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This paper investigates logical stochastic resonance (LSR) in a cross-bifurcation non-smooth system driven by Gaus-
sian colored noise. In this system, a bifurcation parameter triggers a transition between monostability, bistability and
tristability. By using Novikov’s theorem and the unified colored noise approximation method, the approximate Fokker—
Planck equation is obtained. Then we derive the generalized potential function and the transition rates to analyze the LSR
phenomenon using numerical simulations. We simulate the logic operation of the system in the bistable and tristable re-
gions respectively. We assess the impact of Gaussian colored noise on the LSR and discover that the reliability of the logic
response depends on the noise strength and the bifurcation parameter. Furthermore, it is found that the bistable region has
a more extensive parameter range to produce reliable logic operation compared with the tristable region, since the tristable

region is more sensitive to noise than the bistable one.
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1. Introduction

In practice, many physical systems are connected to
noise. Intuitively it was thought that noise always plays a de-
structive role. However, with the development of stochastic
dynamics it has been discovered that noise can produce un-
expectedly ordered behavior in nonlinear dynamical systems.
An example of such a phenomenon is stochastic resonance
(SR), initially suggested by Benzi et al.!'! and Nicolis.*! Un-
der certain conditions (the combination of external periodic
forces, noise and the nonlinearity of the system), an appropri-
ate noise input maximizes the response of the nonlinear sys-
tem to a weakly periodic signal, giving rise to a ‘resonance’
phenomenon. SR has been applied to many fields, includ-

3

ing weak signal detection,®! image processing,[*! biological

(5.6 energy harvesting,!”-3! neural networks, ®~'!! me-

[12,13]

systems,
chanical fault diagnosis, etc.

Logical stochastic resonance (LSR) provides a com-
pletely new method for building reliable logic gates, which
was initially suggested by Murali e al.l'*! Research has re-
vealed that when two square waves act as input signals, a
bistable system can generate a logic output under optimal
noise. Moreover, as the noise increases, the success proba-
bility of the system response first rises and then falls. Then
the LSR phenomenon was confirmed in an electronic cir-
cuit model.[' Inspired by this pioneering study, numerous
earlier publications concentrated on the separate study of
LSR in bistable or tristable systems. For instance, Gaussian
colored noise!!®! and non-Gaussian noise,[!”! such as sine-
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Wiener noise,!'®! Lévy noise.['! and a-stable noise,*’! have
been shown to produce logic operations in bistable systems.
In addition, it has been demonstrated that correlated inter-
nal and external noises?'23! can also produce logic opera-
tions in bistable systems. It has also been shown that other
elements can produce logic operations in bistable systems,

25271 coupling

including system parameters,”*! time delay,!
between two subsystems,!?®! and periodic and non-periodic
forces.!?*31 Since three different inputs correspond to two
outputs in a bistable system this may cause information to
be lost, making XOR logic unattainable. Storni e al.’?! ex
panded upon the existing research in bistable systems and ap-
plied it to a tristable system, consequently resulting in the at-
tainment of XOR logic. Subsequently Zhang et al.[>33%! re-
searched the LSR phenomenon of a tristable system driven
by Gaussian colored noise and non-Gaussian noise, and con-
firmed the LSR phenomenon in analog circuits; however, for
bistable and multistable systems which is better suited to pro-

duce reliable logic operations? Lu et al.l®)

investigated the
LSR performance of a tristable system and traditional bistable
system. Liao et al.l*®] compared the LSR performance of a
proposed quadstable system and tristable system as reconfig-
urable logic gates. Previous studies had considered two differ-
ent systems: for the same system with bistable and tristable
regions, which is more suitable for generating logic opera-
tions? Therefore, we can consider a cross-bifurcation non-
smooth system with a bifurcation parameter resulting in an al-

teration in monostability, bistability and tristability.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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Since it is common for a nonlinear system to bifurcate
from a bistable state to a multistable one due to friction and
collision, study of stochastic resonance in a bifurcation system
is unavoidable. Kang et al.®") studied a single-mode nonlin-
ear optical system and demonstrated that the dependence of
the relaxation rate on the noise intensity in monostable and
multistable cases exhibited a large difference. It is well known
that the changing of parameters in nonlinear systems can cause
bifurcation cascades, in which existing branches of states are
eliminated and new states emerge. Nicolis and Nicolis*®! con-
sidered a nonlinear stochastic dynamical system with a bifur-
cation parameter across monostable, bistable and multistable
regimes. They came up with analytical equations for the re-
sponse and optimal responding conditions for the bifurcation
parameter, the noise amplitude and the frequency of external
excitation based on response theory. Lei and colleagues!>%40]
studied a non-smooth system with a controllable parameter
that bifurcates as the controllable parameter changes. They
discussed the SR phenomenon in bistable and multistable ar-
eas. It was demonstrated that the multistability of the system
improves the optimal transition rate and the optimal response
amplitude of the system.

In this work, we consider a cross-bifurcation non-smooth
system with a bifurcation parameter that transits from tristable
to bistable regions as the bifurcation parameter changes.
Therefore, we focus on the effect of the bifurcation parameter
on the LSR in different regions. In Section 2, we describe the
cross-bifurcation non-smooth system under Gaussian colored
noise excitation. In Section 3, we conduct a bifurcation anal-
ysis for this system and derive expressions for the generalized
potential function and the mean first passage time (MFPT) in
the bistable and tristable regions, respectively. The success
probability is introduced to measure the reliability of logic re-
sponse, and the difference in LSR in bistable and tristable ar-
eas is discussed. The conclusions are drawn in Section 4.

2. Cross-bifurcation non-smooth system and
measurement of LSR

In this section we consider a cross-bifurcation non-
smooth system under Gaussian colored noise excitation. The
Langevin equation of the system has the following form:

X=fx)+1(1)+50), ()

where f(x) = x — x> +rsgn(x) and r is the controllable param-
eter that causes the system to bifurcate, I(¢) is a low-amplitude
signal and &(¢) is a Gaussian colored noise with statistical
properties

T

R e e e

where D is the noise strength and 7 is the correlation time.

Using N inputs to generate N square waves, a logical cor-
respondence between inputs and outputs can be established.
Specifically, [ is a low-amplitude input, I = I + I, where
I and I, encode the two logic inputs. We drive the cross-
bifurcation non-smooth system with the signal /. The logic
inputs can be 0 or 1, so there are four different logic input sets
(Li,5): (0,0), (1,0), (0,1) and (1,1). The signal /;, has a
value of —K for a logical 0, whereas it takes on a value of K
for a logical 1. Since the input sets (0,1) and (1,0) produce
the same 7, the four different input conditions (I,l) produce
three different 7 values: —2K, 0, 2K. As a result, the input
signal [ is a three-level aperiodic waveform.

3. Logical stochastic resonance under colored
noise

The potential function corresponding to Eq. (1) takes the

form
2, 1y
5% +Zx —rx, x>0,
U =4 2 4 3)
—Exz—l—zx‘*—i—rx, x<0.

It can be found that the potential function has a point where
the first-order derivative is discontinuous

X3 = 0, (4)

and has four extreme points

2V3 1 3V3 ™
x1=—x5=—Tcos garccos — B r —§ y

X) = —X4 = —%cos l; arccos (—mr> + n] G))

3 2 3

It can be found that when r = —2+/3 /9, x1 and x, merge and
x4 and x5 merge. When r < —2+/3/9, the system has only one
stable point x3. In the region —2+v/3/9 < r < 0, the system
has three stable points x;, x3 and x5, and two unstable points
xp and x4. When r = 0, xo and x4 merge and disappear, and
x3 becomes unstable. In the region r > 0, the system has two
stable points x; and x5 and one unstable point x3. Figure 1 dis-
plays the corresponding bifurcation diagram. At r = —2+/3/9,
the system has two saddle-node bifurcations making the sys-
tem change from monostable to tristable. As the logic outputs
have two values, it is difficult for a monostable system to gen-
erate the LSR phenomenon, therefore this bifurcation point is
not studied. At r =0, the system has a subcritical pitchfork bi-
furcation making the system change from tristable to bistable.
Earlier publications have concentrated on the separate study
of LSR in bistable or tristable systems. Now we consider the
bistable and tristable cases uniformly in this work. In the fol-
lowing we shall investigate LSR in bistable and tristable areas
respectively.
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Fig. 1. Bifurcation diagram of system (1) on the bifurcation parameter
r. Atr=—2+/3/9, the system has two saddle-node bifurcations making
the system change from monostable to tristable. At r = 0, the system
has a subcritical pitchfork bifurcation making the system change from
tristable to bistable.

3.1. Bistability

In the bistable region, the system has two symmetrical po-
tential wells, but there are three different logical inputs. This
results in a memorable output value when the logical input is
0. In other words, the output value is determined by the output
value of the previous state. Specifically, if the previous output
is —1, then the current output will also be —1, and if the pre-
vious output is 1, then the current output will be 1. Therefore,
with reference to Table 1 we find that the logic response of
the system cannot realize a reliable logic operation, for which
a bias parameter is added to deflect the potential. Thus, the
Langevin equation is rewritten as

X=fx)+1()+&(0), (6)

where f(x) = x — x>+ rsgn(x) + G and G is a bias parameter.

As shown in Fig. 2, the tilt of the potential function is de-
termined by the bias parameter G. When G > 0, the bistable
potential function tilts to the right, as shown by the red dashed
line in the figure. When the logic input is 0, the particle will
be in the well at x;. With reference to Table 1 we find that
in this case the system can implement an OR/NOR logic op-
eration. When G < 0, the bistable potential function tilts to
the left, as shown by the green dotted line in the figure. When
the logic input is O, the particle will be in the well at x_. With
reference to Table 1 this reveals that the system can implement
AND/NAND logic operations.

\
\
\
\
\
\
\
\

\

Fig. 2. Potential well for various G values. The blue line denotes the
symmetric bistable well, the green line denotes the AND/NAND logic
operation and the red line denotes the OR/NOR logic operation.

Table 1. For the four logic operations, the connection between the four
input sets and the outputs.

Input set OR AND NOR NAND
(0,0) 0 0 1 1
(0,1)/(1,0) 1 0 0 1
(1,1 1 1 0 0

The logical output of the system is decided by its state.
For example, if its state is in one well, the output can be con-
sidered as a logical 1, and if it is in another well, the output can
be considered as a logical 0. Specifically for a bistable system
with two potential wells at x; and x_, the logical output of the
system is considered to be 1 when its state is in right well (x)
and it is considered to be 0 when its state is in left well (x_).
The output is thus ‘toggled’ when the system switches wells.
According to Table 1 the system can implement the required
types of logic gates.

The potential function corresponding to Eq. (6) takes the
form

1 1
Ux)= —Exz + 1x4

Using Novikov’s theorem and the unified colored noise ap-

— rxsgn(x) — Gx. @)

proximation method,*'=*3 the approximate Fokker—Planck
equation corresponding to Eq. (6) is written as

IP(x) 9
5 = 5 FWPWI+ 55 BOPE],  ®)
D X1, x< Oa
where B(x) = Tf’(xs)’xs - {x;, x> 0.

In the adiabatic limit, the stationary probability density
(SPD) is obtained as

Py =Nexp [-U,(x)], 9)

where N is a normalization constant and the generalized po-
tential function Uy is given as

_ 1-1f(x) {1 2

14
Ug (x) D 7% + il rxsgn(x) — Gx] . (10)

In the bistable region, the mean first passage time is derived

from
_ [ A )
TIS(xl %xS) _~/x1 l//(x) /_oo B(y) dy7
_ [ dx )
B =[Gl B O
where
Y(x) = exp[-Ug(x)]. (12)

In the bistable region, point x3 is unstable when the sys-
tem is non-smooth so the Gaussian approximation cannot be
used. Thus, the steepest-descent approximation allows us to
estimate the following:

*y(y)
[ me®
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1—1f(x1) [t 1
~ #/ﬁw exp[—Ug(xl,t)—i—ng(xl)(y—xl)2 dy
V2 1—1f'(x
— exp[—Uy(x1)] g( D, (13)
Uy (x1)
For [} ﬁdx, expanding U,(x,7) in the left and right
neighborhoods of x = x3, we can obtain
X5 l
[
o Y(x)

~ /’: exp [Ug(x3,t) —‘,—Ué_ ()C3)(x—)C3)] dx

+ /x:wexp [Ug(x3,1) + Ug (x3)(x —x3)] dx

1 1
= exp [Ug(x3)] (Ug/(m) - Ué+(x3))' (14)

Hence, the analytical expression for the MFPT takes the form

Tis(x1 — xs)

V2r(l—1f'(x1))
D, /U{(x1)

1
, 15
Ug+<x3>> ()

= exp [Ug(x3) — Ug(x1)]

1
>< —
( Uy (x3)
similarly

Tsq ()C5 — xl)

] V2r(1—1f'(xs5))
D, /Uy (xs)

1 1
— . 16
' (U;<x3> Ug;(xa)) (10

Therefore, the transition rates are given by

= exp [Ug(x3) — Ug(xs)

D, /U (x1)

kis = TL = exp [Ug(x1)] ahil
15 V2r(1—1f'(x1))

Uy (x3)Uq_ (x3)
- (U‘Q(J%)—Ué(xﬂ)7

D, /U (xs)

o = ool L
51 V2r(1—1f(x5))

Ugy (x3)Ug_(x3)
. <Ué+(x3) - Ué(%)) '

Likewise, when I = —0.8, the approximate Fokker—Planck

A7)

equation is described as

IP(x) 2 02
o =~ 5 [(f0) ~08)P()] + 5 [BWP()], (18)
D x;, x<0,

In the adiabatic limit, the SPD of the system is obtained
as

P, = Nexp [—Ug(x)] , (19)

where N is a normalization constant and the generalized po-
tential function U, has the following form:

) = L)

1 1
X {— Exz + Zxd' —rxsgn(x) — Gx+ O‘Sx} . (20)

Similarly, the transition rates can be given by

D, /UY (x1)

kis = 7~ =exp[Up(n)] V2r(1—1f'(x1))
(),

ks = % = exp [Ug(xs)] é(l l_/g/;:i5(ls))
Aahraw) e

Consider the logic input parameter K to take the value
0.4. Figure 3 displays the response of the system in Eq. (6)
at different noise intensities D when the bifurcation parameter
r = 0.2 and the bias parameter G = 0.3. The red line indicates
the logical input and the blue line indicates the output of the
system. It can be found that for very weak noise (D = 0.01) at
some moments the state of the particle depends on the previ-
ous state at times, for example [8000, 8500], [10000, 12000].
The particle cannot produce a transition and does not move to
the desired potential well. For optimal noise (D = 0.2), the
particle is located in the left well when the input is —0.8, and
the particle is located in the right well when the input is 0 or
0.8. According to Table 1, if state x < O is interpreted as log-
ical output O and state x > 0 as logical output 1, the system
produces a stable OR logic behavior, whereas if state x > 0 is
interpreted as logical output 0 and state x < 0 as logical output
1, the system produces a stable NOR logic behavior. In the
same way, by setting the bias parameter at G = —0.3, we can
achieve clean AND/NAND gates at an optimal noise intensity.
With the enhancement of noise (D = 0.5), due to frequent tran-
sitions of particles, the system gradually produces the wrong
logic outputs. Thus, noise-induced logic operation becomes
unreliable and the LSR phenomenon is destroyed.

In order to measure the reliability of noise-induced logic
operation, we introduce the concept of success probability.
The success probability P is expressed as

P= %, (22)
where N is the overall number of runs and S is the number of
correct logic outputs. When P approximates to 1, the system
generates a reliable logic operation. Using computer simu-
lations to generate sets of logic inputs and continuously in-
putting different combinations of logic inputs to the system,
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the success probability can be obtained. The logic input has
four possible input sets (1;,1>) : (0,0),(0,1),(1,0) and (1,1).
Each run is a random permutation of all the above sets, where
each signal input set drives the system for a period of time
with time step A = 0.01 s and 1000 s. Then the obtained
output is compared with the desired logic output to obtain the
correct probability of this set. When this correct probability is
above a certain threshold, the set of logic outputs is considered
correct. A run is deemed successful only when all four logic
outputs are correct.

o -
- .
4
4
o (b)
= 0ot F i i A e ML -
_4 .
PMIC)
2 ol e
8
0 4000 8000 12000 16000 20000

Time
Fig. 3. The logic output x(¢) with r = 0.2 corresponding to (a) D = 0.01, (b)
D =0.2, (c) D=0.5. The dashed red line indicates the logical input /, con-
sisting of a combination of /; and /; which take the value —0.4 when the logic
input is 0 and 0.4 when the logic input is 1. Clearly, when D = 0.2, we get the
desired OR gate.

To further investigate the effect of different parameters
on LSR, we plot the variation of P with different parameters
in Fig. 4. Figure 4(a) illustrates the variation of P with noise
intensity D for fixed parameters » = 0.2 and G = 0.3. The
results show that P increases rapidly with increasing noise
strength for weak noise, and then stabilizes to 1. The sys-
tem appears to have an optimal window of noise strength
(0.100 < D < 0.350). The logic response is nearly 100% accu-
rate in an optimal window of the noise, so that the system re-
liably implements logic operations. As the noise strength con-
tinues to increase, the success probability gradually decreases
until it tends to 0. The reason for this phenomenon is that
the noise strength reflects the amount of energy provided to
the particle by the external noise. When the noise strength is
small, the energy provided by the noise is too small to sup-
port the particle crossing the potential barrier to make the leap
between different wells, so that the system cannot produce re-
liable logic behavior. When the noise strength is too high, the
energy provided by the noise is too high, which leads to fre-
quent disorderly transitions between different wells and causes
the particle to move in an irregular manner. Therefore, reli-
able logic behavior cannot be produced. Only when the noise
is moderately strong does the energy provided by the noise al-
low the particle to cross the potential barrier to perform the
correct transition behavior between different wells, producing
reliable logic behavior.

Further, in Fig. 4(b) we can find how P varies with bi-
furcation parameter r and noise strength D. In the figure, it

can be seen that the system appears to have an optimal win-
dow of noise, and the optimal window is related to r. When
r > 0, the optimal window of noise decreases as r increases
and moves to a greater noise strength. Figure 5 depicts the im-
age of the generalized potential function for different values
of r, from which it can be found that the height of the poten-
tial barrier is affected by . When r > 0, there is a subsequent
increase in the potential barrier as r increases. Therefore as r
increases, a higher noise intensity is required to enable parti-
cle transition. When I = 0 the particle can transit to the right
well with appropriate noise excitation, as shown in Fig. 5(a),
and when I = —0.8 the particle can transit to the left well with
appropriate noise excitation as depicted in Fig. 5(b). Thus, the
optimal window of noise moves to a greater noise strength as r
increases. Figure 6 shows that in the bistable region the transi-
tion rate decreases as r increases. Thus as r increases, a larger
noise intensity is required to make the system produce the LSR
phenomenon. This is consistent with the phenomenon that the
optimal window of noise moves to a greater noise strength as
r increases in Fig. 4(b).

0.4 10

) ()
0.8 03 0.8
0.6 0.6

= 0.2
0.4 0.4
0.2 0.1 o
0

0 0.2 0.4 0.6 0.8 0 0.0

0 0.2 0.4 0.6 0.8

b D

Fig. 4. The variation of success probability P with different parameters in the
bistable region: (a) noise intensity D for fixed r = 0.2; (b) D and bifurcation
parameter r. The system appears to have an optimal window of noise that
displays resonance phenomenon with a single flat peak as the noise strength
varies. The optimal window of noise decreases as r increases and moves to a
greater noise strength.

100

50

=50

—80 —100
-1.5 -1.0 =05 0.0 05 1.0 15 -1.5 -1.0 -0.5 00 05 1.0 15

xT xr
Fig. 5. Generalized potential function at different bifurcation parameters r
with G = 0.3. (a) When I = 0, the particle will be located in the right well
under noise excitation. (b) When I/ = —0.8, the particle will be located in the
left well under noise excitation. Clearly, the potential barrier increases as r
increases.

0.8
0.04
0.6
0.03
Q04 0.02
0.2 0.01
0 0
0.15 0.20 0.25 0.30

r

Fig. 6. The variation of transition rate ks with noise intensity D and
bifurcation parameter r in the bistable region.
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3.2. Tristability

In the tristable region, in addition to the above logic gates,
we can also obtain XOR/XNOR logic. We can obtain all the
logic behaviors by defining different outputs. According to
Table 2, we can set the output to logical 1 if the particle is in
the right well and to logical O if it is in the others, for which
we can obtain the AND logic gate. Likewise, we can obtain
the other logic operations by defining the outputs.

Table 2. For the six logic operations, the connection between the four
input sets and the outputs.

Logic gate Left well Central well Right well
AND 0 0 1
NAND 1 1 0
OR 0 1 1
NOR 1 0 0
XOR 0 1 0
XNOR 1 0 1

For system (1), according to Novikov’s theorem and the
unified colored noise approximation method,*!~*3 the ap-
proximate Fokker—Planck equation is given by

aP(x) 9 52
—r " ox [f (x)P(x)] + 2

S BOP], (23

_ X1, X S 07
where f(x) =—-U’(x), B(x) = ‘L’f’( =’ Xy = {xs, S0
In the adiabatic limit, the SPD of the system is obtained

as

P =Nexp [-U,(x)], (24)

where N is the normalization constant and the generalized po-
tential function Uy is written as

) [ Ly L] e9)

U. =
e() D 2 g

In the tristable region, the mean first passage time takes the

form
Ti3(x) — x3) /X3 dx/ llf((i)) ;
a5 e
Tty )= [ () o
Tss(xs — x3) /.x5 /x ngy 26)
where
y(x) = exp[—Ug(x)]. (27)

Similar to the calculation in the bistable region, the expres-
sions for 731 and T35 can be derived as

T3 (X3 —>x1)

V2r(1-1f'(x))
D Ug”(JCz)

= exp [Ug(x2) — Ug(x3)]

1 1
) (U;m) - U;<x3>>’
T3s5(x3 — X5)

V27 (1 - of'(x))

D, /Ué’()m)

1 1
— . 28
. (Ug+<xs> Ug_<x3>> @8

Since the point x3 is not involved in the approximation process

= exp [Ug(x4) — Ug(x3)]

for T13 and Ts3, the expression can be obtained by the Gaussian
approximation as

Ti3(x1 = x3) = exp [Ug(x2) — Ug(x1)]
2z 1—7f'(x)

Jurenure)| P

Ts3(xs — x3) = exp [Ug(xq) — Uy (xs)]

" 27 lfrf’(xs)' 29)

Ué’(xs) !Ué/()m)‘ D

X

Considering the mean first passage time of a particle from

x1 to x5, T15 can be obtained from the following expression:
Tis(x1 — x5) = Ti3(x1 = x3) + B3s(x3 — xs).  (30)

Similarly, the transition rates can be given by

1 D, /UY (x2)
k| = o = exp [~ Ug(x2)] V2r(1—tf (x5))
Uy (x3)Ug- (x3)
. (Ué(X3)Ué+(x3)>

o Uy (x4)
s = 7 = exp [—Ug(x4)] V21r(1—1f(x5))
x( U§+(X3)Ué*(x3) )

Uy (x3) — Ug (x3)
ki3 = i—ex [Ug(x1) — Uy (x )]L
BT, Pl ST T ()
,/Ué’(xl) ’Ug”(XQ)!
x 27 ’
1 D
ksy = —— = exp [Ug(xs) — Ug(x4)] —
53 Ts exp[ g(x5) g(x4>] 1— 7/ (x)
Ué’()@) |Ué’(X4){
2T ’
1 1
kis = — = ———. 31
P T Tis T T3+ Gl

Likewise, when I = 0.8, the approximate Fokker—Planck equa-
tion is written as

oP() 9 9
5 =~ 5= [(F() +08)P()] + 55 [BO)P()]. (32)
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where f(x) = —U’(x), B(x) = rf’( 1T tf(x) *s = {i;:ii%

In the adiabatic limit, the SPD of the system is obtained
as

P, =Nexp [-U,(x)], (33)

where N is the normalization constant and the generalized po-
tential function Uy is given as

1-7f(x) [ 1 2 1,

Us(x) = D —5% +4x — rxsgn(x) — 0.8x} 34

Similarly, the transition rates can be given by

1 D,/Ué/(XQ)
k31 =

_ E =exp [*Ug(XZ)] m(l_rf’(xs))
o L () () )

UL (x9) ~ Uy ()
D, /Ué’()m)

kzs = L = exp [~Uq(xs)]

T35 V2r(1—1f(x5))
Ugy (x3)Uq_(x3)
X(%<nw-gug>
ki3 = %3 = exp [Ug(x1) — Ug(x2)]
D Uy (x1) |Uf (x2)|
Tt () o ’
ksz = T; = exp [Ug(x5) Ug(X4)]
D U (xs) |Uf (xa)|
T (x) 2 (35)

For the case of system (1) in the region —2\@/9 <r<0,
we consider the logic input parameter K to take the value 0.4.
Figure 7 displays the response of the system in Eq. (1) at
different noise intensities D when the bifurcation parameter
r = —0.35. For very weak noise (D = 0.003), at some mo-
ments the particle cannot move to the desired well, for exam-
ple [4000, 5500], [10000, 12000], [14000, 14500]. Therefore,
the system cannot generate a reliable logic operation. For op-
timal noise (D = 0.015), the system response yields a reliable
logic operation. As the noise continues to increase (D = 0.1),
the particle transits frequently in the left and right potential
wells when the logic input is 0. This LSR phenomenon is de-
stroyed. Comparing with Fig. 3, it can be found that the same
phenomenon occurs in the tristable region as in the bistable
region, where the presence of optimal noise intensity allows
the system to produce reliable logic operations. However, the
value of the optimal noise strength in the tristable region is
much smaller than that in the bistable region.

z
8

x(t)

_4 L L L L L L L
4
_ e
SRS R W
0 4000 8000 12000 16000 20000
Time

Fig. 7. The logic output x(¢) with r = —0.35 corresponding to (a)
D =0.003, (b) D =0.015, (c) D =0.1. The dashed red line indicates
the logic input /, consisting of a combination of /; and I, which take the
value —0.4 when the logic input is 0 and 0.4 when the logic input is 1.
Clearly, when D = 0.015, we can get the desired logic gate.

Further, Fig. 8 illustrates the variation of the success prob-
ability P with different parameters. In Fig. 8(a) we plot the
variation of P with noise intensity D for a fixed parameter
r = —0.35. It is found that P increases rapidly with increasing
noise strength for weak noise, and then stabilizes to 1. The
system appears to have an optimal window of noise strength
(0.008 < D < 0.026). In the optimal noise window, the logic
response is nearly 100% accurate. The success probability
gradually decreases as the noise strength increases, until it
tends to 0. Compared with Fig. 4(a), Fig. 8(a) shows that
the optimal noise value in the tristable region is much smaller
than in the bistable region, and the optimal window interval
for noise in the tristable region is also much smaller, indicat-
ing that the tristable region is more sensitive to noise.

1.0
0.8
0.6
0.4
0.2
0.0

() 0.01 002 0.03 0.04 0.05

1.0 (@)
0.8

0.6
0.4
0.2

0

0 0.01 0.02 0.03 004 0.05
D

Fig. 8. The variation of success probability P with different parameters
in the tristable region: (a) noise intensity D for fixed r = —0.35, (b) D
and bifurcation parameter ». When r < —0.33, the system produces a
reliable logic response and the optimal noise interval becomes larger as
r decreases.

To further analyze the variation of P with r and D, we
plot Fig. 8(b). It is found that the system cannot generate a re-
liable logic response when —0.33 < r < 0. When r < —0.33,
the system generates a reliable logic response and the optimal
noise interval becomes larger as r decreases. Figure 9 depicts
the image of the generalized potential function Uy for different
values of r. From the figure, it can be found that the height of
the potential barrier is influenced by r. This shows that as r
increases, there is a subsequent increase in the potential bar-
rier. Therefore, the higher the value of r, the larger the noise
intensity required to enable particle transition. However, for
some high values of r, the height of the potential barrier is too

038201-7



Chin. Phys. B 33, 038201 (2024)

large to cause the particle to transit. Thus, it is impossible to
generate a correct logic operation. Figure 10 shows that the
range of moderate transition rates increases as r decreases in
the tristable region, which is consistent with the phenomenon
in Fig. 8(b). Comparing with Fig. 4(b), we see that the range
of values of r that can produce reliable logic operation in the
tristable region is much smaller than in the bistable region,
and that both the optimal noise values and the correspond-
ing optimal noise interval range are much smaller. Comparing
Figs. 5 and 9, it is found that the potential barrier height in the
bistable region is much higher than in the tristable region, so
the bistable region needs a higher noise strength to make the
particle transition. The potential barriers from the middle well
to the two side wells are much smaller in the tristable region
than the barriers in the bistable region, so a small noise may
cause the particle to make frequent transitions when initiated
in the middle well. Therefore, the optimal band of noise in
the tristable region is narrower. Comparison of Figs. 6 and
10 reveals that a smaller noise in the tristable region gives a
moderate, optimum transition rate. Thus, the tristable region
is more sensitive to noise.

30 80
) N\ (b) —r=-0.1
N e =—02
20 401 N ——r=-0.3
=010 S “

195790 05 00 05 10 1s

€T

—80
-1.5 -1.0 =05 00 05 1.0 15
T

Fig. 9. Generalized potential function at different bifurcation parame-
ters r. (a) When I = 0, the particle will be located in the middle well
under noise excitation. (b) When I = 0.8, the particle will be located
in the right well under noise excitation. Clearly, the potential barrier
increases as r increases.
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-0.34 -0.32 -0.30
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Fig. 10. The variation of transition rate k5 with noise intensity D and
bifurcation parameter r in the tristable region.

4. Conclusions

In this work, we investigate the logic operation of a cross-
bifurcation non-smooth system with bistable and tristable re-
gions. By using Novikov’s theorem and the unified col-
ored noise approximation method, we obtain the approximate
Fokker—Planck equation and the generalized potential function
to analyze the LSR phenomenon with numerical simulations.

We numerically simulate the system’s logic operation in the

bistable and tristable regions and perform a comparative anal-
ysis for the two regions. We show that the tristable region is
more sensitive to noise than the bistable region. The optimal
noise value in the tristable region is much smaller than that in
the bistable region. Furthermore, the range of bifurcation pa-
rameters that can produce reliable logic output in the tristable
region is much smaller, and the optimal noise strength range is
smaller than in the bistable region. Similar results can be sup-
ported through the analysis of the generalized potential func-
tion and transition rate. We show in this work that tristability
significantly enhances the transition rate. For example, this
phenomenon is similar to the two-step nucleation mechanism
in the crystallization of the protein lysozyme, where the inter-
mediate stable state of proteins was found experimentally to
accelerate the crystallization rate since tristability in two-step
nucleation improves the transition rate and provides a power-
ful method of controlling the nucleation process. Similarly, the
LSR mechanism in tristable dynamics is more sensitive than
in bistable dynamics in the over-damped non-smooth system
and can be utilized to implement more reliable logic gates in
resonant tunneling diodes and simple circuits, and in monitor-
ing weak targets in water degradation images and so on. Our
results can be applied to relative experiments and help in se-
lecting optimum parameters for actual implementations.
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