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Dynamical behavior of memristor-coupled heterogeneous discrete
neural networks with synaptic crosstalk
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Synaptic crosstalk is a prevalent phenomenon among neuronal synapses, playing a crucial role in the transmission
of neural signals. Therefore, considering synaptic crosstalk behavior and investigating the dynamical behavior of discrete
neural networks are highly necessary. In this paper, we propose a heterogeneous discrete neural network (HDNN) consisting
of a three-dimensional KTz discrete neuron and a Chialvo discrete neuron. These two neurons are coupled mutually by two
discrete memristors and the synaptic crosstalk is considered. The impact of crosstalk strength on the firing behavior of the
HDNN is explored through bifurcation diagrams and Lyapunov exponents. It is observed that the HDNN exhibits different
coexisting attractors under varying crosstalk strengths. Furthermore, the influence of different crosstalk strengths on the
synchronized firing of the HDNN is investigated, revealing a gradual attainment of phase synchronization between the two

discrete neurons as the crosstalk strength decreases.

Keywords: discrete memristor, synaptic crosstalk, coexisting attractor, phase synchronization

PACS: 87.19.1g, 87.19.1j ,87.19.1m, 45.05.+x

1. Introduction

Neurons are the fundamental units of structure and func-
tion in the nervous system, and they form neural networks
through various types of connections.!!! Neural networks play
a crucial role in fields such as signal processing, >3 associa-
tive memory, [*31 robot control,®! and image processing.!’~"!
As is widely known, a memristor is a device that de-
scribes the relationship between charge and flux.['” Since
its development by HP Laboratory in 2008, memristors have
[11-15]

found extensive applications in neural networks, im-

18-24] and more. Due

age encryption,['®17] chaotic systems,!
to their unique biomimetic properties, such as nanoscale
size, low power consumption, and non-volatility, continu-
ous memristors are considered the optimal choice for simu-
lating synapses in analog form.[>-3%1 Compared to conven-
tional electronic synapses, neural networks based on mem-
ristive synapses can more effectively mimic the complex fir-
ing activity of biological neural networks. For instance,
memristor-coupled neural networks can generate grid multi-

[31-34] diverse chaotic attractors that are em-

scroll attractors,
ployed in image encryption.!3! Locally active memristor-
based Hopfield neural networks can exhibit more complex dy-
namical behaviors. 3!

So far, several models of discrete neurons, such as the
Chialvo model, Rulkov model, Izhikevich model, and Kinou-
vhi and Tragtenberg (KT) model, have been proposed. Dis-
crete neuron models have advantages over continuous neu-
ron models in terms of computational time, computational
resources, and data storage.[37‘421 Therefore, discrete neu-

ron models are more suitable for simulating large-scale neu-

fCorresponding author. E-mail: minglin_ma@xtu.edu.cn
© 2024 Chinese Physical Society and IOP Publishing Ltd

DOI: 10.1088/1674-1056/aceee9

ral networks and conducting general research, such as gen-
erating chaotic trajectories, pattern recognition, and analyz-
ing synchronized firing behaviors.[*3->!1 As a result, research
on discrete neurons has become a hot topic in recent years.
In discrete memristor-coupled neural networks, complex dy-
namical behaviors have been discovered, including coexisting

s,[52736] synchronization transitions, and synchroniza-

attractor:
tion coexistence.’7->8] Additionally, Lu et al.'>®! investigated
fractional-order neural networks based on discrete memristors
and found that this system exhibits richer dynamical behaviors
compared to integer-order neural networks.

Synaptic crosstalk refers to the spillover of neurotrans-
mitters from one synapse to another or the lateral diffusion

It has
[60,61]

of receptors from one spine to neighboring spines.
profound implications for neural signal transmission.
Increasing evidence suggests the widespread occurrence of
synaptic crosstalk among neuronal synapses. Considering
synaptic crosstalk, Leng et al. proposed a heterogeneous neu-
ral network (HNN) and analyzed the dynamical behavior of
the HNN.[%%] Li ¢r al. proposed an associative memory circuit
based on memristors that takes into account synaptic crosstalk
and demonstrated its impact on memory function.!%! Based
on the above research, we found that crosstalk can affect the
dynamic behavior and associative memory energy of neural
networks. Therefore, exploring the behavior of discrete neural
networks with crosstalk behavior has practical significance.
Inspired by the aforementioned papers, it is proposed
that discrete memristors are used to mimic synapses, cou-
pling a Chialvo neuron and a KTz neuron. Considering the
crosstalk behavior between synapses, a memristor-coupled

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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HDNN model is constructed and the dynamical behavior of
this neural network is analyzed. The structure of this paper is
as follows: In Section 2, a novel discrete memristor model
is introduced. In Section 3, the memristor-coupled HDNN
model with synaptic crosstalk is proposed. Section 4 inves-
tigates the coexistence behavior of the HDNN. In Section 5,
the phase synchronization behavior of the memristor-coupled
HDNN under different crosstalk strengths is discussed. Fi-
nally, conclusions are provided.

2. Discrete memristor
2.1. Discrete memristor model and its characteristics

In this study, we employ two discrete memristors to
mimic synapses, coupling two different types of neurons: a
KTz neuron and a Chialvo neuron. The topological structure
of this neural network is illustrated in Fig. 1. The model of the
memristor synapse can be expressed by

i(n) =W lg(n)| v(n) = tanh(g(n))v(n),
q(n+1) =F(q,v) (1
=q(n) +a(q(n)(8 —vlg(n))) + apv(n),

where i(n) and v(n) respectively represent the input cur-
rent and voltage at both ends of the discrete memristor, and
Wlg(n)] is the memristor inductance value of the memris-
tor. a, ¥, 6, B are four memristor parameters. In this pa-
per, we set @ = 0.1, B =1, § =5, y=1. To model the
phenomenon of synaptic crosstalk, we consider the interac-
tion between two memristors. The weights of the two discrete
memristor synapses can be described as follows:

{ Wi (q1(n),q2(n)) = Wi (q1(n)) +b1Wa(qa(n)),
W2 (q2(n),q1(n)) = W2 (q2(n)) +b2Wi(q1(n)),

where Wi(qi(n)) and Wa(qa2(n)) represent the weights of

2

synapse_1 and synapse_2, respectively, without considering
crosstalk. Wi (q1(n), g2(n)) and W(g;(n), g2(n)) represent
the weights of synapse_1 and synapse_2, respectively, when
considering crosstalk. b; and b, are the crosstalk intensi-
ties, where b1 W> (g2 (n)) represents the influence of synapse_2
on synapse_1, and b,W;(q;(n)) represents the influence of

synapse_1 on synapse_2.

Wi(gq,(n))

Synapse_1

(n))

by Wh(ga(n))

=
S
=
2
o

Wy(gq2(n))

Synapse_2

Fig. 1. Topological structure of the HDNN with synaptic crosstalk.

2.2. Pinched hysteresis loops

Under the condition of an input sinusoidal voltage sig-
nal v(n) = Asin(wT (n)), and the initial value of the discrete
memristor g(1) = —2, the voltage—current characteristic curve
of the discrete memristor is shown in Fig. 2. By changing the
amplitude of the sinusoidal voltage signal, figure 2(a) illus-
trates an “8” shaped hysteresis loop crossing the origin, and
the area of the loop gradually increases with the increase in
amplitude. By varying the frequency of the sinusoidal voltage
signal, figure 2(b) shows the hysteresis loop gradually shrink-
ing. As the frequency increases, the area of the hysteresis loop
gradually decreases until it becomes a single-valued function.
Therefore, this discrete memristor complies with the definition
of a generalized memristor.

(a) 20
—w =0.0002
—w = 0.0004
—w =0.0005

10

0

I(n) (A)

—-10

_3930 —20 —10 O 10 20 30

Vin) (V)

72930 —-20 —-10 ©0 10 20 30

Vin) (V)

Fig. 2. Hysteresis loop of the memristor: (a) w = 0.0002, A = 20, 22, 25,
(b) A =25, w=0.0002, 0.0004, 0.0005.

3. Memristor-coupled HDNN
3.1. KTz neurons and Chialvo neurons

The model of three-dimensional KTz neurons is as

follows:[04]

K(n+ 1) = tanh (el

y(n+1) =x(n), 3)
z(n+1) = (1 —g)z(n) — h(x(n) —u),

where x(n) represents the membrane potential of the neuron,
y(n) denotes the recovery variable, z(n) represents the slow to-
tal ion current. a, d, t, g, h and u are parameters that control
the firing patterns of the neuron.

The model of two-dimensional Chialvo neurons is as
follows: 6]

{x(n+ 1) = [x(n)* exply(n) —x(n)] +1(1),

y(n + 1) = ay(n) _ bx(n) +ec, (4)

where x(n) represents the membrane potential of the neuron,
y(n) denotes the recovery variable, a, b and ¢ are parameters,
and I(z) can be regarded as the external input current.

3.2. Model of the memristor-coupled HDNN

The model of the memristor-coupled HDNN with synap-
tic crosstalk is represented by Eq. (5), where k is the coupling
strength of the neural network, b; and b, are the crosstalk
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strengths of the system. The remaining parameters of the sys-
tem are as follows: a = 0.6, t = 0.35, ¢ = 0.1, ¢; = 0.28,
a1 =09,d=04,d =0.03, r=0.6, k =0.2, g =0.008,
h=0.008,u=-03,8=5,v7v=2.

xi1(n+1) = tanh (xl(fl)—a)fl(:l)+z1(n)+d> — k(tanh(qa(n))
+bytanh(g1(n))) (x1(n) —x2(n)),

yi(n+1)=x1(n),

zi(n+1) = (1-g)zi(n) —h(xi(n) — u),

x(n+1) = [ (n)]* exp[y2(n) —x2(n)] + di
+k(tanh(gi (n)) + by tanh(ga(n))) (5)
x (x1(n) —x2(n)),

y2(n+1) = ayy,(n) — rxy(n) +cy,

qi(n+1) =qi(n)+c(q1(n)(8 — vlgi(n)]))
+C(x2(n) x1(n)),

q2(n+1) = q2(n) +c(q2(n) (6 — v|q2(n)]))
+C(x1() x2(n)).

3.3. Analysis of equilibrium points

According to Eq. (5), the equilibrium point £ (x(le), yie),
A9 yle) o) (e) - (e)
1 >% Y2 91 5 49,

follows:

) of the system can be obtained as

E(xge),x(lf:),f(xge)JrOS), (e ) 6xg )+28 qg ),q2 ) 6)

According to Egs. (5) and (6), the following equation can be
derived:

(e)
xgeuanh(w)
(e) (e)yy(,(e) _ (e)y _
+0.2(tanh(q, ')+ b tanh(qy ') (x; ' —x, ') =0,

x<;> — P exp (=747 +2. 8) ~0.03

@)
+by tanh( ))(x§e> Ny =o,

)
)+ =0,
)

+(x )=0.

0.2(tanh(g{* 1

0 (5ot
a2 (5 [os”

The corresponding Jacobian matrix is

A B A C 0 -bE F

1 00 O 0 0 0
—000800992 0 0 0 0
Jo=| N 0 0 M D E —bF|, (8
0 0 0 -0609 0 0
01 0 0 01 0 V 0
0. 0 0 010 0 VW

(e)
2
A= —O (sechxl
7
(e)
B= ,E (sechx1
7

with

2
—06y 15 104) " o
0.35 ’

—0.60\9 42 104\
L ., (10)

0.35

C = k(tanhg{*) + by tanhg\*)), (11)
=[] exp(0d) o), (12)
E = k(x{” —x5”)(sechg|*) 2, (13)
F = —k(x{* —x})) (sechg})?, (14)
M= 2x£e) exp (yée) —xée)) (15)

[ exp (35 ) . (16)
N = k(tanhg\®) + b, tanhq§e>), (17)

Vi =0.1(5 - abs(g)”)) +4\” (=sign(@))).  (18)
:0.1(5—abs(q2 ))+q2 (—51gn( )) (19)

The eigenvalues of the Jacobian matrix can be obtained by
P(A) =det(AI—Je). (20)

The equilibrium points and eigenvalues for different levels of
crosstalk strength are shown in Table 1.

Table 1. Equilibrium points, corresponding eigenvalues and stabilities.

(b1,b2) (x1(n),x2(n), q1(n), g2(n)) Eigenvalues Stabilities
(0.5,0.5) (0.1090,0.1439,5.0070,4.993) 1.6755, 1.0403 £ 0.471, 1.0672, 0.9021, 0.5014, 0.4986 unstable
(0.1051,0.0562,0.0098, —0.0098) 1.9161, 0.7886, 1.1123, 1.1078, 1.0001, 1.5027, 1.4980 unstable
(0.1191,-0.007,—5.0251,—4.9746) 0.4714, 0.0713, 0.8332, 0.8995, 0.6204, 0.5051, 0.4950 stable
(0.1052,0.1832,—0.01570.0157) 1.9172, 0.7905, 1.1139, 1.1408, 1.2851, 1.4852, 1.4946 unstable
(1,1) (0.1084,0.1532,—0.0090,4.9910) 1.6369, 1.2258 +0.29191, 1.4892, 1.0624, 0.8737, 0.5018 unstable
(0.1051,0.1829, —4.9844,4.9844) 1.6054 £0.15381, 1.0974 +£0.02781, 0.8312, 0.5031, 0.6032 unstable
(0.0701,0.3047,—4.9526,—5.0465) 0.5228, 0.8046 +0.12421i, 0.9289, 0.6980, 0.5095, 0.4907 stable
(0.1270,—0.0209, —5.0294, —4.9702) 24671, —0.5134, 1.0359, 0.8968, 0.6454, 0.5060, 0.4941 unstable

The stability of equilibrium points in chaotic systems sig-
nificantly influences the dynamical behavior. The stability of
the equilibrium points can be determined based on the eigen-

values. When the eigenvalues lie within the unit circle, the

equilibrium points are stable; otherwise, they are unstable.

To analyze the impact of crosstalk strength on the dynam-
ics of the memristor-coupled HDNN, certain system parame-
ters are held constant as follows: a = 0.6, r = 0.35, ¢ = 0.1,
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c1 =028,a1=09,d=04,d =0.03, r=0.6, g =0.008,
h =0.008, and u = —0.3.

Fig. 3. Bifurcation diagram and Lyapunov exponent plot with respect to
crosstalk strength by. (a) Bifurcation diagram with respect to by for the
initial condition (—1,1,1,—1,1,1,1); (b) Lyapunov exponent plot with
respect to by for the initial condition (—1,1,1,—1,1,1,1); (¢) bifurcation
diagram with respect to b, for the initial condition (—1,1,1,—1,1,—1,1);
(d) Lyapunov exponent plot with respect to by for the initial condition
(=1,1,1,-1,1,—1,1).

@ o

yi(n)

S(=1,1,1,—1,1,1,1)
S(~1,1,1,-1,1,-1,1)

—(=1L,1,1,-1,11,1
—(=1,1,1,-1,1,—1,1)
2 3000 3100 3200 3300

T(n)

(d)

yi(n)

—0.5} w"ﬁﬁ.(f]yl,l,fl.],l‘]) ~1.0

i
—(-1,1,1,-1,1,1,1
Lol S(~1,1,1,-1,1,-1,1) I NI )
~1.0 —0.5 0 0.5 1.0 1.5 3?)00 3020 3040 3060 3080 3100
zy(n) T(n)
1.5
(e) —_— 1.0/
1.0
0.5
~ 0.5 —
£ = 0
S 0 £_05
—05 Y e(-1,1,1,-1,1,1,1) -1.0 —(-1,1,1,-1,1,1,1)
ol HRBEC NI R —(-1,1,1,-1,1,-1,1)
=3 —2 —1 0 1 2 3000 3020 3040 3060 3080 3100
z(n) T(n)
1.5
(g() : Lol®
C(=1,1,1,—1,1,1,1
1.0 1,1,-1,1,1, ..
.(71,1,1.71,'1,71.1.).. 3 0.5
— 0.5 =
O = 0
s g
—0.5
—0.5 —1.0 —(=191,1,%1,111,1)
—(=10.1,-11,-1,1)
—1.0

=1.0 —05 0 0.5 1.0 1.5 3000 3020 3040 3060 3080 3100
z1(n) T(n)

Fig. 4. Phase portrait in the x;—y; plane and time series plot of x; for dif-
ferent crosstalk strengths b;. [(a) and (b)] b = 2, coexistence of chaotic
attractors and chaotic attractors; [(c) and (d)] b; = 1.15, coexistence of
chaotic attractors and periodic attractors; [(e) and (f)] b; = —0.88; coexis-
tence of periodic attractors and chaotic attractors; [(g) and (h)] b1 = 1.03,
coexistence of periodic attractors and periodic attractors.

4. Impact of crosstalk strength on multistability
4.1. Impact of crosstalk strength b

When the coupling strength £ = 0.2 and the crosstalk
strength b, = 0.2, considering two different initial conditions
(-1,1,1,-1,1,1,1) and (—1,1,1,—1,1,—1,1), the bifurca-
tion diagram and Lyapunov exponent plot with respect to the
crosstalk strength by are shown in Fig. 3. Obviously, this sys-
tem shows the characteristics of multistability. To provide a
more visual representation of the system’s multistability, we
plot the different coexisting attractors under different crosstalk
strengths in Fig. 4. We observe the coexistence of chaotic at-
tractors with chaotic attractors, chaotic attractors with periodic
attractors, periodic attractors with chaotic attractors, and peri-
odic attractors with periodic attractors in the system.

4.2. Impact of crosstalk strength b,

When the coupling strength £ = 0.2 and the crosstalk
strength b; = 0.85, considering two different initial conditions
(-1,1,1,—1,1,1,1) and (—1,1,1,—1,1,—1,1), the bifurca-
tion diagram and Lyapunov exponent plot with respect to the
crosstalk strength b, are shown in Fig. 5. Different coexist-
ing attractors under different crosstalk strengths are shown in
Fig. 6. It is observed that under this condition, the system ex-
hibits the coexistence of chaotic attractors with chaotic attrac-
tors, chaotic attractors with periodic attractors, periodic attrac-
tors with chaotic attractors, and periodic attractors with peri-
odic attractors.

5. Impact of crosstalk strength on phase syn-
chronization

When studying the influence of different crosstalk
strengths on the phase synchronization of neurons, the phase
of the neurons can be expressed by the following equation:
n—ny

0(n)=2r———
(I’l) ne+1—ny

, (e <n<m+1), 21

where n; represents the occurrence time of the k-th cluster, and
ny4+1 represents the occurrence time of the (k+ 1) the cluster.

The phase difference between two neurons can be repre-
sented by the following equation:

A8 (n)| = (61 (n) — O2(n)].

With a fixed value of k = 0.2 and b1 = 0.85, when the crosstalk
strength b, = 0.5, as shown in Figs. 7(a) and 7(b), the fir-
ing pattern of the neurons is characterized by spike firing, and

(22)

the two neurons are not synchronized. In Figs. 7(c) and 7(d),
it can be seen that as the crosstalk strength b, decreases to
0.1, the two neurons gradually start to synchronize. When
the crosstalk strength b, = —1, as shown in Figs. 7(e) and
7(f), one neuron exhibits firing in chaotic clusters, while the
other neuron exhibits spike firing, and phase synchronization
is achieved.
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it can be observed that the phase of the two neurons is not
j : ! ﬁ — synchronized. As depicted in Figs. 8(c) and 8(d), when the
5f P e crosstalk strength b decreases to —0.5, their phases gradually

synchronize. Further reducing the crosstalk strength to —1.2,

z(n)

both neurons exhibit spike firing patterns and achieve phase

0 05 10 15 synchronization.
2
0 2.0 6
N Vza (a) —xy(n) (b)

—0.2 15 —y(n) 5

m ~
& T 10 4

= _04 g =

S oos T3
—0.6 AL IN P . \:: 0 < Y

(@) "
15 98505 0 05 10 15 —05 1

by

-1
3%00 3020 3040 3060 3080 3100 3%00 3020 3040 3060 3080 3100

Fig. 5. Bifurcation diagram and Lyapunov exponent plot with respect to 2.0 ) 6 )
crosstalk strength by. (a) Bifurcation diagram with respect to b, for the e —z1(n) —z2(n) (d)
initial condition (—1,1,1,—1,1,1,1); (b) Lyapunov exponent plot with 18 5
respect to by for the initial condition (—1,1,1,—1,1,1,1); (c) bifurcation £ 10 4
diagram with respect to b; for the initial condition (—1,1,1,—1,1,—1,1); % o5 <3
(d) Lyapunov exponent plot with respect to b, for the initial condition £ 0 < 9
(~1,1,1,-1,1,~1,1).
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6. Conclusion

In this paper, we propose a memristor-coupled HDNN,
which consists of a two-dimensional Chialvo discrete neuron,
a three-dimensional KTz discrete neuron, and two memris-
tor synapses. The synaptic crosstalk within the network is
modeled by mutual coupling between the memristor synapses.
It is found that the system exhibits different attractor co-
existence phenomena under different crosstalk strengths, in-
cluding coexisting chaotic and chaotic attractors, coexisting
chaotic and periodic attractors, and coexisting periodic and
periodic attractors, which reveals the multistability behavior
of the memristor-coupled HDNN. Furthermore, in this paper,
the synchronous firing behavior between two discrete neurons
is investigated by varying the crosstalk strength.
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