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Atomic radiative data such as excitation energies, transition wavelengths, radiative rates, and level lifetimes with high
precision are the essential parameters for the abundance analysis, simulation, and diagnostics in fusion and astrophysical
plasmas. In this work, we mainly focus on reviewing our two projects performed in the past decade. One is about the ions
with Z . 30 that are generally of astrophysical interest, and the other one is about the highly charged krypton (Z = 36)
and tungsten (Z = 74) ions that are relevant in research of magnetic confinement fusion. Two different and independent
methods, namely, multiconfiguration Dirac–Hartree–Fock (MCDHF) and the relativistic many-body perturbation theory
(RMBPT) are usually used in our studies. As a complement/extension to our previous works for highly charged tung-
sten ions with open M-shell and open N-shell, we also mainly focus on presenting and discussing our complete RMBPT
and MCDHF calculations for the excitation energies, wavelengths, electric dipole (E1), magnetic dipole (M1), electric
quadrupole (E2), and magnetic quadrupole (M2) transition properties, and level lifetimes for the lowest 148 levels be-
longing to the 3l3 configurations in Al-like W61+. We also summarize the uncertainties of our systematical theoretical
calculations, by cross-checking/validating our datasets from our RMBPT and MCDHF calculations, and by detailed com-
parisons with available accurate observations and other theoretical calculations. The data are openly available in Science
Data Bank at https://doi.org/10.57760/sciencedb.10569.

Keywords: energy levels, transition rates, highly charged ions, relativistic many-body perturbation theory
(RMBPT), multi-configuration Dirac–Hartree–Fock (MCDHF), benchmarking calculations, exci-
tation energies, spectroscopic accuracy

PACS: 31.15.ag, 31.15.aj, 31.15.am DOI: 10.1088/1674-1056/acef07

1. Introduction

The ions with Z ≤ 30, especially the ions of iron group
elements, produce several strong transitions that have been
widely used in astrophysics for a range of diagnostic applica-
tions, e.g., measuring electron temperatures, densities, chem-
ical composition, and even strong magnetic fields,[1] for a re-
view of some of the applications, see Del Zanna & Mason.
Providing accurate atomic data for these ions is of paramount
importance. In the tokamak fusion reactors, such as ITER[2]

and EAST,[3,4] tungsten is an element proposed to be used as
an erosion-resistant construction material. Therefore, highly-
charged tungsten ions are of great interest in fusion plasma
research.[5–9] The core temperature of ITER is projected to be
of the order of 20 keV, possibly reaching as high as 30–40 keV

under certain operating conditions.[10,11] At this temperature,
highly-charged tungsten ions, with open L-shell, M-shell, or
N-shell, have a large fractional abundance in the core plasma.
The x-ray and extreme ultraviolet (EUV) spectra emitted from
these tungsten ions, therefore, constitute the solid base of di-
agnostics for ITER plasma properties (such as temperature and
density) and the bulk velocity of the plasma core.[8,12] Addi-
tionally, krypton is widely used as an injected impurity for di-
agnosing tokamak fusion plasmas,[13–17] and is also used as a
diagnostic element for the x-ray imaging spectrometer system
in the ITER.[18,19]

Atomic data such as excitation energies, transition wave-
lengths, radiative rates, and level lifetimes with high precision
are necessary for plasma diagnostics and for interpreting the
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plasma spectra. Experiments with their limited resources are

unlikely to ever be able to provide complete datasets on any

atomic systems. Instead, the bulk of the data must be provided

by theoretical calculations. Based on fundamental principles

and well-justified approximations, theoretical atomic physics

derives and implements algorithms and computational proce-

dures that yield the desired data.

The atomic spectroscopy group of Fudan University has

mainly carried out two projects in collaboration with other

groups in the past decade. One project focuses on the

ions with Z . 30 that are generally of astrophysical inter-

est, and the other one is about krypton (Z = 36) and tung-

sten ions (Z = 74) that are relevant in research of mag-

netic confinement fusion. Employing the multiconfiguration

Dirac–Hartree–Fock (MCDHF) approach[20,21] implemented

in the GRASP2K package,[22] and/or the relativistic many-

body perturbation theory (RMBPT)[23–25] or relativistic con-

figuration interaction (FAC-RCI)[26] implemented within the

FAC package,[27,28] a large amount of atomic data including

level energies, transition wavelengths, line strength, oscilla-

tor strengths, radiative rates and level lifetimes were obtained.

By using the two different and independent methods (MCDHF

and RMBPT), we cross-check/validate our two datasets and

guarantee the self-consistency of our theoretical calculations.

Additionally, by detailed comparisons with available accurate

observations and theoretical calculations in the literature, we

comprehensively assess the uncertainties of our calculations

(see the summary in Section 4). The high accuracy of our sys-

tematic calculations makes them the preferable source of spec-

troscopic data for modelling plasma spectra and opens up new

possibilities for their usage for the calibration of experimental

x-ray and extreme ultraviolet (EUV) spectra.

The paper is organized as follows. The MCDHF and

RMBPT methods are outlined in Section 2. In Subsec-

tion 3.1, we review the results from recent accurate RMBPT

and MCDHF calculations for K-, L-, and M-shells ions with

Z ≤ 42. In Subsection 3.4, we review our previous works

for tungsten ions with open M-shell and open N-shell, and

present and discuss our complete RMBPT and MCDHF cal-

culations for the excitation energies, electric dipole (E1), mag-

netic dipole (M1), electric quadrupole (E2), and magnetic

quadrupole (M2) transition properties, and level lifetimes for

the lowest 148 levels belonging to the 3l3 configurations in

Al-like W61+. The conclusions and outlook are shown in

Section 4. If not explicitly indicated, atomic units are used

throughout this work.

2. Outline of theory
2.1. MCDHF

The MCDHF method[20,21] implemented in the
GRASP2K package[22] has been discussed in our recent
studies.[29,30] Here, we only give a brief description. The
MCDHF method starts from the Dirac–Coulomb (DC) Hamil-
tonian

HDC =
N

∑
i=1

(
c αi ·𝑝i +Vnuc(ri)+ c2(βi −1)

)
+

N

∑
j>i=1

1
ri j

, (1)

where Vnuc(ri) is the nuclear potential, ri is the electron–
nucleus distance, ri j is the distance between electrons i and
j, c is the speed of light, N is the number of electrons, and αi

and βi denote the Dirac matrices.
Electron correlation is included by expanding the atomic

state wave function (ASF) Ψ(Γ Jπ) in a linear combination of
configuration state functions (CSFs)

Ψ (Γ Jπ) =
M

∑
i=1

ciΦ (γiJπ) , (2)

where {γi} specifies the occupied subshells with their com-
plete angular coupling tree information of the CSFs, J and
π are respectively the total angular momentum and the par-
ity, and M is the number of CSFs. Each CSF, Φ (γiJπ),
is a j j-coupled many-electron function built from antisym-
metrized products of one-electron Dirac orbitals.[20] The ra-
dial functions of the large and small components of the one-
electron Dirac orbitals and the expansion coefficients {ci} of
the CSFs are obtained by solving iteratively the relativistic
self-consistent field (RSCF) radial equations for the orbitals,
coupled to the matrix diagonalization for the targeted eigen-
vectors.

Once the orbitals have been optimized through the
MCDHF procedure, the Breit interaction and higher-order
(HO) retardation correction beyond the Breit interaction, as
well as the leading quantum electrodynamic (QED) effects in-
cluding self-energy (SE) and vacuum polarization (VP), are
added to the Dirac–Coulomb Hamiltonian in the RCI calcula-
tions to capture relativistic corrections to the Coulomb inter-
action (see Refs. [29,30] for more details).

It should be noted that the SE correction is evaluated
with a model QED operator developed recently by Shabaev
et al.[31,32] It has been implemented in GRASP2K to study the
ground-term fine structures of F-like[33] and Co-like ions,[34]

and was also used in our recent benchmark works on W56+–
W61+.[29,30] The SE correction is determined by evaluating the
matrix element of the model self-energy operator

hSE = hSE
loc +

n

∑
i, j=1

|φi⟩
{ n

∑
k,l=1

[(St)−1]ik⟨ψk|
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×
{

1
2

[
∑(εk)+∑(εl)

]
−hSE

loc

}
|ψl⟩(S−1)l j

}
⟨φ j|, (3)

with the many-electron wavefunction. In the latter equation,
hSE

loc is a quasi-local operator acting differently on wavefunc-
tions of different angular symmetry, {φi(𝑟)}n

i=1 is the model
basis of projected functions, {ψi(𝑟)}n

i=1 is the basis of the hy-
drogenic wavefunctions, and Sik is the overlap matrix element
Sik = ⟨φi|ψk⟩ (see the original work[31,32] for more details, in-
cluding definitions of all quantities and ranges of summation).

2.2. RMBPT

The RMBPT method[23–25] is implemented in FAC.[27,28]

This method is based on an approximation of the Dirac–
Coulomb–Breit (DCB) Hamiltonian HDCB = HDC + HBreit.
Then the HDCB operator is split into a zeroth-order model
Hamiltonian H0 and a perturbation H ′, i.e., HDCB = H0 +H ′,
with[23,28]

H0 = ∑
i
[hD(i)+U(ri)], (4)

H ′ =−∑
i

[
Z
ri
+U(ri)

]
+∑

i< j

(
1
ri j

+Bi j

)
, (5)

where hD(i) is the Dirac Hamiltonian for one free electron, Z
is the nuclear charge, ri is the radial coordinate of the electron
i, and ri j is the distance between the electrons i and j. Bi j is
the frequency-independent Breit interaction. U(ri) is a one-
electron model potential including the screening effects of all
electrons, whose appropriate choice makes H ′ as small as pos-
sible. U(ri) is approximated by a local central potential and is
derived from a Dirac–Fock–Slater self-consistent field calcu-
lation with the Hamiltonian H0, which minimizes the weighted
mean energy of all relevant configurations. After U(ri) is de-
termined, the eigenfunctions Φ0

k and eigenvalues E0
k of H0 can

be calculated. The Φ0
k is divided into a model space M and

the orthogonal space N. The effect of the states outside the M
space is as usual taken into account by means of a perturbation
expansion and expressed in terms of an “effective” Hamilto-
nian Heff that operates only within the M space. Heff is defined
as

Heff = PH0P+PH ′
Ω , (6)

where P is a projection operator that produces a state Ψ 0
k in

the M space when it operates on an eigenfunction Ψk of the
full Hamiltonian, where Ψ 0

k is a linear combination of the sub-
set of Φ0

k that belongs to the M space. Ω is the wave operator
that transforms Ψ 0

k back to Ψk. The eigenvalues of Heff are the
true eigenenergies of the full Hamiltonian.

The matrix element of the first-order Heff can be written
as

⟨Φ (γiJπ) |H(1)
eff |Φ (γ jJπ)⟩= (HDCB)i j + ∑

r∈N

H ′
irH

′
r j

E0
j −E0

r
, (7)

where (HDCB)i j = ⟨Φ (γiJπ) |HDCB|Φ (γ jJπ)⟩ and H ′
ir =

⟨Φ (γiJπ) |H ′|Φ (γrJπ)⟩ (i, j ∈ M,r ∈ N). By solving the gen-
eralized eigenvalue problem for the first-order Heff, we can ob-
tain the eigenvalues in the second-order approximation.

The Breit interaction, the higher-order retardation correc-
tion beyond the Breit interaction, and the leading QED correc-
tions are also considered in the same way as for the MCDHF
calculations.

2.3. Transition properties

Transition properties such as line strengths S, weighted
oscillator strengths g f , and radiative rates A from the state γPJ
to the state γ ′P′J′ are computed in perturbation theory in terms
of reduced matrix elements

⟨Ψ(γPJ)‖𝑇 (EMK)‖Ψ(γ ′P′J′)⟩, (8)

where the operator 𝑇 (EMK) depends on the multipolarity (E1,
M1, E2, M2, etc.) of the transition. Inserting the CSF ex-
pansions for the wave functions, the reduced matrix element
reduces to a sum over reduced matrix elements between CSFs.
These matrix elements are finally obtained as sums over ra-
dial integrals using Racah algebra techniques. The above pro-
cedure assumes that the two states γPJ and γ ′P′J′ are built
from the same set of orbitals. When this is not the case,
e.g., when separate calculations have been done for the even
and odd parity states, the representations of the wave func-
tions are changed in such a way that the orbitals become
biorthonormal,[35] in which case the calculation continues
along the lines above. For electric transitions, the parameters
can be computed in both length and velocity gauges,[36] where
the results in the length gauge are preferred.

3. Results and discussion
3.1. K-, L-, and M-shells ions with Z ≤ 42

Using at least one of the three methods (RMBPT,
MCDHF, and FAC-RCI), we carried out many theoretical
studies of excitation energies and E1, M1, E2, M2 tran-
sition rates for K- and L-shell ions with Z ≤ 42, such
as the ions in the sequences of H-like,[37,38] He-like,[39,40]

Be-like,[41–45] B-like,[46–48] C-like,[49,50] N-like,[51–55] O-
like,[56–60] F-like,[61–63] and Ne-like.[64] It is important to pro-
vide atomic data for more than just the levels of the lowest
configurations in plasma modeling and diagnostics. To meet
the demand for data, calculations of different ions in the He-,
Be-, B-, C-, N-, O-, F-, and Ne-like sequences were provided
from several dozen levels to several hundred levels, which are
referred to as spectrum calculations. The range of ions, the tar-
geted configurations and the number of studied states for each
sequence are summarized in Table 1.
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Table 1. Sequence, atomic number (Z) of ions, targeted configurations, methods of the calculations, and the number (N) of studied states for
each ion. In the table, l = 0, . . . ,n− 1 and l′ = 0, . . . ,n′ − 1. The excitation energies, E1, M1, E2, M2, E3, and M3 transition properties are
studied for the targeted states in our previous works listed in the last column.

Sequence Z Configurations Methods N Refs.
H-like 13–42 nl (n ≤ 6) FAC-RCI 36 [37,38]
He-like 10–36 1snl (n ≤ 6), 2l′nl (l′ ≤ 2, n ≤ 6) RMBPT&MCDHF 321 [39,40]
Be-like 5–7 2snl (n ≤ 6), 2pnl (n ≤ 6) MCDHF 100 [41]

8–10 2snl (n ≤ 6), 2pnl (n ≤ 6) MCDHF 138 [41]
11–30 2snl (n ≤ 5), 2pnl (n ≤ 4) RMBPT 116 [42]
32, 36 2snl (n ≤ 4), 2pnl (n ≤ 4) RMBPT&MCDHF 98 [43]
39 2snl (n ≤ 5), 2pnl (n ≤ 5) RMBPT 166 [44]
42 2snl (n ≤ 6), 2pnl (n ≤ 6) RMBPT&MCDHF 250 [45]

B-like 16 2s2nl (n ≤ 5), 2s2pnl (n ≤ 4), 2p2nl (n ≤ 3) RMBPT&MCDHF 213 [46]
24–30 2s2nl (n ≤ 5), 2s2pnl (n ≤ 5), 2p2nl (n ≤ 5) RMBPT&MCDHF 513 [47]
36 2s2nl (n ≤ 5), 2s2pnl (n ≤ 5), 2p2nl (n ≤ 5) RMBPT&MCDHF 513 [48]

C-like 8 2s22pnl (n ≤ 5), 2s2p2nl (n ≤ 4), 2p2nl (n ≤ 3) MCDHF 156 [49]
9 2s22pnl (n ≤ 5), 2s2p2nl (n ≤ 4), 2p2nl (n ≤ 3) MCDHF 196 [49]
10 2s22pnl (n ≤ 5), 2s2p2nl (n ≤ 4), 2p2nl (n ≤ 3) MCDHF 215 [49]
11 2s22pnl (n ≤ 5), 2s2p2nl (n ≤ 4), 2p2nl (n ≤ 3) MCDHF 272 [49]
12 2s22pnl (n ≤ 5), 2s2p2nl (n ≤ 4), 2p2nl (n ≤ 3) MCDHF 318 [49]
13–36 2s22pnl (n ≤ 3), 2s2p2nl (n ≤ 3), 2p2nl (n ≤ 3) RMBPT 46 [50]

N-like 18–30 2s22p2nl (n ≤ 4), 2s2p3nl (n ≤ 3), 2p4nl (n ≤ 3) RMBPT 359 [51]
32 2s22p2nl (n ≤ 3), 2s2p3nl (n ≤ 3), 2p4nl (n ≤ 3) RMBPT&MCDHF 272 [52]
34 2s22p2nl (n ≤ 4), 2s2p3nl (n ≤ 3), 2p4nl (n ≤ 3) RMBPT&MCDHF 316 [53]
36 2s22p2nl (n ≤ 3), 2s2p3nl (n ≤ 3), 2p4nl (n ≤ 3) RMBPT&MCDHF 272 [54]
40 2s22p2nl (n ≤ 3), 2s2p3nl (n ≤ 3), 2p4nl (n ≤ 3) RMBPT&MCDHF 272 [55]

O-like 18 2s22p3nl (n ≤ 3), 2s2p4nl (n ≤ 3), 2p6 MCDHF 156 [56]
19 2s22p3nl (n ≤ 3), 2s2p4nl (n ≤ 3), 2p6 MCDHF 179 [56]
20 2s22p3nl (n ≤ 3), 2s2p4nl (n ≤ 3), 2p6 MCDHF 196 [56]
21–23 2s22p3nl (n ≤ 3), 2s2p4nl (n ≤ 3), 2p6 MCDHF 200 [56]
24–30 2s22p3nl (n ≤ 3), 2s2p4nl (n ≤ 3), 2p6 RMBPT&MCDHF 200 [57]
34 2s22p3nl (n ≤ 4), 2s2p4nl (n ≤ 3), 2p5nl (n ≤ 3) RMBPT&MCDHF 318 [58]
36 2s22p3nl (n ≤ 4), 2s2p4nl (n ≤ 4), 2p5nl (n ≤ 3) RMBPT&MCDHF 344 [59]
42 2s22p3nl (n ≤ 4), 2s2p4nl (n ≤ 3), 2p5nl (n ≤ 3) RMBPT&MCDHF 318 [60]

F-like 24–30 2s22p4nl (n ≤ 4), 2s2p5nl (n ≤ 3), 2p6nl (n ≤ 3) RMBPT&MCDHF 200 [61]
31–35 2s22p4nl (n ≤ 4), 2s2p5nl (n ≤ 3), 2p6nl (n ≤ 3) RMBPT&MCDHF 200 [62]
36 2s22p4nl (n ≤ 4), 2s2p5nl (n ≤ 3), 2p6nl (n ≤ 3) RMBPT&MCDHF 200 [63]

Ne-like 24–36 2s22p5nl (n ≤ 6), 2s2p6nl (n ≤ 4) RMBPT 201 [64]

3.1.1. Excitation energies

The accuracy of all atomic structure calculations, includ-
ing RMBPT and MCDHF, is determined by the way of com-
paring theoretical and experimental results, or by the way of
comparing between accurate theoretical results of different
calculations. Generally speaking, a trend for all atomic struc-
ture calculations, including RMBPT and MCDHF, is that the
accuracy of excitation energies increases as the atomic number
Z increases and the effect of electron correlation diminishes
along the isoelectronic sequence.

For example, in the study of O-like ions,[57] a compar-
ison between the MCDHF and RMBPT excitation energies
is carried out along the sequence with Z = 24–30. Defining
∆Ei ≡ (E i

RMBPT − E i
MCDHF) for each of the N energy levels

that can be compared (i = 1, . . . ,N, and N = 200), the average
absolute difference between the two sets calculated from

∆E =

N
∑

i=1
∆Ei

N
, (9)

with the standard deviation

σ1 =

√√√√√ N
∑

i=1
(∆Ei −∆E)2

(N −1)
, (10)

decreases from −623 ± 606 cm−1 for Cr XVII to −397 ±
536 cm−1 for Zn XXIII. These correspond to average relative
differences (∆x±σ2) from −0.012%±0.021% for Cr XVII to
−0.009%±0.016% for Zn XXIII, with

∆x ≡

N
∑

i=1
∆xi

N
=

N
∑

i=1
(E i

RMBPT/E i
MCDHF −1)

N
, (11)

σ2 =

√√√√√ N
∑

i=1
(∆xi −∆x)2

(N −1)
. (12)

In the study of F-like ions with Z = 24–30,[61] the same
trend is found as the atomic number Z increases along the
isoelectronic sequence. The average relative differences
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(∆x±σ2) also decrease from 0.003%±0.016% for Cr XVI to
0.002%±0.007% for Zn XXII.

In Table 2 excitation energies in O-like Ni XXI from
different calculations are compared with experimental val-
ues from the Atomic Spectra Database (ASD) of the Na-
tional Institute of Standards and Technology (NIST).[65] Our
MCDHF and RMBPT excitation energies are in good agree-
ment, with the average absolute difference of ∆E ± σ1 =

−481 ± 511 cm−1. The previous theoretical energies from
Refs. [66–68] depart from our MCDHF values with average
difference of 1 379± 14 851 cm−1, 29 279± 15 742 cm−1,
and 634±24 996 cm−1, respectively. Compared with the pre-
vious calculations, the average difference/uncertainty of the
present MCDHF and RMBPT calculations go down by one or
two orders of magnitude, and now, the calculated energies are

accurate enough to detect misidentifications or errors in obser-
vational data, but also to serve as a valuable tool for identifying
new lines.

Though many of the NIST excitation energies of Ni XXI
show good agreement with our MCDHF and RMBPT values,
the deviations from our values are larger than 10 000 cm−1

for a few levels. For example, experimental energies from
the NIST ASD are questionable for a few n = 3 states of Ni
XXI. The values 8 035 000 cm−1 for #12/2s22p3(4S)3s 3S1,
8 313 000 cm−1 for #22/2s22p3(2P)3s 3P1, 8 405 000 cm−1

for #26/2s22p3(2P)3s 3P2, and 8 422 000 cm−1 for
#26/2s22p3(2P)3s 1P1 do not have obvious counterparts in the
present MCDHF and RMBPT calculations. Another 6 NIST
values for the 2s22p33d levels, shown in Table 2, also deviate
from our values by greater than 10 000 cm−1.

Table 2. Energy levels (in cm−1) relative to the ground state for the lowest 200 states of Ni XXI. For brevity, energies other than the present
MCDHF values are listed as differences from the latter ones in cm−1. EMCDHF, ERMBPT – the present calculations; ENIST;[65] EFan:[66]

EBhatia:[67] EAggarwal.[68] Our RMBPT and MCDHF results shown in this table are published in their entirety online.

Key Configuration Term EMCDHF ERMBPT ENIST EFan EBhatia EAggarwal

1 2s22p4 3P2 0 0 0 0 0 0
2 2s22p4 3P0 92923 –104 –102 –1226 –1364 29
3 2s22p4 3P1 128291 133 –1 –859 712 –838
4 2s22p4 1D2 212368 –57 –118 1621 3578 1698
5 2s22p4 1S0 406998 –126 –198 –3435 –1953 –77
6 2s2p5 3P2 1043158 –472 –8 17533 5222 12414
7 2s2p5 3P1 1125915 –433 –65 17880 5718 12675
8 2s2p5 3P0 1193024 –376 –64 16489 5868 11771
9 2s2p5 1P1 1436593 –567 –193 31702 16635 21893

10 2p6 1S0 2403767 –1469 –267 66386 41807 40226
12 2s22p3(4S)3s 3S1 8024448 –242 10552 –6429 30355 –8774
13 2s22p3(2D)3s 3D2 8146451 –30 –451 –3890 31132 –7344
14 2s22p3(2D)3s 3D1 8152417 –116 –6417 –5690 29220 –7132
15 2s22p3(2D)3s 3D3 8193361 –110 –2361 –7784 26819 –6354
16 2s22p3(2D)3s 1D2 8214215 –191 –2215 –7430 27236 –5655
20 2s22p3(2P)3s 3P0 8288106 33 6894 16074 47630 –2291
22 2s22p3(2P)3s 3P1 8296828 66 16172 15813 47412 –10048
26 2s22p3(2P)3s 3P2 8386599 86 18401 10849 39844 –9351
27 2s22p3(2P)3s 1P1 8402772 –52 19228 11773 40706 1669
51 2s22p3(4S)3d 3D3 8668854 –789 –2854 –6608 33461 –3831
68 2s22p3(2D)3d 3D3 8840222 –811 –5222 –3935 33573 30
71 2s22p3(2D)3d 3D2 8850798 –723 –2798 –3653 33832 –5696
75 2s22p3(2D)3d 1F3 8898236 –985 –2236 –1190 34633 1065
78 2s22p3(2P)3d 3F3 8928972 –445 –33972 –6088
79 2s22p3(2P)3d 1D2 8941104 –603 106896 –272 36340 –2879
85 2s22p3(2P)3d 3P2 9010165 –335 –86165 –55761 –20486 –5977
86 2s22p3(2P)3d 3P1 9014227 –440 –14227 12092 45525 –5013
89 2s22p3(2P)3d 1F3 9051790 –980 –3790 14294 45911 –327
91 2s22p3(2P)3d 3D2 9058604 –695 –24604 –38601 –4235 –2071
94 2s22p3(2P)3d 1P1 9123093 –994 –33093 18511 46504 950

For many L-shell ions with Z ≤ 42, excitation energies
for lower-lying states are known from observations. Go-
ing higher up comparatively less data are available, often as-
sociated with large uncertainties. The excellent description
of energy separations of our calculations (MCDHF and/or

RMBPT) along the isoelectronic sequence makes it possible
to point out a number of lines for which experimental iden-
tifications are questionable. As an example, in Fig. 1(a) we
show the deviations of experimental values from the NIST
ASD to our MCDHF excitation energies as a function of Z for
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the 2s22p3(4S)3s 3S1, 2s22p3(2P)3s 1P1, 2s22p3(4S)3d 3D3,
and 2s22p3(2D)3d 3D3 levels of O-like ions. The deviations
between the RMBPT and MCDHF excitation energies for
the same levels along the sequence are shown in Fig. 1(b).
Good agreement is obtained between the present MCDHF and
RMBPT values for the same levels along the sequence, and the
differences between the two data sets (MCDHF and RMBPT)
vary smoothly along the isoelectronic sequence. In compari-
son, a few of the NIST values depart from the MCDHF exci-
tation energies by over 10 000 cm−1. Therefore, these experi-
mental values compiled by the NIST ASD seem to be wrong or
at least are affected by large errors. The situation is also well
illustrated for the ions in the other L-shell sequences of Be-
like,[41,42] B-like,[46,47] C-like,[49,50] N-like,[51] F-like,[61,62]

and Ne-like.[64]
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Fig. 1. Energy deviations ((a) ENIST − EMCDHF and (b) ERMBPT −
EMCDHF) in cm−1 as a function of Z for the 2s22p3(4S)3s 3S1,
2s22p3(2P)3s 1P1, 2s22p3(4S)3d 3D3, and 2s22p3(2D)3d 3D3 levels of
O-like ions.

The M-shell ions with Z ≤ 30, especially the ions of iron
group elements, produce strong extreme ultraviolet (EUV)
spectral lines, which are routinely used to measure electron
densities using data from, e.g., the SOHO Coronal Diagnostic
Spectrometer (CDS), see Ref. [69] and especially the Hinode
EUV Imaging Spectrometer (EIS), see Refs. [70–74]. The soft
x-ray spectra are also rich in n = 4 → n = 3 transitions from
M-shells ions of iron group elements.[75–77] Various current
missions, such as Chandra with the Low Energy Transmission
Grating (LETG), and the Solar Dynamic Observatory (SDO)
with a suite of instruments, cover this wavelength range.[78,79]

Using the MCDHF method, we carried out many theoreti-
cal studies of excitation energies and E1, M1, E2, and M2 tran-
sition rates for M-shell ions with Z ≤ 32, such as the ions in
the sequences of Si-like,[80] P-like,[81,82,85] S-like,[83] and Cl-
like.[84] The range of ions in different isoelectronic sequences,
the targeted configurations, and the number of studied states
for each ion of each sequence are summarized in Table 3.

Table 3. Sequence, atomic number (Z) of ions, targeted configurations, and
methods of the calculations, the number (N) of studied states for each ion. In
the table l = 0, . . . ,n−1, and l′ = 0, . . . ,n′−1. The excitation energies, E1,
M1, E2, and M2 transition properties are studied for the targeted states in our
previous works listed in the last column.

Sequence Z Configurations Methods N Refs.

Si-like 24 3l4, 3l34l′, 3l35l′ MCDHF 604 [80]

25 3l4, 3l34l′, 3l35l′ MCDHF 699 [80]

26 3l4, 3l34l′, 3l35l′ MCDHF 702 [80]

27–29 3l4, 3l34l′, 3l35l′ MCDHF 704 [80]

30 3l4, 3l34l′, 3l35l′ MCDHF 699 [80]

P-like 25 3l5, 3l44l′ MCDHF 546 [81]

26 3l5, 3l44l′ MCDHF 623 [81]

27 3l5, 3l44l′ MCDHF 701 [81]

28 3l5, 3l44l′ MCDHF 745 [81]

32 3l5 MCDHF 150 [82]

S-like 24 3l6 MCDHF 159 [83]

25 3l6 MCDHF 227 [83]

26 3l6 MCDHF 236 [83]

27 3l6 MCDHF 304 [83]

28 3l6 MCDHF 376 [83]

29 3l6 MCDHF 436 [83]

Cl-like 24 3l7 MCDHF 187 [84]

25 3l7 MCDHF 196 [84]

26 3l7 MCDHF 197 [84]

27 3l7 MCDHF 193 [84]

28 3l7 MCDHF 192 [84]

29–30 3l7 MCDHF 194 [84]

We reviewed the identifications of the transitions n= 4→
3 and n = 3 → 3 of Fe XIII, Fe XII, Fe XI, and Fe X, and
some new identifications for these four ions were proposed.
As an example, the identifications of the transitions n = 4 → 3
and n = 3 → 3 of Fe XIII and Fe XII are shown in Table 4.
Based on our MCDHF atomic data (wavelengths, radiative
rates), and electron impact excitation rates provided by Del
Zanna,[86,87] the relative intensities Int = N jA ji/Ne (in pho-
ton units) are calculated using the collisional radiative model
(CRM)[88] at a fixed temperature Te [K] = 106.3 and at electron
densities of 109 cm−3 (the first part) and 1013 cm−3 (the sec-
ond part) relative to 3s3p3 3D∘

1 – 3s3p2(3P)4s 3P0 (7–332) for
Fe XIII, and 1019 cm−3(the third part) for Fe XII relative to
3s2 3p3(4

3S) 4S∘
3/2 –3s2 3p2(3

2P) 3P4s 4P5/2(1–292). The previ-
ous line identifications n= 4→ 3 and n= 3→ 3 of Fe XIII and
Fe XII in the EUV and x-ray wavelength range are reviewed
by comprehensively comparing the MCDHF values with avail-
able experimental data. Discrepancies in the previous identifi-
cations for several cases, i.e., 12 cases in Fe XIII and 8 cases in
Fe XII, have been found, and some tentative new (or revised)
identifications (19 lines in Fe XIII and 5 lines in Fe XII) have
been proposed.
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Table 4. A list of the strongest Fe XIII and Fe XII lines from the transition arrays n = 3 → n = 3 and n = 4 → n = 3. Using atomic data provided by Del
Zanna,[86,87] the transitions are ordered by their relative intensities Int= N jA ji/Ne (column 3, in photon units), calculated at electron densities of 109 cm−3

(the first part) and 1013 cm−3 (the second part) relative to 3s3p3 3D∘
1–3s3p2(3P)4s 3P0 (7–332) for Fe XIII, and 1019 cm−3 (the third part) for Fe XII relative

to 3s2 3p3(4
3S) 4S∘

3/2–3s2 3p2(3
2P) 3P4s 4P5/2(1–292) . Column 4 gives the experimental wavelength λexp (Å) from CHIANTI or NIST. We add a ’No’ if

we consider the previous identification incorrect. Column 5 gives the AUTOSTRUCTURE (AS) wavelength λAS from Refs. [86,87]. Column 6 is our present
wavelength λMCDHF (with a difference with the experimental one in bracket), while the following column (λrev) reports any new experimental wavelength
that we propose. The last column indicates if the identification of a line is questionable (?) or new (N). D indicates a new identification proposed by Del
Zanna.[73,86] Be72, MH73, FP, M72, D12, Be76, TN94: wavelengths from Refs. [76,77,89–93]. Some new wavelengths have been obtained from the spectra
(the MH73 and FP spectra were reprocessed as described in Ref. [86]). More detailed information on Fe XIII and Fe XII line identifications can be found in
our recent papers.[80,81]

Ions i– j Transition Int λexp λAS λMCDHF λrev Notes
electron density

(109 cm−3)
Fe XIII 7–60 3s3p3 3D∘

1 – 3s3p2(3P)3d 3F2 2.2 203.772D 197.71 201.474 ( 2.298) 201.49 N (D12)
Fe XIII 9–28 3s3p3 3D∘

3 – 3p4 3P2 1.9 332.025D 319.01 319.956 (12.069) ?
Fe XIII 9–65 3s3p3 3D∘

3 – 3s3p2(3P)3d 3F4 1.8 199.233D 193.47 196.995 ( 2.238) 197.02 N (D12)
Fe XIII 8–61 3s3p3 3D∘

2 – 3s3p2(3P)3d 3F3 1.5 201.538D 195.62 199.210 ( 2.328) 199.24 N (D12)
Fe XIII 15–42 3s2 3p3d 3F∘

2 – 3s3p2(1D)3d 3F2 1.4 417.641D 405.20 400.520 (17.12) 400.67 N (TN94)
Fe XIII 8–60 3s3p3 3D∘

2 – 3s3p2(3P)3d 3F2 1.3 203.835D 197.78 201.534 ( 2.301) 201.55 N (D12)
Fe XIII 2–17 3s2 3p2 3P1 – 3s3p3 1P∘

1 1.2 233.218 229.66 232.984 ( 0.234) ?
Fe XIII 5–17 3s2 3p2 1S0 – 3s3p3 1P∘

1 1.1 288.538 285.49 288.380 ( 0.158) ?
Fe XIII 8–56 3s3p3 3D∘

2 – 3s3p2(3P)3d 3D2 1 214.403D 208.02 211.212 ( 3.191) 211.20 N (D12)
Fe XIII 9–57 3s3p3 3D∘

3 – 3s3p2(1D)3d 3D3 1 – 208.75 212.103 ?
Fe XIII 14–84 3s3p3 3S∘

1 – 3s3p2(3P)3d 3P2 0.84 207.448D 203.77 207.637 (–0.189) 207.75 N (D12)
Fe XIII 12–67 3s3p3 3P∘

2 – 3s3p2(3P)3d 3D3 0.78 – 209.00 212.451 212.32 N (D12)
Fe XIII 11–63 3s3p3 3P∘

1 – 3s3p2(1D)3d 3D2 0.75 – 211.30 214.838 ?
Fe XIII 16–72 3s2 3p3d 3F∘

3 – 3s3p2(1S)3d 3D2 0.7 262.984D 256.74 260.001 ( 2.983) 259.963 N (Be76)
Fe XIII 7–332 3s3p3 3D∘

1 – 3s3p2(3P)4s 3P0 1 76.507D 75.71 76.852 (-0.345) 76.867 N (Be72)
Fe XIII 9–341 3s3p3 3D∘

3 – 3s3p2(3P)4s 3P2 0.66 – 75.10 76.145 76.113 N (Be72)
Fe XIII 8–334 3s3p3 3D∘

2 – 3s3p2(3P)4s 3P1 0.62 – 75.42 76.507 76.507 N (Be72)
Fe XIII 9–270 3s3p3 3D∘

3 – 3s2 3p4p 3P2 0.47 – 83.51 84.674 84.62 N (MH73)
Fe XIII 16–259 3s2 3p3d 3F∘

3 – 3s2 3p4p 3D2 0.37 – 97.82 98.496 98.517 N (Be72)
Fe XIII 24–270 3s2 3p3d 3D∘

3 – 3s2 3p4p 3P2 0.35 – 103.23 103.916 103.93 N (Be72)
Fe XIII 18–268 3s2 3p3d 3F∘

4 – 3s2 3p4p 3D3 0.28 – 97.54 98.106 98.15 N (FP)
Fe XIII 12–341 3s3p3 3P∘

2 – 3s3p2(3P)4s 3P2 0.27 – 77.51 78.548 78.56 N (M72)
electron density

(1013 cm−3)
Fe XIII 9–341 3s3p3 3D∘

3 – 3s3p2(3P)4s 3P2 3.3 – 75.1 76.145 76.113 N (Be72)
Fe XIII 9–270 3s3p3 3D∘

3 – 3s2 3p4p 3P2 2.3 – 83.51 84.674 84.62 N (MH73)
Fe XIII 8–334 3s3p3 3D∘

2 – 3s3p2(3P)4s 3P1 2.1 – 75.42 76.507 76.507 N (Be72)
Fe XIII 18–268 3s2 3p3d 3F∘

4 – 3s2 3p4p 3D3 1.8 – 97.54 98.106 98.128 N (FP)
Fe XIII 24–270 3s2 3p3d 3D∘

3 – 3s2 3p4p 3P2 1.7 – 103.23 103.916 103.93 N (Be72)
Fe XIII 24–418 3s2 3p3d 3D∘

3 – 3s2 3p4f 3F4 1.4 – 81.92 82.501 82.50 N (FP)
Fe XIII 12–341 3s3p3 3P∘

2 – 3s3p2(3P)4s 3P2 1.3 – 77.51 78.548 78.56 N (FP)
Fe XIII 16–259 3s2 3p3d 3F∘

3 – 3s2 3p4p 3D2 1.2 – 97.82 98.496 98.523 N (FP)
Fe XIII 7–332 3s3p3 3D∘

1 – 3s3p2(3P)4s 3P0 1 76.507D 75.71 76.852 (-0.345) 76.867 N (Be72)
Fe XIII 3–359 3s2 3p2 3P2 – 3s2 3p4d 3P∘

2 0.85 – 61.52 62.072 62.09 N (FP)
electron density

(1019 cm−3)
Fe XIV 3–507 3s2 3p3(2

3D) 2D∘
5/2 –3s2 3p2(3

2P) 3P4d 2F7/2 0.89 67.702 No 66.68 67.551 (–0.15) ?

Fe XIV 2–498 3s2 3p3(2
3D) 2D∘

3/2 –3s2 3p2(3
2P) 3P4d 2F5/2 0.81 67.821 No 66.81 67.706 67.702 N (FP)

Fe XIV 1–488 3s2 3p3(4
3S) 4S∘

3/2 –3s2 3p2(3
2P) 3P4d 4P5/2 0.75 66.297 65.31 66.324 ?

Fe XIV 5–552 3s2 3p3(2
1P) 2P∘

3/2 –3s2 3p2(1
2D) 1D4d 2D5/2 0.72 67.972 No 66.88 67.822 (–0.15) 67.821 N (FP)

Fe XIV 3 –497 3s2 3p3(2
3D) 2D∘

5/2 –3s2 3p2(3
2P) 3P4d 4F7/2 0.57 – 67.11 67.975 67.972 N (FP)

Fe XIV 3–545 3s2 3p3(2
3D) 2D∘

5/2 –3s2 3p2(1
2D) 1D4d 2F5/2 0.46 66.431 65.57 66.486 ?

Fe XIV 3–561 3s2 3p3(2
3D) 2D∘

5/2 –3s2 3p2(1
2D) 1D4d 2G7/2 0.41 – 65.06 65.999 ?

Fe XIV 5–613 3s2 3p3(2
1P) 2P∘

3/2 –3s2 3p2(1
0S) 1S4d 2D5/2 0.38 – 64.41 65.632 ?

Fe XIV 2–548 3s2 3p3(2
3D) 2D∘

3/2 –3s2 3p2(1
2D) 1D4d 2D3/2 0.33 – 65.30 66.235 66.224 ? (FP)

Fe XIV 2–545 3s2 3p3(2
3D) 2D∘

3/2 –3s2 3p2(1
2D) 1D4d 2F5/2 0.31 66.232 No 65.38 66.288 66.297 N (FP)

Fe XIV 1–514 3s2 3p3(4
3S) 4S∘

3/2 –3s2 3p2(3
2P) 3P4d 4D3/2 0.27 – 64.48 65.386 ?

Fe XIV 4–612 3s2 3p3(2
1P) 2P∘

1/2 –3s2 3p2(1
0S) 1S4d 2D3/2 0.25 – 64.19 65.378 ?

Fe XIV 1–492 3s2 3p3(4
3S) 4S∘

3/2 –3s2 3p2(3
2P) 3P4d 2P3/2 0.25 – 65.16 66.103 ?

Fe XIV 3–517 3s2 3p3(2
3D) 2D∘

5/2 –3s2 3p2(3
2P) 3P4d 4D5/2 0.22 – 66.53 67.382 ?

Fe XIV 1–501 3s2 3p3(4
3S) 4S∘

3/2 –3s2 3p2(3
2P) 3P4d 4P1/2 0.21 – 64.80 65.712 ?

Fe XIV 1–486 3s2 3p3(4
3S) 4S∘

3/2 –3s2 3p2(3
2P) 3P4d 4F3/2 0.2 – 65.39 66.380 ?

Fe XIV 1–495 3s2 3p3(4
3S) 4S∘

3/2 –3s2 3p2(3
2P) 3P4d 2P1/2 0.2 – 64.98 65.910 ?

Fe XIV 5–581 3s2 3p3(2
1P) 2P∘

3/2 –3s2 3p2(1
2D) 1D4d 2S1/2 0.15 67.164 No 65.94 66.950 ?

Fe XIV 2–552 3s2 3p3(2
3D) 2D∘

3/2 –3s2 3p2(1
2D) 1D4d 2D5/2 4.9×10−2 66.221 No 65.17 66.072 ?
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3.1.2. Transition probabilities with uncertainty esti-
mates

By comparing two sets of theoretical transition data ob-
tained with two different methods (MCDHF and RMBPT),
or by comparing the two sets of line strengths obtained us-
ing the length l and velocity gauges v from the MCDHF
method, we used the uncertainty estimation method suggested
by Kramida[94,95] to classify theoretical transition rates of the
ions in different isoelectronic sequences listed in Tables 1 and
3, according to the NIST ASD[65] terminology (AA ≤ 1%, A+

≤ 2%, A ≤ 3%, B+ ≤ 7%, B ≤ 10%, C+ ≤ 18%, C ≤ 25%,
D+ ≤ 40%, D ≤ 50%, and E > 50%).
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Fig. 2. The relative difference δS =
∣∣Sl

MCDHF −Sv
MCDHF

∣∣/max(Sl
MCDHF,

Sv
MCDHF) of line strengths Sl

MCDHF and Sv
MCDHF for E1 transitions with BF

≥ 10−5 among the lowest 702 levels of the n ≤ 5 configurations.

Here, in Fig. 2 we show this uncertainty estima-
tion method by comparing the two sets of E1 line

strengths obtained using the length (l) and velocity (v)
gauges from the MCDHF method in Fe XIII. Defin-
ing the difference δS between the two forms as δS =∣∣Sl

MCDHF −Sl
MCDHF

∣∣/max(Sl
MCDHF, Sl

MCDHF), the averaged un-
certainties δSav for line strengths S of E1 transitions in Fe XIII
in various ranges of S are assessed to 1% for S ≥ 10−1; 1.3%
for 10−1 > S ≥ 10−2; 2.6% for 10−2 > S ≥ 10−3; 5% for
10−3 > S ≥ 10−4; 7% for 10−4 > S ≥ 10−5, and 11% for
10−5 > S ≥ 10−6. Then, the larger of δSav and

∣∣δS ji
∣∣ is

accepted as the uncertainty of each particular line strength.
About 7% of E1 S values in Fe XIII have uncertainties of ≤ 1%
(AA), 18% have uncertainties of ≤ 2% (A+), 24% have uncer-
tainties of ≤ 3% (A), 44% have uncertainties of ≤ 7% (B+),
1% have uncertainties of ≤ 10% (B), 5% have uncertainties of
≤ 18% (C+), 0.5% have uncertainties of ≤ 25% (C), and 0.1%
have uncertainties of ≤ 40% (D+), while only 0.1% have un-
certainties of > 40% (D and E).

3.2. Highly charged tungsten ions
3.2.1. M-shell and N-shell tungsten ions

For the highly charged tungsten ions, our research group
has already devoted to the study of the excitation energies, E1,
M1, E2, M2, and E3 transition properties for M-shell (open
3p- and 3d-subshell) and N-shell (open 4p-subshell) tungsten
ions[29,30,34,96–101] by using the RMBPT and MCDHF meth-
ods. The targeted configurations and the number of studied
states for each tungsten ion are summarized in Table 5. We
briefly review our previous works below.

Table 5. Ions, targeted configurations, methods of the calculations, and the number (N) of studied states for each ion. In the table l = 0, . . . ,n−1. The
excitation energies, E1, M1, E2, M2, and E3 transition properties are studied for the targeted states in our previous works listed in the last column.

Ions Configurations Methods N Refs.

Al-like W 3l3 RMBPT&MCDHF 148 this work, [30]
Si-like W 3l4 RMBPT&MCDHF 15 [30]
P-like W 3l5 RMBPT&MCDHF 16 [30]

S-like W 3s23p4, 3s23p33d, 3s23p23d2, 3s3p23d3, RMBPT&MCDHF 88 [29,30]
3s23p3d3, 3s3p43d, 3s3p33d2, 3p43d2, 3p53d, 3p6

Cl-like W 3s23p5, 3s23p43d, 3s23p33d2, RMBPT&MCDHF 41 [30]
3s23p23d3, 3s3p53d, 3s3p43d2,

3s3p33d3, 3p43d3, 3s3p6, 3s3p23d4

Ar-like W 3s23p6, 3s23p53d, 3s23p43d2, 3s3p43d3, RMBPT&MCDHF 40 [30]
3s23p33d3, 3s3p63d, 3s3p53d2, 3s23p23d4

K-like W 3s23p63d, 3s3p63d2, 3s23p43d3 RMBPT&MCDHF 176 [96]
3s23p53d2, 3s23p33d4, 3s3p53d3

Ca-like W 3s23p63d2, 3s3p63d3, 3s23p43d4, RMBPT&MCDHF 158 [96]
3s23p53d3, 3s23p33d5

Sc-like W 3s23p63d3, 3s3p63d4, 3s23p43d5, RMBPT&MCDHF 171 [96]
3s23p53d4, 3s23p33d6

Ti-like W 3s23p63d4, 3s3p63d5, 3s23p43d6, RMBPT&MCDHF 190 [96]
3s23p53d5, 3s23p33d7

V-like W 3s23p63d5, 3s3p63d6, 3s23p43d7, 3s23p53d6 RMBPT&MCDHF 162 [96]

Cr-like W 3s23p63d6, 3s3p63d7, 3s23p43d8, RMBPT&MCDHF 190 [96]
3s23p53d7, 3s23p33d9, 3s3p53d8
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Table 5. (Continued).

Ions Configurations Methods N Refs.
Mn-like W 3s23p63d7, 3s3p63d8, 3s23p43d9, RMBPT&MCDHF 79 [96]

3s3p43d10, 3p63d9, 3s23p53d8,
3s23p33d10, 3s3p53d9, 3p53d10

Fe-like W 3s23p63d8, 3s3p63d9, 3s23p43d10, RMBPT&MCDHF 25 [96]
3p63d10, 3s23p53d9, 3s3p53d10

Co-like W 3s23p63d9, 3s3p63d10, 3s23p63d84s, RMBPT&MCDHF 5 [34,97]
3s23p63d84d, 3s23p53d94p, 3s23p53d94f, 3s23p43d104p,

3s3p63d94s, 3s23p53d10, 3s23p63d84p,
3s23p63d84f, 3s23p53d94s, 3s23p53d94d

Ga-like W 4s24p, 4s24d, 4s4p2, 4s24f, 4s4p4d, 4p3 RMBPT&MCDHF 42 [98]
Ge-like W 4s24p2, 4s24p4d, 4s4p3 RMBPT&MCDHF 27 [98]
As-like W 4s24p3, 4s24p24d, 4s4p4 RMBPT&MCDHF 86 [98,99]
Se-like W 4s24p4, 4s24p34d, 4s4p5 RMBPT&MCDHF 47 [98,100]
Kr-like W 4s24p6, 4s24p54d RMBPT&MCDHF 13 [101]

In our works for M-shell and N-shell tungsten
ions,[29,30,34,96–101] atomic properties (of n = 3 states for M-
shell and n = 4 states for N-shell) including excitation en-
ergies, wavelengths, and transition properties from Al-like
W61+ through Co-like W47+, Ga-like W43+ through Se-like
W40+, and W38+ ions are calculated and cross-checked by us-
ing the RMBPT and MCDHF approaches. The two datasets
are in excellent agreement with each other on the order of
0.01% for M-shell and 0.1% for N-shell tungsten ions. Our
theoretical results are in good agreement with experiments
and show a clear improvement of accuracy over previous
calculations.[5,6,102–113] And our calculations achieve spectro-
scopic accuracy to assist spectroscopists in their assignment
and direct identification. Based on our RMBPT and MCDHF
calculations and CRM simulations, we also give suggestions
of assignments for all of the unidentified 28 spectral lines (a
significant fraction, around sixty percent) of the n = 3 → 3
transitions measured by Lennartsson et al.[114]

Additionally, the contributions of electron correlation, the
Breit interaction, the higher-order frequency-dependent retar-
dation correction, and the leading QED corrections to excita-
tion energies (transition wavelengths, and radiative rates) are
also studied in detail. In the study for Al-like W61+ through
Co-like W47+ ions, we point out that the Breit interaction and
QED corrections (the corrections beyond the Dirac–Coulomb
Hamiltonian), respectively, play an important role on the 3p–
3d and 3s–3p excitation energies. The CV correlation involv-
ing the 2p and 2s core electrons and the higher-order retarda-
tion corrections beyond the Breit interaction should also not
be ignored for getting results with spectroscopic accuracy. In
the study for Ga-like W43+ through Kr-like W38+ ions, we
also find that the CV correlation of 3d and 3p is important for
reaching close to spectroscopic accuracy for the transition en-
ergies.

Especially, we investigate in detail the three different
methods to estimate the SE corrections. The first one is that
SE corrections are obtained based on a screened hydrogenic

approximation in the current GRASP2K package[22] (usually
called GRASP2K). The second one is a screening approx-
imation based on the Welton interpretation[115] and imple-
mented in GRASP2K by Lowe et al.,[116] starting from the
latest available hydrogenic values[117,118] modified to account
for finite-nuclear-size effects[119,120] (usually called Welton).
The last one is a model QED operator, which also includes the
non-local QED part to evaluate the SE corrections for many-
electron atomic systems, has been developed by Shabaev et
al.[31,32] (usually called ModelQED). Based on our systematic
assessment,[29,30,34] the Welton and ModelQED methods are
more recommended to estimate the SE potential for highly-
charged tungsten ions than the GRASP2K method.

3.2.2. Excitation energies for Al-like W61+

In the present MCDHF calculations, the QED corrections
are estimated using the three different models, i.e., GRASP2K,
Welton, and ModelQED (see Refs. [29,30] for details). And
the corresponding MCDHF results (labelled GRASP2K, Wel-
ton, and ModelQED, respectively) are compared with the ex-
perimental values[121,122] in Table 6. The corresponding dif-
ferences ∆ETheo. = ETheo.−EExpt. (in cm−1) are listed as well.
From Table 6, it is found that the Welton and ModelQED exci-
tation energies are in general within or close to the experimen-
tal estimated uncertainties, with average differences ± stan-
dard deviations of −672 ± 1441 cm−1 (−0.018% ±0.043%)
and −331 ± 1594 cm−1 (−0.006% ±0.052%), respectively,
for the 7 levels listed in Table 6. However, the GRASP2K
excitation energies differ from the experimental values by
−1468 ± 1208 cm−1 (−0.052% ±0.050%). As observed in
our recent works,[29,30] the values from the Welton and Mod-
elQED calculations are generally closer to the experimental
values than the values from the GRASP2K calculation. In the
following, the MCDHF results will be all based on the Mod-
elQED model which turns out to be the best model for describ-
ing the self-energy QED correction.
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Table 6. Excitation energies (E, in cm−1) from the present MCDHF calculations compared with the experimental values (expt).[121,122] The estimated
uncertainty of the experimental value for each level is reported in brackets in the Expt column. In the present MCDHF calculations, the QED corrections
are estimated by using the three different models, i.e., GRASP2K, Welton, and ModelQED (see Refs. [29,30] for details). The corresponding differences
∆ETheo. = ETheo.−EExpt. (in cm−1) are also listed.

Key Level Eexpt EGRASP2K EWelton EModelQED ∆EGRASP2K ∆EWelton ∆EModelQED

1 3s23p 2P1/2 0 0 0 0 0 0 0

2 3s3p2 4P1/2 1350600(400) 1348840 1350721 1351275 –1760 121 675

3 3s23p 2P3/2 2933400(800) 2931330 2930838 2930806 –2070 –2562 –2594

4 3s3p2 4P3/2 4035500(1600) 4035765 4037123 4037609 265 1623 2109

6 3s3p2 2D3/2 4355200(1100) 4352798 4353795 4354193 –2402 –1405 –1007

7 3s3p2 2P1/2 4436000(800) 4433361 4434732 4435298 –2639 –1268 –702

8 3s23d 2D3/2 4817900(900) 4817699 4817362 4817434 –201 –538 –466

In our previous work for tungsten ions with an open 3p-
subshell,[30] only excitation energies and wavelengths for a
few levels are provided. As a complement, the complete re-
sults incorporating excitation energies, E1, M1, E2, and M2
transition properties, and level lifetimes for the lowest 148 lev-
els belonging to the 3l3 configurations for Al-like W61+ from
the RMBPT and MCDHF calculations are presented in this
work. The details of the calculations have already been ex-
plained in Ref. [30] and do not repeat here.

We also ought to resume the previous relevant theoretical
studies. Using the older GRASP package (GRASP89)[124] and
the FAC,[26] Aggarwal and Keenan[103] calculated excitation
energies, radiative rates, and lifetimes for W61+. Also using
the GRASP89 code,[123] Xu et al.[104] studied excitation ener-

gies, wavelengths and transition probabilities for W61+. The
excitation energies and wavelengths for only a few n = 3 lev-
els of W61+ were provided by Chen and Cheng[106] using the
RCI method. Ekman et al.[124] also calculated excitation en-
ergies and transition probabilities for W61+ using the RMBPT
and MCDHF methods.

For comparison, the present RMBPT and MCDHF exci-
tation energies for Al-like W61+ as well as the compiled data
from the NIST ASD[125] are listed in Table 7. The two theo-
retical data sets (GRASP89 and FAC) reported by Aggarwal
and Keenan,[104] the theoretical results provided by Xu et al.
(MCDHF2),[106] and the values (RCI) calculated by Chen and
Cheng[107] are also included in Table 7.

Table 7. Comparison of the excitation energies (E, in cm−1) from the present RMBPT and MCDHF, from the previous works (GRASP89 and FAC:
from Aggarwal and Keenan;[103] MCDHF2: from Xu et al.;[104] RCI: from Chen and Cheng[106]), and from the measurements.[121,122] The NIST
compiled values reported in square brackets are determined by semi-empirical parametric calculations using Cowan’s code. The rest of the NIST values
are deduced from measured lines. The number reported in parenthesis, after the experimental wavelength, is the estimated experimental uncertainty.
The present RMBPT and MCDHF level lifetimes (τ , in s−1) are also listed. The excitation energies and lifetimes from the present RMBPT and MCDHF
calculations shown in this table are published in their entirety online.

Key Level ENIST ERMBPT EMCDHF EGRASP89 EFAC EMCDHF2 ERCI τRMBPT τMCDHF

1 3s23p 2P1/2 0 0 0 0 0 0 0

2 3s3p2 4P1/2 1350600(400) 1350929 1351275 1364802 1351442 1348131 1350575 2.66×10−11 2.65×10−11

3 3s23p 2P3/2 2933400(800) 2931756 2930806 2929418 2932205 2929446 2932148 2.02×10−9 2.02×10−9

4 3s3p2 4P3/2 4035500(1600) 4038504 4037609 4045803 4036194 4033877 4037611 7.20×10−11 7.21×10−11

5 3s3p2 2D5/2 [4182000](5000) 4184693 4184039 4194325 4184255 4183114 7.19×10−11 7.18×10−11

6 3s3p2 2D3/2 4355200(1100) 4354716 4354193 4364149 4355110 4349474 4352571 1.27×10−12 1.27×10−12

7 3s3p2 2P1/2 4436000(800) 4435669 4435298 4451343 4440516 4433339 4436049 3.60×10−13 3.60×10−13

8 3s23d 2D3/2 4817900(900) 4817430 4817434 4827551 4820367 4820751 4811662 2.76×10−13 2.75×10−13

9 3s23d 2D5/2 [5406000](5000) 5408822 5408402 5410144 5405142 3.53×10−12 3.52×10−12

10 3p3 2P3/2 5678200 5677888 5694815 5676486 2.76×10−12 2.76×10−12

11 3s3p3d 4F3/2 5785858 5785576 5805724 5783128 2.67×10−12 2.66×10−12

12 3s3p3d 4F5/2 5884110 5883974 5897887 5879338 3.66×10−11 3.65×10−11

13 3s3p3d 4D1/2 6097112 6097266 6115559 6097185 4.30×10−13 4.29×10−13

14 3s3p3d 4D3/2 6150991 6151183 6171589 6152404 3.00×10−13 2.99×10−13

15 3s3p3d 4P5/2 6547177 6546688 6557736 6540361 3.61×10−12 3.60×10−12

16 3s3p3d 4F7/2 6661171 6660947 6673822 6656041 4.77×10−12 4.76×10−12

17 3s3p3d 2F5/2 6743848 6743855 6758219 6740065 3.96×10−12 3.95×10−12

18 3s3p3d 2D3/2 6783035 6783080 6800110 6781188 1.54×10−12 1.53×10−12

19 3s3p2 4P5/2 [7064000](5000) 7067483 7065832 7074876 7067647 1.44×10−12 1.44×10−12

20 3s3p2 2S1/2 [7365000](5000) 7368166 7366908 7380575 7372293 5.03×10−13 5.02×10−13

21 3p2(3P)3d 4F3/2 7390343 7390560 7437099 7390063 1.46×10−12 1.37×10−12

22 3s3p2 2P3/2 [7405000](5000) 7428967 7428015 7428367 7434707 2.85×10−13 2.88×10−13
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The NIST compiled values in square brackets are deter-
mined from semi-empirical calculations by Kramida[126] us-
ing Cowan’s code.[127] The other NIST values are deduced
from measured lines that were observed using the EBIT
facilities.[121,122] For each level, the number reported in paren-
thesis, after the NIST excitation level energy, is the estimated
accuracy provided by the NIST ASD. It can be seen from
Table 7 that the uncertainty of the NIST values quoted in
square brackets is 5000 cm−1, whereas the NIST values de-
duced by measured lines are much more accurate (400 cm−1–
1600 cm−1).

The energy differences, ∆E = EOthers − ERMBPT, of the
different theoretical excitation energies and the NIST com-
piled values from the present RMBPT results are shown in
Fig. 3. The present MCDHF and RMBPT are in good agree-
ment with each other, with an average difference with the stan-
dard deviation of −370 cm−1±518 cm−1 (−0.007% ±0.01%)
for the lowest 22 levels listed in Table 7. The present RMBPT
and MCDHF results agree with the NIST compiled exper-
imental values within 3000 cm−1 (0.07%) and 2600 cm−1

(0.09%), respectively, which are generally within or closed
to the NIST estimated uncertainties. However, the GRASP89
results of Aggarwal and Keenan[103] deviate from the NIST
compiled experimental values by up to ≃ 14000 cm−1 (100%)
and not less than ≃−4000 cm−1 (0.1%). On the contrary, their
FAC results agree more with the NIST compiled measured val-
ues than the GRASP89 results, with the differences by up to
4500 cm−1 (0.1%). Similarly, the excitation energies calcu-
lated by Xu et al.[104] and Chen and Cheng[106] are lower than
the NIST compiled measured values by up to ≃ 5700 cm−1

(0.1%) and 6200 cm−1 (0.1%), respectively.
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Fig. 3. The deviations for the excitation energies in Al-like W61+

between the different theoretical (the present RMBPT and MCDHF,
as well as the previous works: GRASP89 and FAC: from Aggarwal
and Keenan;[103] MCDHF2: from Xu et al.;[104] RCI: from Chen and
Cheng[106]), and experimental values.[121,122] Vertical error bars are ex-
perimental uncertainties. The inset shows the enlargement of differ-
ences for the lowest 9 levels.

The differences between the previous calculations of ex-
citation energies[103,104,106] and the measured values compiled
in NIST are several times or more than one order of magni-
tude larger than the corresponding differences calculated for
the present RMBPT and MCDHF results. This indicates that
the present theoretical excitation energies of Al-like W61+ are
highly accurate and represent a great improvement on the lat-
est theoretical results.[103,104,106]

Looking at the NIST values that are reported in square
brackets to mark their origin from semi-empirical parametric
calculations, their differences with the present theoretical val-
ues are up to 24000 cm−1. For this reason, our RMBPT and
MCDHF excitation energies, compared with these NIST com-
piled values, also represent a substantial improvement in ac-
curacy. As already mentioned in our recent work for S-like
W58+,[29] we, therefore, recommend the use of our theoreti-
cal values (not only for W61+ and W58+, but also for other
highly-charged tungsten ions) for updating these NIST semi-
empirical data, and even suggest their use as input data for a
new parametric fit using Cowan’s code, which would increase
dramatically the accuracy and quality of the NIST compiled
values.

The excitation energies of the lowest 148 levels from the
present RMBPT and MCDHF are published in their entirety
online. Our two datasets can cross-check with each other, and
the average difference with the standard deviation between
them for the lowest 148 levels is found to be −661 cm−1

±513 cm−1 (−0.006% ±0.006%).

3.2.3. Transition properties for Al-like W61+

In Table 8, wavelengths (λ , in Å), transition rates (A,
in s−1), line strengths (S, in a.u.), and weighted oscilla-
tor strength (g f , dimensionless) obtained from the present
RMBPT and MCDHF calculations for the E1, E2, M1, and
M2 transitions among the lowest 148 levels, with radiative
branching ratios (BRs) over 0.1% for Al-like W61+, are pre-
sented. The last column represents the estimated accuracy of
the S-values using the terminologies of the NIST ASD.[125]

Our transition properties are given in the Babushkin gauge.
There are in total 3270 transitions originating from Al-

like W61+ with BRs over 0.1% in Table 8. These transitions
lie in a wide wavelength range from 7 Å to 230 Å, and all
of them are in x-ray and EUV ranges. The average differ-
ence with the standard deviation between our two data sets for
these 3270 transitions is found to be −0.0003%± 0.03% for
wavelengths, −2% ± 13% for transition rates, −2%±13% for
weighted oscillator strength, and −0.0002%±0.001% for line
strengths.
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Table 8. The present RMBPT and MCDHF wavelengths (λ , in Å), transition rates (A, in s−1), line strength (S, in a.u.), and weighted oscillator strength
(g f , dimensionless), with radiative branching ratios (BRs) over 0.1% for Al-like W61+. The last column represents the estimated accuracies of the
S-values using the terminologies of the NIST ASD.[125] This table is available in its entirety online. Some selected transitions are shown here for
guidance regarding their form and content.

LL UL TM λRMBPT λMCDHF ARMBPT AMCDHF SRMBPT SMCDHF g fRMBPT g fMCDHF BRs Acc. (S)
1 2 E1 74.023 74.004 3.840×1010 3.774×1010 1.537×10−2 1.510×10−2 6.308×10−2 6.198×10−2 1.00×100 B+
2 3 E1 63.259 63.310 2.735×108 2.702×108 1.367×10−4 1.354×10−4 6.562×10−4 6.496×10−4 5.49×10−1 B+
1 4 E1 24.762 24.767 1.186×1010 1.162×1010 3.554×10−4 3.484×10−4 4.360×10−3 4.273×10−3 8.37×10−1 B+
3 4 E1 90.356 90.350 2.083×109 2.042×109 3.034×10−3 2.974×10−3 1.020×10−2 9.998×10−3 1.47×10−1 B+
3 5 E1 79.812 79.794 1.419×1010 1.392×1010 2.136×10−2 2.094×10−2 8.128×10−2 7.973×10−2 1.00×100 B+
1 6 E1 22.964 22.966 7.821×1011 7.658×1011 1.870×10−2 1.831×10−2 2.474×10−1 2.422×10−1 9.69×10−1 B+
3 6 E1 70.276 70.255 2.539×1010 2.487×1010 1.740×10−2 1.703×10−2 7.520×10−2 7.362×10−2 3.14×10−2 B+
1 7 E1 22.545 22.546 2.808×1012 2.749×1012 3.176×10−2 3.111×10−2 4.280×10−1 4.191×10−1 9.89×10−1 B+
3 7 E1 66.493 66.468 3.246×1010 3.183×1010 9.420×10−3 9.226×10−3 4.304×10−2 4.216×10−2 1.14×10−2 B+
1 8 E1 20.758 20.758 3.717×1012 3.633×1012 6.563×10−2 6.415×10−2 9.604×10−1 9.387×10−1 1.00×100 B+
3 8 E1 53.031 53.005 2.925×108 2.770×108 8.611×10−5 8.143×10−5 4.932×10−4 4.666×10−4 7.87×10−5 B
3 9 E1 40.370 40.362 2.915×1011 2.840×1011 5.680×10−2 5.531×10−2 4.272×10−1 4.162×10−1 1.00×100 B+
2 10 E1 23.109 23.113 2.983×1011 2.908×1011 7.267×10−3 7.088×10−3 9.552×10−2 9.315×10−2 8.03×10−1 B+
4 10 E1 60.986 60.965 2.133×1010 2.087×1010 9.551×10−3 9.335×10−3 4.756×10−2 4.651×10−2 5.74×10−2 B+
5 10 E1 66.956 66.941 3.955×1010 3.857×1010 2.344×10−2 2.284×10−2 1.063×10−1 1.036×10−1 1.07×10−1 B+
6 10 E1 75.558 75.546 5.049×109 4.927×109 4.299×10−3 4.194×10−3 1.728×10−2 1.686×10−2 1.36×10−2 B+
7 10 E1 80.481 80.477 6.837×109 6.685×109 7.036×10−3 6.879×10−3 2.656×10−2 2.596×10−2 1.84×10−2 B+
8 10 E1 116.178 116.218 4.010×108 3.906×108 1.242×10−3 1.211×10−3 3.246×10−3 3.164×10−3 1.08×10−3 B+

Figures 4 and 5 respectively show the differences between
the present RMBPT and MCDHF wavelengths and transition
rates for all of the transitions listed in Table 8. As we can
see, 84% of our two datasets for transition wavelengths agree
with each other within 0.03%, and 84% of our two datasets for
transition rates agree with each other within 10%.
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Fig. 4. The deviations between the present RMBPT and MCDHF tran-
sition wavelengths for Al-like W61+.

Furthermore, the uncertainty estimation method, pro-
posed by Kramida,[94,95] is used to classify the accuracy of
the present RMBPT and MCDHF S-values, according to the
NIST ASD[125] terminology (AA ≤ 1%, A+ ≤ 2%, A ≤ 3%,
B+ ≤ 7%, B ≤ 10%, C+ ≤ 18%, C ≤ 25%, D+ ≤ 40%, D
≤ 50%, and E > 50%). The estimation details can be seen in
our recent works.[63,96] For the 2673 E1 transitions originating
from W61+ listed in Table 8, about 55.2% have uncertainties
3% ≤ δ ≤ 7% (B+), 15.8% with δ ≤ 10% (B), 13.2% with
δ ≤ 18% (C+), 9.6% with δ ≤ 25% (C), and only 6.2% with

δ ≥ 25% (D, D+, and E). It should be noted that the uncer-
tainty of the S-value of each transition is estimated by includ-
ing all transitions of each ion considered, without any restric-
tion on the line intensity values in the uncertainty estimation
procedure, although only transitions with BRs over 0.1% are
provided in Table 8. The uncertainties of the present RMBPT
and MCDHF S-values of E2, M1, and M2 transitions are also
estimated as for the E1 ones.
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Fig. 5. The comparison of the present RMBPT and MCDHF transition
rates for Al-like W61+.

3.2.4. Level lifetimes for Al-like W61+

In Table 7, the present RMBPT and MCDHF level life-
times for the lowest 22 levels in Al-like W61+ are listed, and
the complete datasets for the lowest 148 levels are also pub-
lished in their entirety online. Figure 6 shows the differences
between the present RMBPT and MCDHF level lifetimes for
the lowest 148 levels in Al-like W61+. One can see that our
two data sets are in good agreement with each other, and most
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of the differences between them are within 0.3%, even though
the present MCDHF level lifetimes are generally lower than
RMBPT ones.
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Fig. 6. The comparison of the present RMBPT and MCDHF level life-
times for Al-like W61+.

4. Conclusions and outlook
Employing two different and independent methods, i.e.,

MCDHF and RMBPT, we have systematically studied the
atomic radiative data such as excitation energies, transition
wavelengths, radiative rates, and level lifetimes for the ions
with Z ≤ 42 and tungsten (Z = 74) ions to meet demands of
astrophysical and fusion plasmas. In this work, we mainly re-
view our previous works performed in the past decade. As
a complement/extension to our previous works for highly
charged tungsten ions with open M-shell and open N-shell, we
also present and discuss our complete RMBPT and MCDHF
calculations for the excitation energies, wavelengths, E1, M1,
E2, and M2 transition properties, and level lifetimes for the
lowest 148 levels belonging to the 3l3 configurations in Al-like
W61+. And the calculations for L-shell, N-shell, and lower-
charged tungsten ions will be reported in future works.

By cross-checking two datasets from our RMBPT and
MCDHF calculations and comparing them with other theoreti-
cal calculations and available experiments in the literature, we
summarize the uncertainties of our systematical calculations
here. For K- and L- shells ions with Z ≤ 42 the uncertainty
of calculated transition wavelengths is about 0.01%–0.05%.
For the M-shell ions with Z ≤ 42, the uncertainty of calcu-
lated transition wavelengths is on the order of 0.1%. For the
M-shell tungsten ions, the uncertainty of calculated n = 3 → 3
transition wavelengths is about 0.01%–0.05%. And for the N-
shell tungsten ions, the uncertainty of calculated n = 4 → 4
transition wavelengths is on the order of 0.1%.

We expect that our theoretical calculations with high pre-
cision provide precise benchmarks for other theoretical calcu-
lations and experimental measurements as well as applications
for abundance analysis, simulation, and diagnostics in astro-
physical and fusion plasmas.

Additionally, in our recent works[128,129] we mainly fo-
cused on discussing in detail how to improve the efficiency
of the RSCF procedure of the MCDHF method and the RCI
calculations. For the RSCF, the routines for calculating the
direct and exchange potentials and the Lagrange multipliers
are redesigned.[128] For the RCI, regrouping CSFs and intro-
ducing CSF generators allow for a substantial reduction of the
computational load.[129] Compared with the original GRASP
codes, our contributions reduce CPU times by a few tens or
more factors. A large amount of atomic data of high accuracy
for more complex ions is expected to be provided in the future.
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