a; =1.2+1.
The corresponding two-dimensional evolution plots for y =0
and z = 8 are depicted in Figs. 3(c) and 3(d), where one
may observe that the nondegenerate two-solitons maintain the
double-hump structures before and after the collisions, but the
energies are redistributed after the inelastic collisions. More-
over, via computing the maximum values of the nondegener-
ate two-solitons, it can be proved that the total energies of the
nondegenerate two-solitons before and after collision remain
unchanged, which is just one of the prominent characteristics
of the nondegenerate solitons. Sequentially, we find that when
the imaginary parts of all wave numbers are taken as the same
values, which makes the nondegenerate two solitons of both
components propagate at the same speed, the nondegenerate
two solitons in this case are bounded into double-hump two-
soliton molecules,*”! which can be seen from Fig. 4, where
we have set the wave parameters as [y = —2.34, [, = 2.2,
p1=-12,py=125g=25,a11 =ap=ay =an=2,
B(z) =1and R(z) =2.

0.8 i
o 0.71 (d) A.M.“zzs ® Ir‘]
0.6 o 'Ill
o 0.5 \ i
_— _ 04 . i
05 T 03 ,'\\1”1 | {
0.2 0-2 " a " :
0.1 0.1 N
\ J |

0
—60—40—-20 0 20 40 60 80 —60 —40 —20 0 20 40 60

t t

Fig. 3. The inelastic collisions between nondegenerate two-solitons for
y=0. [(a), (b)] Dynamical evolution diagrams of nondegenerate soliton
collisions. [(c), (d)] The corresponding strength plots for both compo-
nents |u| and |v| before (z = —8) and after (z = 8) collision.

Fig. 4. Stably propagating nondegenerate two-soliton molecules. The
wave parameters are chosen as [} = —2.34, [, =2.2, p; = —1.2,
P2 = 1.25, q2 = 2.5, ajl =ajp =azx) =ax = 2, ﬁ(Z) = 1, and R(Z) =2.
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5. Conclusions

In summary, we have investigated the nondegenerate one-
soliton and two-soliton solutions relating to the Hirota bi-
linear form for the (2 + 1)-dimensional CNLS equations (3)
with variable coefficients. The results show that the shapes
of nondegenerate solitons are controllable by choosing dif-
ferent wave parameters, especially the diffraction coefficient
B(z) and the nonlinearity R(z). Concretely, we have demon-
strated how to design the poses and the propagation veloci-
ties of nondegenerate solitons by choosing different diffrac-
tion coefficients, nonlinear effects and wave numbers, and also
analyzed the dynamic behaviors of these nondegenerate soli-
tons based on the analytical expressions (14) with Egs. (11)-
(13), and expressions (16) with Egs. (17) and (18). For the
illustrative purpose, we respectively demonstrate the profiles
of nondegenerate one-solitons of cosine function and hyper-
bolic secant function forms and nondegenerate two-solitons of
hyperbolic tangent function and sine function forms. For the
nondegenerate two-soliton solutions, it is found that despite
the collisions between two double-hump solitons are inelastic
and the energies are redistributed after the inelastic collisions,
the total energies of the nondegenerate two-solitons remain the
same before and after collision. Moreover, as soon as the ve-
locity of one double-hump soliton resonant with that of the
other one, the double-hump two-soliton molecule can be con-
structed, which is shown in Fig. 4. Most importantly, we hope
that the results obtained in this paper may raise the possibility
of relative experiments and potential applications.
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Appendix A
Choosing the formal expansion parameter € = 1, we can
obtain the nondegenerate two-soliton solutions

u:gll+g31+g51+g71 V:glz+g32+g52+g72
I+t fatfotfs I+ o+ fatfotfs’
where

g =apem+ayem,

831 :enl Z Asjeéﬁ_éj +en2 Z Asjeg‘ﬁ_gj
s,j=1,2 s,j=1,2

X
4+ eMm+m Z A3jenj’
j=12

g2 =ape® +aye®,

* *
g =eb Y pge™ 4 e Y pge™
sj=12 sj=12

+651+52 Z p3jeéf’
j=12

gs) = eMTmtn )y @Sjeéﬁé,«*
s5,j=12
4 eM+m+n; Y Tsjeéﬁ&;
s,j=1,2
* *
+e§1+‘51+52+‘52 Z Aﬂtens’
s=1,2

g5 = eél+€2+é1* Z vsjeflﬁn,-
s,j=1,2

4 b1+t Z d)y;enern;
sj=12

* *
4 MmN +mtn; Z psae,
s=1,2
— b HE oGt mtm Y Asjel,
j=1.2
— eMAN+MmAN;+81+8& Y psje‘ff,
j=12
s+1} s+E
fa= Z 5sjem 77_/+ Z stegY é'/a
s,j=1,2 s,j=1,2
— +&i +&+E5 00 02+,
f8_518€‘:1 51 & 52 m+ny+n2 7727

fi= Y Age™ y steéﬁéf

s,j=1,2 s,j=1,2

871

872

+ 317em+n]*+nz+ni + 5]9651+§T+52+§2*’
f6:eil+<§f+52+<§f Z qbsjeﬂﬁ'nf
5,j=12
MMM Y8t (g j=1,2).
s5,j=12

Let us define (p1 £ p2) = P*, (p1£p}) =P, (p1+£p3) =
PE, (p2£p}) =Pf, (p2£p5) =P, (1 £q2) = 0F, (@1 &
q}) =07, (+a¢) =05, (2+q;) =05, (2+q3) =
07, (ki £hko) = K=, (ki £k5) = K", (ki £k3) =K, (ko £
k) =K, (khtky) =K, (h+h)=L* (L+1[}) =
Ly, (W£B)=L5, (bh+l})=L7, (b)) =L}, (ki+p)=
Ui, (ki £p2) = Uy, (ka£p1) = Uy, (ka£p2) = Ui, (ki £
py) =Us, (ki+p3) = Uy, (khtp}) =US, (katp3) =
U, (hxq)=VE (hxq) =V, (btq) =V, (b+
) = V4i7 (h £4q7) = V5i7 (h+q¢) = V6:t7 (b +4q7) =
V7i, (htq) = Vgi, and the wave parameters are

agat

8, = 2
Y (kK2 4 (L 17)2
an&j(K~ Ky +L7Lj,,) —andij(K K +L7L))
3= Tt T+ )
Ky Kt LiLj

o aszajz
Y (ps P (a5 45)
anG2j(P~Pf 5 +07 Q) ) —anoi;(P~ P +0707)

T+ T
Py Py + 07 0%

p3j =

?
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N anoy[Us (ps+p5) + Vs (a5 +45)] a125s][(l71 k) (ks + k) + (g1 — L) (L +17)]
Y [k p5) (ps+ %) + (L +q5)( qs+q,)] [(p1+K5) (ks +K5) + (1 + 1) (s +15)] 7
o aglo'sj[Usjrz(ps-l—pj)+V+2(6]s+q]] . a2255/[(p2 k)(ks+k;)+(92_IS)(ls+l;)]
I ka4 p0) (s P) + (2 +4) (a5 + )] [(p2 +&5) (ks +K5) + (g2 + 1) (I + 17))]
AyiBym = asi My + a5 N + amp 0+ ay B j — [[(ks + k) — (pm+pfl)]2+[(lb'+l;)*(qm+q;;)}2]5.¥j6mn7

(ks +K5) + (pm+ P + (L +15) + (gm +45))

with s =1, Nyp = Apns S =2, Nyp = A j =1, M, = A

nm> ]ZZ,M:; —A;:m, m=1, ﬁsj:psj7 m=2, ﬁsj:,usj; n=
1, 0‘}} :pj’fs, n=2, a}‘s :u}‘s.

17 ={an Ay +ai 1 An +an Ay +aa A — (K — K0+ (L] —L))816n — (K — K, )
+(Ly =Ly 180280 MK =K+ (L =L} !
819 ={anps; +ajapsn +anps +axnps — (P =P+ (0 —07)]onion — (P —F;)?
+(07 — 0y Vlonon H(PH + P +(0f +07)°)
82y — D" S1mAs — E"GyjAsyy — Fa21 A1nByj + Gl 1 AsnBy;
K (Koo +ps+05) + (s + ) (ko + p3) +Lin(Lyy o + 45 +47) + (a5 +a3) (2 +47)

Vij=

withm =1, V;; = Oy, m=2,V;j =Ty, and C" = K, L[K~ + (ps+p3)] — (ps+ P5) (ki + p5) + L oL + (s +47)] — (g +
g;)(lh+q;), Dy =Ky [K~ — (ps+p,)}+(ps+p,)(k2+p,)+L,t[L*+(qs+qu>]+(qv+q,>(zz+q,> E}i =K Ko~ (ps+
P = (ps+p5) (ka = ps) + L (L 5 — (g5 +47)] — (a5 +q3) (= qs), F} = KF K™+ (ps+p3)] = (ps+p3) (ke — pj) + L [L™ +
(gs+ ;) + (s +43) (L —q;), Gl =Koy H[K™ = (ps+ )]+ (ps+p5) (ki = pj) + L Il — (g5 +47)] + (g5 +43) (h —qj).-

C54611Was + Du01oWai — Eg4021 Wia — Fiu 620 Wi1 + Gads1 019
(ks +p}) (P +PF) + P Pf 4 (L +471)(QF +0) + 05 0F

Ax4 =

withs =1, W=A;s=2, W=A,and Cy = (ks +p3)(P{" =) =P P+ (I;+¢)(Q] —0y) — Q" Q[ , Dy = (k+p7) (P —
Py) =P P+ (L+4)(Q) —Q)) —Q 05, Eu= (ks +p3)(Py =Py ) =P P +(Li+¢5)(Qy — Q) — 0 0F, Fu = (ks +
PP =P =P P+ (i +q)(Qf —0F) — 0 0F, Gu = (ky—p1) (P +P) =P Pf + (I, —q1)(Qf +07) — 0705 .

o — —cE’}Glmusj—dganszgj—em 3sjp3m_f:g!a22AsjBlm_g?}auAYszm
Y ks k) (K 4+ p2+ P )+ P By + () (G + 2+ O) + 00,

wilhm = 1, = o m =2, = G and = (s (k52 RIHRIP (D) )05+ 010 iy =
(ks +K5)[(K; +p1) = Py n] — m+zP +<l+l*)[(*+q1) ,Lz] 0,20 e = (ks +k5)[(ks — p2) = Py |+ By By + (I +
)5 —q2) = O]+ @ @ as £ = (ks +k*)[(kfpz)+Pr:]+PJP +(l‘+1}‘)[(l*612)+Q+}+QZQ_,gﬁ'}-:(ks+kj)[(kxf
p1)+ Py ] = ProP + (U +l*>[<l —611)+Qm+2]—Q,i;+2Q’-

csa011w2 +duSiowal — €O w2 — fa 0wl — gsaas2017

Psa = s
(ps+A)) (K +K) + KK+ (g5 + 1) (LY +Ly) +Ly Ly
‘ .

withs=1, w=p; s=2, w=V, and ¢y = (ps—i—ké)(Kl+ — with s =1, @11 = P11, T2 = P22, W12 = P12, ] = P21, S =
K{) =K K + (g +B)Ly —L])—LL, dy = (ps+ 2, o = W1, T = W, O = W2, W1 = o1 j =
kK)(Ky — K, )—K~ K;"‘(QS"‘Z )Ly _LZ)_LiL;_’ €54 = 1, 5 = P35y, ©Of) = P11, T = Pias Ty = P31, J =2, Ty =
(ps + k;)(Kf - K;) - K_K;r + (g5 + l;)(l‘f - LZ) - U3y OF = Uf}, Tfy = Ui, T5) = W5, and Cy; = KP_[KIF —
L°LY, fu = (ps+k)(K —K) =K K +(qs + ) (L] = 2K —2(po+ pi)] + (Kf +ps+p5)> + LT (L —2L5 —2(gs +
Ly) :L‘LE, gs4+=+(ps1<4+)(1<1+ +Kat) - KK+ (05— g —&-(Ljf—&-qs—i-qj‘)z, = Ky [K7 —2K; —2(py+p3)] +
W+ L) =L Ly (Ky + st p)? + Ly Ly = 2Ly —2(g+ )] + (Ly +45+

*)2 — * — *)2
)2, Eyj =K, [K; —2K; +2(ps+p)]+ (K; — ps—p?)2 +
W ={H;; — Cyj611A22B;j — Dyj812A21 Byj — Esj021A12By; q£) ! K N (Ij_ pj_)} *(2 D ’)+_

ot + L [Ll —2L, +2(qs+qj')]+([44 qs C]j) , Fsj =K, [Kl
~FidmAnBy - GyoyduHETIKT +2K, 2K, +2ps P+ (K, —ps— 0 4L L ~205 +2(gs+

* *\2
+2(ps+pi) + (K +ps+p3) >+ LT LT +2L5 G+ (L — a5 —q3)% Gyy = KK +2K5 —2(ps+p?)] +
+2(gs+ 4]+ (L +as+45)°} " (Ky —ps— P3)? +LT[LT + 2L —2(q5+q7)] + (L — g5 —
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;)% Hyj = AsjAf + A31A] + Andj + AgjAf) +af T +
a11T +Cls2Pj4+aj2Ps4+a21@ +a21®sj+w11r22+w11r22+
02T}, + 1 Ty -

(st = {Hsj

!
— F{;00AsjB11 —

C;011A,B — E/;021A,;B1
1185019 H (ks + k7 ) [ks + &}
+2(PF + PO+ (PP + (I + 1)L+ 1
+2(0F + )]+ (0 +04)* 1,

with s = 1, Q1 = A, Il = Ap, Q12 = A, & =
Ay, s =12, Q= A, Iy = A, Q12 = Ap, Q) =
A J=1, I, = Ay, Q) = Afy, I = A, 1L =
Ay, J=2, 1 = Ay, Q) = Ajy, 1T, = A, 1) = Agy,
and C; = (ks + k) [ks + &5 = 2(P — P))] + (P — P )2 +
(s + 1)+ 17 = 2(QF — O] +(Qf — 04)% Dy; = (ks +
k) ks + K5 — 2( —P )+ (P =Py )+ (L + )L+ 15—

2(07 Q4 )]+ (Q1 01 )% Eyj = (ks +k5) ks + K5 +2(P —
PJ)H(P(*PI)2+(ls+l}‘)[1s+l}f+2(Qf*QZ)H(QIf
0;)% Fjj= (ks + k) ks + k5 +2(P = PO+ (P = P)? +
(Is + L)+ 1 +2(Qf — 0] +(Qf = 0F)?, Gy = (ks +
K [ks + K5 = 2(PF + P+ (P + PO+ (L + 1)L+ 1 —
201 +ONN+(QF + 05 )%, HY; = Wsjp3) + P31, +PsjPiy +
p32p]’-ks+aslA;4+a;1AS4 +a12¢;5+a1<2¢sj+a22v;5+a;2Vsj+
Q1T + Qf Iy + Q12115 + Q20115

/
—Dy;012v5B21

Asj= {(M}Aquszz +M]2'A12A2j321 +M]3'A21A2jB12
+M?A22A2j311 —MJS'AnAuBzz _M]6'A12A1j321
—M]Ag1AjBiy — M5 Ap Ay By — M) 8y A
+M}062jA14*M}1519A3j*M}za21¢1j+M}3(lll(p2j
—M}*61102 — M}’ 61,021 — M[°02, 01,
~ M7 000N HK (K + P + 1)+ P (U +P)
+ Uy P++L+(L]+2+Q1++QI)+Q1+(V7++QI)

4} l’
with j =1, O =0; j=2 0 =T, and Mlz
KoK~ +P =P =P (US =P )+ Uy P++LJ+2(L +

O —01) —Of (Vs —0f) +V, 0, Mj = K/ ,(K +
Pl —P)— P (U —P;)+ U Py + LM( + 07 —
0;) =05 (Vs —Q) +V, 07, M) = K/\,(K~ — P +
Py) + B (U7 + PY) — U+P++LJ+2( -0y +0;)+
OF (Vi +0§) —V50f, M} = K/ ,(K- — P +P[)+
Pr(U; +P) - U;P++L]+2( -0V +0N)+ O (V) +

Q

(
D) - Ve 0, M) = K[ (K- - P+ P+ P(Uf -
P) — U Py + LI(L™ = Qf +05) + 0 (V/ — 05) -
V05, MY = KK —P +P)+ P (U —P)—
Uy P LT (L =07 +07)+05 (V; —04) =V, 07, M] =
Ki (K= + P = Py) = Py (U +P) + U P + L7 (L™ +
0 —0)) - 05 (Vs +07) + Vo7, M} = Kf(K +
P — Pf) — PF(Uy +P)) + USPS + L7 (L™ + Of -
Q) —Oof (Vs +0i) +Vol, M) = KH(k~ — P —
PN+ PF(US + P) + U P + L*( -0of —0f) +

Qr (Vi +07) + V5 0y, M)° = KfL(K™ + P —P) -
PRUS +P)) = USRS + LT, (L + 07 —0F) — 0f (V5 +
0f) ~ Vi 0f. M) = Ki,(K/ ~ B' = P) ~ P (U} -
P4+) U2P++Lj+2(j Q+ QI)_QT(VF_QD_

Vv, 0y, M]lz = K (K- +P —P)-P(Uy —Pf) —

U—P++Lj(L*+QT—Q;f)—Q+(V— 0)-V, 0, M=
K;z(K——Pl*—Pj)JrPl*(U— P +U, P++Lj+2(L——

OF — 05 + 0 (Vi —0f)+V, 0, M}“ = K (K}, -
P +P) P (Uy +P+)+U;P++L+( T2 0 +0) -
Q1 (Vs +05) + V505, MIS = KJF(K;;Z Pl +P) -
Py (U; +P+)+U+P++L+( Lo 0r +Q4)—Q2+(V;+

Q;r) +V503, M° = K+(K,++2 + P —F)+ B (U —
Py) = Uy P + L (LI, + 07 —Q )+Q2(V7_Q4)
V07, Mj" = K (Kf, +P' — P+) +P+(U P) —
Uy P+ L (LT, +0F — Q4>+Q+(v+ ) —Vy Q4
psj ={(M};p11A2B2; + M3 ;p12A21 B2 + M3 ;p21A12B

— My;p20A11Baj + Ms 111A2B1 j + Mg j12A21 By j

+ M 101 A12B1 j — Mg A1 B1j — My 01 jpos

— M ;02jp14— My ;617p3) — M, jan'¥i;

—Mi3 ja1n¥hj —Miy ;811022 — M5 ;612021
—Mis 621012 — Mi7 ;Sp0n) HK (K + U™ + J+2)
TP (Ky +Po) K U+ Ly (L) +Vs™ +0)5)
+OF (L +0f0) + LV

with j =1 o=v; j=2 o=¢, and M =

Ki(Kf — Ug™ = P;) — P,iz(KI - P7) — Uy K[
Li(Ly —Vg" = Q7)) — QL —Q7) = V5 Ly, My,
Ki (K~ + Ug™ + P;) + P;Z(KZ+ + P7) — UKy
Ly(L™ + Vg "+ Q7)) + Qi n(Ly +07) = V;7"Ly, My,
K (Kj + Ug* — P) — P/,(Ky — P7) — UKy
) —
P

+

+

+

Jj+2

Ly(Ly + V5™ = Q7)) = Qjp(ly —Q7) = Vi Ly, My,
K[ (K~ — U™ = P7) = PLL(KS + P7) + UK
Li(L™ = Vg" = Q5)

Jj+2
+*L+ ng
K (K{ = U+ 7))

+

- Q]+2(L+ + Q )
) = P(Ky +P7) Uy K++L,+(L;(—
Ve + Q+) o7 (L; + Q*) - Vi Ly, Mg = K (K™ +
U** —P)+ P*(K+ P7) = UKy + Ly (L 4+ Vg™ —
0f) + Q*( Q) = Vg"Ly, My; = K (Ky +Ug™ +
— P*(K+ +P) Uy Ky + Ly (L7 + V5" + Q) —
(Ly +07) =V, Ly, My; = K[ (K~ — U™ + P) —
(K =P+ UK+ LT (L =V +07) — 0F (L —
0) + VgL, My, = K'(Ky +U™ — P) — P (K —
P+ UK + L (Ly V™ = 0F) —0f (Ly —07) +
Vs Ly, Mio,j = K/(K + Ug" + P) — PLL(KS +
PT) + UK + LI (L + Vg™ + Q) — Qj+2(L+ +07)+
V,7Ly, My = KF (KT + Ug™ — Pf) - P;erz(K+ -
Pf) + UyKS + L{(LT + Vg© — Q) — Q/,(Ly
Q;r)‘*‘Vs_LI’ My, ; = K1+(K++U8_*+Pf)+P+(KI -
PO+ UK +LI(LT+ Vg +0)+ 0/ (Lf —Q7) +
ViLy, My = K(KY + U™ — Pf) + P;Z(Kj -
P7) + Uy Ky + Ly (LY + V™ — Q*) + Q,+2( -0)+
ViLy, Mi,; =K (K —Ug* - Pj) + PF(U; +Ug™) +

+)

+
J
P+
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UKy + LE(L™ = Vg™ — 07) + 07 (V;" + V™) +  References

VWL Mis; = KS(Kp + Ug" — P7) + PA(Us + 1

U—*) — Uy K+ L (L + Vg " =0+ 0 (Vs +Vg ™) — 2]
Vo Ly, 161_K(7+U8+*+P+)_P+(K++P+)_ (3]
U Ky + Li(L™ + Vg™ + Q) — OF (L] + Qf,) — (4]

VL My = KUK P P - B
Uy K +LT (V" =Ly +0F) = 07 (Ly — 07 ,) +Vy Ly
018 ={N1 — N2011 P22 — N3612P1 — NySo1 P12 — N5 S D1y (7]
—No011¥52 — N7012'F51 — N3 021 o — N0 i1
—N10617619 — N11A11B11 — N12A11B12 — Ni3A11B2
— N14A11B2 — NisA21B11 — NigA21B12 — N17A21 B2
— NigAo B H{KT (KT +2P7) + (PF)? L10]
+LE(LE+207) +(Q1)°)

with Kf = (K{ £K/), K- = (K; —K;), LT = (L] +  [13]

LI)) L~ = (Ly — L), PI:(PriPI)7 P~ = (P — [14]
P), 0L =(Qf £0)), 0~ =(Q] — Q). and Ny = i3]
KX(K* —2Pf) + (P)) +L+<L —201) +(Q1)% N; =

K-(K™ = 2P) + (P} +L7(L° —207) + (01, My = o
K= (K~ +2Pf) + (P{)* + L7 (L~ +207) + (Q1)*, Ns = [18]
KX(KX +2PF) + (PY)” + LE(LY +207) + (Q1)%, Ns = [19]
KE(KE = 2P%) + (PE)? + LE(LE = 20%) + (1), N = P20
K{(KT =2P7) + (P + LE(LY —207) + (Q2)%, Ns = poy
KT (K + 2P )+(P:)2+L1(L++2Q Y4+ (Q0)?, Ny = [22]
KL (KE +2PF) + (PT)? +LI(L+ +207)+(Q7)?, Nip = 23
KE(KE —2P0) + (PE)? + LE(LE —200) + (Q1)% M=
KM (KT +2PF) + (PT)? + L+(L+ +20%) +(QF)?, Npp =

KX (KT +2P7) + (P22 + LE(LE +207) + (Q2)%, Niz = 13
KK —2P7) + (P2 + LE(LY = 200) +(Q0)%, Nis = ppg
KX (KT = 2P) + (P)? + LE(LE - 207) + (QF)%, Nis =

K- (K= —=2P") + (P72 +L°(L= —207) + (Q1)?, Nig= 127
KZ(K- —2P7)+ (P2 +L-(L-—207)+(Q2)%, Niv= g
KZ(KZ +2P7) + (P22 + LZ(LZ +207) + (Q2)%, Nig = [29]
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a114s, + ajAsy + apppi, + aj,pse + a2As + a3 Asp + B31]
anpi + aypsi + Aady, + Al Az + AAf + Ay Az + [32]
PPy + Piup32 + P2p3 + Prp3t + Auly + Af T + 0 B3
AT + ALT + ATy + Ay Ty + ATy + AT +
O11AS, + O An + OpAY, + O5,A1 + O A + 05 Ax + [35]
OnAf| + OLA1 + 011p5 + 012 + d12p, + OHp12 +
?1p3, + 931P21 + 922P1) + 95,P11 + MV + UiV + E%
H12 V], + Ui Viz + 21 V| 4 15 Var + oo V| + U Vit (38]
All s and j not specified in this paper are s, j = 1,2. [39]
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