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Inflationary spectral index from the Langevin equation is calculated under the frame of warm inflationary scenario
with inflaton interacting with U(1) gauge fields through the Chern–Simons coupling ∝ φFµν F̃µν/ f . Under the strong
dissipative condition, the spectral index is calculated in terms of the ratio of Hubble parameter to temperature H/T . Then
relation between H/T and other cosmic parameters is analytically expressed, based on which a spectral index related to
the Chern–Simons coupling strength is further obtained. Numerical results show that cosmic temperature T closes to a
constant during inflation and decreases after inflation without a reheating process. Meanwhile, the ratio H/T tends to a
constant if the gauged coupling constant is less than a threshold. This phenomenon shows that cosmic temperature may
be an important physical parameter with a special value and adiabatic approximation still holds. We obtain the estimate
H/T ≤ 0.3377 during inflation from Planck data and other constraint conditions.
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1. Introduction
The inflation model is established to overcome some de-

fects of the standard big bang theory.[1–4] This model has suc-
cessfully answered the problems like the formation of cos-
mic large-scale structure[5–7] and the anisotropy of microwave
background,[8–10] but come problems that, in cold inflation,
the inflaton does not interact with other fields and the Universe
is required a reheating process after inflation when the scalar
field reaches the bottom of the potential and starts oscillating.
However, this puts forward higher requirements for the po-
tential and the reheating itself may also face some problems.
Furthermore, the latest Planck data ruled out many forms of
inflation potentials, including the quadratic and quartic po-
tentials, both widely accepted from the perspective of particle
physics.[11]

On the other hand, the warm inflation model was pro-
posed as a candidate scenario to solve the problems in cold
inflation.[12,13] Warm inflation has been studied for a long
time as a possible and realizing model.[14–16] In warm in-
flationary scenario, the evolution of the inflaton field can be
properly determined in the context of the in-in formalism,
or Schwinger closed-time path functional formalism.[17] This
formalism leads an stochastic differential equation which con-
tains a dissipative term and a Gaussian stochastic noise term as
a type of generalized Langevin-like equation of motion.[18,19]

Inflation driven by an axion-like particle, often dubbed as
natural inflation,[20,21] is one of the most well-motivated mod-
els of inflation to reheat the Universe.[22] In axion inflation
the flatness of the potential is guaranteed by the shift symme-
try and ensures a potential periodic. However, this model in

cold inflation is strongly disfavored by Planck 2018 data.[23]

Another objective in cold inflation is the realization of an ex-
ponential production of radiation in order to overcome the ex-
ponential dilution without spoiling the slow-roll stage. For
this purpose, the thermalized axion inflation model is intro-
duced, in which the gauge fields Aµ simply couple to an axion-
like field φ and the gauge fields are considered as the thermal
bath.[24] In this model, inflation often follows a kination era
where the Universe is then dominated by the kinetic energy
of inflaton, which suppresses the generation of radiation field
and may need a long time to transit from inflation to radiation
domination. On the contrary, warm inflation allows a dissipa-
tive term ϒ φ̇ in the equation of motion of inflaton, which rep-
resents the decay from inflaton to thermal bath. Thus the com-
bination of axion inflation and warm inflation is a reasonable
arrangement, and this model is also called the minimal warm
inflation.[25–28] Warm axion inflation allows inflaton to decay
into gauge field at any time and make it possible to analyze
the thermodynamics of the early Universe. The strong cou-
pling (or strong dissipative effect) can effectively restrain the
conversion to kinetic energy, thus avoiding the kination era and
realizing the exponential production of thermal bath. Most im-
portantly, warm inflationary scenario makes the pseudoscalar
inflation model compatible with the Planck 2018 results.[29]

So far, there have been enough discussions on the self
consistency and rationality of the warm inflation theory, but
further research on thermal effect, directly related to the ther-
mal effect, still needs to be conducted in depth. The thermal
quantity T make it possible to provide a detailed analysis on
the thermal properties during and after inflation. In this paper,
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by starting from the Langevin equation, inflationary spectral
index is analytically calculated in the model of warm axionic
Abelian gauge inflation. The equation about the ratio of Hub-
ble parameter to cosmic temperature H/T is obtained, then
H/T and T are numerical solved. This work provides a new
scheme for the study of the thermodynamics in the early Uni-
verse, especially the evolution of temperature, and also pro-
vides a new idea for the discussion of the reheating process.

The organization of this paper is as follows: In Section 2,
the spectral index is calculated from the Langevin equation in
the framework of warm axion inflation. In Section 3, equa-
tions related to thermal effect, especially the cosmic tempera-
ture T , are calculated theoretically. Then, numerical results are
obtained in Section 3 and discussed in detail. Finally, in Sec-
tion 4, we conclude our work and give some outlooks about
our further research.

2. Spectral index of minimal warm inflation
We consider the model described by the following matter

Lagrangian:[30]

ℒm =−1
2

∂µ φ∂
µ

φ −V (φ)− 1
4

Fµν Fµν − g2

4
φ

f
Fµν F̃µν , (1)

where φ is the (axion)-inflaton regarded as a scalar field and
V (φ) is the potential. Gauge field strength tensor is defined
by Fµν = ∂µ Aν − ∂ν Aµ . The gauge field Aµ couples with the
inflaton through the Chern–Simons term, with the dual ten-
sor F̃ = ηµνρσ Fµν/(2

√
−g), where ηµνρσ is the Levi–Civita

tensor in Minkowski spacetime.

2.1. Perturbed dynamics

In the warm inflation model, the dynamical equation of
inflaton is described by an additional dissipative term ϒ . We
define a new variable as the ratio of dissipative coefficient to
the Hubble parameter Q =ϒ/3H, such that

φ̈0 +3H(1+Q)φ̇0 +V,φ = 0, (2)

δ φ̈ +3H(1+Q)δ φ̇ − 1
a2 ∇

2
δφ +V,φφ δφ = ξ . (3)

The strong dissipative regime of warm inflation[25] makes it
possible to lead a rapid production of radiation, so in this paper
we work under a strongly dissipative condition, i.e., Q ≫ 1.
The symbol φ0 means the background inflaton, δφ means the
perturbed field formulated by the Langevin equation. The dots
denote the derivatives with respect to cosmic time t(φ̇ = dφ

dt )

and V,φ denotes the derivatives on potential V with respect to
inflation field (V,φ = dV

dφ
); ξ in the Langevin equation (3) is

the fluctuation term describing a Gaussian thermal noise ef-
fect, which satisfies the fluctuation–dissipation relation

⟨ξ (𝑥, t)ξ *(𝑥′, t ′)⟩= 2a−3
ϒ kBT δ

3(𝑥−𝑥′)δ (t − t ′), (4)

whose Fourier transformation reads

⟨ξT (𝑘, t)ξ *
T (𝑘

′, t ′)⟩= 2(2π
3)ϒ kBTa−3

δ
3(𝑘−𝑘′)δ (t − t ′).

(5)

The most-motivated model for axion-like particles is the
natural potential given by

V (φ) = Λ
4
[
1− cos

(
φ

f

)]
. (6)

Given an interaction Lagrangian density like ℒint =

− f (φ)g(X), where X is an arbitrary field coupling with φ , the
dissipative coefficient is analytically expressed as[31]

− i
d f (φ)

dφ

∫
d4x′θ(t − t ′)[ f (φ(x′))− f (φ(x))]

×⟨[g(X(x)),g(X(x′))]⟩ ≈ϒ φ̇ . (7)

Lagrangian (1) leads an inflaton φ independent dissipative
coefficient[32]

ϒ = g4
m3

φ

64π f 2 = αg
m3

φ

f 2 , (8)

with mφ = Λ 2/ f 2 and αg = g4/64π for the convenience of
expression. Thermal effects also lead to an additional term de-
scribing the energy density of radiation in Friedman equation:

H2 =
1

3M2
p

(1
2

φ̇
2 +V +ρr

)
, (9)

where the Planck mass is defined as M2
p = 1/(8πG).

To characterize the dynamical and thermal properties of
inflation, it is necessary to define three slow-roll parameters

εH ≡− Ḣ
H2 ≪ 1, (10a)

η ≡ M2
p

V,φφ

V
≪ 1+Q, (10b)

β ≡ M2
p

ϒ ,φ V,φ
ϒV

≪ 1+Q. (10c)

The first slow-roll parameter in Eq. (10) means a nearly expo-
nential expansion of the early Universe, the second one means
the requirement on the flatness of potential in terms of inflaton,
and the third one is required from the restriction of dissipative
coefficient and potential on the inflaton derivative, namely the
adiabatic approximation. Here, independent dissipative coef-
ficient φ means β = 0. In the following calculations, another
more important slow-roll parameter ε ≡ QεH will be used by
satisfying the approximation

ε

1+Q
≪ 1. (10d)

Another way to describe the new parameter is via the deriva-
tive on potential

ε ≈ (1+Q)εH =
M2

p

2

(V,φ
V

)2
. (10e)
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The fact that potential contributes the most of the total energy
density during inflation helps us to simplify the above dynam-
ical equations to

3H(1+Q)φ̇ ≈−V,φ . (11)

Introducing the variable z = k/(aH), together with the
partial derivative with respect to cosmic time ∂

∂ t = −(1 −
ε)zH ∂

∂ z and relation 1
H

dH
dz = −ε , Eq. (3) in momentum space

becomes

δφ
′′+

1
z

(
1−2

3+3Q−3ε

2

)
δφ

′

+
(

1+
3(η −βQ/(1+Q))

z2

)
δφ =

1
z2H2 ξ , (12)

where the primes denote the derivatives with respect to vari-
able z. The definition of z gives the identity∫ t

ti
Hdt1 = ln

( k
zHai

)
, (13)

with scale factor ai at instant ti of inflation. Inserting the
above equation into a delta function δ (

∫ t
ti Hdt1 −

∫ t ′
ti Hdt2) =

δ (ln(z′H ′/zH)) and using the property of delta function
δ ( f (x)) = ∑{x0}

δ (x−x0)
| f ′(x0)|

, where {x0} are the zero points of
function f (x), we can obtain the relation δ (t − t ′) = zHδ (z−
z′H ′/H) = zHδ (z−z′). The last step has used the fact H ′/H =

1 + ε(t)− ε(t ′) = 1 because of the delta function δ (t − t ′).
Thus the fluctuation–dissipation relation (5) becomes

⟨ξi(𝑘,z)ξ *
j (𝑘

′,z′)⟩

=2(2π
3)ϒ kBT

H4z4

k3 δ
3(𝑘−𝑘′)δ (z− z′). (14)

Applying Green’s function method, the solution of differential
equation (12) is[33]

δφ1(𝑘,z) =
∫

∞

z
dz′G(z,z′)

1
z′2H2 ξ1(𝑘,z′) (15)

with Green’s function

G(z,z′) =
zα

z′α
1

2/πz′
[Jν(z)Nν(z′)

− Jν(z′)Nν(z)]θ(z′− z). (16)

In the above equation, Jν(z) is the Bessel function of ν-th or-
der and Nν(z) is the Neumann function with parameters

α =
3
2
(1+Q− ε), (17)

ν =

√
α2 +

3βQ
1+Q

−3η

≈ α − η

1+Q
+

εη

(1+Q)2 . (18)

Due to the solution of perturbed field (15) and the
fluctuation–dissipation relation (5), the correlation function of
perturbed field reads

⟨δφ(𝑘,z)δφ(𝑘′,z′)⟩= (2π)3k−3
δ

3(𝑘−𝑘′)

×2kBTϒ

∫
∞

zm

dz′′G(z,z′′)G(z′,z′′), (19)

with zm =min(z,z′). The slow-roll limit also indicates α−ν ∼
0, so zα Jν(z)→ 0 and zα Nν(z) tends to a constant on the large
scale limit z → 0. Then one can ignore the integrals contain-
ing Neumann function Nν(z′) and needs only to consider the
term

∫
∞

z dz′z′2−2α J2
ν(z

′). With the help of Weber–Schafheitlin
integrals[34] and the approximation Nν(z) ≈ −Γ (ν)

π
( 2

z )
ν as

z → 0+, the correlation function (19) expresses

⟨δφ(𝑘,z)δφ(𝑘′,z′)⟩|z′=z

≈(π3/2)k−3
δ

3(𝑘−𝑘′)ϒ T 23−2(α−ν)z2(α−ν)

×
Γ 2(ν)Γ ( 3

2 − (α −ν))Γ (2α −2)

Γ 2(α − 1
2 )Γ (α +ν − 3

2 )
, (20)

from which we obtain the power spectrum of curvature pertur-
bation:

∆
2
R(𝑘) =

(H
φ̇

)2 k3

2π2

∫
d3k′⟨δφ(𝑘,z)δφ(𝑘′,z)⟩. (21)

2.2. Spectral index

The spectral index of curvature perturbation is defined as

ns −1 =
dln∆ 2

R
dlnk

. (22)

Noticing the relation of frozen scale in warm inflation model
d lnk = (1+Q)dN with dN = Hdt, we can get the following
expressions in terms of the derivative of N:

d lnH
dN

=−εH, (23a)

d lnQ
dN

= εH, (23b)

d lnη

dN
=−η −2ε

1+Q
, (23c)

d lnε

dN
=−2(η −2ε)

1+Q
. (23d)

Combining Eqs. (23b) and (23c), we then have

d
dN

η

1+Q
=−η(η −2ε + εH)

(1+Q)2 . (23e)

The derivative variables in Eq. (23e) are regarded as the sec-
ond order of slow-roll parameters. We still have

dln(H2/φ̇ 2)

dN
=

dln[(1+Q)2/(2M2
p ε)]

dN

=
2Q

1+Q
dlnQ
dN

+
2(η −3ε)

1+Q
, (23f)

d lnϒ kBT
dN

=
dlnT
dN

, (23g)

d ln2−2(α−ν)

dN
= 2ln2

d
dN

η

1+Q
, (23h)
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dlnz2(α−ν)

dlnk
=

2η

1+Q
− 2εη

(1+Q)2 . (23i)

The spectral index contains the derivative on the Gamma
function dlnΓ (a+ε)

dz = ψ(a+ ε) dε

dz , where ψ(z) = dlnΓ (z)
dz is the

Psi function. Then we have

dlnΓ 2(ν)

dN

=3ψ

(3
2
+

3
2

Q
)(dQ

dN
− dε

dN
− 2

3
d

dN
η

1+Q

)
, (24a)

d lnΓ ( 3
2 − (α −ν))

dN
=−ψ

(3
2

) d
dN

η

1+Q
, (24b)

d lnΓ (2α −2)
dN

= 3ψ(1+3Q)
(dQ

dN
− dε

dN

)
, (24c)

−
dlnΓ 2(α − 1

2 )

dN
= 3ψ

(
1+

3
2

Q
)(dQ

dN
− dε

dN

)
, (24d)

−
dlnΓ (α +ν − 3

2 )

dN

=3ψ

(3
2
+3Q

)(dQ
dN

− dε

dN
− 1

3
d

dN
η

1+Q

)
. (24e)

By collecting the above formulas, we can continue to simplify
the expressions. The strong dissipative effect Q ≫ 1 and the
limiting form ψ(z)∼ lnz− 1

2z
[34] as z ≫ 1 lead to approximate

results

ψ

(3
2
+

3
2

Q
)
+ψ(1+3Q)−ψ

(
1+

3
2

Q
)

−ψ

(3
2
+3Q

)
∼ 1

6Q
, (25)

2ψ

(3
2
+

3
2

Q
)
−ψ

(3
2
+3Q

)
∼ ln3Q− ln2. (26)

From definition (22) and the above equalities, we finally
get the expression of spectral index of curvature perturbation
to second order:

ns −1 =
4η − 5

2 ε

1+Q
+

1− ε

2(1+Q)

dln(T/H)

dN

−
ε(η − 3

2 ε)

(1+Q)2 − 2+ ln2− γ − ln3Q
1+Q

d
dN

η

1+Q
, (27)

where we have used the special value of Psi function
ψ( 3

2 ) = 2 − 2ln2 − γ with Euler–Mascheroni constant γ =

0.5772156649 · · · . The first order of index is briefly written
as

n(1)s = 1+
4η − 5

2 ε

1+Q
+

1
2(1+Q)

dln(T/H)

dN
. (28)

It is thus clear that if we get the expression of H/T , the spectral
index will be determined. Next, this problem will be discussed
in detail.

3. Thermodynamics of radiation field
A safe way to reheat the Universe is through the couplings

of inflaton φ and gauge fields. Generally, the gauge boson

field is regarded as the thermal bath. This model is used to
explain the reheating problem in cold inflation scenario with
natural and quadratic potential[22,24] and to analysis the ther-
mal effects in warm inflation scenario,[28] then we continue the
studies about inflationary thermodynamic problems in such a
model. The model described by Eq. (1) shows a decay pro-
cess from inflaton φ to thermalized U(1) gauge field Aµ , in
which we can calculate the energy density of radiation during
inflation.

In this section, the metric is set d2s = a2(−d2τ + d2x+
d2y+d2z) with conformal time dτ = dt/a.

3.1. Dynamical solution of gauge field

The equation of motion of 4-potential Aµ are obtained by
varying the action (1) with respect to Aµ ,[√

−g
(

Fµν +
g2φ

f
F̃µν

)]
;ν
= 0, (29)

simplified by Coulomb gauge A0 = 0 and ∂ iAi = 0:

A′′
i −a2

∂
j
∂ jAi −

g2aφ̇0

f
ηi jk∂ jAk = 0, (30)

with prime denoting the derivative with respect to conformal
time in this section. Then decompose the gauge field Ai in
terms of the annihilation and creation operators

Ai(τ,𝑥) = ∑
λ=±

∫ d3k
(2π)3

[
ε

λ
i (𝑘)Aλ (τ,𝑘)âλ (𝑘)e

i𝑘·𝑥

+ ε
λ*
i (𝑘)A*

λ
(τ,𝑘)â†

λ
(𝑘)e−i𝑘·𝑥

]
, (31)

and the helicity vectors follow the relations

ki
ε
±
i = 0, ηi jkk j

ε̂
k
± =∓ikε̂

±
i , ε

±
i ε

i
± = 0, ε

±
i ε

i
∓ = 1,

∑
λ

ε
λ
i (ε

λ
j )

* = δi j, ∑
λ

λε
λ
i (ε

λ
j )

* = (σ2)i j =−iηi j3, (32)

with σ2 being the Pauli matrix along y direction. The annihi-
lation and creation operators satisfy the commutation relation

[âλ (𝑘), â
†
𝑘′(𝑘

′)] = δλλ ′δ
(3)(𝑘−𝑘′). (33)

Substituting Eq. (32) into Eq. (30) yields

A′′
±+

(
k2 ∓ 2kξ

−τ

)
A± = 0, (34)

where

ξ = g2
φ̇0/H f =

ξ0ε1/2

1+Q
, (35)

with ξ0 = 3g2Mp/
√

2 f . Equation (34) is based on the assump-
tion that the dimensionless measure of field velocity ξ evolves
adiabatically, i.e., ξ̇/ξ H ≪ 1. Both the solutions of posi-
tive and negative helicity modes reduce to adiabatic vacuum
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at early times, i.e., A± → e−ikτ
√

2k
as −kτ → ∞, given in terms of

Coulomb functions

A±(τ,k)≃
1√
2k

[G0(±ξ ,−kτ)+ iF0(±ξ ,−kτ)]. (36)

Coulomb functions follow the asymptotic formula under the
limit ρ → 0:

Fℓ(ξ ,ρ)∼Cℓ(ξ )ρ
ℓ+1, (37a)

Gℓ(ξ ,ρ)∼
ρ−ℓ

(2ℓ+1)Cℓ(ξ )
, (37b)

with Cℓ(ξ ) = 2ℓ e−πξ/2|Γ (ℓ+1+ iξ )|/(2ℓ+1)!. The order
index in Eq. (36) is ℓ = 0. Thus, the positive and negative
helicity modes are expressed approximately as[34]

A+ ∼ 1√
2k

[ |Γ (1+ iξ )|
eπξ/2

(−kτ)+ i
eπξ/2

|Γ (1+ iξ )|

]
∼ i√

2k
eπξ/2

|Γ (1+ iξ )|
, (38)

A− ∼ i√
2k

e−πξ/2

|Γ (1− iξ )|
. (39)

3.2. Energy density of radiation field

Spatial components of electric and magnetic fields are
given by

Ei =− 1
a2 A′

i, Bi =
1
a2 εi jk∂ jAk. (40)

The energy momentum tensor of the electric and magnetic
field is

Tµν =− 2√
−g

δ
√
−gℒ

δgµν

= gαβ Fµα Fνβ − 1
4

gµν Fαβ Fαβ , (41)

with 00-component

⟨T00⟩= ρB +ρE =
1
2
⟨BiBi +E iEi⟩

=
1

2a4 ⟨ηimkη jnk∂iAm∂ jA*
n + |A′|2⟩. (42)

The contraction operation represents BiBi = δ i jBiB j on flat
spacial coordinates due to definition (40).

The energy density could also be obtained by integrating
over the momentum space:

ρB =
∫

dlnk
dρB(k,τ)

dlnk

=
∫ dk

k
k3

(2π)2

∫
d3k′δ i j𝒫B,i j(𝑘,𝑘

′,τ). (43)

In the above equations, dρB(k,τ)/dlnk denotes the spectral
energy density of magnetic field and 𝒫B,i j is the two-point cor-
relation function in momentum space, with

𝒫B,i j(𝑘,𝑘
′,τ) = ⟨B̂i(𝑘,τ)B̂ j(𝑘

′,τ)⟩

=
1
a4 δ

3(𝑘−𝑘′) ∑
λ=±

∑
l1l2m1m2

ηil1m1η jl2m2kl1kl2

× ε
m1
λ

(εm2
λ

)*Aλ (𝑘,η)A*
λ
(𝑘,η)coth

( k
2aT

)
. (44)

The hyperbolic cotangent comes from the ensemble average
of creation and annihilation operators.[35] In the same way the
correlation function of electric field is defined. The following
equalities may be helpful to calculate the correlation functions:

∑
λ=±

ε
m1
λ

(εm2
λ

)*|Aλ |2

= ∑
λ=±

ε
m1
λ

(εm2
λ

)*
1
2
(|Aλ |2 + |A

λ̄
|2)

+ ∑
λ=±

ε
m1
λ

(εm2
λ

)*
1
2
(|Aλ |2 −|A

λ̄
|2)

=
1
2
(|A+|2 + |A−|2) ∑

λ=±
ε

m1
λ

(εm2
λ

)*

+
1
2
(|A+|2 −|A−|2) ∑

λ=±
λε

m1
λ

(εm2
λ

)*

=
1
2
(|A+|2 + |A−|2)δ m1m2

+
1
2
(|A+|2 −|A−|2)(σ2)

m1m2 , (45)

where λ̄ = −λ and we have used the relations (32). Thus,
two-point correlation function of magnetic field arrives at

𝒫B,i j(𝑘,𝑘
′,τ) =δ

3(𝑘−𝑘′)coth
( k

2aT

)
× [(δ i j − k̂ik̂ j)k2PB(k,τ)

+ iηikmk̂mk2SB(k,τ)], (46)

where PB = 1
2a4 (|A+|2 + |A−|2) is about the symmetric part

due to the nonvanishing contraction over indexes i and j, and
SB = 1

2a4 (|A+|2 −|A−|2) is about the antisymmetric part with
vanishing after contraction over i and j. PB or PE relates to
the power spectrum, while SB or SE corresponds the polariza-
tion spectrum. Finally, the spectral energy density of magnetic
field arrives at

dρB(k,τ)
dlnk

=
k3

(2π)2a4 PB

≈ H4

(2π)3ξ

( k
aH

)4
(e2πξ +1)coth

( k
2aT

)
, (47)

where we have used the approximation[34]

|Γ (x+ iy)| ∼
√

2π|y|x−(1/2) e−π|y|/2. (48)

From the definition of electric field (40) and the approx-
imations in Eqs. (37) and (48), the spectral electric density
reads

dρE(k,τ)
dlnk

≈ H4

(2π)3

( k
aH

)4 ξ

e−2πξ +1
coth

( k
2aT

)
. (49)
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The numerical result shows that the magnetic spectral density
is at least 103 times the value of electric spectral density for
any value of ξ , so we can ignore the latter directly. Then the
spectral density of radiation field finally arrives at

dρ(k,τ)
dlnk

=
dρB(k,τ)

dlnk
+

dρE(k,τ)
dlnk

≈ H4

(2π)3ξ

( k
k*

)4
(e2πξ +1)coth

( kH
2k*T

)
, (50)

where k* is the typical scale. Similarly, the spectral polarized
density is

ds(k,τ)
dlnk

≈ k5

4π2a4 (|A+|2 −|A−|2)coth
( k

2aT

)
≈ H4

(2π)2

( k
aH

)4[ e2πξ

|Γ (1+ iξ )|2

− e−2πξ

|Γ (1− iξ )|2
]

coth
( k

2aT

)
. (51)

Figure 1 plots the spectral energy density in Eq. (50)
and polarized density in Eq. (51) of primordial radiation field,
where the wave number k works at the typical scale k = k*
and the number related to the slow-roll parameter assigns
ε1/2/(1+Q) = 10−3. It is found that the spectral energy den-
sity is almost independent of ξ0 when ξ0 < 104, which means
that we cannot restrict the parameters of the Chern–Simons
model in Eq. (1) only by the amplitude of primordial electro-
magnetic field. From the perspective of observational cosmol-
ogy, only the observation on energy density spectrum is not
enough, but also the observation on polarized density spec-
trum.
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Fig. 1. The spectral energy (solid line) and polarized (dash line) density of
primordial radiation field to ξ0 by setting k = k* and ε1/2/(1+Q) = 10−3.

3.3. Geometrical dynamics vs. thermal dynamics

The energy density of radiation is obtained by integrating
the spectral energy density:[36]

ρr =
∫ aH

ki

dk
k

dρ(k,τ)
dlnk

, (52)

where ki ∼ 0 denotes the crossing horizon scale at the begin-
ning of inflation. The integral containing the hyperbolic cotan-
gent function is calculated via the series expansion method:

ρr =
H4(e2πξ +1)

(2π)3ξ

[1
4
+

2π4

15

( T
H

)4

+2
( T

H

)
ln(1− e−H/T )−6

( T
H

)2
Li2(e−H/T )

−12
( T

H

)3
Li3(e−H/T )−12

( T
H

)4
Li4(e−H/T )

]
, (53)

where we have used the integral∫ 1

0
x3 coth

(ax
2

)
dx

=
∫ 1

0
x3
(

1+
1

eax −1

)
dx

=
1
4
+

∞

∑
n=1

∫ 1

0
x3e−anxdx

=
1
4
+

∞

∑
n=1

6+[−6−6(an)−3(an)2 − (an)3]e−an

(an)4 (54)

and ∑
∞
n=1 n−4 = π4/90. Here,

Lis(z) =
∞

∑
n=1

zn

ns (55)

represents the Polylogarithm functions. At the low-
temperature limit, i.e., H/T ≫ 1, the energy density of radia-
tion is approximately

ρr ≈
H4(e2πξ +1)

4(2π)3ξ
, (56)

while the high-temperature limit H/T ≪ 1 approximates to

ρr ≈
2H3T (e2πξ +1)

3(2π)3ξ
. (57)

The warm inflationary scenario often works under high-
temperature conditions, so Eq. (57) is used to calculate the
ratio of Hubble parameter to temperature.

The energy density of radiation is also related to the tem-
perature as

ρr =CrT 4, (58)

where Cr = π2g*/30 and g* characterizes the number of rela-
tivistic particle degrees of freedom. Combining Eqs. (58) and
(57), the ratio of Hubble parameter to temperature reduces to

H
T

≈
[ 2π5g*ξ

5(e2πξ +1)

]1/3
≈ (2π

5g*/5)1/3
ξ

1/3e−2πξ/3. (59)

Recall the spectral index in Eq. (28). The derivative of the
logarithm of T/H in Eq. (59) over e-folding number N reads

d ln(T/H)

dN

= − 1
3

dlnξ

dN
+

2π

3
dξ

dN
=−1

6
dlnε

dN
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+
1
3

Q
1+Q

dlnQ
dN

+
πξ0ε−1/2

3(1+Q)

dε

dN
− 2πξ0ε1/2

3(1+Q)2
dQ
dN

≈ − 1
6

dlnε

dN
+

1
3

Q
1+Q

dln(T 3/H3)

dN
+

1
3

Q
1+Q

dlnH2

dN

+
πξ0ε−1/2

3(1+Q)

dε

dN
, (60)

where we have ignored the terms higher than the second order
of slow-roll parameters. Applying the slow-roll approxima-
tions in Eqs. (23a) and (23d), Eq. (60) arrives at

1
1+Q

dln(T/H)

dN
=

1
3

η −2ε

1+Q
− 2πξ0ε1/2(η −2ε)

3(1+Q)2 . (61)

Finally, substituting Eq. (61) into Eq.(28) and considering the
strong dissipative condition Q ≫ 1, the spectral index of cur-
vature perturbation is briefly written as

n(1)s = 1+
25η −19ε

6(1+Q)
− πξ0ε1/2(η −2ε)

3(1+Q)2 . (62)

4. Numerical analysis of thermal dynamics
4.1. Dynamical equations and numerical estimation

In the above sections, the discussions do not involve the
specific form of natural potential (6). Now we are making fur-
ther discussions based on this potential.

Introduce the dimensionless variables dN = Hdt, x =

φ/ f , y = H/Mp and z = H/T . Then, Eqs. (2), (9) and (53)
become closed equations

f̃ 2

2

( dx
dN

)2
+

m̃2
φ

f̃ 2

y2 (1− cosx)+
π2g*
30

y2z−4 = 3,

y2 d2x
dN2 + y

dy
dN

dx
dN

+3y2(1+Q)
dx
dN

+ m̃2
φ sinx = 0,

z4

4
+

2π4

15
−12Li4(e−z)+2z3 ln(1− e−z)

−6z2Li2(e−z)−12zLi3(e−z) =
4π5g*ξ

15(e2πξ +1)
, (63)

with m̃φ = mφ/Mp, f̃ = f/Mp, Q = αgm̃3
φ
/3 f̃ 2y, and ξ =

3g2
√

2 f̃
ε1/2

1+Q . The above equations may be carried out in the form
of implicit differential equations.

To simulate Eq. (63), the parameters are assigned by
meeting the following conditions: (1) remaining the scalar
spectral index ns in Eq. (62) at the moment of typical scale
k* = 0.05 Mpc−1 crossing horizon with e-folding number

N* = ln(k*/H)≈ ln(k*/H(xinit)) (64)

in tune with the current observations; (2) inflation ending with
e-folding number Nend ≈ 60 corresponding to the condition
in which the slow-roll parameter εH is approximately to unit,
i.e., εH ≈ 1; and (3) the temperature holding the order at least
109 GeV when the Universe entering the radiation-dominate
epoch. Moreover, the potential is set as Λ ∼ 10−2Mp to en-
sure the Hubble expansion rate H ∼ 10−5Mp and g* = 106.75.
Here the constraint from tensor-to-scalar ratio does not take
into account and it will be fully used at the end of this section.

Table 1. Numerical estimation from different combinations of parameters and relevant cosmic quantities based on them.

Model ns xi g f/Mp Q (H/T )* V 1/4
60 /Mp Teq (GeV)

1 0.9667 -1.5042 5.551 0.10 103.6 0.3370 8.05×10−9 1.21×1011

2 0.9683 -1.7241 14.170 0.13 87.1 0.3302 5.89×10−9 1.56×1010

3 0.9693 -1.4142 30.541 0.17 84.9 0.2987 1.26×10−9 4.38×1010

4 0.9712 -2.1346 0.196 0.25 33.6 0.1182 4.46×10−9 6.01×109
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d
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/
f
)

H
d
t

f/f

Fig. 2. Phase diagram of inflaton mean field φ/ f and its velocity of
models 1–4 listed in Table 1.

Table 1 lists four typical models satisfying the above three

conditions. Model 1–3 are three typical models with strong
dissipative coefficients which avoid oscillation at the poten-
tial bottom. The dissipative coefficient in model 4 is much
smaller, showing an oscillation at the bottom. The phase di-
agrams of inflaton mean field φ/ f and its velocity d(φ/ f )

Hdt are
plotted in Fig. 2. Any model introduced above appears a tran-
sition from acceleration to deceleration which locates at the
epoch between inflation and radiation dominating.

Figure 3 illustrates the temperature evolutions of each
model mentioned above. We see that the warm inflation model
avoids the reheating process and the temperature decreases
gradually, which is a unique physical phenomenon of the
warm inflation model.[16,28] It is also found a transition stage
between inflationary epoch and radiation-dominate epoch, and
the radiation-dominate epoch begins at N ∼ 70. Teq in Table 1

119801-7



Chin. Phys. B 32, 119801 (2023)

is the temperature at the moment of equality between potential
energy and radiation energy. The model with weak dissipative
coefficient (model 4) shows a temperature oscillation after in-
flation when the axion field moves near the potential bottom,
corresponding to the oscillation of φ phase diagrams shown
in Fig. 2. Then, Fig. 4 plots the the curves of energy density
of different components. It is confirmed that the radiation-
dominate epoch starts with potential V (φ) dropping below ra-
diation energy ρr, while the kinetic energy φ̇ 2/2 remains al-
ways subdominant.

Model 1
Model 2
Model 3
Model 4
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108

105

0 10 20 30 40 50 60 70

T
 (

G
e
V

)

N

I II III

Fig. 3. Diagram of temperature T vs e-folding number N with differ-
ent model. Region I denotes the inflationary epoch, region III denotes
the radiation-dominate epoch and II means the transition epoch between
them.
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Fig. 4. The evolution of the potential, kinetic and radiation energy den-
sities for model 1. The three regions from left to right are inflation-
ary, transitional and radiation-dominate epoch, as the same as those in
Fig. 3.

4.2. Thermodynamics

As also seen in Fig. 3, the temperature during inflation
tends to a constant for any model. This result means that
adiabatic approximation still holds in the warm inflationary
scenario. Another interesting conclusion is that the coupling
constant g has a direct effect on the behavior of temperature
during inflation. As it is numerically plotted in Fig. 5, the ra-
tio H/T is not sensitive to g if it is less than a specific value.

The data H/T in Table 1 mean the values in different mod-
els. When coupling constant g is less than a threshold, H/T
holds a parameter-independent constant 0.3377. In contrast,
a stronger interaction constant g means a higher inflationary
temperature, since a more intense conversion from vacuum
potential to thermal radiation. From this perspective, radia-
tion energy dominates the cosmic evolution when ξ (or ε) in-
creases to a critical value. It is also well explained why the
temperatures of different model have a slightly difference be-
tween each other, as shown in Fig. 3.

Model 1

Model 2

Model 3

Model 4

100

10-1

10-2

10-2 10-1 100 101 102

H
/
T

H/T=0.3377

g

Fig. 5. Ratio of Hubble parameter to cosmic temperature H/T in terms
of coupling constant g in different models.

4.3. Constrain on the parameters

Equation (63) is the accurate system of equations to sim-
ulate the thermal evolution after inflation but not convenient to
constrain the relevant parameters. A concise method to con-
strain the parameters via the observational data is based on the
slow-roll approximation. Inflation ends with εH = 1, namely,

x f =
1
f̄

√
2

Q f
, (65)

where x f = φ f / f is the dimensionless field at the end of infla-
tion. The ratio Q at the end of inflation reads

Q f =
ϒ

3H f
≈

αg√
3

m̄2
φ

f̄ 3
√

1− cosx f
. (66)

Taylor expansion 1 − cosx ≈ x2/2 leads to the solution of
Eq. (66) as follows:[37]

x f =

√
24

αg

f̄
m̄2

φ

. (67)

The number of e-folding is defined as

Ne =
∫ t f

ti
Hdt ≈−

∫
φ f

φi

Hϒ

V,φ
dφ

=
ϒ f√

3Mpmφ

ln tan
( x

4
+

π

4

)∣∣∣x f

xi
. (68)
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Here, the approximation (11) with ϒ ≫ 3H and axion-like po-
tential (6) have been used. Thus, the initial value of inflation
field is obtained by solving Eq. (68),

xi =−π +4arctan
[

tan
(x f

4
+

π

4

)
exp
(
−

√
3 f̄ Ne

αgm̄2
φ

)]
. (69)

Then, the value of field at horizon crossing moment x* is ap-
proximately

x* = xi +
∫ N*

0

φ̇

H f
dN ≈ xi +

√
3 f̄ sinxi

m̄2
φ

√
1− cosxi

N*, (70)

where N* is introduced in Eq. (64). Substituting x* into slow-
roll parameters ε , η and Q, we can finally obtain the value of
typical spectral index in Eq. (62). Another observable cos-
mic parameter we are interest in is the tensor-to-scalar ra-
tio r = ∆ 2

h/∆ 2
R, where ∆ 2

h has been obtained in Eq. (21) and
∆ 2

h = 2H2/π2M2
p is the standard expression of vacuum tensor

perturbation. Thus, we have the tensor-to-scalar ratio at typi-
cal scale crossing:

r =16
ε

1+Q
Q

1+Q
3H
T

2−3+2(α−ν)

×
Γ 2
(

α − 1
2

)
Γ

(
α +ν − 3

2

)
Γ 2(ν)Γ

(
3
2 − (α −ν)

)
Γ (2α −2)

∣∣∣∣∣
x=x*

. (71)

The red narrow bands in Fig. 6 represent the 95% CL of
spectral index ns from the Planck Collaboration data[23] and
the orange area in upper half represents the tensor-to-scalar
ratio r within 95% CL. The dashed lines are contours of ra-
tio H/T . The upper 95% CL band constrains the parameters
with larger coupling constant, which means the non-oscillation
modes after inflation epoch, as models 1–3 in Table 1. Notice-
ably, the lower band describes the mode with oscillation at
the potential bottom, as seen in model 4. From the results in
Fig. 6, it can be seen that observational data favors the non-
oscillatory models, and the ratio of the Hubble parameter to
cosmic temperature is estimated to be H/T ≤ 0.3377.

103

102

101

100

10-1

10-2

0.1 0.2 0.3 0.4 0.5 0.6

g

f/Mp

H/T

H/T

0.02
0.02
0.06
0.12
0.18
0.24
0.3

0.33
0.335

0.337

0.06
0.12
0.18
0.24
0.3

0.33
0.335

0.337

0.3374
0.3374

0.33743
0.33743

ns 95% CL

ns 95% CL r 95% CL

Fig. 6. Diagram of spectral index ns and ratio H/T in terms of g and
f . The red bands are the 95% CL regions of ns from the observational
data, and the dashed lines with specific value are the contours of ratio
H/T . Orange area of the upper half-plane represents the 95% confi-
dence region of tensor-to-scalar r.

5. Conclusions and outlook
In this study we introduce the model with inflaton cou-

pling to U(1) gauge field by Chern–Simons interaction and
calculate its spectral index under the warm inflationary frame.
Regarding the gauge field as a radiation bath, we also calcu-
late the evolutionary trend of the ratio of Hubble parameter to
cosmic temperature H/T . Lastly, numerical method is applied
to analyze the relevant parameters or variables during and af-
ter inflation. By selecting the appropriate parameter combina-
tion, non-oscillating and oscillating phase diagrams are given.
We find that cosmic temperature T tends to a constant dur-
ing inflation and drops dramatically below the potential energy
after inflation, showing a natural transition from inflation to
radiation-dominant epoch. The temperature keeps a constant
approximately as well during inflation meaning the adiabatic
approximation still holding in warm inflation. The ratio of
Hubble parameter to cosmic temperature H/T will tend to the
constant 0.3377 if coupling constant is less than a threshold,
being slightly dependent on relevant cosmic parameters.

Research on more complex models will be carried out
in the future work. A direct idea is to calculate the spectral
law of density and polarized spectrum in the model of non-
Abelian axionic inflation and to test whether it can still meet
the thermodynamically adiabatic phenomena shown in Figs. 3
and 5. Hence, more careful discussions on the thermal ef-
fect about warm inflation are necessary. For the rationality of
the warm inflation, the conclusions obtained here need to be
further verified, such as whether these conclusions can be ex-
tended to other models like reheating model with interaction
− f 2(φ)Fµν Fµν , whether the warm inflation model can predict
the observation effects different from the cold inflation, and so
on. Therefore, our next step is to have a detailed discussion on
the issues raised above.
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