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A discrete Boltzmann model (DBM) with symmetric velocity discretization is constructed for compressible systems
with an adjustable specific heat ratio in the external force field. The proposed two-dimensional (2D) nine-velocity scheme
has better spatial symmetry and numerical accuracy than the discretized velocity model in literature [Acta Aerodyn. Sin.
40 98108 (2022)] and owns higher computational efficiency than the one in literature [Phys. Rev. E 99 012142 (2019)].
In addition, the matrix inversion method is adopted to calculate the discrete equilibrium distribution function and force
term, both of which satisfy nine independent kinetic moment relations. Moreover, the DBM could be used to study a
few thermodynamic nonequilibrium effects beyond the Euler equations that are recovered from the kinetic model in the
hydrodynamic limit via the Chapman–Enskog expansion. Finally, the present method is verified through typical numerical
simulations, including the free-falling process, Sod’s shock tube, sound wave, compressible Rayleigh–Taylor instability,
and translational motion of a 2D fluid system.

Keywords: discrete Boltzmann method, compressible flow, nonequilibrium effect, kinetic method
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1. Introduction

Compressible flow with or without external force is of
great importance in nature and a variety of engineering appli-
cations, such as high-speed aircraft, jet engines, rocket motors,
entry into a planetary atmosphere, shock, and explosion.[1] Up
to today, it remains a challenge to conduct in-depth research on
compressible flow that often involves violent changes in physi-
cal fields, spatial and temporal multiscale behaviours, thermo-
dynamic nonequilibrium (TNE) and hydrodynamic nonequi-
librium (HNE) effects, among others. With the rapid develop-
ment of computational fluid dynamics (CFD), numerical simu-
lations have become a powerful tool for investigating fluid be-
haviours in either nearly incompressible or compressible com-
plex systems, complementing the research conducted through
pure experimentation and theory.[1] The fundamental basis of
almost all CFD is the Navier–Stokes (NS) equations, which
can be simplified by removing terms describing viscous ac-
tions to yield the Euler equations. Actually, both the NS and
Euler models are based on the continuum assumption and pri-
marily describe the HNE behaviours of the fluid system, but
can not capture the essential accompanying TNE. As a trans-
port equation describing the statistical behaviour of a thermo-

dynamic system out of equilibrium, the Boltzmann equation
can effectively incorporate both HNE and TNE information
about the fluid systems.

At present, based on the Boltzmann equation, a series of
simulation methods have been designed. One popular compu-
tational technique in association with the Boltzmann equation
is the lattice Boltzmann method (LBM), which has been suc-
cessfully developed for simulations of fluid phenomena.[2–14]

The LBM research consists of two complementary branches.
One aims to serve as a novel approach for numerically solv-
ing various partial differential equation(s). The other aims to
act as an innovative method for constructing kinetic model to
bridge the macro and micro descriptions. These two branches
have distinct goals and consequently obey different rules.[15]

For the first branch of LBM, a few examples are as follows.
In 1998, Martys et al. derived a representation of the forcing
term in the LBM based upon a Hermite expansion of the Boltz-
mann distribution function in velocity phase space.[2] In 2002,
Guo et al. demonstrated that discrete lattice effects should be
considered in the introduction of a force, and they designed a
representation of the forcing term for the LBM, from which
the NS equations could be obtained via the Chapman–Enskog
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analysis.[3] In 2010, Mohamad and Kuzmin evaluated three
different schemes for adding a force term to the LBM using
the Bhatnager–Gross–Krook (BGK) method.[4] In 2018, Fei
et al. used the central-moment-based collision operator and
consistent forcing scheme for the three-dimensional LBM that
significantly reduced computational costs.[9] It is worth noting
that, as an optional numerical solver, the first branch of LBM
aims to present a numerical solution of the traditional macro-
scopic governing equations of fluid mechanics, therefore its
duty lies in being loyal to the original physical model.

As a variant version of the second branch of LBM, the
discrete Boltzmann method (DBM) has emerged as a power-
ful tool for the research of compressible nonequilibrium phe-
nomena during the last decade.[15–32] To be specific, the DBM
possesses two remarkable merits. On the one hand, it can re-
cover macroscopic fluid equations in the hydrodynamic limit
and provide essential TNE information. On the other hand,
the DBM is equivalent to a modified hydrodynamic model
combined with a coarse-grained model that captures signifi-
cant TNE behaviours when the physical system departs a bit
far from equilibrium. In 2012, Xu et al. firstly pointed out that,
under the condition that the based Boltzmann equation and
the kinetic moments before discretization are consistent with
those in nonequilibrium statistical physics, the non-conserved
kinetic moments of the difference of distribution function f
from its corresponding equilibrium f eq can be used to mea-
sure the deviation of the system from its thermodynamic equi-
librium and the resulting TNE effects.[16] This is the starting
point of the current DBM.[15] In 2017, a two-component DBM
was extended for compressible flows in the presence of a force
field and utilized to study the effects of Reynolds numbers on
the Rayleigh–Taylor (RT) instability.[21] In 2019, a multiple-
relaxation-time DBM was developed for compressible thermal
reactive flows, and an accurate matrix inversion method was
adopted to calculate collision, reaction, and force terms.[24]

In 2022, based on the ellipsoidal statistical BGK model, the
DBM was developed for high-speed compressible flows, cap-
turing various depths of TNE effects.[31] In the same year, a
simplified DBM was presented, capable of recovering the re-
active Euler equations in the continuum limit, and a 2D nine-
velocity model was constructed, with the discrete velocities
divided into three groups.[27] In brief, the current DBM stems
from the second branch of LBM and focuses more on the TNE
behaviors that the macro modeling generally ignore. It breaks
through the continuity and near-equilibrium assumptions of
traditional fluid modeling, discards the lattice gas image of
standard LBM, and incorporates various methods based on
phase space for checking, exhibiting, describing and analyzing
the nonequilibrium state and resulting effects. More informa-
tion extraction technologies and analysis methods for complex
field are introduced over time.[15]

It should be pointed out that, after the physical model con-
struction that is relatively fundamental, the next step involves
the numerical design of a discrete scheme, which is another
important issue directly related to the computational preci-
sion, robustness, and efficiency of simulations. For the kinetic
model DBM, there are three aspects of discretization, i.e., the
discretizing of time, space, and velocities. To solve the tem-
poral and spatial derivatives in the discrete Boltzmann equa-
tion, researchers can adopt reasonable traditional or modified
algorithms.[16] Furthermore, for the purpose of preliminary
study on discrete velocities, in this paper, a 2D nine-velocity
(D2V9) scheme is constructed for the DBM of compressible
flow with external force. This discrete velocity scheme, named
model (1, 4, 4), assumes a rest velocity, a group of veloci-
ties with the same magnitude va in four horizontal or vertical
directions, and a group with size vb in four diagonal direc-
tions. The proposed model exhibits greater spatial symmetry
and numerical accuracy than the model (3, 3, 3) that includes
three sets of discrete velocities with three directions in each
group.[27] Besides, compared to the DBM using 2D sixteen-
velocity (D2V16) composed of 4× 4 discrete velocities and
recovering the NS equations in the hydrodynamic limit,[24] the
model with D2V9 offers higher computational efficiency but
lower physical accuracy.

The rest of the paper is organized as follows. In Section 2,
we introduce the DBM with the proposed discrete velocity
model D2V9, utilize the matrix inversion method to calculate
the equilibrium distribution function and force term, and show
that the DBM could recover the Euler equations in the con-
tinuum limit and describe a few TNE effects beyond. In Sec-
tion 3, the DBM is verified numerically through the bench-
marks of the free-falling process, Sod’s shock tube, sound
wave, compressible RT instability, and translational motion of
a 2D fluid system. Section 4 concludes the paper.

2. Discrete Boltzmann method
The BGK discrete Boltzmann equation takes the follow-

ing form,

∂ fi

∂ t
+𝑣i ·∇ fi =−

1
τ

(
fi− f eq

i

)
+Fi, (1)

where ∇ stands for the Hamilton operator, t the time, τ the
relaxation time, fi ( f eq

i ) the discrete (equilibrium) distribution
function, Fi the force term, i = 1, 2, . . . , 9, the index of dis-
crete Boltzmann velocity 𝑣i. Furthermore, from the discrete
distribution function, the density ρ , hydrodynamic velocity 𝑢,
the energy E, and temperature T can be obtained by

ρ = ∑i fi, (2)

ρ𝑢= ∑i fi𝑣i, (3)

E =
1
2

ρu2 +
1

γ−1
ρT =

1
2 ∑i fi

(
v2

i +η
2
i
)
, (4)
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where u = |𝑢| is the magnitude of the flow velocity, vi = |𝑣i|
denotes the magnitude of the discrete velocity, ηi accounts for
the vibrational and/or rotational energies, and γ represents the
specific heat ratio as follows:

γ =
D+ I +2

D+ I
, (5)

in terms of the translational degrees of freedom D and ex-
tra degrees of freedom I. It is clear that this DBM can de-
scribe fluid systems with a flexible specific heat ratio as the
parameter D = 2 is fixed for a 2D system and I is tunable.
It should be mentioned that the BGK-like models in various
kinetic methods for nonequilibrium flow are not the original
versions directly simplified from the Boltzmann equation, but
are modified versions that have incorporated the mean-field
theory description.[15]

Moreover, the matrix inversion method is adopted to cal-
culate both discrete equilibrium distribution function and force
term.[24] To be specific, the discrete equilibrium distribution
function f eq

i meets the following requirement:∫∫
f eq

Ψ d𝑣dη = ∑i f eq
i Ψi, (6)

in terms of Ψ = 1, 𝑣,
(
𝑣 ·𝑣+η2

)
, 𝑣𝑣,

(
𝑣 ·𝑣+η2

)
𝑣,

and corresponding elements Ψi = 1, 𝑣i,
(
𝑣i ·𝑣i +η2

i
)
, 𝑣i𝑣i,(

𝑣i ·𝑣i +η2
i
)
𝑣i. Here the symbol 𝑣 represents the molecu-

lar velocity, and η corresponds to its discrete counterpart ηi.
In Eq. (6), the equilibrium distribution function f eq can be ex-
pressed by[21]

f eq = ρ

(
1

2πT

)D/2( 1
2πIT

)1/2

exp

[
−|𝑣−𝑢|2

2T
− η2

2IT

]
. (7)

Substituting Eq. (7) into Eq. (6) leads to the following five re-
lations of kinetic moments:

ρ = ∑i f eq
i , (8)

ρuα = ∑i f eq
i viα , (9)

ρ
[
u2 +(D+ I)T

]
= ∑i f eq

i

(
v2

i +η
2
i
)
, (10)

ρ
(
δαβ T +uα uβ

)
= ∑i f eq

i viα viβ , (11)

ρuα

[
(D+ I +2)T +u2]= ∑i f eq

i

(
v2

i +η
2
i
)

viα , (12)

where uα (uβ ) is the component of flow velocity in the α (β )
direction, and viα (viβ ) is the component of the discrete veloc-
ity in the α (β ) direction. Equations (8)–(12) can be rewritten
in the following form:

𝑓 eq =𝑀 𝑓 eq, (13)

where 𝑓 eq =
(

f eq
1 f eq

2 · · · f eq
N
)T is the column matrix

of discrete equilibrium distribution functions, and 𝑓 eq =(
f̂ eq
1 f̂ eq

2 · · · f̂ eq
N

)T denotes the column matrix of equilib-
rium kinetic moments f̂ eq

1 = ρ , f̂ eq
2 = ρux, f̂ eq

3 = ρuy,

f̂ eq
4 = ρ

[
(D+ I)T +u2

]
, f̂ eq

5 = ρ
(
T +u2

x
)
, f̂ eq

6 = ρuxuy,
f̂ eq
7 = ρ

(
T +u2

y
)
, f̂ eq

8 = ρux
[
(D+ I +2)T +u2

]
, and f̂ eq

9 =

ρuy
[
(D+ I +2)T +u2

]
. Besides, the square matrix 𝑀 is

used to link the velocity space and moment space, with ele-
ments M1i = 1, M2i = vix, M3i = viy, M4i = v2

i + η2
i , M5i =

v2
ix, M6i = vixviy, M7i = v2

iy, M8i =
(
v2

i +η2
i
)

vix, and M9i =(
v2

i +η2
i
)

viy. If the matrix 𝑀 is invertible, equation (13) can
be written as

𝑓 eq =𝑀−1 𝑓 eq, (14)

where 𝑀−1 stands for the inverse matrix of 𝑀 .
In a similar way, the force term Fi satisfies the relationship

as follows: ∫∫
FΨ d𝑣dη = ∑i FiΨi, (15)

where Ψ and Ψi are the same as those in Eq. (6), with

F =−𝑎 · ∂ f
∂𝑣
≈−𝑎 · ∂ f eq

∂𝑣
=

𝑎 · (𝑣−𝑢)

T
f eq, (16)

which describes the variation rate of distribution function due
to external force.[21,24] Physically, equation (16) is derived
from the prerequisite that the equilibrium distribution function
f eq is the main portion of the distribution function f when the
system is not too far from equilibrium. For a 2D coordinate
system, equation (16) can be written as

F =
f eq

T
[ax (vx−ux)+ay (vy−uy)] . (17)

Substituting Eq. (17) into Eq. (15) leads to

𝐹̂ =𝑀 𝐹 , (18)

where 𝐹 =
(
F1 F2 · · · FN

)T stands for the column matrix of

the force term in velocity space, and 𝐹̂ =
(
F̂1 F̂2 · · · F̂N

)T

represents the column matrix of the force term in moment
space, with elements F̂1 = 0, F̂2 = ρax, F̂3 = ρay, F̂4 =

2ρuxax + 2ρuyay, F̂5 = 2ρuxax, F̂6 = ρuxay + ρuyax, F̂7 =

2ρuyay, F̂8 = 2ρux (uxax+uyay)+ ρaxu2 + ρax (D+ I +2)T ,
and F̂9 = 2ρuy (uxax+uyay) + ρayu2 + ρay (D+ I +2)T .
Then, the mathematical expression of the force term is ex-
pressed by

𝐹 =𝑀−1 𝐹̂ . (19)

Through the Chapman–Enskog multiscale expansion, it
can be demonstrated that, under the conditions of Eqs. (13)
and (18), the DBM can recover the Euler equations

∂ρ

∂ t
+

∂

∂ rα

(ρuα) = 0, (20)

∂

∂ t
(ρuα)+

∂ p
∂ rα

+
∂

∂ rβ

(
ρuα uβ

)
= ρaα , (21)

∂E
∂ t

+
∂

∂ rα

(Euα + puα) = ρuα aα , (22)
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in the continuum limit. Here p = ρT is the pressure, r de-
notes the position, a represents the acceleration, the subscripts
α and β stand for indices of coordinates, and Einstein summa-
tion notation is applied.

In addition, due to the conservation of mass, momentum
and energy, equations (8)–(10) still hold if f eq

i are replaced
with fi. On the contrary, equations (11) and (12) may not bal-
ance, with f eq

i substituted by fi. In fact, the kinetic moments
of the difference between fi and f eq

i reflect the deviation of a
physical system from its equilibrium state. In other words, it
is convenient in the DBM to offer the following TNE manifes-
tations:

∆2,αβ = ∑i

(
fi− f eq

i

)
viα viβ , (23)

∆α = ∑i

(
fi− f eq

i

)(
v2

i +η
2
i
)

viα . (24)

Mathematically, ∆2,αβ is a second-order tensor with three
independent variables ∆2,xx, ∆2,xy, and ∆2yy. The symbol ∆α

denotes a vector with two components ∆x and ∆y. Physically,
∆2,αβ is associated with the non-organized energy, and ∆α

is relevant to the non-organized energy flux in the α direc-
tion. In particular, the nonequilibrium quantity ∆2,xx reflects
the derivation of the translational energy in the x degree from
equilibrium state, and ∆2,yy reflects the departure of the trans-
lational energy in the y degree from equilibrium.

0
1

2

3

4

56

7 8

Fig. 1. Sketch of the discrete velocity model.

At this point, we have proposed a discrete Boltzmann
model that can not only recover the Euler equations, but also
capture some TNE effects. After the construction of the physi-
cal model, the next step is the numerical design of appropriate
discretization schemes. In this work, the second-order Runge–
Kutta scheme is chosen for the time derivative in Eq. (1), and
the nonoscillatory nonfree dissipative scheme that is at the
level of the second-order accuracy is adopted for the spatial
derivative.[33] Furthermore, we construct a discrete velocity
model, D2V9, in the following mathematical form:

𝑣i =


(0,0), i = 0,

va

[
cos

(i−1)π
2

,sin
(i−1)π

2

]
, 1≤ i≤ 4,

vb

[
cos

(2i−1)π
4

,sin
(2i−1)π

4

]
, 5≤ i≤ 8,

(25)

where (0,0) stands for the resting velocity, and the tunable pa-
rameters va and vb are used to control the values of non-zero
discrete velocities. Figure 1 depicts the sketch of the discrete
velocities, which include a motionless velocity, four velocities
with magnitude va in horizontal or vertical directions, and four
velocities with size vb in diagonal directions. Meanwhile, the
variable ηi is introduced as follows:

ηi =


ηa, i = 0,
ηb, 1≤ i≤ 4,
ηc, 5≤ i≤ 8,

(26)

where ηa, ηb, and ηc are adjustable parameters.
It is noteworthy that the design of 𝑣i and ηi has to ensure

the invertibility of matrix 𝑀 in order to apply the matrix in-
version method. To achieve this, neither va or vb can be zero
(i.e., va 6= 0 and vb 6= 0), and not all parameters of ηa, ηb, and
ηc are zero (i.e., |ηa|+ |ηb|+ |ηc| > 0). In addition, for the
sake of better numerical robustness, the sizes of 𝑣i and ηi can
be adjusted to optimize the properties of the model.[26] On the
one hand, the values of va and vb can be set based on the val-
ues of the flow velocity, the sound speed vs =

√
γT , as well

as the shock speed, etc. On the other hand, the parameters ηa,
ηb, and ηc could be around the result of

√
IT according to the

equipartition of energy.

3. Simulation and verification
In this section, let us carry out numerical simulations to

test the DBM with the proposed discrete velocity scheme. To
this end, we consider five typical benchmarks, i.e., the free-
falling process, Sod’s shock tube, sound wave, compressible
RT instability, and translational motion of a 2D fluid system.

3.1. The free-falling process

First of all, the free-falling process of a physical system is
adopted to verify the effectiveness of the force term. The sys-
tem is homogeneous in a gravity field. Initially, the density is
ρ = 1.0, the flow velocity 𝑢= 0, and the temperature T = 1.0.
Due to the external force, it falls with acceleration ay in the y
direction as time goes on. The specific heat ratio is γ = 1.4, the
relaxation time τ = 4×10−6, the temporal step ∆t = 10−6, the
spatial step ∆x = ∆y = 10−5, the mesh grid Nx×Ny = 1× 1,
and parameters (va, vb, ηa, ηb, ηc) = (1.2, 2.0, 0.9, 3.0, 1.3). In
addition, the periodic boundary condition is imposed on each
boundary.

Figure 2 delineates the amplitude of vertical velocity uy

versus the value of acceleration ay at a time instant t = 0.01 in
the free-falling process. The squares represent the simulation
results, and the solid line denotes the exact solution uy = ayt.
Evidently, the DBM results are in excellent agreement with
the exact solutions, hence it is confirmed that the matrix inver-
sion method is accurate to calculate the external force on the
right-hand of the discrete Boltzmann equation.
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Fig. 2. Velocity versus acceleration in the free failing process.

3.2. Sod’s shock tube

Next, the Sod’s shock tube is simulated to verify that the
DBM can be applied to compressible fluids. The initial con-
figuration is{

(ρ,T,ux,uy)L = (0.15,1.5,0,0) ,

(ρ,T,ux,uy)R = (0.125,1.0,0,0) ,
(27)

where the subscript L denotes the left side 0 ≤ x < 0.075 and
R represents the right side 0.075 ≤ x ≤ 0.15. In this simu-
lation, the specific heat ratio is γ = 2.0, the relaxation time
τ = 10−5, the temporal step ∆t = 2× 10−6, the spatial step
∆x = ∆y = 5× 10−5, and the discrete parameters va = −3.5,
vb = 1.2, ηa = 4.0, ηb = 0, and ηc = 0. In addition, the pe-
riodic boundary condition is employed for the top and bottom
boundaries, and the inflow and outflow boundary conditions
are selected in the left and right boundaries, respectively.

Figure 3 plots profiles of the density (a), pressure (b),
temperature (c), and horizontal velocity (d) in the Sod’s shock
tube at the moment t = 0.02. Clearly, the leftmost is a rarefac-
tion wave, the middle is a material interface, and the rightmost
is a shock wave. The pressure and velocity keep constant while
the density and temperature change across the material inter-
face. All physical fields show remarkable gradients around the

rarefaction or shock wave, and change sharply near the shock
front. It can be found that the DBM results coincide with Rie-
mann solutions on the whole. This indicates that the present
DBM can be applied to compressible fluids.
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Fig. 3. Physical quantities in the Sod’s shock tube: (a) density, (b) pressure,
(c) temperature, and (d) horizontal velocity. The solid lines represent the
Riemann solutions, and the squares stand for the DBM results.

Furthermore, let us test whether our DBM has the capa-
bility of describing TNE effects. Figure 4 depicts the nonequi-
librium quantity ∆2,xx in the Sod’s shock tube at time t = 0.03.
Subplot (a) illustrates the entire computational region, while
subplots (b) and (c) show the areas around the rarefaction wave
and shock wave, respectively. In each subplot, the results of
D2V9, D2V16,[24] and theoretical solutions[26] are compared
with each other. Firstly, it can be observed in Fig. 4(a) that
the simulation results of both D2V9 and D2V16 agree with
the analytical solutions on the whole. Secondly, the amplified
domain in Fig. 4(b) shows that the D2V16 offers simulation
results much closer to the theoretical solutions than D2V9.
Thirdly, the amplified realm in Fig. 4(c) displays slight dif-
ferences between all numerical and theoretical results.
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The physical reasons for the above phenomena are as fol-
lows. In the simplified DBM with D2V9, there are only 9 in-
dependent kinetic moment relations satisfied by the discrete
equilibrium distribution function. On the contrary, for the
DBM with D2V16, there are another 7 kinetic moment rela-

tions apart from those in the DBM with D2V9. That is to say,
there are 16 independent moment relations satisfied by f eq

i in
the model of D2V16. The former DBM with D2V9 can re-
cover the Euler equations in the continuum limit and capture
a few TNE effects, while the latter model with D2V16 could
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recover the NS equations in the hydrodynamic limit and of-
fer more TNE information at a higher level of physical accu-
racy. Consequently, although both DBMs can provide quanti-
ties that are qualitatively correct, the model of D2V9 may in-
volve larger errors than the one of D2V16. In fact, to achieve
more accurate simulations in situations with various signifi-
cant TNE effects, we can resort to a DBM where a larger num-
ber of moment relationships are required.[29,34]

3.3. Sound wave

In this part, the propagation of a sound wave is simulated
in a physical system with the density ρ0 = 1.0 and velocity
𝑢0 = 0. The relaxation time, temporal step, spatial step, and
grid mesh are τ = ×10−4, ∆t = 10−4, ∆x = ∆y = 10−3, and
Nx×Ny = 2000× 1, respectively. Exerting a small perturba-
tion at the initial position x0 = 0.2 will result in the emergence
of sound waves that propagate forwards and backwards, re-
spectively. Additionally, the outflow boundary condition and
periodic boundary condition are employed in the x and y di-
rections, respectively.
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Fig. 5. Propagation of the sound wave with various specific heat ratios
(a) and various temperatures (b).

Figure 5 displays the position of the sound wave travelling
forwards in the evolution. The squares stand for simulation re-
sults of our DBM, and the solid lines indicate the theoretical
solutions of x = x0 + vst. Figure 5(a) shows results in three
cases with different specific heat ratios γ and a constant tem-
perature T = 2.0. Figure 5(b) gives cases of various tempera-
tures and a fixed specific heat ratio γ = 2.0. Obviously, the nu-
merical results agree well with the exact solutions. Therefore,

the model is suitable for fluid systems with various tempera-
tures and specific heat ratios.

3.4. The compressible RT instability

To further verify whether the DBM can effectively simu-
late complex fluids subjected to external force, we consider the
compressible RT instability in a gravitational field. The com-
putational domain, [0, d]× [−4d, 4d], is filled with two layers
of fluids with different densities. Between the two media lies
the material interface initially located at yc (x) = y0 cos(kx),
where k = 2π/λ , y0 = 0.2d, and λ = 2d represent the wave
number, the amplitude, and the wavelength, respectively. Ini-
tially, the whole system is in hydrostatic equilibrium,

∂y p(y) =−gρ (y) , (28)

with g the magnitude of gravity acceleration. The initial pres-
sure, which depends upon y, is given as follows:

p(y) = p0 exp
g(4d− y)

Tu
, y > 0,

p(y) = p0 exp
(

4gd
Tu
− gy

Tb

)
, y < 0,

(29)

where p0 is the initial pressure at the top of the fluid system,
and Tu (Tb) denotes the initial temperature at the top (bottom).
To smooth the transition between the interfaces, a layer is ar-
ranged between the two fluids with thickness W = 0.03d, and
the initial temperature field is set as

T (x,y) =
Tu +Td

2
+

Tu−Td

2
tanh

y− yc (x)
W

, (30)

where tanh denotes a hyperbolic tangent function. Then, the
density field is obtained from the relation ρ = p/T . For the
simulation, parameters are p0 = 3.53, τ = 1× 10−5, ax = 0,
ay = −g = −1.0, Tu = 1.0, and Tb = 2.0, ∆t = 5× 10−6,
∆x = ∆y = 1.25× 10−4, and Nx ×Ny = 250× 2000. More-
over, the symmetric boundary condition is applied in the x and
y directions.

Figure 6 exhibits the density contours in the evolution of
RT instability at time instants t = 0, 0.5, 1.0, and 1.5, respec-
tively. The left four snapshots are simulation results of the
DBM with D2V9, while the right four snapshots are obtained
using the model of D2V16. As shown in Fig. 6, the heavy
(light) medium continuously sinks (rises) due to the gravity.
With the passage of time, the vortex emerges and continues
to develop in the later stage. The material interface becomes
smooth and some fine fluid structures disappear as the two me-
dia penetrate into each other. It is confirmed that both models
are capable of simulating the compressible RT instability and
offer similar results with subtle differences. The simulation
difference arises from the fact that, in the hydrodynamic limit,
the former recovers the Euler equations, while the latter recov-
ers the NS equations that contain dissipative effects of viscos-
ity and heat conduction.
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Fig. 6. Density contours in the evolution of RT instability simulated
by the DBM with D2V9 (in the left four snapshots) and the model of
D2V16 (in the right four snapshots).[24]

3.5. Translational motion

In this subsection, the movement of 2D fluid without con-
sidering external force is simulated to prove that the current
model D2V9 (1, 4, 4) has better spatial symmetry and numer-
ical robustness than the previous model D2V9 (3, 3, 3)[27] and
possesses higher computational efficiency than D2V16.[24]

Here the model (3, 3, 3) includes three sets of discrete veloc-
ities with three directions in each set,[27] and D2V16 contains
fours groups of discrete velocities with four directions in each
group.[24]

The computation area is a square in size [0,d]× [0,d],
where a portion of fluid is placed around the center (d/2,d/2)
with a radius R = d/4. The inner and outer densities are
ρi = 1.1 and ρo = 1.0, respectively, and there is a transition

layer between the two parts. Mathematically, the density is set
as follows:

ρ =
ρi +ρo

2
+

ρi−ρo

2

× tanh

√
(x−d/2)2 +(y−d/2)2−R

W
, (31)

where W = d/50 is the thickness of the transition layer. The
pressure is homogeneous in the system with p = 1.0. Mean-
while, two types of flow are under consideration. One is mov-
ing rightwards, and the other is flowing in the diagonal di-
rection. The initial configurations of the two cases are plot-
ted in Figs. 7(a) and 7(b), respectively. Moreover, the peri-
odic boundary condition is adopted, and simulation parame-
ters are d = 0.02, τ = 4.0×10−6, ∆t = 2.0×10−6, ∆x = ∆y =
1.0×10−4, and Nx×Ny = 200×200.

Horizontial flow Diagonal flow
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Fig. 7. The initial configurations of translational motion: horizontal flow
(left) and diagonal flow (light).
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Figure 8 displays the snapshots of a horizontal flow sys-
tem at four time instants t = 0.01, 0.02, 0.03, and 0.04 from
left to right. The three rows of simulation results are given by
using the models of D2V9 (1, 4, 4), D2V9 (3, 3, 3),[27] and
D2V16,[24] respectively. In each subplot, the density reduces
from red to blue, and the flow direction is marked with arrows.
The dashed black circle in the last column is located at the ini-
tial position of the interface between the two media. Given an
initial horizontal velocity ux = 0.5 for the fluids, then it can
be predicted that the system moves a distance d = 0.02 after a
period of time t = 0.04, according to the relationship ux = d/t
in theory.

It can be seen in Fig. 8 that the trajectories of the center
of the fluid system provided by the three models are identical.
The simulated material interface is symmetric about the cen-
terline in the x direction and is close to the theoretical position
on the dashed black curve. However, upon closer observation
of subgraphs in the last column, slight differences can be found
among the three simulation results at time t = 0.04. (i) In the
first row, the dividing interface has little change in thickness,
and its shape keeps quite close to a circle. (ii) In the second
row, the contact area is wider in the x direction than in the y
direction, and the shape seems an ellipse. (iii) In the last row,
the material interface becomes wide gradually due to diffusion
and its shape shows perfect symmetry.

In addition, we simulate the motion of a fluid system
along the diagonal direction in Fig. 9. The components of
flow velocity are ux = uy = 0.5, and the other conditions are

the same as those in Fig. 8. It can be observed in Fig. 9 that
the trajectory of the center follows the diagonal direction in
both the first and last rows, while the center point departs far-
ther and farther from the diagonal line over time. At the time
instant t = 0.04, we can observe remarkable differences in the
calculated results of the three models: (i) In the first row, the
fluid moves in the diagonal direction, the material interface has
little change in width, and its shape keeps close to a circle at
the predetermined place. (ii) In the second row, the direction
of flow velocity completely deviates from the predetermined
direction, the contact area becomes wider in the horizontal di-
rection than in the vertical direction, its location deviates far
from the exact place, and its shape seems elliptical. (iii) In the
last row, the fluid moves along a predetermined trajectory, the
dividing boundary becomes thick, both the location and shape
are correct.

From Figs. 8 and 9, it can be concluded that the mod-
els D2V9 (1, 4, 4) and D2V16 have higher physical accuracy
and spatial symmetry than D2V9 (3, 3, 3). Moreover, it is
worth noting that D2V9 of either (1, 4, 4) or (3, 3, 3) has a
higher computational efficiency than D2V16. Table 1 shows
the spatial symmetry and computational time of various dis-
crete velocity models in simulations of the diagonal motion.
The computation runs on a personal computer with the In-
tel(R) Core(TM) i7-8550U CPU @1.80 GHz. The comput-
ing time required by D2V9 (1, 4, 4) is close to that of the
model (3, 3, 3), and is shorter than the one of D2V16. The
computation time of D2V16 is about twice as much as that of
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D2V9. Therefore, the current model D2V9 has a higher com-
putational efficiency.

Table 1. Spatial symmetry and computational efficiency of various dis-
crete velocity models.

Models Spatial symmetry Computing time (s)

D2V9 (1, 4, 4) symmetry 539
D2V9 (3, 3, 3) asymmetry 540

D2V16 symmetry 1171

4. Conclusion
In this work, a DBM with symmetric velocity discretiza-

tion is presented for compressible flow system that is subjected
to external force and possesses an adjustable specific heat ra-
tio. We constructed a discrete velocity scheme, D2V9 (1, 4,
4), which assumes a resting velocity, a group of velocities with
the same magnitude va in four horizontal or vertical directions,
and a group with size vb in four diagonal directions. This dis-
cretized velocity model has better spatial symmetry and nu-
merical accuracy than the model in Ref. [27] and owns higher
computational efficiency than the one in Ref. [24]. In addi-
tion, the matrix inversion method is adopted to calculate the
discrete equilibrium distribution function and force term, both
of which satisfy nine independent kinetic moment relations.
Moreover, the DBM could be used to study a few thermody-
namic nonequilibrium effects beyond the Euler equations that
can be recovered from the kinetic model in the hydrodynamic
limit via the Chapman–Enskog expansion. Finally, the method
is verified through typical numerical simulations, including the
free-falling process, Sod’s shock tube, sound wave, compress-
ible RT instability, and translational motion of a 2D fluid sys-
tem. These simulations show that the current DBM can effec-
tively investigate compressible flows with or without external
force and could provide some nonequilibrium information.

Acknowledgements
Project supported by the National Natural Science Foun-

dation of China (Grant Nos. 51806116, U2242214, and
11875329), Guangdong Basic and Applied Basic Research
Foundation (Grant No. 2022A1515012116), and the Natu-
ral Science Foundation of Fujian Province, China (Grant
Nos. 2021J01652 and 2021J01655).

References
[1] Anderson J D 2021 Modern compressible flow: With historical per-

spective, 4th edn. (Boston: McGraw-Hill) pp. 36–37
[2] Martys N S, Shan X W and Chen H D 1998 Phys. Rev. E 58 6855
[3] Guo Z L, Zheng C G and Shi B C 2002 Phys. Rev. E 65 046308
[4] Mohamad A and Kuzmin A 2010 Int. J. Heat Mass Transfer 53 990996
[5] Zhang J F 2011 Microfluid. Nanofluid. 10 128
[6] Li Q, Luo K H, Kang Q J, He Y L, Chen Q and Liu Q 2016 Prog.

Energy Combust. Sci. 52 62105
[7] Shan M L, Zhu C P, Yao C, Yin C and Jiang X Y 2016 Chin. Phys. B

25 104701
[8] Sun D K, Chai Z H, Li Q and Lin G 2018 Chin. Phys. B 27 088105
[9] Fei L L, Luo K H and Li Q 2018 Phys. Rev. E 97 053309

[10] Zuo H, Deng S C and Li H B 2019 Chin. Phys. B 28 030202
[11] Wang H, Tian F B and Liu X D 2022 Chin. Phys. B 31 024701
[12] Bai L, Shan M L, Yang Y, Su N N, Qian J W and Han Q B 2022 Chin.

Phys. B 31 034701
[13] Zhong X G, Liu Y S, Yao Y C, He B and Wen B H 2023 Chin. Phys. B

32 054701
[14] Qin F F, Fei L L, Zhao J L, Kang Q J, Derome D and Carmeliet J 2023

J. Fluid Mech. 963 A26
[15] Xu A G and Zhang Y D 2022 Complex media kinetics (Beijing: Science

Press) pp. 67–229 (in Chinese)
[16] Xu A G, Zhang G C, Gan Y B, Chen F and Yu X J 2012 Front. Phys. 7

582600
[17] Lin C D, Xu A G, Zhang G C, Li Y J and Succi S 2014 Phys. Rev. E 89

013307
[18] Xu A G, Lin C D, Zhang G C and Li Y J 2015 Phys. Rev. E 91 043306
[19] Lai H L, Xu A G, Zhang G C, Gan Y B, Ying Y J and Succi S 2016

Phys. Rev. E 94 023106
[20] Lin C D, Xu A G, Zhang G C and Li Y J 2016 Combust. Flame 164

137151
[21] Lin C D, Xu A G, Zhang G C, Luo K H and Li Y J 2017 Phys. Rev. E

96 053305
[22] Lin C D and Luo K H 2018 Combust. Flame 198 356362
[23] Lin C D and Luo K H 2018 Comput. Fluids 166 176183
[24] Lin C D and Luo K H 2019 Phys. Rev. E 99 012142
[25] Zhang Y D, Xu A G, Zhang G C, Gan Y B, Chen Z H and Succi S 2019

Soft matter 15 22452259
[26] Lin C D, Luo K H, Xu A G, Gan Y B and Lai H L 2021 Phys. Rev. E

103 013305
[27] Lin C D 2022 Acta Aerodyn. Sin. 40 98108
[28] Gan Y B, Xu A G, Zhang G C and Succi S 2015 Soft Matter 11

53365345
[29] Gan Y B, Xu A G, Zhang G C, Zhang Y D and Succi S 2018 Phys. Rev.

E 97 053312
[30] Ji Y, Lin C D and Luo K H 2022 J. Comput. Phys. 455 111002
[31] Zhang D J, Xu A G, Zhang Y D, Gan Y B and Li Y J 2022 Phys. Fluids

34 086104
[32] Zhang Y D, Xu A G, Zhang G C, Chen Z H and Wang P 2019 Comput.

Phys. Commun. 238 5065
[33] Zhang H X and Zhuang F G 1991 Adv. Appl. Mech. 29 193256
[34] Gan Y B, Xu A G, Lai H L, Li W, Sun G L and Succi S 2022 J. Fluid

Mech. 951 A8

110503-9

https://doi.org/10.1103/PhysRevE.58.6855
https://doi.org/10.1103/PhysRevE.65.046308
https://doi.org/10.1016/j.ijheatmasstransfer.2009.11.014
https://doi.org/10.1007/s10404-010-0624-1
https://doi.org/10.1016/j.pecs.2015.10.001
https://doi.org/10.1016/j.pecs.2015.10.001
https://doi.org/10.1088/1674-1056/25/10/104701
https://doi.org/10.1088/1674-1056/25/10/104701
https://doi.org/10.1088/1674-1056/27/8/088105
https://link.aps.org/doi/10.1103/PhysRevE.97.053309
https://doi.org/10.1088/1674-1056/28/3/030202
https://doi.org/10.1088/1674-1056/ac11d8
https://doi.org/10.1088/1674-1056/ac2b93
https://doi.org/10.1088/1674-1056/ac2b93
https://doi.org/10.1088/1674-1056/ac9cbd
https://doi.org/10.1088/1674-1056/ac9cbd
https://doi.org/10.1017/jfm.2023.344
https://doi.org/10.1017/jfm.2023.344
https://doi.org/10.1007/s11467-012-0269-5
https://doi.org/10.1007/s11467-012-0269-5
https://doi.org/10.1103/PhysRevE.89.013307
https://doi.org/10.1103/PhysRevE.89.013307
https://doi.org/10.1103/PhysRevE.91.043306
https://doi.org/10.1103/PhysRevE.94.023106
https://doi.org/10.1103/PhysRevE.94.023106
https://doi.org/10.1016/j.combustflame.2015.11.010
https://doi.org/10.1016/j.combustflame.2015.11.010
https://doi.org/10.1103/PhysRevE.96.053305
https://doi.org/10.1103/PhysRevE.96.053305
https://doi.org/10.1016/j.combustflame.2018.09.027
https://doi.org/10.1016/j.compfluid.2018.02.012
https://doi.org/10.1103/PhysRevE.99.012142
https://doi.org/10.1039/C8SM02637H
https://doi.org/10.1039/C8SM02637H
https://doi.org/10.1103/PhysRevE.103.013305
https://doi.org/10.1103/PhysRevE.103.013305
https://doi.org/10.7638/kqdlxxb-2021.0285
https://doi.org/10.1039/C5SM01125F
https://doi.org/10.1039/C5SM01125F
https://doi.org/10.1103/PhysRevE.97.053312
https://doi.org/10.1103/PhysRevE.97.053312
https://doi.org/10.1016/j.jcp.2022.111002
https://doi.org/10.1063/5.0100873
https://doi.org/10.1063/5.0100873
https://doi.org/10.1016/j.cpc.2018.12.018
https://doi.org/10.1016/j.cpc.2018.12.018
https://doi.org/10.1016/S0065-2156(08)70165-0
https://doi.org/10.1017/jfm.2022.844
https://doi.org/10.1017/jfm.2022.844

	1. Introduction
	2. Discrete Boltzmann method
	3. Simulation and verification
	3.1. The free-falling process
	3.2. Sod's shock tube
	3.3. Sound wave
	3.4. The compressible RT instability
	3.5. Translational motion

	4. Conclusion
	References

