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The vibrational motions are usually neglected when calculating (e,2e) triple differential cross sections (TDCSs) of
molecules. Here, multi-center distorted-wave method (MCDW) has been modified by including molecular vibrations. This
vibrational MCDW method is employed to calculate the TDCSs of 1b3, orbital of ethylene at low (100 eV) and medium
(250 eV) incident electron energies in coplanar asymmetric kinematic condition. The results show that molecular vibrations
significantly influence the angular distributions of the TDCSs, especially in the binary region along momentum transfer near

the Bethe ridge.
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1. Introduction

The electron-impact ionization is a fundamental process
in atomic and molecular physics.[!! Tt plays an essential role
in plasma physics, astrophysics, as well as in biological radi-
ation physics. The accurate and reliable data of the ionization
cross sections are of great importance both experimentally and
theoretically. The complete information of the ionization dy-
namics can be obtained by the kinematically complete (e,2e)
experiment, where the energies and momenta of the incom-
ing and two outgoing electrons are determined. The quantity
measured in such experiment is the so-called triple-differential
cross sections (TDCSs). The experiments were usually per-
formed at low (< 100 eV)23! or medium (~ 250 eV)*! in-
cident energy employing traditional (e,2e) setup!®! or reaction
microscope, ! to test theoretical models concerning few-body
dynamics in quantum mechanics.

10-13] the measured

For simple atoms and molecules,!
TDCSs can be reproduced by the nonperturbative theories
such as the exterior complex scaling (ECS),!'#] the converged
close-coupling (CCC),!!3] the time-dependent close-coupling
(TDCC),'®! as well as the B-spline R-matrix!!7! approaches.
For more complex molecules, on the other hand, due to the
multi-center character and the complex electronic structures,
it is still challenging to precisely describe the electron-impact
ionization cross sections. Perturbative methods are more prac-
tical. Madison et al. developed a molecular three-body dis-
torted wave (M3DW) method!!8-24! (o calculate the TDCSs of
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molecules. In their approach, the continuum wave functions
of the incident, scattered and ejected electrons are solved in
a spherically averaged distorting potential. Due to the large
computational quantities, the orientation-averaged molecular
orbital (OAMO) approximation is usually adopted, which ne-
glects the anisotropic property of the molecule. A proper aver-
age (PA) over orientation-dependent cross sections is also em-

/=31 and the agreement between

ployed by the same author:
theory and experiment is generally improved. A multi-center
distorted-wave (MCDW) method was reported by Zhang et
al.B®?! to describe the single-ionization dynamics for asym-
metric kinematic conditions, and has been employed to cal-
culate TDCSs for a series of molecules.*>=37! In the MCDW
method, the incident and scattered electrons are described by
plane waves, and the continuum wavefunction of the ejected
electron is solved under the multi-center molecular ion poten-
tial. This method was recently extended to more general situa-
tions by including the distorted waves of the projectiles, 383!
called multi-center three-distorted-wave (MCTDW) method.
Mouawad er al.!*0*3] investigated the TDCSs for molecules
in the coplanar asymmetric geometry using a Coulomb wave
and a simplified distorted wave methods within the first Born
approximation.

Despite the great efforts of the theorists, discrepan-
cies between experiments and theoretical calculations still re-
main. It is worth to note that, in all the theoretical meth-

ods concerning (e,2e) dynamics for molecular targets, the
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TDCSs were calculated at the equilibrium molecular geom-
etry. However, according to some recent studies on elec-
tron momentum spectroscopy (EMS),*4#1 whose theoretical
framework is the simple plane wave impulse approximation,
molecular vibrational motions may have significant effect on
the electron momentum distributions for molecular orbitals.
Such effect has also been demonstrated in the temperature

50,51

dependence of electronic transition probabilities,>>!1 elec-

2-541 and generalized oscillator strengths

tric dipole moment!
(GOSs)P-901 of molecules. Therefore, it is highly necessary
to develop a theoretical approach including vibrational mo-
tions for calculating (e,2e) TDCSs of molecules.

In the present work, the multi-center distorted-wave
method!*}! has been modified by including molecular vibra-
tions. This vibrational multi-center distorted-wave method (v-
MCDW) is then employed to calculate the (e,2e) TDCSs for
the 1bs, orbital of ethylene molecule. Typical kinematic ar-
rangements in coplanar asymmetric geometry are chosen: 1)
incident electron energy E; = 250 eV with ejected electron en-
ergies E. =8¢V, 12 eV, 20 eV, 37 eV, 74 eV and scattering an-
gles 6, = —6°, —10°; 2) incident electron energy E; = 100 eV
with ejected electron energies E. =5 eV, 10 eV, 15 eV and
scattering angles 6; = —6°, —10°. A harmonic analytical
quantum mechanical approach (HAQM)[*#! is employed to in-
clude the vibrational motions of ethylene molecule in the cal-
culations. The TDCSs calculated at equilibrium molecular ge-
ometry and including molecular vibrations are compared. The
results show that the vibrational motions significantly influ-
ence the angular distributions of the TDCSs, especially in the
binary region along momentum transfer near the Bethe ridge.

This paper is organized as follows: The theory of the v-
MCDW B33! method is presented in Section 2. The calculated
TDCSs including molecular vibrations and a comparison with
the results calculated at equilibrium geometry are given in Sec-
tion 3, followed by a summary in Section 4. Atomic units
(a.u.) are used throughout the paper unless explicitly stated.

2. Theoretical method

2.1. Scattering theory of molecule under the Born—
Oppenheimer approximation

According to the scattering theory, the electron impact
single ionization process can be described by a transition ma-
trix 7Tj between the initial and final states of the scattering
system through the interaction potential. Within the Born—
Oppenheimer approximation and assuming that the rotational—
vibrational coupling is small, the wave functions for the
molecular target and ion can be written as a product of ro-
tational, vibrational and electronic wave functions. Using the
sum rule for the initial rotational states and closure relation
for the final rotational states, the scattering amplitude can be

written as

Ti(R2) = (P(Ra{r})xw (Q)]
xV({rHl®i(Raf{r})x(Q)), M

where @; and &y are the initial and final electronic wavefunc-
tions of the scattering system, respectively, depending on the
nuclear coordinates Q. R is the rotation operator in the lab-
oratory framework. Q = (o, f,7) is the Euler angle which
defines the molecular orientation. J;, and Xy, are the vibra-
tional wave functions of the initial and final states. Summing
over the final vibrational states, the magnitude squared of the
transition matrix 75 is

T )P = X000 (@)l 17 (Q) v (Qls20(@)) @)

v

where the 75 operator denotes the electronic transition. Us-
ing the closure relation for the final vibrational wavefunctions,
Eq. (2) can be simplified as

H2.QF = [I6(@P(@.QFQ. 3

Due to the random distribution of molecular orientations
in the experiment, the (e,2e) TDCS can be obtained by orien-
tationally averaging the cross section

o1 keks 1
dQ.dQydE, (27m)% ki 8m?

where ki, ks and k. represent the momenta of the incident,

[m@.@Pie, @

scattered and ejected electrons, respectively. If we denote o,
as the cross section scattering from the electronic wavefunc-
tion,
0@ = G g
we have the TDCS for certain initial vibrational state v
d’c )
= d0.d0dE. / 20(Q)[70:(Q)dQ. (6)

Assuming a Boltzmann distribution P, (T') at temperature

[m@.@Prae.  ©

Oy

T for initial vibrational states, the (e,2e) TDCS for a molecular
target considering vibrational motions will be

O = Y P(T) / 1 (Q)P0:(Q)dQ. ™)

2.2. Multi-center distorted wave method

In the present coplanar asymmetric kinematic arrange-
ments, the incident and scattered electrons are moving fast,
and can be approximately described by the plane waves. In
the MCDW method, the electronic scattering amplitude 7 (£)

can be expressed as[*3

1i(2) = (Wi(ke; Ra({r}) ks|V({r DIvi(Ra({r}) ki), (8)

where V denotes the interaction between the incident electron
and the molecule, which can be written as

N
1 Zy
V= - .
;IT/'—Til o [ Ry — i

©))
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where r; and 7; are the position vectors for the incoming elec-
tron and the jth bound electron of the target, respectively. Un-
der the sudden approximation, #5 can be simplified as

4r
e
Y, Zye KR

N

1(Q) (F) (ke;Ror)|e KT

|9a(RaT)), (10)

where the Bethe integral technique is used. K = ki — kg de-
notes the momentum transfer. @, is the wave function of the
ionized bound orbital. F(~) is the continuum wave function
of the ejected electron, which is solved under the multi-center
molecular ion potential:

(—;V2+V“‘—Ee)]-'()(k:e,r):0, (11)
where V™ = V' 4+ VP is the model potential.[®!] V' and VP
are the static and correlation-polarization potentials, respec-
tively. The single-center expansion is used to solve the equa-
tion, in which the wave function and potential are expanded
by the symmetry-adapted angular functions.®!-%3! Substitut-
ing Eq. (10) into Eq. (5), o¢ is then obtained by averaging over
all possible molecular orientations.

2.3. Harmonic analytical quantum mechanical approach

In order to take into account the molecular vibrations,
HAQM approach!*¥ is adopted. In this approach, the vibra-
tional wave function J;, is approximated by the product of the
harmonic oscillator functions &,;. Then Eq. (6) can be written
as

o, = / [116.(Qu)Poe(Q)dQ, (12)
L

where Qj is the displacement from the equilibrium geome-
try along the normal coordinate of the Lth mode. o can be
expanded in terms of the normal coordinates around the equi-
librium geometry (Qg)

do.(Q)
0.

Ge(Q) ~ Ge(QO) +ZQL
L

Q=Q

2
1 0
+i (;QL3QL> ce(Q)

Q=Q

+---. (13)
Q=Q

3
1 0
+ = | o
3 (;QLaQJ (Q)
Substituting Eq. (13) into Eq. (12), we can get

1 « 0%0.

_ - 2
6,(Q) = Ge(Q0)+2! . aQ,% Q:QO<‘5vL|QL|§vL>
1 84ce 4
+* V. V.

0Z 501 (Edletien

+( 1 )22 d4c. ‘
2! L#Maggag,zw 0-Qo
X (EuL|OF|Eur) (Eor| QR Evi) + -+ - (14)

Here, the property of the harmonic oscillator function of
(E,L]QFE,L) = 0 is used. Assume that 6,(Q) changes
slowly with @ around the equilibrium geometry so that the

[44

higher-order terms in Eq. (14) can be neglected.**! Equa-

tion (12) can then be expressed as

ia%;e
21907

(&l OF)&m)
Q=Q

<évL|QilévL>+~~>. (15)

6.(Q) = Ge(Qo)+ZL:<

i&“oe
41 900t

+

Q=Qo
Equation (15) can further be written as a sum of the contribu-
tions of each vibrational normal mode

GV(Q) = Ge(QO) +Z<€VL|O-6(QL(/1\L) - GC(QO)|§VL>7 (16)
L

where g is the unit vector along the Lth normal coordinate.
Equation (16) is the basic equation of the v-MCDW approach,
the first term of which is the TDCS at the equilibrium geome-
try and the second term represents the vibrational effects.

In the practical calculation, we assume that the vibrational
contributions of each vibrational mode can be approximately
written as quadratic polynomials of the normal coordinates.
Assuming a Boltzmann distribution for the initial vibrational
states, the vibrationally averaged TDCS can finally be written
as

h
Oave = Ge(QO) + z"nLPnL(T) {2% (2”1L + 1)CL,2

A 2
+3<) (2n%+2nL+l)cL74], (17)
20p

where P, (T) represents the probability in the vibrational level
v and vibrational mode L at temperature 7, n; and @, are
the vibrational quantum number and angular frequency of the
Lth normal mode, respectively. c¢z> and ¢z 4 represent the
quadratic polynomials fitting coefficients. In order to obtain
c12 and ¢y 4, a set of o, are calculated at equilibrium and dis-
torted geometries, which satisfy

1&2(Qo+ Q1) /16:(Qo)?
= 1,3/4,1/2,1/4,1/8, 1/16. (18)

Equilibrium geometry (Qp) is optimized at MP2[64-68]

/aug-cc-pVTZ!®1 level using Gaussian 09.17%! The vibrational
normal coordinates and vibrational frequency for the elec-
tronic ground state are calculated at MP2/aug-cc-pVTZ level
and the wave functions of bound orbitals are obtained with
B3LYP!"!7?l/aug-cc-pVTZ using Gaussian 09 program. The
frequencies of all the vibrational modes are listed in Table 1, in
good agreement with the experimental data.!”?! In the calcula-
tion of TDCSs, the upper limits of partial wave expansions for
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the bound and the continuum wave functions are lpy,x = 16
and l.max = 28, respectively. The Euler angle meshes for the
orientation spherical average are Ny = 20, Nﬁ =16, Ny =20,
where N, Nﬁ and Ny are the point numbers of numerical in-
tegrals for Euler angle o, B and 7. In the single-center expan-
sion, r; ranges from O to 8.47 a.u. with increasing step size
from 0.001 a.u. to 0.128 a.u.

Table 1. Vibrational frequency of ethylene.

Mode  Vibrational description ~ Calculated (cm™')  Experiment!’? (cm™!)

Vi CH; sym. stretch (Ag) 3192 3022
V2 C = C stretch (Ay) 1678 1625
V3 CH; sym. scissors (Ag) 1380 1344
V4 torsion (A,) 1047 1026
Vs CH; asym. stretch (B3g) 3261 3083
Ve CHj rock (Bsg) 1245 1222
\%i CH, wag (Bsy) 976 949
] CH; wag (Bag) 946 940
Vo CH; asym. stretch (Byy) 3288 3105
Vio CH; rock (Bay) 823 826
Vi CH, sym. stretch (Byy) 3172 2989
Via CH; scissors (Byy,) 1479 1444

3. Results and discussion

At equilibrium geometry, ethylene molecule be-
longs to Dy, point group and its ground-state elec-
tronic  configuration’¥ is  (core)*(2a,)?(2b1y)?(1b2y)?
(3ay)*(1bsg)?(1bsy)?. 1In the present work, the (e,2e) TD-
CSs of 1bs, orbital of ethylene are calculated by the MCDW
method. Figure 1 shows the calculated three-dimensional
(3D) angular distributions of the TDCSs for 1bsg orbital as
a function of outgoing direction of the ejected electron at
E; =250eV, E. =8 eV and 6, = —10°. Figure 1(a) is the
result calculated by the normal MCDW method at equilibrium
geometry, and Fig. 1(b) is that calculated by the v-MCDW
method. In these 3D images, the magnitude of the TDCS
for a given direction of ejected electron is expressed by the
distance from the origin to the point on the surface. The in-
cident electron (k;) moves along the z axis and is scattered
with a momentum kg and a scattering angle 6. k;, ks as well
as the momentum transfer vector K lie in the xz plane, i.e.,
the scattering plane. The binary peak along the direction of
momentum transfer results from the binary collision between
the incident and orbital electrons, while the recoil peak in op-
posite direction is regarded as the backward reflection from
the residual ion of the ejected electron. Under this kinematic
condition, |K| =0.754 a.u. and |ke| = 0.767 a.u., which is
near the Bethe ridge, the incident electron transfers almost all
the changed momentum to the active bound electron. At this
near the Bethe ridge kinematics, the shape of the binary peak
reflects the electron momentum profile of the ionized molecu-
lar orbital. In Fig. 1(a), there is an obvious dip in the direction
of the momentum transfer, indicating a p-type character of the
b3, orbital, while the intensity of the TDCS has obviously

been enhanced along the momentum transfer after consider-
ing the vibrational effect, indicating that the molecular nuclear
motions significantly affect the (e,2e) TDCSs.

(2) z (b) 2

Fig. 1. Three-dimensional angular distributions of TDCSs for 1b3, or-
bital of ethylene molecule at E; = 250 eV, E. = 8 eV and 6, = —10°
calculated by (a) MCDW method at equilibrium geometry, (b) vibra-
tional MCDW method.

(f) E.=8 eV

| (a) Ec=8 eV

12

VN K

ob i D

12 (b) E.=12 eV

n
=
~ 1=
3 .
& 14
~ <
9 %
: :
H
=
1.
1.0f
0.5
K K —K
= _/ &
0 s Y Ty wrre O [ e R e e e
0.2+ (e) Ec=74 eV 1 02} () Be=T4 eV

0 120 240 360 0 120 240 360
6 (%) 0. (%)

Fig. 2. The TDCSs for electron impact (250 eV) single ionization of

1bsg orbital of ethylene molecule in the coplanar asymmetric geometry.

The ejected electron energy is displayed in each figure. Left column:

6; = —6°; right column: 6, = —10°.

In order to explore in detail the vibrational effect on
TDCS, two typical kinematic arrangements in coplanar asym-
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metric geometry are investigated: 1) incident electron energy
E; =250 eV with ejected electron energies E. = 8 eV, 12 eV,
20 eV, 37 eV, 74 eV and scattering angles 6; = —6°, —10°; 2)
incident electron energy E; = 100 eV with ejected electron en-
ergies E. =5¢V, 10 eV, 15 eV and scattering angles 6; = —6°,
—10°. The results are plotted in Figs. 2 and 3, respectively.
The left column of Fig. 2 shows the TDCSs in the scattering
plane for (a) E. =8 eV, (b) E. = 12 eV, (c) E. =20 ¢V, (d)
E. =37 ¢V and (e) E. = 74 eV with scattering angle fixed at
6; = —6°. The dashed blue lines represent the TDCSs calcu-
lated by the normal MCDW at equilibrium geometry, while
the solid red lines represent the results calculated by the v-
MCDW including molecular vibrations. The dot dashed black
lines are their difference that can be regarded as the total con-
tributions from all the vibrational modes. In Figs. 2(a)-2(c),
the molecular vibrations enhance the binary peaks relative to
the equilibrium geometry, while for higher ejected electron en-
ergies in Figs. 2(d) and 2(e), a weak negative influence can be
observed. The similar behavior is also observed for scattering
angle 6; = —10° as shown in the right column of Fig. 2. For
low ejected electron energies (E. = 8 eV, 12 eV), the binary
peak exhibits a double-peak structure with a dip near the direc-
tion of momentum transfer. This double-peak structure tends
to merge into a single peak as the ejected electron energy in-
creases. The binary region is strongly influenced by molec-
ular vibrations both in shape and intensity for lower ejected
electron energy and this double-peak structure becomes flat-
tened when including vibrational motions. The recoil peaks
in Fig. 2, on the other hand, are not sensitive to the molecular
vibrations.

24fF 7 i T T T 1 of
18}
121
6t

ol

18
15}
12},

TDCS (a.u.)
TDCS (a.u.)

-]

12 | (£) BE.=15 eV
sl —— Vib. |
- -~ Eq.
4 — - - Diff. {
2t —K /]
. 4
0 ./ ‘l\.i\ .‘..% P B sk /.
0 120 240 360

be (*)

Fig. 3. The TDCSs for electron impact (100 eV) single ionization of
1b3, orbital of ethylene molecule in the coplanar asymmetric geometry.
The ejected electron energy is displayed in each figure. Left column:
6, = —6°; right column: 65 = —10°.

As we have mentioned, for E; =250 eV, E. = 8 eV and
6; = —10°, which is near the Bethe ridge, the incident elec-
tron transfers almost all the changed momentum to the target
electron to ensure a clean knock out. The shape of the binary
peak reflects the electron momentum profile of 1bzg orbital
of ethylene molecule as shown in Fig. 2(f), through the rela-
tion between the ejection angle 6. and the magnitude of orbital
electron momentum p, which can be easily obtained through
the energy and momentum conservations in the ionization pro-
cess. The relationship between p and 6, can be expressed as

p(Ge):\/(ke c0s 6, + ks cos O — ki)2 + (ke sin 6, + ks sin 65)2.
(19)

At Bethe ridge condition, p will approach to O if the ionized
electron is ejected along the direction of momentum trans-
fer vector K, corresponding to the center of the binary peak.
In other words, the TDCS distribution near the direction of
K characterizes the low momentum area in the electron mo-
mentum profile of molecular orbital. From the EMS study
of Watanabe et al.,**
type momentum profile, having zero intensity at zero mo-

1 the bz, orbital of ethylene has a p-

mentum (regardless of experimental momentum resolution).
This leads to the deep dip in the middle of the binary peak in
Figs. 2(a), 2(f) and 2(g). With the increase of the ejected elec-
tron energy, the kinematic condition gradually deviates from
the Bethe ridge and p will also deviate from zero at the di-
rection of K, therefore the double binary peak merges into a
single one from Fig. 2(a) to Fig. 2(e) and Fig. 2(f) to Fig. (j).
Figure 4 shows the contributions of individual vibrational
modes on TDCS at E; =250eV, E. =8 eV and 6, = —10°
with the pictorial representations of each vibrational modes
shown in the lower panel. All the twelve vibrational modes of
ethylene are included in the calculations. They belong to four
types of point group symmetries: Dy, (V1, V2 and v3), Dy (Va),
Cy, (vs, Vg and vg), and Cy, (V7, Vo, Vio, Vi1 and vyp). Itis
shown in the figure that the CH, asymmetric stretch (vs), CH,
rock (vg), and CH, wag (vg), which belong to Cy;, point group,
have the most significant influence on the TDCS. All the vibra-
tional modes lead to the enhanced intensity at K, resulting in
the flattening of the double-peak structure for the binary peak.
Figure 3 shows the TDCSs at incident electron energy
E; =100 eV with E. =5 eV, 10 eV and 15 eV and scattered
angle 6, = —6°, —10°. The similar behavior is observed in
the binary region as in the case of E; = 250 eV. For lowest
ejected electron energies (E. = 5 eV), the binary peak exhibits
a double-peak structure with a dip near the momentum trans-
fer direction. This double-peak structure tends to merge into
a single peak as the ejected electron energy increases. The bi-
nary peaks are also significantly influenced by the molecular
vibrations both in shape and intensity, not only enhanced but
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also flattened at higher ejected electron energies. As for the re-
coil region, the TDCSs are significantly reduced at E, = 5 eV
when considering vibrational motions, while the vibrational
effect can be neglected for higher ejected electron energies.

E.,=8eV, 6,= —10°

0.4} v1+vo+tvs(Dap) 1
~ v4(D2)
i
cé vs+vs+vs(Can)
8 0.2 [ V7+V9+V10+V11+V12(C’271)-
2 \
=

g
60 120 180 240 300 360

be (*)
g 2 *
1 2 ‘J J ! ?
#,&JL

%) v3
3H b
vy
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Fig. 4. Contributions of all vibrational modes, which are divided
by symmetry, on the TDCSs distributions of 1bz, orbital of ethylene
molecule at E. = 8 eV and 6; = —10°. The lower panel shows the
pictorial representations of vibrational modes.

4. Summary

In summary, we have calculated the TDCSs for electron-
impact single ionization from the 1bsy orbital of ethylene
molecule in the coplanar asymmetric geometry at the incident
electron energies of 250 eV and 100 eV using the MCDW
method modified by including molecular vibrations. The re-
sults show that molecular vibrations have significant influence
on the angular distributions of the TDCSs both in shape and in
intensity, especially in the binary region near the Bethe ridge.
The binary peak exhibits a double-peak structure with a dip
along the direction of momentum transfer, which is directly
related to the p-type electron momentum profile of 1bsg or-
bital. This double-peak structure becomes flattened when in-
cluding vibrational motions in the calculation. The analysis of
the contributions of individual vibrational modes shows that
the CH; asymmetric stretch (vs), CH, rock (vg), and CH, wag
(v8), which belong to Cy;, point group, have the most signifi-
cant influence on the TDCSs. The present study indicates that
molecular vibration needs to be considered when we want to
precisely describe the electron-impact ionization dynamics of
molecules. It also suggests that molecular vibration may af-

fect a wide range of molecular processes induced by ion col-
lisions and photo-absorption, not only influence cross sections
but may also change the dipole-forbidden transitions.
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