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Anomalous transport in magnetically confined plasmas is investigated using temporal fractional transport equations.
The use of temporal fractional transport equations means that the order of the partial derivative with respect to time is a
fraction. In this case, the Caputo fractional derivative relative to time is utilized, because it preserves the form of the initial
conditions. A numerical calculation reveals that the fractional order of the temporal derivative & (& € (0, 1), sub-diffusive
regime) controls the diffusion rate. The temporal fractional derivative is related to the fact that the evolution of a physical
quantity is affected by its past history, depending on what are termed memory effects. The magnitude of & is a measure
of such memory effects. When o decreases, so does the rate of particle diffusion due to memory effects. As a result,
if a system initially has a density profile without a source, then the smaller the o is, the more slowly the density profile
approaches zero. When a source is added, due to the balance of the diffusion and fueling processes, the system reaches a
steady state and the density profile does not evolve. As « decreases, the time required for the system to reach a steady state
increases. In magnetically confined plasmas, the temporal fractional transport model can be applied to off-axis heating
processes. Moreover, it is found that the memory effects reduce the rate of energy conduction and hollow temperature
profiles can be sustained for a longer time in sub-diffusion processes than in ordinary diffusion processes.

Keywords: anomalous transport, temporal fractional transport equation, Caputo fractional derivatives, mem-

ory effects, hollow temperature profiles
PACS: 05.60.-k, 05.70.Ln, 47.27.T-, 45.10.Hj

1. Introduction

The mechanism of anomalous particle transport is one of
the most significant issues in magnetically confined plasmas.
In ordinary transport theory, the Brownian random walk model
states that interactions between particles occur via collisions,
which can be modeled by the Langevin equation. With the
assumption that random forces are independent of the particle
displacements r, the solution to the Langevin equation gives
(r?) ~ t, meaning that the mean square displacement is lin-
early dependent on time . However, in recent years, anoma-
lous transport with a scaling law (r2) ~ t3 (B # 1) has been
observed in many experiments and simulations.''~7! The value
of B can represent different processes: 0 < 8 < 1 for sub-
diffusion, B = 1 for ordinary diffusion, and 1 < 8 < 2 for
super-diffusion. Sub- and super-diffusions refer to particles
diffusing more slowly and more quickly than in ordinary dif-
fusion.

In magnetically confined plasmas, the Brownian random
walk model based on collisions fails to explain experimental
results due to collective behavior arising from the Coulomb
force. In ordinary transport theory, the scaling law is D o<
1/B2,18 where D is the diffusion coefficient and B is the mag-
nitude of the magnetic field. However, Bohm experimentally

determined the scaling law of diffusion to be D o< 1 /B,[9]
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which can be theoretically derived using the two-dimensional
guiding center model.!'%!!] In this model, due to the E x B
drift motion of the guiding center, the velocity correlation can
be transformed into an electric field correlation, which implies
that the Coulomb force influences the diffusion process.

In Refs. [12-15], the decorrelation trajectory (DCT)
method was proposed as a method to calculate diffusion co-
efficients. In this method, a global ensemble is divided into
many sub-ensembles. In each sub-ensemble, the fluctuating
electrostatic potential ¢ (x,) has a fixed value at the starting
point, i.e., at * = 0 and at + = 0, and therefore the veloc-
ity of the guiding center of each sub-ensemble is expressed
as V¢(0,0) x e, as a result of E x B drift. Furthermore, in
each sub-ensemble, the decorrelation trajectory can be deter-
mined from the Hamiltonian equations of motion, along which
the Eulerian correlation is calculated. Assuming that the La-
grangian velocity correlation in the sub-ensemble is equal to
the Eulerian correlation, the diffusion coefficients can be cal-
culated from the Lagrangian velocity correlation and related to
the Kubo number defined as K = V1, /A, where V, 1, and A,
are the typical velocity of the particles, the correlation time,
and the correlation length, respectively. Utilizing the DCT
method yields D o< K? for K < 1,and Do< K, y < 1 for K >> 1.
When the guiding center is undergoing E x B drift motion,
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the Kubo number can be written as K = £1./(BAZ2), where &
is the amplitude of electrostatic potential fluctuations. There-
fore, K > 1 implies that the system has strong turbulence due
to the large amplitude of potential fluctuations. As particles
encounter strong potential fluctuations, they are trapped by the

H2.16] Ag a result, it

fluctuations and undergo periodic motion.
is possible that they diffuse more slowly than in the ordinary
model and the system is in a sub-diffusive process.

In Refs. [12,17], the hybrid kinetic equations are utilized

to obtain the evolution of the density profile,

on(@.) _ /t dtL(t)V?n(x,t — 1), (1)
ot 0

where L(7) is the Lagrangian velocity correlation. For an or-
dinary transport process, the amplitude of the fluctuation is
small, implying K < 1. Utilizing the DCT method yields
L(t) ~ (¢/BA:)?e /% such that the velocity correlation has
an exponential decay and becomes insignificant as T > 7.
Since 7, can be thought of as a short time scale, n(x,r — T) ~
n(x,r) can be assumed if ¢ > 7., meaning that the density
profile at time ¢ does not relate to its past history. However,
for an anomalous transport process, strong turbulence with
large amplitude of fluctuation (K >> 1) has significant effect
on particle motions, then the DCT method gives L(z) ~ =7
(1 < y < 2) stating that the velocity correlation has power law
decay and the assumption n(x,t — 7) ~ n(x,t) is no longer ap-
plicable. Thus, the density profile at time 7 is influenced by its
past history as illustrated on the right-hand side of Eq. (1),
implying that memory effects do exist. Moreover, due to
L(t) ~t~7, manipulating the integration in Eq. (1) yields scal-
ing law (r?) ~ t* (o = 2 — 7).1'2171 Hence, the density evolu-
tion of an anomalous transport process can be modeled by the
temporal fractional diffusion equation.

Mathematically, the fractional derivatives are expressed
as specific forms of integro-differential operators/'8-201 that
generalize the definition of conventional differentiation. There
are many different types of fractional derivatives, includ-

ing Riemann-Liouville, Griinwald—Letnikov, and Caputo

derivatives. In our work, we utilize the Caputo fractional
derivative[2!]
d*f 1 t 1 df
— = —ds, O<a<l, 2
dre r(l—a)/o —s)eds" @

where I'(x) is the Gamma function. It can be proven that
the above formula returns to an ordinary first-order deriva-
tive as & — 1. The Caputo fractional derivative is useful for
solving initial value problems because it preserves the form
of the initial conditions. Theoretical methods for solving or-
dinary fractional differential equations with the Caputo frac-
The devel-

opment of a numerical method to calculate Caputo fractional

tional derivatives are summarized in Ref. [20].

derivatives is significant to the study of complex problems as
well. The Griinwald—Letnikov formula!'®! and L1 formula!??!
are the two main numerical formulae used to calculate Caputo
fractional derivatives. If 0 < a < 1, the Griinwald—Letnikov

191 and

formula can be used to obtain the first-order accuracy
the L1 formula can improve the accuracy of order 2 — ¢t.[>]
In Ref. [24], the L1-2 formula was used to achieve an accu-
racy of order 3 — o by means of quadratic interpolation. The
algorithms of numerical solution to other types of temporal
fractional derivatives are discussed in Ref. [25] to investigate
the memory effects in fractional-order chaotic systems.

The temporal fractional transport model in cylindrical co-
ordinates has been studied in recent years in other academic
fields.2931 In Ref. [12], the solution to the evolution of a
density profile in an infinite domain in cylindrical coordinates
in the absence of a source was derived. However, in real toka-
maks, plasma particles are confined in a bounded domain and
the solution to the diffusion equation can be expanded in terms
of a series of orthogonal functions. In our work, we assume
that a plasma system encounters a non-Markovian process
with strong turbulence in a bounded domain. As mentioned in
Refs. [12,16], plasma particles in a system with strong turbu-
lence will be trapped by electric fields generated by large fluc-
tuations. As a result, plasma particles diffuse slowly than ordi-
nary. This kind of anomalous transport can be modeled using
temporal fractional transport equations. Therefore, the goal of
this work is to investigate memory effects on transport through
numerical and analytical methods in a bounded domain. This
paper is organized as follows: Section 2 briefly reviews the
derivation of the temporal fractional diffusion equations. Sec-
tion 3 compares the numerical results of density profiles un-
der various orders of temporal fractional derivatives without
sources and with uniform sources. At the end of Section 3,
the application to off-axis heating processes is discussed. Sec-
tion 4 presents a theoretical analysis, and Section 5 contains
the summary and conclusions.

2. Derivation of the temporal fractional trans-
port equation

In an ordinary transport process, particle jumps occur
at regular, well-defined time intervals. However, in real sit-
uations, the time interval between successive jumps varies.
Therefore, the continuous time random walk (CTRW) model
can be introduced to generalize the Brownian random walk

1.1321 In this model, particles are allowed to have an ar-

mode
bitrary jump length and waiting time expressed by probability
distribution functions (PDFs). Furthermore, the temporal frac-
tional diffusion equation can be derived from the master equa-

tion of this model.[*3! In this paper, we concisely review the
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derivation of the temporal fractional transport equation from
the CTRW model and the detailed derivation processes are
provided in Refs. [12,32,33]. Suppose that a particle is at po-
sition & at time ¢, then stays at &’ during a waiting time t —¢/,
and then jumps to position . We define f(x — 2’) as the PDF
") as the PDF of the waiting
time ¢ — ¢/, such that the PDF of the process can be expressed
= f(x — ')yt —1'). We further de-

note W as the Laplace transform of function w and ¥ as the

of the jump = — ' and y(r —1¢
as&(x—a 2’1 —1';r)

Fourier transform of function v through
wwp)= [ e rd,
0
Bk, 1) = / v(@, e da,

Defining ¢ = py/(1 — ), we have

_ /Ot dt’'¢(t —tn(z,t'). 3)

Taking the Laplace transform in time and the Fourier trans-
form in space of Eq. (3) yields
Ao (k) vl

0 = n
e P e

il(k, p) = 5

where the initial condition ng(x)d(¢) is assumed. From the

statistical definition of average, we may write

k)= /:of(ac)eik'mdw

:<eik~m>:1+ik.<m>7%kzkz:<:1333>+0(k3)7 5)

= [T ve ma= e = 1-p) - 0(), ©)

where (---) denotes the statistical average. Therefore, from
Eq. (6) we have

_ dy(p)
(t)=— 4 lpo

(7

Moreover, since the directions of jumps are randomly dis-

tributed, we have (x) = 0 and Eq. (5) becomes

(k) = /_ Z Fl@)e* = da

= (eF®) =1— %kk H(zx) +O(K). (8)

In one-dimensional space with the fluid limit (k — 0, s — 0),
we assume that the system has a characteristic time 7, and
a characteristic length A. implying (t) = 7. and (x?) = A2.

1—1.pand f(k) ~ 1 —A2k*. Sub-
stituting them into Eq. (4) gives

Hence, we have J(p) ~

2 A )‘cz 2
pn(k,p) — o (k) = -k

C

ik, p). )

Performing the inverse Laplace—Fourier transforms on Eq. (9)
gives

on(x,t) A

2
ot ‘L’CV n(x.1),

n(x,0) = no(x),

which returns to the ordinary diffusion equation.

In a system with strong turbulence, particles will be
trapped by fluctuation and have periodic motions. As a conse-
quence, the PDF of waiting time y/(¢) has a long tail such that
(t) is infinite, implying that the system does not have charac-
1-tfp*(0<a<l)
=at¢p*!|,_

teristic time. In fact, assuming ¥(p) =

yields (t) = —dy(p /dp|
the assumption f(k) =1 — lzkz, from Eq. (4) we obtain

o — o Keeping

- A2 .
ik, p) = p* (k) = TRk, p).  (10)

Moreover, taking the Laplace transform of Eq. (2) yields

LGRS D Y L ')
TRt v s )/ epd’/o (=9 as®
=p®f(p)—p*~' f(0). (1)

Utilizing Eq. (11) and performing the inverse Laplace—Fourier
transform on Eq. (10), we have

2%n 5

W = Dav n, (12)

where Do = A2 /7%

Sadd(, 1), then the above equation becomes

0%n

dr®

If a = 1, the transport process is Markovian. If 0 < & < 1, the

transport process is non-Markovian, and the memory effects

. Suppose that there is an additional source

=Dy V?n+ Sud. (13)

have an influence on the transport process. In other words, o
measures the influence level of the memory effects.

In Refs. [12,17], it was shown that the temporal fractional
transport equation can be derived by the DCT method. Based
on the DCT method, the asymptotic form of velocity correla-
~ AotV (1 < y<2), where
Ay is a constant and Eq. (1) becomes

tion can be assumed to read L(r)

8na;t

/ dtAgt "V2n(x,t — 7). (14)
Taking the Laplace transform on Eq. (14), we have
= Aos"IT(1 — y)VZii(x, 5).

sii(x,s) —n(x,0) (15a)
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Equation (15a) can be rewritten as

s Vii(x,s) — 5! n(x,0) = AgD'(1 — y)VZi(x,s).  (15b)
By performing the inverse Laplace transform yields
> n
Sy = A1~ Y)Vn, (16)

Eq. (16) is consistent with Eq. (12) if « =2 — Yy and Dy =
AoI'(1 — 7). Thus, the temporal fractional transport equation
derived from the CTRW model is consistent with that derived
from the DCT method.

3. Numerical results

In cylindrical coordinates, with a constant diffusion coef-
ficient, the temporal fractional diffusion equation reads

o D (191 s a”

9t r or
Note that the dimensionless variables are defined as r/a — r,
t/to = t, Dgt{ /a* — Dy, where Dy is the characteristic dif-
fusion coefficient, a is the minor radius, and #y is the char-
acteristic particle confinement time. Furthermore, the dimen-
sionless variables of the source and the density are defined as
Sadd/So — Sada and n/ny — n, where ng is the characteristic

roq ( ni-) —r 1 (ni-—n'47
[-”2 Mjt1 J 3\

diffusive scale of the density and So = ng/ tg‘ is the character-
istic scale of the source. In Ref. [24], the authors developed the
L1-2 formula, which expresses the temporal fractional partial

derivative at time #; at position r; as

aa — —k

-, as)

Wherec(() )—11fz_1 and

Gy 1 1
col —E‘Fr
() (k+1)17% =2k 4 (k— 1)1~
k = 2
k+1)2% —2k* % (k— 1)
4 e l) PO i cksion,
2—o
) _ (i—2)17% —(i— 1)1 4217«
i—1 2
C(i— 1)27% — (j—2)> @
2—o

if i > 2 and iAr = ¢;.

scheme for the temporal fractional partial differential equa-

Since the authors utilized the explicit
tion, we apply the Crank—Nicholson method to improve the

numerical stability in our work and the spatial partial deriva-
tive can be approximated as

i—1 i—1 i—1 i—1
+ |:r 1(7’ll~ n. ) r 1(71- n. >i|
.01 +l .1 —1
)} jt+3 J J =3 J J

o 0 [ On
D 19
r 8r( ar) ¢ 2r;(Ar)2 ;319
| i—1
h = jA =2 Ar/2, =(2j—1)Ar/2, A% & : .
where rj = JAr, r é ( Jj+1)Ar/ r] 1 (2) ) r/ -7 ch(cz,a)(n,j_kin,j_k_l) @1)
j=12.3,..., 1 and nAr = 1. Thus, Comblmng Egs. (18) 2-a) k=1
and (19) without a source yields if i > 2. If there is a source, then S’ add will be added on the
_2j+1 Dg S BN [ A + Dq } ! right-hand side of Egs. (20) and (21). The total number of
2 2
4j (Ar2 FQ2—a) (a2l particles can be defined as
2j—1 Dg
e — "}71 1
4j  (Ar)? Niot(2) = 2717/ n(rt)rdr,
T4 (Ar)? it r2—a) (Ar)? " so that we can investigate the effect of o on the evolution of
2j—1 Do density profiles. Next, we numerically solve Eq. (13) with and
4j (Ar) without sources.
ifi=1, and
(i) 3.1. Without sources
2] +1 Dy At~ %y Dy 1
4j Ar)zn jH1 [ T2—a) + (Ar) ]” We first investigate the diffusion rate for different tem-
_2j—1 D4 poral fractional orders « without a source and with a con-
i
4j ( Ar)2n1*1 stant diffusion coefficient Dy = 0.01. In our simulation, the
2j+1 Dy . initial condition is n(r,0) = 1 — 2 (Nyot(0) = /2 =~ 1.5708),

n'. [At%g’a) Dq }ni—l
4j (Ar)2 Ut r2—o) J
2]71 D(x l 1
4j (Aan2"H

and the boundary conditions are dn/dr|,_,=n(1,r) =0. Fig-
ure 1 shows the density profiles for different ¢ at t = 200 and

t =400. In Fig. 1(a), the magnitudes of N, are approximately
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1.2953 for oc = 0.2, and 0.1160 for o = 0.8, which means that
the total number of particles Ny drops 17.54% and 92.62%
from the initial conditions for @ = 0.2 and o = 0.8, respec-
tively. Hence, as o becomes larger, the density decays faster.
Furthermore, the magnitude of Ny is 1.2953 at r = 200, and
1.2681 at t =400, for oc = 0.2, which means that the total num-

ber of particles decays faster at the beginning and then slows

down.
1
0.9l ® Density profile at ¢ = 200 (b) Density profile at ¢ = 400
0.8F a=0.2 /”@.
0.7 &
%,
0.6 a=04 s
a3
20.5 @%
0.4 e
0.3} a=06
0.2
0.1
«=08
0 02 04 06 08 10 02 04 06 08 1
r T

Fig. 1. Density profiles at times r = 200 and ¢ = 400 without sources.
Comparing the blue, green, red, and magenta curves at t = 200 and
t = 400, it is found that a smaller @ leads to slower particle diffusion.
Thus, the value of o controls the diffusion rate of the density.

3.2. With uniform sources

Next, we investigate the evolution of density profiles with
sources. In this situation, the particles diffuse and also increase
in number due to the injection from the sources. As a result,
the diffusion and source terms eventually balance out, so that

the system arrives at a steady state. Hence, in the steady state

we have

d%n Dy d ( dn B
Fr 75(r5> *+Saaa =0,

which implies that the form of the density profile at the steady

(22)

state ng is independent of o and depends on S,q39. We assume
that the initial condition n(r,0) = 0 and that the source term is a
constant, i.e., S,qq = const. Therefore, the solution to Eq. (22)

is

ng(r) = Saaa (1—72).

4D, 23)

Thus, in the steady state, n5(r) = (1 — r?) /4 and the total num-
ber of particles at steady state Ny = /8 can be obtained if
Dy =0.01 and S,44 = 0.01 are assumed.

Figure 2 illustrates that all of the curves approach ng(r) =
(1—172)/4 at different speeds depending on . For instance,
Fig. 2(d) reveals that the magnitude of Ny, for oc = 0.8 is larger
than that for ¢ = 0.2, indicating that a larger o leads to a faster
approach of the density profile toward ng(r). Moreover, from
the magnitude of Ny for each o at each moment, it is found
that the density profiles grow faster at the beginning and then
slow down. Detailed data are listed in Table 1.

Thus, the simulation reveals that as o — 1, the diffusion
rate increases. As a result, the density decreases faster for
a = 0.8 than for ¢ = 0.2 without sources, and the density in-

creases faster for o = 0.8 than for oc = 0.2 with sources.

(a)0.25 T T T T (b) 0.25 T T T T
Density profile at t =250 Density profile at ¢ =500
s=(1-r2)/4 | L 4
0.2t e =(L=r)/ 0.2
a=04
—a=0.6
0.15} a0 {1 o015t 1
g
0.1p ! 0.1fF q
0.05- ! 0.051 1
0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
T T
() 0.25 T T T T (d)0.25 T T
Density profile at ¢t =750 Density profile at ¢ = 1000
0.2F 4 0.2F i
0.15f 1 0.15- q
g

0.1F ! 0.1p q
0.05¢ ! 0.05¢. q

0 . . . . 0 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

T

r

Fig. 2. The evolution of the density profiles at different moments and different o¢ with Spgg = 0.01. The black curves represent the
density profile n(r) = (1 —r?)/4 in the steady state and each curve approaches ng with a different speed depending on o.

Table 1. The total number of particles Ny at different moments.

Nioy att =250 Nioy at t = 500 Nior att =750 Nioy at t = 1000
=02 0.0721 0.0792 0.0837 0.0870
a=04 0.1612 0.1884 0.2047 0.2162
a=0.6 0.2836 0.3179 0.3337 0.3431
a=0.8 0.3697 0.3811 0.3847 0.3865
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3.3. Applications to magnetically confined plasmas

So far, as mentioned in Subsections 3.1 and 3.2, it is found
that as the temporal fractional order @ deceases, the rate of dif-
fusion decreases as well. Therefore, & can be thought of as the
measure of the memory effects. In the derivation of the tem-
poral fractional transport equation, we start with the CTRW
model of particles. Supposing that these particles carry en-
ergy, as they jump from position x’ to position x during a
waiting time ¢ — ¢, energy transport may occur. Therefore, we
may utilize the CTRW model to simulate the evolution of the
temperature profile and Eq. (8) can be rewritten as

*T

@ = XaV’T +Huag, (24)

where T is the temperature, ), is the thermal conductivity,
and H,yq is the heating source. Hence, the memory effects

on the anomalous transport of temperature can be investigated

(3)0,5 T T T T T 2.5
0.4p >=06 12
0.3F a= 11.5

E a=0.2 %
0.2+ 11

a=0.05
0.1 10.5
At ¢t =250
0 . . . . 0
0 0.2 0.4 0.6 0.8 1
T

(c)o.5 2.5
0.4t 2
0.3 15

S g
0.2 1T
0.1 10.5

At t =750
0 , . . . 0
0 0.2 0.4 0.6 0.8 1

T

through Eq. (24). In early works, hollow temperature pro-
files were observed in steady states under off-axis heating, 34!
and theories based on nonlocal transport by utilizing the spa-
tial fractional transport equation in Markovian processes were
developed.?>-381 In order to investigate memory effects on the
formation of hollow temperature profiles under off-axis heat-
ing processes, we assume the heating source to be of the form
H,4q = Hee*(’*’(’)z/”z, where ro = 0.75, a = 0.05, and H. is a

constant, such that
1 1 -
27 / Hyaqrdr = 27H, / e =) /arqp = 1.
0 0

The initial and boundary conditions are the same as those in
the above section. Figure 3 shows the evolution of temper-
ature profiles for various . In this work, the temperature
profiles in the steady state 7;(r) can be obtained by solving

2 VT + Hygq = 0 using the finite difference method.

(b)0.5 ‘ ‘ ‘ ‘ 2.5
0.4f 1o
0.3} 15

]
0.2 13
0.1 105
At t =500
0 ‘ ‘ ‘ ‘ 0
0 0.2 0.4 0.6 0.8 1
T

(d)o.5 2.5
0.4f 2
0.3F 1.5 =

&
0.2 1 T
0.1 10.5
At t=1000
0 ‘ ‘ ‘ ‘ 0
0 0.2 0.4 0.6 0.8 1

r

Fig. 3. When a plasma system is heated at its edge, a hollow temperature profile can result. In a steady state, the temperature profile
T; can be obtained using the finite difference scheme. However, for a system with & approaching zero, the memory effects weaken the
heat conduction, such that the hollow temperature profile can be sustained for a longer time.

Table 2. The temperature spread & (z) for different o at different mo-
ments.

a=0.6 a=02 a=0.05
& att =250 1.0572 0.7847 0.5579
& att =500 1.0664 0.8062 0.5593
g att =750 1.0702 0.8182 0.5601
& att = 1000 1.0724 0.8265 0.5607

When a plasma system undergoes an off-axis heating pro-
cess, heat is first conducted from the location of the heating
source. As shown in Fig. 3, heat in a system with & = 0.6 is
conducted faster than that with o« = 0.2 and o = 0.05, such
that the temperature profile from the core to ro = 0.75 for
a = 0.6 is flatter than that for ¢ = 0.2 and o = 0.05. More-
over, it is found that temperature profiles have local minima at
the core for each o and that the maxima are close to the posi-
tion of the heating source. Hence, hollow temperature profiles

are formed. In order to investigate memory effects on hollow

temperature profiles, we further define the temperature spread
&(1) as

£o(1) = 21 / T t)rdr, (25)
0

and the simulation results are listed in Table 2.

In Table 2, it is seen that o controls the magni-
tude of the temperature spread & (). As o is close to
For instance,
/250 ~ 8.8 x 107 for o = 0.6, and
(&el,— 1000 1—750)/250 ~ 2.4 x 107° for o = 0.05. Hence,

the memory effects impede heat conduction. In Fig. 3 it is

zero, the increase rate of &(f) decreases.

(£e|t:1000 - £e|z:750)
_ ge’

found that the hollow temperature profile can be observed un-
til the profile is consistent with the profile 7; in the steady
state. However, if we take the hollow temperature pro-
file for a = 0.05 as the object of study, due to the fact

that the increase rate of &/(z) from ¢ = 250 to ¢+ = 1000 is
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(€|, 1000 — Eeli=250)/750 = 3.7 x 107 < 1 for ¢ = 0.05, the
system can be considered to be in a quasi-static state. Hence,
the hollow temperature profiles can be observed for a long time

due to the memory effects.

4. Theoretical analysis

To solve Eq. (13) without a source, we assume that
the diffusion coefficient is a constant, the initial condition is
n(r,0) = f(r), and the boundary conditions are dn/ 8r’r:0 =
n(1,¢) = 0. Applying the method of separation of variables,
we obtain the solution to Eq. (13) as follows:

n(rt) = Z ApEq (—Dar,zlta)Jg(rnr), (26)
n=1

where Eq g(z) is the Mittag—Leffler function, defined as

Zk

Eqp (z) = Z W7

k=0

27)

and Jo(x) and J (x) are the Bessel functions of the first kind
of orders 0 and 1, respectively; r, are specific values such that
Jo(ry,) = 0. Substituting it in the initial condition and utilizing
the orthogonality of the Bessel functions, we have

_ 2
le(rn)

n

/1 rf(r)Jo(r,r)dr. (28)
0

When the additional source as a function of space and time
Sada(r,1) is taken into account, the solution can be assumed to
have the form

=

n(r,t) =Y T(t)Jo(rar), (29)

n=1

and the source term can be expanded through the Bessel func-

tions

oo

Sadd(rit) =Y, Bu(t)Jo(rar). (30)

n=1

Therefore, the orthogonality of the Bessel functions gives

2 1

To() = Vo) /O r(r,1)Jo(rar)dr, 31)
2 1

B,(t) = W/O rSaga(r,t)Jo(ryr)dr. (32)

Taking an «-order derivative with respect to time for both
sides of Eq. (31) and utilizing Eq. (13) with the initial and
boundary conditions, we obtain
d*T,
dre

The solution to the above equation can be derived through the

= —r2DgT, +B,.

Laplace transform. Therefore, we have

T,(t) =AuEq 1 (—Dgrit®)

Jr/OtB,,(s)(l‘ —S)a_lEoc,a[*Dar;zl(t —5)%]ds.

Thus, the solution to Eq. (13) reads
n(rt) = Z JU(rnr){AnEa,l(_Darita)
n=1

+/O'Bn(s)(tfs)“—lEa,a[fDarﬁ(zfs)oqu}. 33)

The first term in the braces on the right-hand side of Eq. (33) is
the solution in the absence of an additional source term, while
the second term represents the effect of the additional source
term on the solution. Moreover, Eq. (33) reveals that the so-
lution can be expanded in a series of Bessel functions, unlike
the solution for an unbounded domain derived in Ref. [12]. If
a — 1, Eq. (13) returns to an ordinary diffusion equation and
Eq. (33) becomes

n(rt) = i Jo(rar) {An exp(—Darﬁt)

+/0tBn(s)exp[fDar%(tfs)}ds},

which is consistent with the solution to the ordinary diffusion

equation.

1

0.9 ]

a=0.2 4

a=04

0.7 a=0.6 1

0.8

0.6 a=0.8 4
a=0.99999

Eqi(—t%)
o
ot

0 5 10 15
t

Fig. 4. The decay of the function E (—t%*) with time for different
. The slopes of all curves are steep in the beginning and then be-
come shallower. This is consistent with the simulation results, showing
that the total number of particles decreases rapidly at the beginning and
more slowly at later times.

We next study the situation without an additional source,

so the second term on the right-hand side of Eq. (33) can be
ignored. Then the solution reads

n(rt) =Y Awdo(rar)Eqi(—Darat®). (34)
n=1

To investigate the effect of ¢ on the evolution of the den-
sity profile, we may set Dqr2 = 1 for simplicity. Figure 4
shows that as time increases, Eq 1(—t%) decreases and even-

tually approaches zero. Moreover, it is found that the rate of
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decay depends on «. For instance, at r = 7, for a = 0.99999,
Eq1(—t%)~0, while for & = 0.2, Eq 1 (—1%) ~ 0.375. Hence,
as o increases, the decay rate of the density increases as well.
The asymptotic behavior of the Mittag—Leffler function is

—k

Yy Loy, @)
k=1 F(ﬁ - ak) ’

where |z| — oo, 0t /2 < p < min[x, wa, and p < |arg(z)] <
7.9 Therefore, as t — oo we may truncate Eq. (35) to the first
term

1 —kg—ak P

l—ak “Ti-a)

N
Eal Z

Since A, and Jy(r,r) are independent of time, according to
Eq. (34), as Eq,1(—Dgrt®) — 0, n(r,t) — 0, we may define

the truncation time fyyy such that Eq j (—1%,,) = 0.01. There-
fore,
100 ql/e
frun = | =+—— 36
trun {F(lfa)} ( )

From Eq. (36), when o approaches zero, the truncation time
approaches infinity. When o — 1, the truncation time goes to
zero. Thus, the smaller the ¢ is, the longer the system spends
for achieving a rare density state.

When a source is taken into consideration, the solution to
Eq. (13) can be expressed as in Eq. (33). If @ — 1, correspond-
ing to the ordinary diffusion equation, the factor (f —s)*~! in
the integrand equals unity, so that this factor does not affect
the density profiles. However, since 0 < o < 1, this factor
cannot be disregarded. Moreover, the factor B, (¢)(t —s)% !
arising from the source term implies that the density profile at
position r and time ¢ is influenced by the past history of the
source term through the factor (t —s)*~!. In other words, the
factor (t —s)*~
term. Taking our work as an example, the initial conditions
n(r,0) =
dependent of time. Therefore, combining Eqgs. (28), (32), and
(33), we obtain

rt:i

where we have used the formulae

I strengthens the memory effects of the source

0 and S,gd—const are assumed, so A, = 0 and B, is in-

PAYRN
rn-ll

Jo rar)t*Eq a1 (—Darit®),  (37)

1
/ rJo(rar)dr = 1) ,
JO

I'n

t
/(; pailEa,Oc(_Dar;%pa)dp :taEa,a+1(_Dar’%ta)'

As t — oo, the system with a source arrives at a steady state,
which means that Eq. (37) is a function of radial position and
is independent of time. Moreover, from Eq. (35), we have

1
 Dor2toT(1— a)]'

t°E —Dgr’t
a,a+l( aly ) Dar

We further assume Dgr2 = 1 50 as to study the influence of o

on the density profiles, and the above equation becomes

1

°r(1—a) (38)

t*Eqar1(—t%)=1—
If we make Eq. (38) a function independent of time, i.e., in
a steady state, the second term on the right-hand side should
be much less than the first term, such that the second term
can be ignored. Figure 2(d) shows that the density profile
(1—r%)/4

than that for & = 0.8, which implies that the value of o de-

for o = 0.2 has a larger difference from ng(r) =

termines how long a system needs to reach a steady state. To
estimate the truncation time in order to ignore the second term
on the right-hand side of Eq. (38), we may assume that the
second term is 1% of the first term to obtain another trunca-
tion time fyyns = [100/T(1— a)]'/* (s in the subscript de-
notes a steady state). Note that the form of this truncation
time is the same as in Eq. (36), but the physical meanings are
different. The ratio of #yns for oo = 0.2 to that for o¢ = 0.8
is ttfun#’a:o.z /tmm»b"a:os ~ 108, which means that the trun-
cation time fyn s for o = 0.2 is much greater than that for
a = 0.8. Thus, as o decreases, the time required to reach a
steady state increases.

To investigate the evolution of temperature profiles under
off-axis heating processes, we assume that the heating source
has the form H,qq = Hee_(’_’(’)z/az, where ry =0.75,a=0.05,

and H, is a constant, such that
1 1 -
21 / Hygardr = 27H, / e~ (0@ gr = 1.
0 0

For theoretical work, we may express the heating source as

5(r—r0).

H =
add r

(39)

Moreover, the Dirac delta function can be expressed as the
derivative of the Heaviside step function

6(r—ry) = %H(r—rg).

Therefore, we have

Bu(t) = > 1 't o (rar)dr

le(rn

1 Ful
— J12(2r,,) /0 rJO2(7tr) [%H(r—ro)} dr.

Applying integration by parts and utilizing the boundary con-

dition T'(1,¢) = 0, the above equation can be written as

I'n !
B0 = Lt / i (rar)dr. (40)
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Substituting Eq. (39) into Eq. (24) and applying the initial con-
dition T'(r,0) = 0 yield

)5

o(rnr )t Ea(xH( Xarf /J1 rpr)dr.
l

(41)

As t — oo, the solution for the steady state reads

0% o

1 la"n ro

Jo(rn
Jolrar) Jl rar)dr. (42)

Another way to obtain the analytical solution for steady states

is to directly solve Eq. (22) and note that T(r,t) = T(r) in a
steady state. That is,
Xa d ( dT) 1 d
— ) =———H(r—ry). 4
rdr\ or 27r dr (r=ro) 43)
The solution to Eq. (39) reads
H(r— 1
r(r) = 1)y, (B) - (44)
2T Yo r 2T X

After a plasma system is heated from the edge, the heat starts
to be conducted by Fick’s law. Therefore, a hollow temper-
ature profile is formed. As time passes, the temperature at
the core increases and the hollow profile flattens. When the
plasma system is in a steady state, the temperature profile
does not evolve with time, consistent with the brown curves in
Fig. 5. However, the time required to reach the steady state in-
creases as (¢ decreases. Hence, the smaller the « is, the longer
the hollow temperature profile can exist. This can also be con-
cluded from the formula fyyy s = [100/T(1 — )]"/* — oo for
a — 0, implying that as « approaches zero, the system re-
quires an infinite amount of time to reach the steady state and
the hollow temperature profile can be observed indefinitely.

0.5 2.5
0.4r
T
T ana
g 031 — Haaa '
& 3
: =
& 0.2
0.1¢
O L L L
0 0.2 0.4 0.6 0.8 1

™

Fig. 5. The temperature profile in a steady state can be numerically
calculated through the finite difference scheme as shown by the brown
curve denoted as 7T;. It can also be analytically derived from Eq. (43),
as shown by the green curve denoted as 7T; ana. The source profile for
the numerical calculation has the form H,qq = Hee’“”O)z/ @ instead of
the Dirac delta function.

5. Summary and conclusion

In this work, we have investigated the effect of a temporal
fractional derivative on transport in a Fickian process with and
without sources. The fractional order of the temporal deriva-
tive in Eq. (13) can be derived from the CTRW model and the
DCT method. Moreover, Eq. (2) states that the time evolution
of the density is affected by its past history, which means that
the memory effects have a significant influence on anomalous
transport. When o¢ — 1, memory effects abate and disappear,
reducing the fractional diffusion equation to the ordinary dif-
fusion equation.

When a source term is taken into account, the memory
effects have an influence on the time needed to reach a steady
state. As shown in Figs. 2 and 3, as & increases, the time re-
quired to achieve a steady state decreases. Hence, for a system
in a sub-diffusive process with a source, the memory effects
will prevent the system from reaching a steady state. There-
fore, memory effects could be significant in allowing hollow
temperature profiles to exist for a long time under off-axis
heating.

It should be pointed out that non-local effects are also im-
portant to transport in Markovian processes, as investigated
in Refs. [35-38].
non-local and memory effects at the same time.

It would be interesting to consider both
In addi-
tion, the fractional order o depends on the Kubo number
K = £1./(BAZ2), which means that it depends on the mag-
netic fields and electrostatic fluctuations. In a real tokamak de-
vice, the magnetic field has spatial and temporal dependences,
which implies that o is a function of space and time. More-
over, as K > 1 implying weak magnetic field or large elec-
trostatic fluctuations in a system, the memory effects become
significant to impede transport processes. Hence, our future
work will focus on anomalous transport with spatial-temporal

variance of the fractional order o.
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