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Employing the advanced relativistic configuration interaction (RCI) combined with the many-body perturbation theory
(RMBPT) method, we report energies and lifetime values for the lowest 35 energy levels from the (1s2)nl configurations
(where the principal quantum number n = 2–6 and the angular quantum number l = 0, . . . ,n− 1) of lithium-like iron Fe
XXIV, as well as complete data on the transition wavelengths, radiative rates, absorption oscillator strengths, and line
strengths between the levels. Both the allowed (E1) and forbidden (magnetic dipole M1, magnetic quadrupole M2, and
electric quadrupole E2) ones are reported. Through detailed comparisons with previous results, we assess the overall
accuracies of present RMBPT results to be likely the most precise ones to date. Configuration interaction effects are found
to be very important for the energies and radiative properties for the ion. The present RMBPT results are valuable for
spectral line identification, plasma modeling, and diagnosing.
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1. Introduction
In recent years, people have shown great interests in

lithium-like (or Li-like) ions (with only three electrons out-
side the nucleus).[1–5] Studying these ions can aid in the ex-
ploration of fundamental physics, such as QED effects.[1,2,4,5]

Additionally, due to the simplicity of the electronic structure
of the ions thus the relatively accurate spectral data, the spec-
tral lines of lithium-like ions can be used for spectral cali-
bration. Furthermore, they can also be used for spectral line
identification,[6] as well as for electron temperature, density,
and chemical composition diagnostics.[7–9]

The spectra of lithium-like ions have been widely ob-
served in astrophysical and laboratory plasmas, as noted in
Refs. [7–9]. For example, the spectra of the lithium-like
iron have been observed in the solar corona,[10,11] laser-
produced plasmas,[12] tokamaks,[13] and electron–beam ion
traps.[14,15] Furthermore, the spectra of the lithium-like iron
have been observed up to high levels with n = 6, as reported
in Refs. [11,12,15].

Due to the importance of lithium-like ions, there have
been many studies on the ions.[3,6–9,16–30]

In particular, Nahar et al.[28] (hereafter referred to as
Nahar1999) used the quasi-relativistic Breit–Pauli R-matrix
method (BPRM) to calculate E1 transition radiative rates be-
tween energy levels up to n = 10 for lithium-like iron. In

their calculations, they just added one-body relativistic cor-
rection terms to the non-relativistic Hamiltonian,[31] which in-
cluded the one-body mass correction, the one-body Darwin
term, and the spin–orbit term, they did not even include the
two-body interactions in the Breit–Pauli approximation (such
as the spin–other orbit, spin–spin, orbit–orbit, two-body Dar-
win, and spin–contact terms).[32,33] However, when consid-
ering the iron ion, it is crucial to incorporate relativistic ef-
fects right from the beginning,[34] and the fully relativistic
Dirac formalism, which is employed in the present research,
is essential.[35] Aggarwal et al.[8] (denoted as Aggarwal2012)
used the GRASP0 program originally developed by Grant et
al.[36] and revised by Norrington to calculate the E1, M1, E2,
and M2 transition radiative rates between the lowest 24 energy
levels with n ≤ 5 for lithium-like ions (Z = 21–28, includ-
ing iron ion). However, the findings of Aggarwal2012 were
insufficient in identifying or synthesizing the observed spec-
tra involving the n = 6 energy levels. Therefore, it is crucial
to enhance the results of Aggarwal2012 by further incorpo-
rating the n = 6 energy levels in the calculations, as demon-
strated in the present study. In 2016, El-Maaref[24] (denoted
as El-Maaref2016) provided lifetimes of 1s2nl configurations
(where n = 2–6 and l = 0, . . . ,n−1) for lithium-like iron, but
did not report the results for 6f7/2, 6g9/2, 6h9/2, and 6h11/2 lev-
els. El-Maaref used the fully relativistic multi-configuration
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Dirac–Hartree–Fock (MCDHF) method,[37] which was imple-
mented in the fully relativistic atomic structure program pack-
age GRASP2K.[37] Through the procedure of configuration in-
teraction (CI), the relativistic effects such as Breit Hamiltonian
and quantum electrodynamics effects (QED) were included,
and the considered configuration state functions (CSFs) were
from all single-(S) and double-(D) excitations (or substitu-
tions) up to 7l, and single-(S), double-(D), and triple-(T) exci-
tations up to the 6l orbitals.

However, unfortunately, although El-Maaref2016 em-
ployed an advanced fully relativistic method (MCDHF),
the lifetimes of El-Maaref2016 in the “Table 3”[24] are
significantly different from the fully relativistic lifetimes
of Aggarwal2012[8] and the quasi-relativistic ones of
Nahar1999.[28,38] For example, among the 30 reported lifetime
values, 20, 14, 10, and 7 have differences with Nahar1999 ex-
ceeding 2%, 5%, 10%, and 20%, respectively. The lifetime
differences for the 1s24f5/2 and 1s26s1/2 levels are even up
to one order of magnitude, which is quite astonishing! On
the other hand, the lifetime values from Aggarwal2012 are al-
most identical to Nahar1999 ones, with most lifetimes agree-
ing within 1%, and all within 2%.

Although a fully relativistic method was used in Aggar-
wal2012, however, the employed program was an early ver-
sion of GRASP0,[36] besides, the configuration interactions
were only limited to within n ≤ 5 levels. Thus the life-
time values maybe have some deviations. On the other hand,
El-Maaref2016 utilized the latest version of GRASP, called
GRASP2K,[37] which is an advanced fully relativistic imple-
mentation. Furthermore, larger configuration interactions up
to within n ≤ 7 levels were considered in El-Maaref2016.
Therefore, the newly reported fully relativistic lifetime values
from El-Maaref2016 are possibly even the most accurate ones.
However, the significant differences between El-Maaref’s re-
sults and the ones from both Aggarwal2012 and Nahar1999
cannot be disregarded.

To address the larger discrepancies of El-Maaref2016,
here, we employ the advanced relativistic configuration inter-
action (RCI) combined with many-body perturbation theory
(MBPT) method (RMBPT for short), which has been imple-
mented in the FAC code,[39] we provide energies and lifetime
values for the lowest 35 energy levels from the 1s2nl con-
figurations (where n ≤ 6 and l = 0, . . . ,n− 1) of Li-like iron
Fe XXIV, as well as complete data on the transition wave-
lengths, radiative rates, absorption oscillator strengths, and
line strengths between the levels. The transitions include both
allowed (E1) and forbidden (magnetic dipole M1, magnetic
quadrupole M2, and electric quadrupole E2) ones.

Furthermore, to delve deeper into the evaluation of the
present RMBPT results, we additionally utilize the multi-
reference configuration Dirac–Hartree–Fock (MCDHF) com-

bined with the RCI method (MCDHF/RCI for short) as im-
plemented in the GRASP2K code (version 2018[40]). In re-
cent years, we have successfully applied both the RMBPT and
MCDHF/RCI methods to the highly accuracy studies of Ni-
like, O-like, F-like, and Ne-like ions.[41–44]

2. Calculations
For the RMBPT calculations, we employ the widely used

flexible atomic code (FAC),[39] elaborate descriptions of the
RMBPT method can be found in references.[27,45–47] There-
fore, we will not delve into the theoretical aspects in great de-
tail here. Instead, we will offer an overview of the parameter
settings for the present RMBPT computations. The Hilbert
space is divided into two subspaces: the model space M (CI
effects are exactly treated) and the orthogonal space N (CI ef-
fects are treated in the second-order perturbation way). The
M space contains all the levels from the (1s2)nl configurations
(where the principal quantum number n = 2–8 and the angu-
lar quantum number l = 0, . . . ,n−1). The orthogonal space N
consists of single-(S) and double-(D) substitutions from the M
space, with the highest S-substitutions up to n = 200, and the
highest first and second electrons of the D-substitutions up to
n = 200 and n′ = 80, respectively.

To further evaluate the accuracy of present RMBPT re-
sults, we also perform MCDHF/RCI calculations for the ion
using the GRASP2K package (version 2018[40]). After carry-
ing on the relativistic self-consistent field procedure, we deter-
mine both the radial parts of the Dirac orbitals and the expan-
sion coefficients of the j j-coupled configuration state func-
tions (CSFs) expansions, and then in the following RCI calcu-
lation, the Breit interaction is considered in the low-frequency
limit by multiplying the frequency with a scale factor of 10−6.
In the present RMCDHF/RCI calculations, the multi-reference
(MR) configuration sets are from (1s2)nl with n = 2–6 and
l = 0, . . . ,(n−1), namely, for even parity, the MR sets include
2s, 3s, 3d, 4s, 4d, 5s, 5d, 5g, 6s, 6d, and 6g, while for odd par-
ity, the MR sets include 2p, 3p, 4p, 4f, 5p, 5f, 6p, 6f, and 6h.
For Li-like ions with just one electron outside the 1s closed
shell, consequently there is no outer correlation.[48] The cor-
relation corrections to the Dirac–Fock results can therefore be
categorized as core–valence (CV) and core–core (CC) types
(i.e. both the S- and D-substitutions are allowed).[48] Both the
CV and CC correlations are important for highly accurate ra-
diative parameters.[48,49] For instance, it has been shown that
the CC correlations can enhance the line strength of the 2s–2p
resonance line in the lithium atom by approximately 0.6%.[48]

In the present case, our tests show that the CV and CC cor-
relations indeed contribute to line strength corrections of up
to 0.7% for the 2p1/2–6d3/2 transition and up to 1.3% for the
2p1/2–6s1/2 transition, respectively. However, the impact of
CV and CC correlations becomes prominent for certain ∆n= 0
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transition rates with low transition energies. For instance, the
CV and CC correlations contribute to corrections of approxi-
mately one order of magnitude for the 5f7/2–5g7/2 transition
and around two orders of magnitude for the 6g9/2–6h9/2 tran-
sition, respectively. However, it should be noted that these
∆n = 0 transitions are not the primary radiative decay chan-
nels for the upper levels. Hence, the impact of both CV and
CC correlations on the lifetimes are limited, with maximum
impacts of 1.7% for the CV correlation and of 0.8% for the
CC correlation, both for the 2p1/2 level. For this simple Li-like
atomic system with only three electrons, as did in the previous
studies,[48,50] we can further include the second-order corre-
lations effects[51] by relaxing the substitution rules to gener-
ate all possible CSFs, which means all the three electrons can
be substituted in the present case (i.e. all the S-, D-, and T-
substitutions are permitted), the calculation is said to be a com-
plete active space (CAS) calculation.[34] In our final CAS cal-
culation, by allowing all the S-, D-, and T-substitutions from
the MR configurations to active sets up to n = 7, and j up to
9/2 and 11/2 for even and odd parities, respectively, which
produces 101767 and 123182 CSFs expansions.

3. Results and discussion
3.1. Energies

Table 1 provides the energy values from both present
RMBPT and MCDHF/RCI calculations, as well as other the-
oretical and NIST (National Institute of Standards and Tech-
nology) values. The NIST team has meticulously compiled
and evaluated energies and other atomic data, and their rec-
ommended results can be accessed for free on their website at
https://physics.nist.gov/PhysRefData/ASD/levels form.html.
Figure 1 shows comparisons between these theoretical energy
values and the NIST ones, to make the figure clearer and in
detail, the original energy ratio of Key = 2 and 3 (i.e., 2p1/2

and 2p3/2 levels) from Nahar1999 are +0.01 and −0.015,
respectively.

Table 1 and figure 1 reveal relatively large deviations be-
tween the energies of Nahar1999[28,38] based on the quasi-
relativistic Breit–Pauli theory and the NIST ones, with ma-
jority of the energy differences falling within the range of
0.3%–0.4%. Notably, the largest deviations occur for the 2p1/2

and 2p3/2 levels, with deviations of approximately 1.5% and
1.9%, respectively. In contrast, the GRASP2K results from El-
Maaref2016[24] and the GRASP0 results from Aggarwal2012
demonstrate good agreements with the NIST energies, with
most results matching within 0.03%. The deviations for the
2p1/2 and 2p3/2 levels are slightly larger, around 0.1% and
0.05% for El-Maaref2016, and around 0.4% and 0.2% for Ag-
garwal2012. The present MCDHF/RCI results exhibit simi-
lar agreement with the NIST ones, with the deviations for the

2p1/2 and 2p3/2 levels being around 0.1%–0.2%. Finally, the
present RMBPT results demonstrate the best match with the
NIST energies, most within 0.03%, and all within 0.05% in-
cluding those for the 2p1/2 and 2p3/2 levels. Regarding the
energy levels of lithium-like iron Fe XXIV, there have been
many studies. In general, the experimental energy level data
from National Institute of Standards and Technology (NIST) is
highly precise, which is why we primarily focus on comparing
with them. However, it is worth mentioning that for the 2p1/2

and 2p3/2 levels, the energies obtained from literatures[30,52]

are actually the preferable theoretical ones, particularly the
highly accurate results from reference,[30] although they are
limited to the n ≤ 2 levels. However, for the n = 3–6 levels,
the present RMBPT energies should be favored.

0 5 10 15 20 25 30

Key

0.995

1.000

1.005

R
at

io
 o

f 
en

er
g
y
 (

o
th

er
/N

IS
T

)

RMBPT

MCDHF/RCI

El-Maaref2016

Aggarwal2012

Nahar1999⇁0.01

↩0.015

0.1%

0.1%

Fig. 1. Theoretical energies comparisons with the NIST ones. The the-
oretical energies are the results from present RMBPT and MCDHF/RCI
methods, and those from El-Maaref2016,[24] Aggarwal2012,[8] and
Nahar1999.[28,38] To make the figure clearer, the original energy ratio of
Key = 2 and 3 (i.e., 2p1/2 and 2p3/2 levels) from Nahar1999 are +0.01 and
−0.015, respectively.

We also investigated the configuration interaction (CI) on
the energies, three different CI modes are considered here, i.e.
RCI1, RCI2, and RCI3. The RCI1 and RCI2 represent the cal-
culations without and with considering configuration interac-
tion between the (1s2)nl (n≤ 6) levels, respectively, while the
RCI3 represents the consideration of configuration interaction
between more levels with n ≤ 8. For clarity, the correspond-
ing results from the three modes are not presented in Table 1
or Fig. 1.

Furthermore, most of the RCI1 energies agree with the
NIST values within 0.05%. However, the agreement is slightly
worse for the 2p1/2 and 2p3/2 energy levels, with discrepan-
cies of around 0.36% and 0.21%, respectively. Nevertheless,
when considering configuration interaction within the n ≤ 6
levels (i.e. the RCI2 mode), the agreements with the NIST
values improve significantly. For example, the discrepancies
decrease to 0.26% and 0.16% for the 2p1/2 and 2p3/2 levels,
respectively, and become negligible (within 0.05%) for all the
other levels. Further consideration of CI between more levels
with n ≤ 8 (i.e. the RCI3 mode) does not result in significant
energy corrections, with the agreements with the RCI2 values
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being within 0.01%, meaning that the convergence of energies
from the relativistic configuration interaction (RCI) methods
is relatively slow. To consider configuration interactions be-
tween even more levels, the RMBPT method can be utilized.
Our RMBPT results demonstrate further improvements of the
energies compared to the RCI3 results. Specifically, the two
lowest levels exhibit energy corrections of 0.22% and 0.11%,

respectively, the n = 6 levels demonstrate corrections of ap-

proximately 0.01%, and the corrections are below 0.01% for

the other levels.

The above comparisons show that the present RMBPT en-

ergies are highly accurate, and that CI effects are important,

especially for the two low lying levels of the ion.

Table 1. Energy levels of lithium-like iron Fe XXIV. Energies (in unit eV) are presented from both present RMBPT and
MCDHF/RCI methods, together with previous results of El-Maaref2016,[24] Aggarwal2012,[8] and Nahar1999,[28,38] fol-
lowed by the NIST ones.

Key Configuration j RMBPT MCDHF/RCI El-Maaref2016 Aggarwal2012 Nahar1999 NIST

1 1s22s 1/2 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
2 1s22p 1/2 48.6173 48.6946 48.5440 48.7746 47.8594 48.5997
3 1s22p 3/2 64.5958 64.6661 64.5980 64.7175 65.8243 64.5656
4 1s23s 1/2 1149.20 1149.13 1149.05 1149.04 1150.02 1149.64
5 1s23p 1/2 1162.69 1162.65 1162.18 1162.58 1163.30 1162.7
6 1s23p 3/2 1167.42 1167.38 1167.12 1167.30 1168.61 1167.6
7 1s23d 3/2 1172.53 1172.47 1172.43 1172.37 1177.92 1172.77
8 1s23d 5/2 1174.03 1173.96 1173.95 1173.86 1179.55 1174.5
9 1s24s 1/2 1544.99 1544.92 1544.76 1544.81 1550.50 1545.39

10 1s24p 1/2 1550.55 1550.48 1549.70 1550.38 1556.01 1550.91
11 1s24p 3/2 1552.54 1552.47 1551.78 1552.37 1558.25 1552.89
12 1s24d 3/2 1554.66 1554.59 1554.47 1554.47 1560.38 1554.7
13 1s24d 5/2 1555.29 1555.22 1555.16 1555.10 1561.07 1555.4
14 1s24f 5/2 1555.41 1555.33 1554.54 1555.22 1561.16 1555.70
15 1s24f 7/2 1555.73 1555.65 1554.86 1555.53 1561.50 1556.2
16 1s25s 1/2 1726.64 1726.56 1726.41 1726.45 1732.11 1726.54
17 1s25p 1/2 1729.45 1729.38 1728.60 1729.27 1734.90 1728.8
18 1s25p 3/2 1730.47 1730.40 1729.62 1730.29 1736.04 1729.8
19 1s25d 3/2 1731.55 1731.47 1731.34 1731.36 1737.12 1730.9
20 1s25d 5/2 1731.87 1731.80 1731.66 1731.68 1737.48 1731.5
21 1s25f 5/2 1731.94 1731.86 1731.07 1731.74 1737.53 –
22 1s25f 7/2 1732.10 1732.02 1731.23 1731.90 1737.71 –
23 1s25g 7/2 1732.10 1732.02 1731.94 1731.90 1737.70 –
24 1s25g 9/2 1732.20 1732.12 1731.99 1732.00 1737.81 –
25 1s26s 1/2 1824.79 1824.71 1824.58 – 1830.23 –
26 1s26p 1/2 1826.41 1826.33 1825.55 – 1831.83 1826.4
27 1s26p 3/2 1826.99 1826.92 1826.14 – 1832.49 1827.0
28 1s26d 3/2 1827.62 1827.54 1827.41 – 1833.11 1826.9
29 1s26d 5/2 1827.80 1827.73 1827.60 – 1833.31 1827.5
30 1s26f 5/2 1827.84 1827.77 1826.98 – 1833.35 –
31 1s26f 7/2 1827.94 1827.86 – – 1833.45 –
32 1s26g 7/2 1827.94 1827.86 1827.78 – 1833.46 –
33 1s26g 9/2 1827.99 1827.92 1828.30 – 1833.52 –
34 1s26h 9/2 1827.99 1827.92 – – 1833.54 –
35 1s26h 11/2 1828.03 1827.95 1827.13 – 1833.58 –

3.2. Radiative rates

Table 2 provides radiative data for dipole allowed (E1)
and forbidden transitions (magnetic dipole M1, magnetic
quadrupole M2, and electric quadrupole E2) of Li-like iron
using the RMBPT method. The data includes wavelengths
λi j (in unit Å), radiative rates A (in unit 1/s), absorption oscil-
lator strengths f (dimensionless), and line strengths S (in unit
a.u.), where 1 a.u. = 6.460× 10−36 cm2 · esu2. Here, we just
present a partial set of data as an example, with the complete

data available in electronic form on the website addresses data
DOI, data private access link, data anonymous private link,
and data CSTR.

It is important to note that our RMBPT energy values
agree best with those of NIST, resulting in good agreements
between our RMBPT wavelengths and the observed ones com-
piled by NIST. In fact, both our RMBPT wavelengths for
2s1/2–2p1/2 and 2s1/2–2p3/2 transitions agree with the ob-
served ones to within 0.05%. However, for transitions with
small energy differences (∆n = 0), particularly those with
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high principal quantum numbers (n = 5,6), the correspond-
ing wavelengths may be less accurate, these inaccuracies can
propagate to the radiative rates, leading to further inaccuracies.
This phenomenon is quite common for any theoretic radiative
rates from each method.

Table 2. Transition properties for dipole allowed (E1) and forbidden ones
(magnetic dipole M1, magnetic quadrupole M2, and electric quadrupole
E2) from present RMBPT methods for lithium-like iron Fe XXIV. Param-
eters i and j are the lower (i) and upper ( j) levels of a transition as defined
in Table 1, λi j is transition wavelength (in unit Å), A is radiative transi-
tion rate (in unit 1/s), f is absorption oscillator strength (dimensionless), S
is line strength in atomic unit (a.u.), and a± b ≡ a× 10±b. Note: only a
portion of transition data are presented here, the complete dataset are in an
electronic form on the website of this journal data DOI, data private access
link, data anonymous private link, and data CSTR.

i j Type λi j (Å) A (1/s) f S (a.u.)

1 2 E1 2.5502+02 1.807+09 1.762−02 2.958−02
1 3 E1 1.9194+02 4.304+09 4.754−02 6.008−02
1 3 M2 1.9194+02 1.292+01 1.428−10 9.032−01
1 4 M1 1.0789+01 1.575+05 2.749−09 1.467−05
1 5 E1 1.0664+01 7.499+12 1.278−01 8.975−03
1 6 E1 1.0620+01 7.253+12 2.453−01 1.715−02
1 6 M2 1.0620+01 7.096+06 2.400−07 2.572−01
1 7 E2 1.0574+01 1.189+10 3.987−04 5.614−03
1 7 M1 1.0574+01 8.581+03 2.877−10 1.505−06
1 8 E2 1.0561+01 1.195+10 5.992−04 8.407−03
1 9 M1 8.0249+00 1.341+05 1.295−09 5.140−06
1 10 E1 7.9962+00 3.293+12 3.156−02 1.662−03
1 11 E1 7.9859+00 3.220+12 6.158−02 3.238−03
1 11 M2 7.9859+00 5.564+06 1.064−07 4.849−02
1 12 E2 7.9750+00 1.585+09 3.023−05 1.827−04
1 12 M1 7.9750+00 5.042+03 9.615−11 3.792−07
1 13 E2 7.9718+00 1.623+09 4.638−05 2.799−04
1 14 M2 7.9712+00 3.556+00 1.016−13 4.605−08
1 16 M1 7.1807+00 8.920+04 6.895−10 2.449−06
1 17 E1 7.1690+00 1.694+12 1.305−02 6.161−04
1 18 E1 7.1648+00 1.664+12 2.561−02 1.208−03
1 18 M2 7.1648+00 3.570+06 5.495−08 1.808−02
1 19 E2 7.1603+00 3.931+08 6.044−06 2.643−05
1 19 M1 7.1603+00 2.852+03 4.385−11 1.553−07
1 20 E2 7.1590+00 4.091+08 9.430−06 4.121−05
1 21 M2 7.1587+00 3.086+00 7.114−14 2.335−08
1 25 M1 6.7945+00 5.886+04 4.073−10 1.369−06
1 26 E1 6.7884+00 9.800+11 6.770−03 3.026−04
1 27 E1 6.7862+00 9.649+11 1.332−02 5.953−04
1 27 M2 6.7862+00 2.307+06 3.186−08 8.908−03
1 28 E2 6.7839+00 1.382+08 1.906−06 7.090−06
1 28 M1 6.7839+00 1.726+03 2.382−11 7.992−08
1 29 E2 6.7833+00 1.459+08 3.019−06 1.122−05
1 30 M2 6.7831+00 2.233+00 4.622−14 1.291−08
· · · · · · · · · · · · · · · · · · · · ·

In Fig. 2, we compare present RMBPT radiative rates
with our MCDHF/RCI results and results from previous lit-
eratures. Figure 2(a) for dipole allowed (E1) transitions, and
figure 2(b) for forbidden (M1, M2, and E2) ones.

For E1 transitions, as can be seen from Fig. 2(a), present
RMBPT radiative rates are in good agreement with our
MCDHF/RCI results, as well as with the results from Aggar-
wal2012 and Nahar1999. For instance, the radiative rates cal-

culated by present RMBPT and MCDHF/RCI show a high de-
gree of agreement, with deviations below 1% for all the ∆n 6= 0
transitions, except for the 2p1/2–6s1/2 transition, for which the
deviation is around 2%. Moreover, for most ∆n = 0 transi-
tions, the deviations between the two sets of radiative rates are
below 2%. Nonetheless, for two specific ∆n = 0 transitions,
namely 5f7/2–5g7 and 6f7/2–6g7/2, the deviations reach up to
a factor of 5. These deviations mainly arise from discrepancies
in the wavelength determinations, as both the strengths from
the two data sets are in agreements within 2%. As for compar-
isons with previous literatures, for all the ∆n 6= 0 transitions,
the present RMBPT radiative rates are in agreements with Ag-
garwal2012 and Nahar1999 within 1.5% and 3%, respectively.
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Fig. 2. Comparisons of other radiative rates with present RMBPT ones for
(a) E1 transitions and (b) forbidden transitions (M1, M2, and E2). Here,
other radiative rates are from present MCDHF/RCI calculations, and those
of El-Maaref2016,[24] Aggarwal2012,[8] and Nahar1999.[28,38]

We also make comparisons with other theoretical results
for E1 transitions. For example, all the current RMBPT radia-
tive rates are in agreements with the MCDHF results for transi-
tions below the 3d level as reported by Deng et al.[6] to within
0.5%. Additionally, our RMBPT ones agree with the many-
body perturbation theory results for transitions below the 3s
level as reported by Johnson et al.[52] to within 0.3%. Fur-
thermore, the current radiative rates agree with the MCDHF
results for transitions below the 4s level as reported by Fis-
cher and Tachiev in the NIST multiconfiguration Hartree–
Fock and multiconfiguration Dirac–Hartree–Fock database to
within 0.6%. For the sake of simplicity, the comparison with
the above three are not plotted in the figure.

However, the newly reported fully relativistic GRASP2K
results for all the 130 E1 radiative rates between n ≤ 6 lev-
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els from El-Maaref2016[24] have significant deviations with
all the other theoretical values and present RMBPT ones, as
can be seen from Fig. 2(a). For example, compared to our
RMBPT results, there are 48, 33, and 21 radiative rates with
deviations greater than 5%, 10%, and 20%, respectively. The
largest difference corresponds to the 2p1/2–6s1/2 and 2p3/2–
6s1/2 transitions, with differences even reaching about a factor
of 3. Among the 21 transitions with differences greater than
20%, except for the 5s1/2–5p1/2 transition, which is a ∆n = 0
transition (the difference is from the wavelength), all the other
20 transitions are the ∆n 6= 0 transitions, for which the differ-
ences come from the line strengths. It is worth noting that, be-
sides the considerable deviation of transitions involving high
levels (n = 5,6), there are also significant discrepancies in the
radiative transition rates between low levels. For instance, for
the 2p1/2–4s1/2 and 2p3/2–4s1/2 transitions, the radiative rates
differences with the MCDHF ones from Fischer and Tachiev
in the NIST database are in the range of 22%–24%. In con-
trast, the present RMBPT values for both the transitions are in
agreements with the NIST database ones to within 0.5%. The
main reason for such large discrepancies of El-Maaref2016[24]

is maybe due to the inclusion of limited (and arbitrary) CI in
their work, as explained by Aggarwal[53] for resolving simi-
lar issues caused by El-Maaref et al. for sulfur-like scandium,
where the deviations of the lifetimes from El-Maaref et al. are
up to three orders of magnitude.
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Fig. 3. The ratios of radiative rates obtained from three different relativis-
tic configuration interaction (RCI) modes (RCI1, RCI2, and RCI3) to the
present RMBPT ones for lithium-like iron, only strong E1 radiative rates
(greater than 108 s−1) are plotted on the figure, here, RCI1 and RCI2 repre-
sent the calculations without and with considering configuration interaction
between the (1s2)nl (n ≤ 6) levels, respectively, while RCI3 represents the
consideration of configuration interaction between more levels with the n
values: n≤ 8.

As far as forbidden (M1, M2, and E2) transitions are con-
cerned, to the best of our knowledge, the only available the-
oretical data are from GRASP0 results of Aggarwal2012 for
transitions between n ≤ 5 levels. In Fig. 2(b), we compare
our RMBPT forbidden radiation rates with the results of Ag-
garwal2012 and observe a good agreement between the two.
For strong M1 transitions (i.e., those greater than 1/104 of the
maximum radiative rate of the type), most of them are within

1% agreements, and the worst is within 12% agreement, corre-
sponding to the 2p1/2–5p1/2 transition. All of strong M2 tran-
sitions have less than 1% differences, and most strong E2 tran-
sitions also exhibit less than 1% differences. However, there
are four n = 2 to n = 5 strong E2 transitions having differ-
ences ranging from 2% to 3%, with the 2p1/2–5p3/2 transition
showing the largest difference of 6%.

In Fig. 3, we further investigate the impact of config-
uration interaction (CI) on radiative rates by comparing the
results obtained from the three CI modes (RCI1, RCI2, and
RCI3) with our present RMBPT results. Interestingly, the
RCI1 results, which do not consider any CI, closely match
our RMBPT results, with differences mostly within 2% and
all within 5%. However, once the CI between n ≤ 6 levels
is included (i.e., RCI2), significant discrepancies are observed
for certain transitions. For example, out of 127 strong E1 tran-
sitions (i.e., those greater than 1/104 of the maximum radiative
rate of the type), 30, 14, and 7 have differences exceeding 5%,
10%, and 20%, respectively, and all of the 7 transitions in-
volve n = 6 levels. The largest discrepancies are observed for
the 2p1/2–6s1/2 and 2p3/2–6s1/2 transitions, with differences
of 57% and 48%, respectively. This suggests that the life-
time of the 6s1/2 level could be significantly affected by the
CI effect, as these two transitions are important channels for
its radiative decay. In fact, the CI effect causes a change in
the lifetime of the level by more than 20%, as discussed later
in Subsection 3.3. However, when larger-scale CI between
n≤ 8 levels is considered (i.e., RCI3), the agreements with our
RMBPT results immediately improve as expected. The num-
ber of transitions with differences exceeding 5%, 10%, and
20% decreases to 16, 7, and 2, respectively. The agreements
for the two transitions (2p1/2–6s1/2 and 2p3/2–6s1/2) with the
largest differences also improve to within 25% and 21%, re-
spectively. An interesting phenomenon worth mentioning is
that the radiative rates obtained from our RCI1, which does
not consider any configuration interaction, are actually closer
to our final RMBPT results compared to our RCI2 involving
a small amount of configuration interaction, however, when
we further expand the scale of configuration interaction in
RCI3, the radiative rates demonstrate closer agreement with
our final RMBPT results. This oscillating convergence pat-
tern of atomic parameters as expanding configuration inter-
action, has also been reported in previous literatures.[51,54,55]

This suggests the fortuitous agreements between our RCI1 and
RMBPT results are merely coincidental, and that the scale of
configuration interaction in our RCI2 is still relatively limited.
Therefore, further expansion of the configuration interaction,
as demonstrated in the RCI3, is necessary. Finally, based on
the RCI3, we consider even more extensive configuration in-
teraction (up to n = 200) using the second-order perturbation
method leading to our present RMBPT results.
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For forbidden transitions, the role of configuration inter-
action (or correlation) is even more crucial. The RCI1 radia-
tive rates and the present RMBPT ones show good agreements,
with strong transitions differing by no more than 10%, and all
by no more than 27%. However, the RCI2, which considers
configuration interaction between levels with n ≤ 6, can re-
sult in notable differences, particularly for some strong forbid-
den transitions, around 10% strong forbidden ones with differ-
ences larger than 15% (nearly all of them involving n = 6 lev-
els, a few of them involving n = 5 levels), and with differences
of up to a factor of four for 2p1/2–6p3/2 transition (E2). On
the other hand, the RCI3, which takes into account more con-
figuration interaction effects between levels with n ≤ 8, gen-
erally agrees well (within 5%) with present RMBPT results
for strong M1 and M2 transitions, with only a few involving
n = 6 levels exhibiting radiative rate differences of about 20%,
and the majority of strong E2 transitions agree with present
RMBPT ones to within 15%, while some transitions with dif-
ferences greater than 15% involve the n = 6 levels, with the
largest reaching up to 43% for the 2p1/2–6p3/2 transition.

Through above detailed comparisons, it is evident that
the present RMBPT calculations offer highly precise radiative
rates. Strong E1 transition rates between n≤ 5 levels are typ-
ically accurate within 1%, and within 2% for those involving
the n = 6 levels. For strong forbidden transitions, RMBPT ra-
diative rates for most M1 and M2 transition rates are likely to
be better than 5%, and 15% for most E2 ones.

3.3. Lifetimes

By utilizing the present RMBPT radiative rates listed in
Table 2, one can calculate the radiative lifetime of an excited
level using the expression: τ j = 1/∑i Ai j, here, i denotes all
the lower levels that can be accessed from the excited level
j. In the calculations of present RMBPT lifetimes, we con-
sider all the electric dipole allowed transitions (E1) radiative
rates, as well as the other forbidden transitions, which in-
clude magnetic dipole M1, electric quadrupole E2, and mag-
netic quadrupole M2 transitions. In fact, our further studies
show that the influence of forbidden transitions on the life-
time values of the lowest 35 levels of the iron ion is negligi-
ble (less than 0.4%). This can be understood, because each
excited level has at least one dominant E1 transition channel
connected to it, so considering only E1 transition can obtain
accurate lifetime values here for lithium-like iron, although
the forbidden ones are required for plasma modelling.[8]

Table 3 presents the lifetimes from both the RMBPT and
MCDHF/RCI methods for the lowest 35 levels from the n= 2–
6 configurations of lithium-like iron, including for the ground
level 1s22s, the lifetime of which is considered to be infinite.
Since our studies mentioned above have shown that the for-
bidden transitions have negligible contributions for the life-

time values of the ion, the corresponding lifetimes from the
present MCDHF/RCI calculation only consider the contribu-
tions of E1 transitions, while ignoring the forbidden ones. Ad-
ditionally, the table also provides the fully relativistic life-
times from both El-Maaref2016[24] and Aggarwal2012,[8] as
well as the quasi-relativistic Breit–Pauli R-matrix results from
Nahar1999.[28] Furthermore, for the sake of intuitive presenta-
tion, we also plot the ratios of various theoretical lifetime val-
ues between present fully relativistic RMBPT ones in Fig. 4.

As can be seen from Table 3 and Fig. 4(a), the present
MCDHF/RCI lifetime values match very well with our
RMBPT ones, for example, the differences of 21 and 33 life-
time values out of a total of 35 are within 0.2% and 0.4%,
respectively, and all the lifetime values differences are within
0.8%. In addition, the present RMBPT lifetimes also match
well with those from both Aggarwal2012 and Nahar1999, for
example, most of the lifetime value differences are within
0.5%, and all within 1.4%.

In addition, we can also easily see from Table 3 and
Fig. 4(a) that there are significant lifetime differences between
El-Maaref2016 and our RMBPT results (and hence the present
MCDHF/RCI ones). For example, among the 30 lifetime val-
ues from El-Maaref2016, 20, 13, 10, and 6 of them differ from
our RMBPT results by more than 2%, 5%, 10%, and 20%, re-
spectively. Furthermore, for the 1s24f5/2 and 1s26s1/2 levels,
the differences are even greater than one order of the magni-
tude. On the contrary, our RMBPT results for these two levels
are consistent with those of both the present MCDHF/RCI and
Nahar1999, with differences of less than 0.8%. Additionally,
we note in the present study that there are no lifetime values
for the four levels 6f7/2, 6g9/2, 6h9/2, and 6h11/2 in the “Ta-
ble 3” from El-Maaref2016. Furthermore, the “Table 3” also
contains some minor printing errors, such as the j value of
the second 4d level should be 5/2 instead of 3/2, and the j
value of the second 4f level should be 7/2 instead of 5/2. Ad-
ditionally, the lifetime value given by Aggarwal2012 for the
5g9/2 level in the “Table 3” should be 7.070× 10−13 instead
of 7.700×10−13.

Such differences of El-Maaref2016 are too large for such
a simple three-electrons lithium atomic system. While we
have no specific information regarding El-Maaref’s numeri-
cal calculations and the subsequent processing of lifetime val-
ues for the ion, we highly encourage El-Maaref and other re-
searchers to delve deeper into the ion’s theoretical and/or ex-
perimental aspects. While generating atomic data has become
more accessible, the accuracy and reliability of such data can
be difficult to ensure. Multiple sets of data may be available in
literatures, however, not all the users may have the expertises
to evaluate the quality of published data. Thus, it is impor-
tant for data producers to conduct rigorous checks and com-
parisons to assess the accuracies. While recent data may be
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assumed to be the most accurate ones, this may not always be
the case, as noted by Aggarwal.[56] Hence, atomic data users
must exercise discretion and cautions to avoid erroneous con-
clusions.

We further investigate configuration interaction (CI) ef-
fects on the lifetime values of the ion using the relativistic
configuration interaction (RCI) method as implemented in the
FAC program.[39] We consider three different configuration in-
teraction modes as mentioned above, denoted as RCI1, RCI2,
and RCI3, respectively, and the lifetimes from the three modes
are also shown in Table 3 and Fig. 4(b).

As we consider CI between more and more levels, we
expect that the accuracy of the lifetimes would gradually im-
prove from RCI1 to RCI3, but oscillatory convergence might
occur, and the subsequent analysis also confirm this type of

convergence of the lifetimes. From Fig. 4(b), we can see
that most of the lifetime values from the RCI1 agree with the
present RMBPT ones within 2%, and all within 5%. Such
agreements are considered to be a coincidence, because we
have not yet considered any configuration interaction between
the n≤ 6 levels. Once we consider these interactions, namely
the RCI2 mode, the results immediately become worse, as
shown in Fig. 4(b), there are many lifetime values that devi-
ate from the present RMBPT values by more than 5%, and the
largest deviation corresponding to the 6s1/2 level, the deviation
even up to 21%, which is quite surprising, because the lithium-
like ion system is simply with only one electron outside the
1s2 closed shell, and the nuclear charge Z here is highly up to
26, but the effect of configuration interaction on the lifetime
values is still significant.

Table 3. The lifetime values (τ , in unit s) of lithium-like iron. The table includes our sets of fully relativistic lifetime values and previously theoretical
results. τRCI1, τRCI2, and τRCI3 in the table represent lifetime values obtained using three different relativistic configuration interaction modes, where
RCI1 and RCI2 represent the calculations without and with considering configuration interaction between the (1s2)nl (n≤ 6) levels, respectively, while
RCI3 represents the consideration of configuration interaction between more levels with n≤ 8. In addition, τRMBPT and τMCDHF/RCI represent lifetime
values obtained from our RMBPT and MCDHF/RCI methods, respectively. The τEl−Maaref2016, τAggarwal2012, and τNahar1999 represent lifetime values
given in the literature by El-Maaref2016,[24] Aggarwal2012,[8] and Nahar1999,[28,38] respectively, where the Nahar1999 results are quasi-relativistic
and the other two are fully relativistic ones. And a±b≡ a×10±b.

Key Configuration j τRCI1 τRCI2 τRCI3 τRMBPT τMCDHF/RCI τEl−Maaref2016 τAggarwal2012 τNahar1999

1 1s22s 1/2 – – – – – – – –
2 1s22p 1/2 5.56−10 5.50−10 5.50−10 5.53−10 5.50−10 5.56−10 5.46−10 5.56−10
3 1s22p 3/2 2.34−10 2.32−10 2.32−10 2.32−10 2.31−10 2.34−10 2.30−10 2.32−10
4 1s23s 1/2 3.75−13 3.49−13 3.51−13 3.57−13 3.57−13 3.26−13 3.59−13 3.55−13
5 1s23p 1/2 1.33−13 1.32−13 1.32−13 1.33−13 1.33−13 1.30−13 1.33−13 1.33−13
6 1s23p 3/2 1.37−13 1.36−13 1.36−13 1.38−13 1.38−13 1.34−13 1.38−13 1.38−13
7 1s23d 3/2 4.63−14 4.52−14 4.52−14 4.55−14 4.55−14 4.50−14 4.54−14 4.55−14
8 1s23d 5/2 4.67−14 4.56−14 4.56−14 4.60−14 4.60−14 4.55−14 4.59−14 4.59−14
9 1s24s 1/2 5.45−13 5.01−13 5.06−13 5.26−13 5.26−13 4.53−13 5.27−13 5.28−13
10 1s24p 1/2 2.26−13 2.22−13 2.23−13 2.26−13 2.26−13 2.19−13 2.26−13 2.26−13
11 1s24p 3/2 2.32−13 2.28−13 2.28−13 2.33−13 2.33−13 2.21−13 2.33−13 2.33−13
12 1s24d 3/2 1.07−13 1.04−13 1.04−13 1.06−13 1.06−13 1.04−13 1.05−13 1.06−13
13 1s24d 5/2 1.08−13 1.05−13 1.06−13 1.07−13 1.07−13 1.04−13 1.07−13 1.07−13
14 1s24f 5/2 2.19−13 2.17−13 2.17−13 2.17−13 2.18−13 3.30−12 2.17−13 2.18−13
15 1s24f 7/2 2.20−13 2.18−13 2.17−13 2.18−13 2.19−13 2.19−13 2.18−13 2.19−13
16 1s25s 1/2 8.59−13 7.53−13 7.79−13 8.34−13 8.31−13 6.06−13 8.30−13 8.33−13
17 1s25p 1/2 3.85−13 3.70−13 3.75−13 3.85−13 3.85−13 3.58−13 3.84−13 3.83−13
18 1s25p 3/2 3.94−13 3.78−13 3.83−13 3.95−13 3.94−13 3.65−13 3.94−13 3.96−13
19 1s25d 3/2 2.04−13 1.98−13 1.99−13 2.03−13 2.03−13 1.95−13 2.02−13 2.03−13
20 1s25d 5/2 2.06−13 2.00−13 2.02−13 2.06−13 2.06−13 2.93−13 2.05−13 2.05−13
21 1s25f 5/2 4.22−13 4.19−13 4.19−13 4.19−13 4.21−13 4.21−13 4.19−13 4.21−13
22 1s25f 7/2 4.23−13 4.20−13 4.20−13 4.21−13 4.22−13 4.23−13 4.21−13 4.22−13
23 1s25g 7/2 7.08−13 7.07−13 7.07−13 7.06−13 7.07−13 6.99−13 7.06−13 7.09−13
24 1s25g 9/2 7.09−13 7.08−13 7.08−13 7.07−13 7.08−13 7.00−13 7.07−13 7.10−13
25 1s26s 1/2 1.32−12 1.01−12 1.15−12 1.28−12 1.27−12 3.54−14 – 1.29−12
26 1s26p 1/2 6.18−13 5.61−13 5.90−13 6.18−13 6.16−13 5.09−13 – 6.18−13
27 1s26p 3/2 6.31−13 5.71−13 6.02−13 6.32−13 6.31−13 5.28−13 – 6.33−13
28 1s26d 3/2 3.48−13 3.24−13 3.36−13 3.47−13 3.46−13 3.07−13 – 3.47−13
29 1s26d 5/2 3.51−13 3.29−13 3.40−13 3.51−13 3.51−13 4.88−13 – 3.51−13
30 1s26f 5/2 7.18−13 7.11−13 7.15−13 7.17−13 7.19−13 1.45−12 – 7.22−13
31 1s26f 7/2 7.20−13 7.13−13 7.17−13 7.20−13 7.22−13 – – 7.25−13
32 1s26g 7/2 1.21−12 1.21−12 1.21−12 1.21−12 1.21−12 1.18−12 – 1.22−12
33 1s26g 9/2 1.22−12 1.21−12 1.22−12 1.21−12 1.22−12 – – 1.22−12
34 1s26h 9/2 1.83−12 1.83−12 1.83−12 1.83−12 1.83−12 – – 1.83−12
35 1s26h 11/2 1.83−12 1.83−12 1.83−12 1.83−12 1.83−12 – – 1.84−12
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Fig. 4. Comparisons of various theoretical lifetime values of Li-like iron
with the present fully relativistic RMBPT ones. Panel (a) presents the
comparisons between previous theoretical results (i.e., Aggarwal2012,[8]

Nahar1999,[28,38] and El-Maaref2016[24]) and the present RMBPT ones. To
make the results in panel (a) clearer, the lifetime ratio of the 4f5/2 level
with Key = 14 from El-Maaref2016 is multiplied by a factor of 0.1 (de-
noted as ×0.1 nearing the 4f5/2 level label). Panel (b) shows the ratios of
the results obtained from three different relativistic configuration interaction
(RCI) modes (RCI1, RCI2, and RCI3) and also from our MCDHF/RCI to
the present RMBPT ones, here, RCI1 and RCI2 represent the calculations
without and with considering configuration interaction between the (1s2)nl
(n≤ 6) levels, respectively, while RCI3 represents the consideration of con-
figuration interaction between more levels with n≤ 8.

We continue to consider more configuration interactions,
i.e., considering the interactions between levels with n≤ 8. We
denote the lifetime values obtained under this mode as RCI3.
As shown in Fig. 4(b), the RCI3, which considers more con-
figuration interactions, can indeed significantly improve the
lifetime values. For example, for the lifetime value of 6s1/2

level, it can be corrected by up to about 10%. Our test cal-
culations show that the convergence of the RCI method based
on a single central potential for all configurations[39] is very
slow. Hence, it is not feasible to achieve even higher preci-
sion solely through the pure RCI method. Therefore, based
on the RCI3, here, we adopt the second-order many-body per-
turbation method to incorporate extensive CI correlations with
n up to 200 (i.e. our final RMBPT ones), leading to further
improvements of the lifetimes by up to about 10%, as can be
clearly seen from Fig. 4(b).

Finally, the accuracies of the present lifetimes obtained
using the RMBPT method, which have been successfully ap-
plied in our investigations of highly accurate atomic data for
N-like,[41] O-like,[42] and F-like[43] ions, have been demon-

strated above through their consistency with our MCDHF/RCI
results and previous theoretical ones.[8,28] And configuration
interaction effects are important for the calculations of lifetime
values of the ion.

4. Conclusion
Using the fully relativistic RMBPT method, we have

provided energies and lifetime values for the lowest 35 en-
ergy levels from the 1s2nl configurations (where n = 2–6 and
l = 0, . . . ,n−1) of lithium-like iron Fe XXIV, as well as com-
plete data on the transition wavelengths, radiative rates, ab-
sorption oscillator strengths, and line strengths between the
levels. The transitions include both allowed (E1) and forbid-
den (magnetic dipole M1, magnetic quadrupole M2, and elec-
tric quadrupole E2) ones. Our level energy precision is within
0.05%, and the radiative rate accuracy of strong E1 transitions
within n ≤ 5 levels is within 1%, and for transitions involv-
ing the n = 6 levels, it is within 2%. For strong forbidden
transitions, the current RMBPT radiative rates for M1 and M2
transitions have accuracies likely better than 5%, while most
E2 transitions have accuracies better than 15%. Secondly, we
have found that configuration interaction is crucial for lithium-
like ions. To obtain accurate energies and radiation data for
the ion, careful consideration of configuration interaction is
required. Our present RMBPT results have potential applica-
tions in the identification of spectral lines, as well as in plasma
modeling and diagnosing.
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Wellhöfer M, Martins M, Wurth W and Ullrich J 2007 Phys. Rev. Lett.
98 183001

[15] Chen H, Gu M F, Behar E, Brown G V, Kahn S M and Beiersdorfer P
2007 Astrophys. J. Suppl. Ser. 168 319

[16] Li W X, Amarsi A M, Papoulia A, Ekman J and Jansson P 2021 Mon.
Not. R. Astron. Soc. 502 3780

[17] Zhang D H, Zhang F J, Ding X B and Dong C Z 2021 Chin. Phys. B 30
043102

[18] Zeng J L, Li Y J and Yuan J M 2021 J. Quantum Spectrosc. Radiat.
Transfer 272 107777

[19] Liu X, Zhang J C and Wang Z W 2019 Results Phys. 12 398
[20] Santana J A, Peña-Cotto E L, Butler E J M, Beiersdorfer P and Brown

V G 2019 Astrophys. J. Suppl. Ser. 245 9
[21] Santana J A, Lopez-Dauphin N A and Beiersdorfer P 2018 Astrophys.

J. Suppl. Ser. 234 13
[22] Santana J A, Lopez-Dauphin N A, Butler E J M and Beiersdorfer P

2018 Astrophys. J. Suppl. Ser. 238 34
[23] Chen Z B, Wang K and Guo X L 2018 J. Quantum Spectrosc. Radiat.

Transfer 220 28
[24] El-Maaref A A 2016 J. Quantum Spectrosc. Radiat. Transfer 170 45
[25] Hao L H, Liu J J and Kang X P 2016 Eur. Phys. J. Plus 131 204
[26] Cai J, Yu W W and Zhang N 2014 Chin. Phys. Lett. 31 093101
[27] Gu M F 2005 At. Data Nucl. Data Tables 89 267
[28] Nahar S N and Pradhan A 1999 Astron. Astrophys. Suppl. Ser. 135 347
[29] Fischer C F, Saparov M, Gaigalas G and Godefroid M 1998 At. Data

Nucl. Data Tables 70 119
[30] Kozhedub Y S, Volotka A V, Artemyev A N, Glazov D A, Plunien G,
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