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Diverse soliton solutions and dynamical analysis of the discrete

coupled mKdV equation with 4 x 4 Lax pair
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(Received 22 July 2023; revised manuscript received 8 August 2023; accepted manuscript online 17 August 2023)

Under consideration in this study is the discrete coupled modified Korteweg—de Vries (mKdV) equation with 4 x 4
Lax pair. Firstly, through using continuous limit technique, this discrete equation can be mapped to the coupled KdV
and mKdV equations, which may depict the development of shallow water waves, the optical soliton propagation in cubic
nonlinear media and the Alfven wave in a cold collision-free plasma. Secondly, the discrete generalized (r, N — r)-fold
Darboux transformation is constructed and extended to solve this discrete coupled equation with the fourth-order linear
spectral problem, from which diverse exact solutions including usual multi-soliton and semi-rational soliton solutions on the
vanishing background, higher-order rational soliton and mixed hyperbolic-rational soliton solutions on the non-vanishing
background are derived, and the limit states of some soliton and rational soliton solutions are analyzed by the asymptotic
analysis technique. Finally, the numerical simulations are used to explore the dynamical behaviors of some exact soliton
solutions. These results may be helpful for understanding some physical phenomena in fields of shallow water wave, optics,
and plasma physics.

Keywords: discrete coupled mKdV equation, continuous limit, discrete generalized (r,N — r)-fold Darboux

transformation, multi-soliton solutions, rational soliton solutions

PACS: 02.30.1k, 05.45.Yv, 04.60.Nc

1. Introduction

Solitons are a class of nonlinear localized waves with
particle-like properties,!'! which have been brought to light
in various physical areas, including nonlinear optics, plasma
physics, electricity, quantum mechanics, opening up new ap-

[2-5] The history of soliton can be

plications in these fields.
traced back to 1834, the year in which John Scott Russell
unexpectedly discovered the phenomenon of solitary wave
in a canal. However, it was only with the proposal of the
Korteweg—de Vries (KdV) equation from which soliton theory
gained massive attention. The most notable feature of soli-
tons is that they can keep the shapes and velocities unaltered
while the solitary waves propagate forward.?! Nonlinear par-
tial differential equations (NPDEs) may model various physi-
cal phenomena in optics, biology, plasma, and other research
fields.[°8] However, for some events such as the motion of
one-dimensional particles, the propagation of pulses in bio-
logical chains and transmission of electrical signals in nonlin-

[18-11] the discrete nonlin-

ear inductance-capacitance circuits,
ear equations serve as more appropriate descriptions compared
with NPDEs. The main motivation for studying the discrete
nonlinear equation is that they can keep some characteristics
of the original continuous equations unaltered.!'? In Ref. [13],
the authors put forward and studied the initial value problem

of the following N-component discrete modified Korteweg—de
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Vries (mKdV) equation

p) ;@ N . ; i
= (1 ) o)
=t
i=1,2,...,N, (H

where uﬁ,i) =ul® (n,t) are functions relying on the discrete spa-
tial variable n and continuous temporal variable ¢, Cj; are ar-
bitrary constants. In Ref. [14], Eq. (1) has converged to the
N-component continuous mKdV equation under the continu-
ous limit. When N =2 and C, = (1 =0, Eq. (1) degenerates

into the following discrete coupled mKdV equation: !

{ Xps = (1+X2+Y2) (X1 —Xu 1), @

Yor=(1+XI4+Y2) Va1 —Yu1),

where X, = X (n,1), X, = %’

Lax pair has the following matrix form:
Al Ay,
5 lII ,
_Al,n % "
A’I+Bi, By,
B3 N % + Bl,n

Y,=Y(n,t), Y = %, whose
[15]

lPn—&-l =AY, = (
W =B = < )'Pn (3)
Here, A is the spectral parameter, I is a 2 x 2 unit matrix and
(X Y
Al,n N (Yn _Xn> ’

Bl — Xan71+YnYn71 XnYnfl *anlyn
" _XnYnfl +anlYn Xan,1 +YnYn71 ’
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By _ XA+ Y,,/'L+%
S
By, = _anll_& _Ynfl/l_%
" _Yn*lx_jrl anll""% .

Equation (3) can yield Eq. (2) by zero-curvature equation
Ans+ApBy — By1A, = 0. When Y, = 0, Eq. (2) reduces to
the single component discrete mKdV equation, whose soli-
tonic interactions and conservation laws of the discrete mKdV
equation have been studied in Ref. [16]. This equation is also
known as the so-called Volterra equation, which may be in
connection with the spectrum of Langmuir wave in plasma
physics.[! In Ref. [15], the generalized symmetry and polyno-
mial conserved densities of Eq. (2) have been obtained. Equa-
tion (2) can also be turned into the continuous coupled mKdV

equation! !

{ Xe+6(X2+Y2)X; + Xeryr =0, @

Y +6(X?+ Y)Y+ Y =0,

through the limit conditions
X, = 8X [(n+ 203, %534 +0(8%) = X (x,7) + 0(8?),
v, =87 [(n-+20)3. %534 +0(8%) = 8 (x,7) + 0(82),

where § < 1, X and Y are functions of the continuous spa-
tial variable x and temporal variable 7, X; = ‘%, X, = ‘%,
Xew = 2%, Vo= 9 ¥, =9 ¥ = 27 When ¥ =0,
Eq. (4) is turned into the well-known mKdV equation, which
has been extensively used to depict the optical soliton propaga-
tion in cubic nonlinear media involving ultrashort pulses!! 78]
and the Alfven wave in a cold collision-free plasma.!'”! Cor-
respondingly, its discrete forms may also well describe certain
physical phenomena.

Some methods for obtaining the exact solutions of
discrete integrable equations include the inverse scattering
method, 29211 Riemann—Hilbert method, 223! algebraic ge-
ometry method, ?*! Darboux transformation (DT),“6’25’26] and
so on. Among them, the DT is one of the available methods,
whose basic idea is to keep the Lax pair of discrete equations
covariant. Recently, the discrete generalized (r,N — r)-fold
DT technique has been proposed and successfully applied to
solve some continuous equations, (2 + 1)-dimensional equa-

5.127-291 Generally speaking, the

tions and discrete equation
discrete N-fold DT can only obtain solitons, while the discrete
generalized (r,N — r)-fold DT can obtain more types of exact
solutions, including soliton solutions, rational, semi-rational
and their mixed interaction solutions. At present, while the
discrete generalized (r,N — r)-fold DT has been primarily uti-
lized for addressing the discrete integrable equations related
to 2 x 2 Lax pair, [11:16-30-32] the research on discrete equations

33,34

pertaining to 4 x 4 Lax pair is still rare.>3**] Therefore, it is

significant to extend this method from 2 x 2 Lax pair to 4 x 4
Lax pair. To our knowledge, the generalized symmetry and
polynomial conserved densities of Eq. (2) have been obtained,
whereas there is no relevant research on the higher-order exact
solutions like multi-soliton, higher-order semi-rational soliton
(SRS), higher-order rational soliton (RS) and mixed interac-
tion soliton solution of Eq. (2). Therefore, in this study, our
main interest is to consider multi-soliton and higher-order SRS
solutions on the vanishing background, higher-order RS and
mixed interaction soliton solutions on the non-vanishing back-
ground of Eq. (2) through the discrete generalized (r,N —r)-
fold DT. Meanwhile, we perform numerical simulation and
asymptotic analysis to analyze the dynamical properties and
limit states of some exact solutions.

The rest contents of this paper contain three sections. In
Section 2, the continuous limit is used to map Eq. (2) to the
coupled KdV equation and a new nonlinear equation without
dispersion term. In Section 3, we construct the discrete gen-
eralized (r,N — r)-fold DT for Eq. (2), from which the usual
multi-soliton, SRS, RS and mixed interaction soliton solutions
are given. Moreover, the asymptotic states and numerical sim-
ulations of some soliton and rational solutions are also dis-
cussed. In Section 4, we give our conclusions.

2. Continuous limit

Continuous limit is a powerful tool to connect the discrete
and continuous equations. Due to the fact that the discrete sin-
gle component mKdV equation can converge to the continuous
KdV and mKdV equations under the continuous limit, 1351 the
discrete coupled mKdV equation (2) may also converge to the
continuous coupled KdV and mKdV equations. In Ref. [15],
Eq. (2) has been mapped to the coupled mKdV equation (4). In
what follows, we will construct the new continuous conditions
that make Eq. (2) correspond to two continuous equations.

(1) Equation (2) corresponds to the continuous coupled
KdV equation3%-37]

&)

X: —4(X+Y)X, — X =0,
Y —4(X+Y)Y,— Yo =0,

through the continuous conditions

X, =1+ 8X[(n+61)8,8% = 1 + 82X (x,7) + O(8%),
Y, =1+8%Y[(n+61)8,8%] = 1+ 8%Y (x,7) + 0(8%).

It should be noted that the coefficients of Eq. (5) are dif-
ferent from the coefficients of the coupled KdV equation in
Refs. [36,37].
cients, Eq. (5) can be derived from a two-layer fluid system.
In Ref. [37], the Lax pair of the coupled KdV equation with
different coefficients has been constructed via the prolonga-

In Ref. [36], when selecting special coeffi-

tion structure technique. When Y = 0, Eq. (5) is transformed
into the KdV equation, which has been shown to describe the
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asymptotic development of shallow water wave and ion-

acoustic waves. 3%

(i1) When taking the limit conditions

X, =1+X(0n,6t)=1+X(x,7),
Y, =14+Y(0n,6t)=14Y(x,7),

a set of new nonlinear equations

—2(X?+Y?+2X +2Y +3)X, =0,

X
’ 2 y2 (6)
Ye—2(X2+Y2 42X +2Y +3)Y, =0,

can be obtained. Certainly, Eq. (6) can also reduce to a new
single component equation without dispersion term if ¥ = 0.

Therefore, we can conclude that a discrete equation can
correspond to different NPDEs under different continuous lim-
its. Equation (6) is a new NPDE without dispersion term,
which is worth further research.

3. Discrete generalized (r,N — r)-fold DT

In this section, we will build the discrete generalized
(r,N — r)-fold DT for Eq. (2). To begin with, we presume
that ¥,(A) = (Pia(Ai), Boun(Ai), Wn(h), Hn(X)T (i =
1, 2, 3,..., r) are r different fundamental solutions of Eq. (3)
based on the initial seed solutions X,, and Y,,. Then we consider
the following gauge transformation:

On Rn SV[ Tn
= -R, O, T, =S
G=Gh=| " L | O

Vn _Un _Dn Cn

with
N—-1 . N-1 .
On =2+ Y a2%, R, = Y b2,
j=0 j=0

(2N 2j+1) 4251
AT

N
|
M =

~.
Il

IN—2j+1) 52—
d;(z J+ )/121 1’

=3
\
\
M=

Il
=

_ i 420201,

Z 211/12,1

C, = Za£l2N—2/)xzj+ I, D, = Z bE,ZN_Zj)),Zﬂ
— i

where a, and d,(ZZN_Zj +1)

by the following 4N equations (N =r+ ¥ p;):
i=1

@) ) aN-2j+1)

are determined

ZP, OG( >(l )IP(Pz J)(l,') —0,
)

where G,’ is expressed by binomial expansion G,(A; +
£) =GV + G Vet +GPVeX and B is obtained by
the Taylor expansion ¥,(A; +€) = %(0)(),) + ‘I’(l)(li)e +

w (4,)e2 + -+, in which B () = L WW(A). Based

on the transformation (7), ¥, is transformed into '1{1, whose
W1 = AnF, and B, =
B,,‘Hz, in which A and B,, meet two transformation relations
Ay = Gui14A,G;! and B, = (Gnt+GB )G, ! having the same
forms as A, and B,, respectively, where the superscript —1

Lax pair has the followmg forms:

stands for the inverse matrix.

The above process can be summarized as the following
discrete generalized (r, N — r)-fold DT theorem.

Theorem 1 Let

(i) = (Pin(A), Bon(Ai), W n(Aa), Fan (i)

be r different column vector solutions with spectral parame-
ters A; (i =1,2,...,r) and the seed solutions X, ¥, of Eq. (2),
then the relations between the old solutions X, Y,, and new
solutions )?,,, )7n are given as follows:

X —q0 (0) (an-1)
Xo =, [\ Xn+Dy Y=y
Y, = “5321 biHEIX dr(uil\{_l)v ®)
where a,(qoﬁl, bﬁ], cﬁﬁ*l) and d(zN Y can be given by replac-
ing nin aS,O), bSLO), cﬁ,zN_l) nd d,SZN Y with n 41, in which
) A(JS,O) 0) Ab;zo) (2]\/,1) ACS,zN D
ap = As(r) y Yno Ag(r> ) Cn Ag(r) ’
N N N
A
Sy AdNY @
d,(IZN 1) == A;(r) — det A 7 ©)
AN cee
A
where A() = (AJ(-Q)A‘([,I,H)MN, in which A](r‘) (1<j<4(pi+
1), 1<s<4N, i=1,2,...,r) are given by the following
formulae:
1 1—k
A() ZJ C2N7 YAZN 25— klI/(] )7

1<s<N,
AN 25—k 1-k
ZSA’N ‘f’(j )

for 1 <j<pi+1,
(i) _yij-1
Aj.s —Zizoc
for 1<j<pi+1, N+1<s<2N,
1 1—k
Z’ 0C2S v lxzs 4N—1— klP(J )’
for 1<j<pi+1, 2N+1 <5 <3N,
A():—EJ lCZs N 112‘Y76N717k1{/4(j;17k>’
for 1 <j<pi+1, 3N+1<5s<A4N,
(i) _yi—N—1k IN—2s—kngy(i—N—1-k)
Aj =%y Gy oA Py ;
for pi+2<j<2(pi+1), 1 <s<N,
N 1 —N—1—k
A() Z] C4N7 S/'L4N 25— IQP( )

)

0 _
Aj,s -
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for pi+2<j<2(pi+1), N+1<s<2N,
i i—N—1 & 25—4N—1—kygy(i—N—1-k
Af’ﬁ 221/<=o C25—4N—12’i N ‘H& >7
for pi+2<j<2(pi+1), 2N+1<s <3N,
i j—N—1 ~k 25—6N—1—kyy(J—N—1-k
Al =-5 5 Cevihi N lP3<,£, >v
for pi+2<j<2(pi+1), 3N+1<s<4N,
i i—2N—1 ~k 4 21—k (h—2N—1—k
= Z“l/<=0 CZS)‘i lfg(,n ) )
for 2p;+3<j<3(pi+1), 1 <s<N,
A =SVl AN N
for 2p;+3<j<3(pi+1), N+1<s<2N,

) v j—2N—1 % 6N—2s5+1—kygy (h—2N—1-k)
- z“k:O C6N72s+1 /’Li lPl N

for 2p;+3<j<3(pi+1), 2N+1<s<3N,
' i—2N—1 — 25 1—kygy(h—2N—1—k
A(t) :E',i:() C§N72s+lli8N 25+1 kq’Z(,n )’

for 2p;+3<j<3(pi+1), 3N+1<s5<4N,

)

7,
for 3p;+4<j<4(pi+1), 1 <s<N,
i i—3N—1 ~k 2s—2N—k j—3N—1—k
A](jz = 72}1:0 C2s72NA’i s lP3<£l )a
for 3p;+4<j<4(pi+1), N+1<s<2N,
(i) _ j—3N—1 ~k 6N—2s+1—kyy (J—3N—1-k)
Aj,ls = _Zi:o Con—2511i " IPZZ )

for 3p;i+4 <j<4(p;+1), 2N+1<s <3N,

(i) _ g j=3N—1 -k 8N—2s+1—kygy (Jj—3N—1-k)
A=y Givoasih i )

for 3p;+4 < j<4(pi+1), 3N+1<s5<4N,

and A, ABY, ACPYY and AdMY are obtained by

replacing the Nth, 2Nth, (2N + 1)th and (3N + 1)th of
Alf,(r) by the column vector (z\1), 2, ..., )T with z() =

(2)a(p+1)x1 in which

i i—1 gy -1k
2j = — T Con AN kq’l(i ,
for 1<j<pi+1,
i j—N—1~k 3 2N—kyg(j—N—1-k
le == Z1/<=0 ConA; le(; )a

for pi+2<j<2(pi+1),
di= I for 2p+3 < j<3(pit 1),

Z= =Y, for 3pi+4<j<d(pi+1),

Remark 1 In the above theorem, r is the number of spec-
tral parameter A;, N is the order number of DT and N — r is the
sum of the order number of the highest derivative of the Dar-
boux matrix G, or the vector eigenfunction ¥,. The N-fold DT
can be derived from Theorem 1 by selecting N spectral param-
eters and without expanding ¥, into Taylor series, from which
we can obtain the soliton solutions on zero background. When
r =1, Theorem 1 reduces to the (1,N — 1)-fold DT, which can
yield higher-order rational and semi-rational solutions on non-
zero background. When 1 < r < N, diverse mixed interaction
solutions can be derived through Theorem 1. In the next sev-
eral subsections, we will use Theorem 1 to give multi-soliton

solution, rational solutions and their mixed interaction solu-
tions.

3.1. Multi-soliton and higher-order SRS solutions on the
vanishing background

Based on the zero seed solutions X,, = Y,, = 0, the funda-
mental solution of Eq. (2) can be given by

CiAnR o)
Czl”eleG(S)

o(e) | > (10)
0(¢)

N‘"’

C3ﬁ€:7L

N‘"’

C4ﬁ€:7L

where C; (i = 1, 2, 3, 4) are arbitrary constants. We need to
declare that 6(g) = 0 when seeking the soliton solutions and
0(¢) =25} exeX when seeking the SRS solutions.

3.1.1. Multi-soliton solutions

When N = r = 1 and Taylor expansion is not performed
on spectral parameter A;, Theorem 1 reduces to the usual DT,
from which we have the following one-soliton solutions:

% —a® x 40 y

n+1 e 1dn = Cpits
fod 0 0 1
Yo =ay) Y= b X, —d)), (1)

where ¢, 5 cle+)1 and d'"); can be given by replacing n

n+1° “n+1° n+1

(©)
in al”, 5, ") and d\" with n+ 1, in which a”) = e
1
O (1) acD 1) ad) .
b = A () — B ang gf!) — A with
PrOM 20 A0 a0 M
q’l,n lPz,n _)vl%,n _ﬂvllﬂl,n
As(l) _ lPZ,n _lPl,n )LllPéLn _)vl%,n
! /’L]zlPSn A12lEl,n l1 lP],n )Ll lPZ,n

qu%,n _l%%,n _)vl%,n )vlqjl,n

where Aaﬁl()), Ab,(qo), Acﬁll) and Ad,(ll) are obtained by replacing

the first, second, third and final columns of Al'S )
vector (—llz‘f’l?n, —/l,z‘Pg’n, —Y¥ 1, —W4,)T separately. The so-
lutions (11) can be rewritten as

with column

7 . OG-CG
TG+ GC "
(A= 1)(C2Cs — C1C3)

= sech(&; + a), (12)
22,/(C+C) (S +CY)

4G5
c3+c3’
with A; > 0. Components )?,, and ?,l are nonsingular and
When C; and A, are taken as different val-
ues, we may give different shapes of one-soliton solutions, as

where & = (2n+1)Ind; + (A2 — ﬁ)t and o = %ln
1

proportional.

listed in Table 1. As an example, in what follows we choose
Ci=C3=—-C4=1,C, =1/2, A1 =2, then the structures and
some physical properties of one-soliton solutions are given in
Fig. 1 and Table 2.
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Figures 1(a) and 1(c) show the 3D structures of one-
soliton solutions X, and ¥,, while Figs. 1(b) and 1(d) display
the 2D structures of one-soliton solutions )?,, and 17,,, respec-
tively. In addition, in order to analyze the dynamical behav-
iors of one-soliton solutions, we conduct numerical simulation
through the finite difference method, ") as shown in Fig. 2.
Figures 2(a), 2(e) and 2(b), 2(f) are the exact and approximate

one-soliton solutions without any noise. Figures 2(c), 2(g) and
2(d), 2(h) are the perturbed solutions with 2% and 5% noises,
respectively. By the numerical simulation, the one-soliton so-
lutions have small fluctuations in a short time when adding
2% noise. As the noise increases, the structures of one-soliton

exhibit significant fluctuations.

Table 1. Relations between the parameters and shapes of one-soliton solutions. BS: bright soliton; ABS: anti-bell-shaped soliton.

Solitons Parameters Shapes
l] >1,0C4—C1C3>0,C1C4 +CrC3 <00r0< ll < 17 CCy—C1C3<0,C1C4+CrC3 >0 BS-BS
X, Y, M>1,CC—CiC3 <0,C1C4+CrC3 <0010 < A <1, CoCy—C1C3 > 0, C1C4 +CrC3 >0 ABS-BS
M >1,0C4—CiC3>0,C1C4+CoC3>00r0< A < 1,CoC4 —C1C3 < 0,C1C4 +CrC3 <0 BS-ABS

Table 2. Physical properties of one-soliton solutions. Energy of X,, and ¥, are given by Ez = [T X2dnand E; = [tey2da.

Solitons Amplitude Velocity Wave number Width Primary phase Energy
v |(Af =) (G264 —C1G3)| A 1 (A =12(C0—C163)?
X UF ()G +CF) 2Af Iy 2inky 2y Inds +o O+ G+ |
7 I3 =1 (€1 Ca+CGa)l _ M 2In, 1 A + o (-2 (C1CHCCs)?
" 22,/(C+C3)(C+C2) 247 In 24, MAHCE+C2)(CF+CF)[In Ay |

. N

. ’ (b)5 l ©), 4 ()5
—0.5

Fig. 2. One-soliton solutions: [(a), (e)] exact solutions; [(b), (f)] perturbed solutions without noise; [(c), (g)] perturbed solutions with

2% noise; [(d), (h)] perturbed solutions with 5% noise.

When N = r = 2 and Taylor expansions are not performed on spectral parameters A; and A,, by choosing C; = Cz = —C4 =

1, C; = 1/2 and employing the generalized (2,0)-fold DT, the exact two-soliton solutions are arrived at

oo 3VIOAIA— )(A2 — APAF( — Ad)cosh(& + @) + AF(AF — 1) cosh(& + )

X, =-3Y,

~102723[(A2 — A3 cosh(& + & +2a) + (AFA3 — 1)2cosh(& — &) + (Af — (1 - D]’

13)

where & = (2n+1)InA; + (A7 — %)t (A >0,i=1,2)and @ = (In5—3In2). Now we will make the asymptotic analysis of

1
two-soliton solutions, and their physical properties are listed in Table 3.
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Before the collision (f — —eo):

- = 3VI0(A}-1) AN} 1~
i ~0,86 = —o: X, — X, = 12 sec h(§1+(x+ln\ 12 5 |) —=X|
’ 204 —A;5 35 (14)
< < 3WV10(1-43) 2122 1.
£ ~0,& — —: XnHszn:lezsech(ég—}—(x—i—ln\ 212 |) 3X2n,
where )?[n (i=1, 2) are the limit states before two solitons collide with each other.
After the collision (f — +o0):
= = 3VI10(A} 1) AZAZ — 1
. + _ 1 +
SO e K X = Ty skl Ga T DT 3 (1s)
< S 3VI10(1-4y) 2122 1
. + _ __x+t
§~ 0,81 =t Xy — Xy, = 20122 sech(& + a ln\ vy |) 3X27n,
where )?lt (i=1, 2) are the limit states after two solitons collide with each other.
Table 3. Physical properties of two-soliton solutions.

Solitons Amplitude Velocity Wave number Width Primary phase Energy
S_ 3VI0(AF 1) At—1 1 9(Af—1)2
Xin 2077 ~ 2In2; 2, In| 12 122 Ul LA
S 3V10(1-13) -1 1 A (AFA3-1) 9(1-44
Xon 2077 : 72/12%111/12 2In2; 2k, In| ?LZ i} I +a 40232y
S+ 3VI0(AF 1) A1 1 M(AE-A3) 9(At—1)2
Xin 2017 R 2inky 2, In| = | +a TV

S+ 3v/10(1-13) M1 1 (A 9(1-24)?
Xom 2027 : 242k, 2In; 2k, In| 12)1?2 |+a 40232y
(a) (b) 5 (d) »
1.2
|
3 0.8
e 3 0.6

Fig. 4. Two-soliton solutions: [(a), (¢)] exact solutions; [(b), (f)] perturbed solutions without noise; [(c), (g)] perturbed solutions with
2% noise; [(d), (h)] perturbed solutions with 5% noise.
From Egs. (14), (15) and Table 3, we can conclude that soliton solutions with spectral parameters A; =2 and A, = 1/3
the amplitude and velocity of solitons keep unaltered before are drawn in Fig. 3. Figures 3(a), 3(c) and 3(b), 3(d) dis-
and after the collision, but their phases are changed. The two-  play the 3D and 2D structures of two-soliton solutions re-
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spectively. Figure 4 exhibits the numerical simulation of two-
soliton. Specifically, Figs. 4(a) and 4(e) are the explicit two-
soliton solutions, Figs. 4(b) and 4(f) are the perturbed solu-
tions without noise, and Figs. 4(c), 4(g) and 4(d), 4(h) are the
solutions with 2% and 5% noises, respectively. From Fig. 4,
we know easily that the two-soliton solutions can only resist
minor noise, but when the noise exceeds 5%, they will exhibit
significant fluctuations.

When N = r = 3 and Taylor expansions are not performed

(a) (b) 6

12 )
= 8 ‘
o I
0. + 0
—4. A
15 '
\0 6
n —6
-1576 t 15

on spectral parameters A;, A, and A3, Theorem 1 degener-
ates into the (3,0)-fold DT, from which we can obtain the

1, C; = 1/2. The structures of three-soliton solutions with

three-soliton solutions with the parameters C; = C3

spectral parameters A; =2, A, = 1/3 and A3 = 7/3 are dis-
played in Fig. 5. Figures 5(a) and 5(c) display the 3D struc-
tures of three-soliton solutions X, and Y,,. Figures 5(b) and

5(d) show the 2D structures of X, and Y, respectively.

(d) o

Fig. 5. Three-soliton solutions: [(a), (b)] the component )?n; [(c), (d)]the component 17,1.

3.1.2. Higher-order SRS solutions

When using the generalized (1,N — 1)-fold DT and
—Cs=1,C=1/2, we
can obtain some higher-order SRS solutions.

choosing the parameters C; = C3 =
Firstly, taking
the spectral parameter A; = 2 and expand ¥, into the Taylor
series with A = A, + &2 ate =0:
(i +e?) = Y w e
j=0

=90+l +wPet 1wVt (16)

where the first two coefficient vectors are given as

'Pl(?l) on e4t—¢—2¢20
\I/(O) B 'PZ(,(r)z) B 9~ 1+ngdt+2en
n - lfg(.g) - 27'16%:72"0 ’
qa(’(r)l) _zfneztfzeo

¥ 20 (41 + 2y + 3n)2"
lI’(l) _ %64:+260(4€] +l’l+8f)2”
" —1e!=2%(t 4 8¢y +2n)27"

Lea!=2¢0(1 4 8¢y +2n)27"

When N = 1 and using the above expressions, we can get
the first-order SRS solutions as follows:

% —d® x, 150y D

At n+1 n+1°
Y, = a£z+>1Y bEl—'ZlX dr(z+)17 a7
where afgzl, bfl(jzl, cfllll and d' +)1 can be given by replacing n
(0)
in a,(f”, bS,O), cﬁ,l) and d,(, ) with n + 1, in which a,s ) — i’;’gl),

1

O _ & () _ a0 adf)

n = e = e dn A7(D with
7O 0 lwm e
o) ) 4%@ PR AW@
Al =1 000 42 (0 ’
el 2w e g, %n
(0
)‘12ql4(n A%%,n _)“lqé(,n) A qll,n

and Aa,(qo) s Abgo), Ac,(ll) and Adf,l) can be obtained by replac-
ing the ﬁrst second third and fourth columns of Af M with
(— AZ'PI 0 12'}’2 i '1’3(’(:’), 7'1{1(2))1" respectively. The exact
first-order RS solutions (17) can also be rewritten as

=

_ _ 22}17§
X, = 37, = 245 cosh ’
(V/5)"=(cosh pr + 10)

(18)

where [J] =2nIn2+4In5+ B¢ +4epand pp = (2n—1)In2+
5In5 41 t—|— 8eg. The structures of the first-order SRS solu-
thIlS are shown in Fig. 6. From the perspective of geometry,
there seems to be no distinction between the one-soliton and
first-order SRS at first glance. Actually, upon closer examina-
tion of solutions (12) and (18), it becomes evident that their
analytic expressions differ. Furthermore, by adjusting the pa-
rameter ep, we have the ability to manipulate the location of
the SRS. Upon analyzing Fig. 6, it is obvious that the locations
of the first-order SRS solutions have experienced substantial
alterations.

When N = 2, we can also obtain the second-order SRS so-
lutions by Eq. (8), whose structures are displayed in Fig. 7. It
should be noted that the second-order SRS solutions includes
the exponential and polynomial function, which are different
from the two-soliton solutions with only exponential function.
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Fig. 6. First-order SRS: [(a), (b)] ¢9 = 0, [(b), (d)] ep = 5.

(b) 10

—45 —25 —10

o

Fig. 7. Second-order SRS: [(a), (d)] eo = €1 = 0; [(b), (e)] e9 =3, e1 =0; [(c), ()] ep =0, e; =2.

RRCL e 0\
_5 0 .
~10
L5 P 3
—20
25
—2
—25
(e) 5
“ OR E
-5
0 10

(d)10

o

N

=N

= V)
o

(= N =]

()8 (g)0 5 (h)10 3
2
_
-1 -1 -1
-2 —2 -2
—15

—10
—25

Fig. 8. Third-order SRS: [(a), (e)] eg = €1 = e2 =0; [(b), (D] eg =2, e =e2 =0; [(0), ()] e1 =3, eg =e2 =0; [(b), (D] e2 =5, eg = €1 =0.

From Fig. 7, it is obvious that both parameters ¢y and e¢; have  3.2. Higher-order RS solutions on the non-vanishing back-

an impact on the position of the second-order SRS solutions ground

interact. In this subsection, we select the nonzero seed solutions
When N = 3, the structures of the third-order SRS solu- X, = a, ¥, = b and substitute them into Eq. (3) to obtain the

tions are shown in Fig. 8. Similar to the second-order SRS  following fundamental solution:

solutions, the third-order SRS solutions also comprises three ¥ M,
1
controlling parameters: eq, e; and e;. These parameters solely ¥ " M;
.. A . [V = 2n | _ rhi ep+t—¢—5(£)
govern the position of these SRSs in interaction but they can- n ¥ . (Mya+ Msb) % o +b2 +
not be individually separated. Wi (Mb— Mza) a—2+—b’lz
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M,
My
n . p_t—06(¢)
T (M2a+M4b) a2+b2 e ’
—A
(Mab — Mya) % i
(19)
where B = \/A* —4(a® +b?)A2 —2A2 + 1, T = 57 (A>+ 1+

B), pr = (A+ )t +a> + 1> — 1, 8(¢) = By gere™, with
ex, My, M>, M3 and M, being arbitrary constants and € < 1.
For Eq. (19), we can consider the RS solutions based on
three types of seed solutions, namely: (i) a # 0, b = 0; (ii)
a=0, b+#0; (iii) a # 0, b # 0. Interestingly, the RS struc-
tures of (i) and (ii) are exchanged. The RS structures of case
(iii) and the first two cases (i), (ii) are similar, except that their
backgrounds have changed. Thus, as a special example, here
we only analyze case (i).

The first step to obtaining rational solutions is to choose
A=A + € with Ay = a+ Va2 +1 and expand the funda-
mental solution (19) into Taylor series around € = (. Without
=M, =1, M3:7M4:é,
a= % (i.e., A =2), we can expand ¥, into the form similar to

loss of generality, choosing M

Eq. (16). Here the first two coefficient vectors are given by

=)

'Pi(

" 2
o _ | B | sye | s+ 40e0)
v = | b | =(5) et :
LN 4 -2
%(0) ‘ﬁ(s+40e 49
¥,
g — (Sl w
n =\7)¢ 1 ’
4 qj3(,n)
o)

in which s = 8n+ 25t and

m_ 3 2,3 15 5
Y, = 32Os + €08+ i+ 15,
W __ V15
Y, = 33400 [3s + 360e0s” +(14400e0+3600t+112)
(a) (b) 5
1
>€ 0 + 0

% -5

0
n ~10 5 t

+ (144000¢( + 19200)z + 192000¢] 4 505600

+76800e) ],
) 3, 1 5 15 5
= P —(3eg—1)s—15e3+ 10eg — —1 — >
3 320° ~ 330~ Ds—15eg+10e0 — o1 =3,
5
gl _ V15 (95> + (1080e9 — 360)s” + (43200

4 115200
—28800¢( + 10800z + 5136)s + (432000e) — 86400)¢

+576000¢) — 5760003 + 343680 + 230400e,
— 12160].

If expand ¥, at A; # 2 into Taylor series, we can also
derive the SRS on the non-vanishing background via the dis-
crete generalized (1, N — 1)-fold DT. In the following, we will
apply the discrete generalized (1,N — 1)-fold DT and utilize
the above expansions to obtain higher-order RS solutions of
Eq. (2).

3.2.1. First-order RS solutions

When N = 1 and employing the generalized (1,0)-fold
DT, we can give the first-order RS solutions by Eq. (17), which
can be expressed explicitly as

X, =3 1200

3_ 1200
4 9(s+40ep—$§)2+1216”

48015 (20)

? = —————-b
" 9(s+40eg—§)2+1216”

from which we have the following conclusions:

When n — £ or t — =00, the first-order RS solutions )?,1
and Y, reduce to their seed backgrounds, namely X, — % and
17,1 — 0.

It is obvious that the valley of X, and the peak of Y, are
located on the straight line s 4 40ep — % = 0, where ¢ is the
parameter that can control the positions of the peak and valley.
On the straight line s +40ep — & = 0, X,, reaches the minimum
—9/38 and Y,, reaches the maximum 151/15/38.

The Velocity, wave number, width and primary phase of

Eq. (20) are —22, 8, &, and 40e( —

s g 3 , respectivley.

I1.5

1

(d)s

Fig. 9. First-order RS solutions with ey = 0: [(a), (b)] the component )’(V,,; [(c), (d)] the component 7,,.

The structures of Eq. (20) are shown in Fig. 9. Fig-
ures 9(a) and 9(c) are the 3D structures of fn and ?n, respec-
tively, and Figs. 9(b) and 9(d) are the 2D structures of X, and
Yy, respectively. Comparing Figs. 2 and 9, there seems to be
no difference in appearance between the usual soliton and RS,

except for their different seed backgrounds. In fact, there is a

notable contrast in the expressions of these two types of solu-
tions. The usual soliton solutions usually contain exponential
function or hyperbolic function, while the RS solutions only
consist of rational expressions.

Like the one-soliton solutions, we perform the numeri-

cal simulation on the first-order RS solutions, as shown in

120203-9
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Fig. 10. Figures 10(a) and 10(e) show the exact first-order
RS solutions. Figures 10(b) and 10(f) are the perturbed so-
lutions with no noise. Figures 10(c), 10(g) and 10(d), 10(h)
exhibit the solutions with 2% and 10% noises, respectively.
From Fig. 10, it can be seen that the first-order RS has a small

(b)

fluctuation when noise is not greater than 2%, whereas the
structures of first-order RS may have visible fluctuations if the
noise is greater than 2%, such as noise = 10% (see Figs. 10(d)
and 10(h)). Therefore, we can conclude that the first-order RS
can resist very small noise.

Fig. 10. First-order RS solutions with eg = 0: [(a), (e)] exact solutions; [(b), (f)] perturbed solutions without noise; [(c), (g)] perturbed
solutions with 2% noise; [(d), (h)] perturbed solutions with 10% noise.

3.2.2. Second-order RS solutions
When N = 2 and using the generalized (1, 1)-fold DT, we

can give the second-order RS solutions by

X,,—i—b(O) y, — B

v _ (0
Xn=a n+14n = Cpps

- Yn+1
Y, = affl)lYn - bEEZIX" - dr(jr)lv

which can be explicitly expressed as

% 3 3600F; 7 1440V 15F,

— 21
4 G G @b

where

Fi =95* 4 (1440¢ — 96)s° 4 (86400¢3 — 11520¢
+7104)s* 4 (2304000¢; — 460800¢5 + 706560¢
+230400e1 + 57600 — 29696)s + (2304000e0
— 153600)t + 23040000¢g — 6144000¢) + 168960003
+9216000ege] — 1556480eq — 614400e; + 332800,

G1 =815+ (19440 — 1296)s° + (19440003 — 259200¢
+31104)s* + (103680000¢ — 20736000¢5
+3732480¢p — 2073600e; — 5184007 — 331776)s>
+ [(—62208000e( + 4147200)z + 3110400000¢]

— 829440000¢p + 149299200¢3 — 248832000¢qe;
—29859840¢ + 16588800¢; + 18183168]s*

+ [(—2488320000€3 + 331776000¢( + 232243200)z
+49766400000¢) — 16588800000¢ 4 19906560007

—9953280000e3e; — 796262400¢3 + 1327104000e¢
+2012037120e + 928972800e; — 63160320]s

+ 8294400007 4 (—33177600000¢] 4 66355200003
+ 13271040000¢( + 6635520000e; — 442368000)¢
+331776000000¢f — 132710400000¢;)

— 132710400000¢je; — 5308416000¢;
+26542080000¢3e; + 56165990400¢3
+53084160000¢ge; 4 13271040000¢7
—3588096000e) — 1769472000¢; + 581693440,

Fy =95* + (1440e — 96)s° + (86400¢] — 11520¢ + 2280)s°
+ (2304000¢j — 4608003 4 320640¢( +230400¢;
457600t — 3968)s + (2304000e¢ — 153600)7
+23040000¢] — 6144000¢) 4 9177600¢3
+9216000ege; — 527360eq — 614400e; — 353280.

For solutions (21), we can perform asymptotic analxsis to di~s—
cuss the limit behaviors of the second-order RS X, and Y.

First of all, letting n; = s — (3200¢) 3 , the limit states of solu-
tions (21) when t — 4o can be expressed as

g3 1200
" b4 (3n; — 8+ 120ep)2 + 1216’
- - 480415
Y, — Y, = (22)

(3m —8+120e9)? + 1216°

Along the curve 31 — 8+ 120ey = 0, the limit state of )?,,
reaches the minimum —9/38 and the limit state of Y, reaches
maximum 15+/15/38. The 3D structures of the second-order
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RS are shown in Fig. 11, from which we can find that their po-
sitions of interaction have been changed obviously under the
effect of e;.

The numerical simulations of solutions (21) are shown in
Fig. 12. Figures 12(a), 12(e) and 12(b), 12(f) exhibit the ex-
act solutions and perturbed solutions without noises, respec-
tively. They are almost the same. This indicates that our nu-

merical algorithm is correct, in other words, the wave prop-
agations of solutions (21) are stable in the absence of noise.
Figures 12(c), 12(g) and Figures 12(d), 12(h) are the numer-
ical structures when adding 2% and 4% noises, respectively.
As seen in Fig. 12, the structures of solutions (21) have minor

fluctuation with the noise not more than 4% in the range of
te(=5,5).

Fig. 12. Second-order RS solutions in Figs. 11(a) and 11(c): [(a), (e)] exact solutions; [(b), (f)] perturbed solutions without noise;
[(c), (g)] perturbed solutions with 2% noise; [(d), (h)] perturbed solutions with 4% noise.

Fig. 13. Third-order RS solutions: [(a), (d)] eg = e1 = €2 = 0; [(b), (e)] e9g = e2 =0, e; =20; [(c), ()] e9g =1 =0, e, = 50.

3.2.3. Third-order RS solutions

When N = 3 and using the generalized (1,2)-fold DT, we
can obtain the third-order RS solutions, whose structures are
shown in Fig. 13.

Figures 13(a) and 13(d) display the strong interaction of

third-order RS solutions. In Figs. 13(b) and 13(e), under the
effect of e, the component X,, is shown as three almost parallel

RSs in the ranges of n € (—10, 10) and ¢ € (—10, 10), where
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the anti-dark RS appears between two dark RSs. In Fig. 13(e),
due to the effect of e, the component )7,, is also shown as
three almost parallel RSs in the ranges of n € (—10, 10) and

€ (=10, 10), where the anti-bell shaped RS occurs between
two bright RSs. However, they are actually not parallel, and
within a certain range, there still exists interaction among three
RSs. Figure 13(c) exhibits that the anti-dark RS lies on the
right side of two dark RSs, while Fig. 13(f) shows that the anti-
bell shaped RS is located on the right side of two bright RSs.
However, when the coordinate axis range is large enough,

and RS, which are also called the mixed hyperbolic-rational
soliton solutions. At this point, we need to use two spectral
parameters A; and A,. For A;, we choose the correspond-
=My=1,M3=—-My=1/e,a=3/4,
A1 = 2, while for A, we choose the corresponding parame-
=My=-Mys=1, My=1/2,a=3/4, 1, =3. If
making Taylor expansion for Eq. (19) at A = A, and without

ing parameters as M
ters as M

Taylor expansion at A = A,, from Eq. (8) we can obtain the
mixed hyperbolic-rational solutions as

v _ (0 (0) B
there still exist interactions among these RSs like the second- Xn =y Ko+ by Yo = €y
order RS. Y, = “5221 b;(leX dr(H-)l’ 23)
3.3. Mix‘ed.hyperbolic-rational soliton solutions on non-  where afﬂl, b,(fgl, ,(321 and d' +> | can be given by replacmg(g )n
vanishing background in ago)’ br(lo)’ 623) and dy(l ) with n +1, in which aﬁ, ) _ i?&)’
When N = r =2 and using the generalized (2,0)-fold DT, ©) 3) 3) :
. . . . : pO = Ak B) A an nd df¥) = 24 with
we will obtain the mixed solutions of the usual soliton (US) n PEOMNG £ 250
|
RS ) w0 Am ) B ) () A ()~ () A ()
APE () B () ARG () W) A () 2 () s () A7) ()
AP () AP () AR () AR ) AR () () AP () M ()
e _ [ AP () AP ) AR ) A () AP ()~ () AP () ) ()
2 - )
MHa(A2) WYoul2) AMWall2)  Walk) —L¥Ba(l2) —B¥Ba(h) —LWa(l2) —A3%a(l2)
() W) —MBW.(h) —W.(h) AL¥%.(h) B¥U.(h) —hL¥B.(h) —AB¥.(l)
Wa(A2) MWah) M¥a(da) MNWa(h) B¥a(h) L¥a.h) B¥.(a) L% (i)
3Ua(ha) MWn(ha) —A3Wsn(A2) —AWa(ha) —A3Wn(A2) —Win(A2) BWa(h)  A¥ia(ly)
and Aag,o), Ab,(qo), Acf, ) and Ady ) are obtained by replacing the second, fourth, sixth and eighth column of Aze @) with
(=20 ), =) (), =943 (), =) (M), =200 (A2 =3 B (B2 = Fs n (R2), —Fhan(R2))"

respectively. The structures of solutions (23) are shown in Fig. 14.

US Us
Q RS @I—@S
() (b) |
S
1
><: 0.5 —-0.5
10.5. —45
—45 12 12
~15 3 n 15 3
" 15-6 ¢ 15-6 t
(e)12 I l
+ 3 \ \
—6
—45 —15 —15
n n

Fig. 14. Mixed interaction solutions of US and RS: [(a), (c), (e), (g)] eo = 0; [(b), (d), (f), (h)] e =2.
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Under the effect of eq, the position of the first-order RS
has shifted, while the US keeps the position unchanged, that
is to say, the parameter ep can change the interaction position
of the US and RS, so we can control the occurrence of the
interaction position by changing the parameter.

In theory, the discrete generalized (r, N — r)-fold DT can
be extended to give more higher-order mixed interaction so-
lutions among US, SRS and RS, but due to the complexity of
actual calculations, further study is needed.

4. Conclusions

The discrete coupled mKdV equation (2) with fourth-
order Lax pair has been considered systematically, which may
describe the motion of shallow water waves, the optical soli-
ton propagation in cubic nonlinear media and the Alfven wave
in a cold collision-free plasma. The main innovative results of
the present study are as follows:

(i) Equation (2) has been mapped to the continuous cou-
pled KdV equation and a new nonlinear equation with-
out dispersion term under the continuous limits.

(ii) The discrete generalized (r,N — r)-fold DT of Eq. (2)
has been first established, from which diverse ex-
act solutions including the usual multi-soliton, higher-
order SRS, higher-order RS and their mixed hyperbolic-
rational interaction soliton solutions have been given ex-
plicitly.

(iii) The asymptotic behaviors and related physical quanti-
ties of some US and RS solutions have been studied in
details.

(iv) The dynamical behaviors of some exact soliton solu-
tions are investigated via numerical simulations.

We hope the results given in this paper can provide assistance
in understanding more physical phenomena in the field of
shallow water wave, optics and plasma.
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