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We investigate the two-mode quantum Rabi model (QRM) describing the interaction between a two-level atom and
a two-mode cavity field. The quantum phase transitions are found when the ratio η of transition frequency of atom to
frequency of cavity field approaches infinity. We apply the Schrieffer–Wolff (SW) transformation to derive the low-energy
effective Hamiltonian of the two-mode QRM, thus yielding the critical point and rich phase diagram of quantum phase
transitions. The phase diagram consists of four regions: a normal phase, an electric superradiant phase, a magnetic super-
radiant phase and an electromagnetic superradiant phase. The quantum phase transition between the normal phase and the
electric (magnetic) superradiant phase is of second order and associates with the breaking of the discrete Z2 symmetry. On
the other hand, the phase transition between the electric superradiant phase and the magnetic superradiant phase is of first
order and relates to the breaking of the continuous U(1) symmetry. Several important physical quantities, for example the
excitation energy and average photon number in the four phases, are derived. We find that the excitation spectra exhibit the
Nambu–Goldstone mode. We calculate analytically the higher-order correction and finite-frequency exponents of relevant
quantities. To confirm the validity of the low-energy effective Hamiltonians analytically derived by us, the finite-frequency
scaling relation of the averaged photon numbers is calculated by numerically diagonalizing the two-mode quantum Rabi
Hamiltonian.

Keywords: two-mode quantum Rabi model, superradiant phase transition, Nambu–Goldstone mode, finite-
frequency scaling, Schrieffer–Wolff (SW) transformation
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1. Introduction

The quantum phase transition (QPT) is an important
issue in the area of quantum optics and condensed-matter
physics.[1–14] Traditional studies of the quantum phase transi-
tion mostly focus on the thermodynamic limit, which requires
the number of microparticles to approach infinity. However,
recent theoretical studies show that a second-order quantum
phase transition can occur when the ratio of atom transition
frequency to cavity frequency approaches infinity whereas the
system contains only one atom, such as the quantum Rabi
model (QRM).[15,16]

The QRM describes the interaction between a photon
field and a two-level system,[17,18] which is one of the simplest
models for studying the light–matter interaction and plays a
significant role in quantum optics,[19] quantum information[20]

and condensed-matter physics.[21] The single-mode QRM can
be realized experimentally by a photonic analog simulator,
based on light transport in femtosecond-laser-written waveg-
uide superlattices, which provides an experimentally accessi-
ble test bed to explore the physics of light–matter interaction
in the deep strong coupling regime.[22] Recently, a trapped-
ion experiment using a 171Yb+ ion in a Paul trap observed
this quantum phase transition, which opens up a new window

for controllable study of the quantum phase transition with-
out requiring the thermodynamic limit.[23] Moreover, Chen et
al. experimentally simulated the occurrence of an equilibrium
superradiant phase transition beyond the no-go theorem by in-
troducing the antisqueezing effect based on the platform of
nuclear magnetic resonance.[24] With the rapid experimental
progress in accessing the strong,[25,26] the ultrastrong,[27–29]

and the deep strong[30,31] coupling regimes, the QRM has re-
ceived much attention.[32–54] Since the quantum phase tran-
sition and critical phenomena in the QRM are found, further
study on the scaling behaviors of the Rabi and the Dicke mod-
els has revealed that these two models belong to the same
universality class.[55] These progresses bring a new insight
into the quantum phase transitions without the thermodynamic
limit. However, how the number of cavity fields of QRM influ-
ences the quantum phase transition remains an open question.
Moreover, the interaction between a two-mode cavity field
and a three-level system leads to many important phenomena,
such as electromagnetically induced transparency[56] and dark
state,[57] which are profitable in the precise control of coherent
population trapping and transfer.[58] The three-level system is
also important in quantum information, referred to as qutrit.
Compared with the two-level scheme, the quantum key distri-
bution based on qutrits is more resistant to attack,[59,60] and the
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quantum computation using qutrits shows a faster speed and a
lower error rate.[61,62] Hayn et al. studied quantum phase tran-
sitions by a generalized Holstein–Primakoff transformation
and revealed that it exhibits two superradiant quantum phase
transitions, which can be both of first and second orders.[63]

Cordero et al. found that the polychromatic ground-state phase
diagram can be divided into monochromatic regions by a vari-
ational analysis.[64] Zhang et al. reported an analytical calcu-
lation of the ground-state phase diagram, scaling function, and
critical exponents for the two-mode three-level QRM.[8] How-
ever, the quantum phase transition in a two-mode photon field
model with few degrees of freedom, i.e., the two-mode QRM,
has not been extensively studied. In this work, we consider
a two-level atom interacting with two different photonic field
modes. Since the model symmetry shifts as the parameter of
the model Hamiltonian changes, we expect there would arise
rich critical phenomena. To identify the possible quantum
phases and quantum phase transitions involved in a two-mode
model is helpful in further understanding the light–matter in-
teraction models and extending their applications.

The paper is organized as follows. In Section 2, the low-
energy effective Hamiltonians for four different phases are
derived when the ratio of the atom frequency to the photon
frequency approaches infinity and the ground-state phase dia-
gram is obtained. In Section 3, the symmetries of two-mode
QRM are studied. In Section 4, the excitation spectra, critical
photon number and fluctuations of field quadratures are ana-
lytically calculated. In Section 5, the finite-frequency expo-
nents are analytically derived and the finite-frequency scaling
relations of average photon numbers are verified numerically.
Finally, a brief summary and conclusions are presented in Sec-
tion 6.

2. The effective Hamiltonian and ground-state
phase diagram
The two-mode quantum Rabi model (QRM) describes the

interaction between two cavity fields and one two-level atom.
Its Hamiltonian is

H = ωa†a+ωb†b+
Ω

2
σz +λ1(a† +a)(σ++σ−)

+λ2(b† −b)(σ+−σ−), (1)

where σz is the Pauli matrix for a two-level atom, σ+ and σ−
are the raising and lowering operators of spin respectively, and
a (a†) and b (b†) are the annihilation (creation) operators for
two cavity fields respectively. The parameters ω , Ω , λ1, and
λ2 are the cavity field frequency, transition frequency of the
atom and the coupling strength parameters respectively. The
coupling of the first cavity field a with spin represents the in-
teraction of the electric field with atom, while that of the sec-
ond cavity field b with spin represents the interaction of mag-
netic field with atom. Such a coupling mechanism has been

investigated in the single-mode QRM and can be implemented
in circuit quantum electrodynamics systems, where artificial
Josephson atoms are coupled both capacitively and inductively
to a superconducting resonator.[65] It has also been studied
in the two-mode Dicke model[66] and experimentally realized
with continuous translational symmetry breaking along one di-
rection in a quantum gas.[67]

Here |↓⟩ and |↑⟩ are the low-energy and high-energy
eigenstates of σz respectively. |m1⟩ and |m2⟩ (m1, m2 ∈ N)
are the eigenstates of a†a and b†b respectively. The parity op-
erator Π = e iπ[a†a+b†b+ 1

2 (1+σz)] measures the odd–even par-
ity of total excitation number and commutes with H. Though
there is an exact solution for the one-mode QRM,[39] a lack
of a closed-form solution makes it not directly applicable to
investigate the QPT, thus the approximately analytical and the
numerical methods are applied to study the QPT. The same
situation exists for the two-mode QRM. When the system ap-
proaches the classical regime, the mean-field approximation is
effective, but when the system is completely quantum, it fails.
To settle this problem, we apply Schrieffer–Wolff (SW) trans-
formation to derive the low-energy effective Hamiltonian of
the two-mode QRM.

Based on the SW transformation, in the limit η =Ω/ω →
∞, we find a unitary transformation

U =
1
Ω

[λ1(a† +a)(σ+−σ−)+λ2(b† −b)(σ++σ−)], (2)

which makes the transformed Hamiltonian UHU† free of cou-
pling terms between spin subspaces ℋ↓ and ℋ↑. Neglecting
the high-order terms and under the condition η ≫ 1, the effec-
tive Hamiltonian is

Heff ≈ ωa†a+ωb†b+
Ω

2
σz

− 1
Ω

[
λ

2
1 (a

† +a)2 −λ
2
2 (b

† −b)2]
+

1
Ω 3

[
λ

2
1 (a

† +a)2 −λ
2
2 (b

† −b)2]2 . (3)

Considering the limit η = Ω/ω → ∞, and projecting the
Hamiltonian to the spin-down subspace, we can obtain the ef-
fective Hamiltonian of the normal phase (NP) as

Hnp = ωa†a+ωb†b− Ω

2
− ω

4
[g2

1(a
† +a)2 −g2

2(b
† −b)2], (4)

where g1 = 2λ1/
√

ωΩ and g2 = 2λ2/
√

ωΩ . By applying
unitary transformations with squeezing operators 𝒮1(r1,np) =

exp[(r1,np/2)(a†2 − a2)] and 𝒮2(r2,np) = exp[(r2,np/2)(b†2 −
b2)] to Hnp, the diagonalized Hamiltonian can be obtained as

H ′
np = ε1,npa†a+ ε2,npb†b+EG,np, (5)

where

ε1,np = ω

√
1−g2

1, ε2,np = ω

√
1−g2

2, (6)
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which are the excitation energy of two cavity fields, respec-
tively, and

EG,np =
1
2
(ε1,np + ε2,np)−ω − Ω

2
(7)

is the ground state energy. The energy eigenvalues and eigen-
states in the NP are respectively

Em1m2
np (g1,g2) = ε1,npm1 + ε2,npm2 +EG,np, (8)∣∣φ m1m2
np (g1,g2)

〉
= 𝒮†

2 [r2,np(g2)]𝒮†
1 [r1,np(g1)] |m1,m2,↓⟩ , (9)

with r1,np = ln(1−g2
1)/4, r2,np =− ln(1−g2

2)/4. Since EG,np

must be real, for the NP we have g1 6 1, g2 6 1. Hence the
critical points of the QPT are g1 = g2 = gc = 1.

For g1 > 1 or g2 > 1, the Eq. (4) fails, indicating the num-
ber of photons occupied in the cavity fields becomes propor-
tional to η so that the higher-order terms cannot be neglected,
i.e., the ground state comes into the superradiant phase. It
also suggests the low-energy subspace changes. In order to
obtain the new low-energy effective Hamiltonian, we trans-
form the original two-mode quantum Rabi Hamiltonian by dis-
playing two field modes a and b with displacement operators
𝒟1(α) = eα(a†−a) and 𝒟2(β ) = e iβ (b†+b), where α and β are
real,

H̃(α,β ) = 𝒟2(β )𝒟1(α)H𝒟†
1(α)𝒟†

2(β )

= ωa†a+ωb†b+λ1(a† +a)(σ++σ−)

+λ2(b† −b)(σ+−σ−)

−ωα(a† +a)− iωβ (b† −b)+ω(α2 +β
2)

+
Ω

2
σz −2λ1ασx −2λ2βσy. (10)

The eigenstates of atomic part of Hamiltonian, i.e., (Ω/2)σz−
2λ1ασx −2λ2βσy, are

∣∣↑̃〉= 1√
2Ω̃(Ω̃−Ω)

[
4(λ1α − iλ2β )

Ω − Ω̃

]
,

∣∣↓̃〉= 1√
2Ω̃(Ω̃+Ω)

[
4(λ1α − iλ2β )

Ω + Ω̃

]
,

(11)

where the new transition frequency

Ω̃ =
√

Ω 2 +16(λ 2
1 α2 +λ 2

2 β 2).

In the new representation, after expressing σx,σy, and σz in
the terms of σ̃x, σ̃y, and σ̃z and substituting them into Eq. (10),
the displaced Hamiltonian can be expressed as

H̃ = ωa†a+ωb†b+
Ω̃

2
σ̃z +ω(α2 +β

2)

+
Ωλ 2

1 α

Ω̃

√
λ 2

1 α2 +λ 2
2 β 2

(a† +a)σ̃x

+
iλ1λ2α√

λ 2
1 α2 +λ 2

2 β 2
(b† −b)σ̃y

− λ1λ2β√
λ 2

1 α2 +λ 2
2 β 2

(a† +a)σ̃y

+
iΩλ 2

2 β

Ω̃

√
λ 2

1 α2 +λ 2
2 β 2

(b† −b)σ̃x

−α(ω +
4λ 2

1

Ω̃
σ̃z)(a† +a)

−iβ (ω +
4λ 2

2

Ω̃
σ̃z)(b† −b). (12)

The requirement that the block-diagonal perturbation terms
vanish in the last line givesα(ω − 4λ 2

1
Ω̃

) = 0,

β (ω − 4λ 2
2

Ω̃
) = 0.

(13)

There are three sets of solutions of the above equations, and
the ground-state energy of Hamiltonians corresponding to the
above solutions is discussed as follows.

(i) The first mode a is displaced with the second mode b
unchanged. We have

α =±αg1 =±1
2

√
η(g2

1 −g−2
1 ), β = 0, Ω̃ = g2

1Ω . (14)

Substituting Eq. (14) into Eq. (12), and applying SW transfor-
mation again, we can obtain the low-energy effective Hamil-
tonian as

H̃esp = ωa†a+ωb†b− Ω

4
(g2

1 +g−2
1 )

− 1
Ω̃

[λ̃ 2
1 (a

† +a)2 −λ
2
2 (b

† −b)2], (15)

where the subscript esp denotes electric superradiant phase
(ESP) and the rescaled coupling parameter λ̃1 =

√
ωΩ/(2g1).

To diagonalize the above Hamiltonian, we take two suc-
cessive unitary transformations to the Hamiltonian with
the squeezing operators 𝒮1(r1,esp) = exp[(r1,esp/2)(a†2 − a2)]

and 𝒮2(r2,esp) = exp[(r2,esp/2)(b†2 − b2)]. Making the off-
diagonal terms in the new Hamiltonian equal to zero, the
parameters in the squeezing operators are solved as r1,esp =

ln(1− g−4
1 )/4, r2,esp = − ln

(
1−g2

2/g2
1
)
/4. The transformed

Hamiltonian and the ground-state energy are respectively

H̃ ′
esp = ε1,espa†a+ ε2,espb†b+EG,esp, (16)

EG,esp =
1
2
(ε1,esp + ε2,esp)−ω − Ω

4
(g2

1 +g−2
1 ), (17)

where the excitation energy of two cavity fields are respec-
tively

ε1,esp = ω

√
1−g−4

1 , ε2,esp = ω

√
1−

g2
2

g2
1
. (18)
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The energy eigenvalues and eigenstates in the ESP are respec-
tively

Em1m2
esp (g1,g2) = ε1,espm1 + ε2,espm2 +EG,esp, (19)∣∣φ m1m2
esp (g1,g2)

〉
± =𝒟†

1(±αg1)𝒮
†
2 [r2,esp(g1,g2)]

×𝒮†
1 [r1,esp(g1)]

∣∣m1,m2,↓±
〉
, (20)

where

∣∣↓±〉=±

√
1−g−2

1
2

|↑⟩+

√
1+g−2

1
2

|↓⟩ . (21)

The eigenstates are degenerate and have a spontaneous broken
parity symmetry as we can see from nonzero coherence of the
field ⟨a⟩ = ±αg and ⟨b⟩ = ±βg. To ensure the ground state
energy is real, g1 and g2 have to satisfy g1 > 1, g1 > g2.

(ii) The second mode b is displaced with the first mode a
unchanged. We have

α = 0, β =±βg2 =±1
2

√
η(g2

2 −g−2
2 ), Ω̃ = g2

2Ω . (22)

Similar as before, we can obtain the low-energy effective
Hamiltonian as

H̃msp = ωa†a+ωb†b− Ω

4
(g2

2 +g−2
2 )

− 1
Ω̃

[λ 2
1 (a

† +a)2 − λ̃
2
2 (b

† −b)2], (23)

where the subscript msp denotes magnetic superradiant
phase (MSP) and the rescaled coupling parameter λ̃2 =√

ωΩ/2g2. We take two successive unitary transfor-
mations to the Hamiltonian with the squeezing opera-
tors 𝒮1(r1,msp) = exp

[
(r1,msp/2)(a†2 −a2)

]
and 𝒮2(r2,msp) =

exp
[
(r2,msp/2)(b†2 −b2)

]
with the parameters r1,msp =

ln
(
1−g2

1/g2
2
)
/4, r2,msp = − ln(1− g−4

2 )/4. The transformed
Hamiltonian and the ground states energy are respectively

H̃ ′
msp = ε1,mspa†a+ ε2,mspb†b+EG,msp, (24)

EG,msp =
1
2
(ε1,msp + ε2,msp)−ω − Ω

4
(g2

2 +g−2
2 ), (25)

where the excitation energy of two cavity fields are respec-
tively

ε1,msp = ω

√
1−

g2
1

g2
2
, ε2,msp = ω

√
1−g−4

2 . (26)

The energy eigenvalues and eigenstates in the MSP are respec-
tively

Em1m2
msp (g1,g2) = ε1,mspm1 + ε2,mspm2 +EG,msp, (27)∣∣φ m1m2
msp (g1,g2)

〉
± =𝒟†

2(±βg2)𝒮
†
2 [r2,msp(g2)]

×𝒮†
1 [r1,msp(g1,g2)]

∣∣m1,m2,↓±
〉
, (28)

where

∣∣↓±〉=±i

√
1−g−2

2
2

|↑⟩+

√
1+g−2

2
2

|↓⟩ . (29)

To ensure the ground state energy is real, g1 and g2 have to
satisfy g2 > 1, g2 > g1.

(iii) Both the mode a and b are displaced, we have
α ̸= 0, β ̸= 0,

g = g1 = g2,

α2 +β 2 = (η/4)(g2 −g−2),

Ω̃ = g2Ω .

(30)

In this set of solution, the values of α and β are not unique.
We suppose β = µα,µ ∈ (−∞,∞) and µ ̸= 0, thus from the
above equations we obtain

α =±αg =± 1

2
√

1+µ2

√
η(g2 −g−2), (31)

β =±βg =± µ

2
√

1+µ2

√
η(g2 −g−2). (32)

Substituting Eqs. (31) and (32) into Eq. (12), by the approach
of SW transformation, the low-energy effective Hamiltonian
of electromagnetic superradiant phase (EMSP) is

H̃emsp = ωa†a+ωb†b− Ω

4
(g2 +g−2)

− 1
Ω̃

[λ ′
1

2
(a† +a)2 −λ

′
2

2
(b† −b)2], (33)

where

λ
′
1 = λ

√
(µ2 +g−4)/(1+µ2),

λ
′
2 = λ

√
(1+µ2g−4)/(1+µ2).

We take two successive unitary transformations
to the Hamiltonian with the squeezing opera-
tors 𝒮1(r1,emsp) = exp[(r1,emsp/2)(a†2 − a2)] and
𝒮2(r2,emsp) = exp[(r2,emsp/2)(b†2 − b2)] with the param-
eters r1,emsp = (1/4) ln((1−g−4)/(1+µ2)), r2,emsp =

−(1/4) ln(µ2(1−g−4)/(1+µ2)). The transformed Hamil-
tonian and the ground states energy are respectively

H̃ ′
emsp = ε1,emspa†a+ ε2,emspb†b+EG,emsp, (34)

EG,emsp =
1
2
(ε1,emsp + ε2,emsp)−ω − Ω

4
(g2 +g−2), (35)

where the single-photon energy of two cavity fields are respec-
tively

ε1,emsp = ω

√
1−g−4

1+µ2 , ε2,emsp = ω

√
µ2(1−g−4)

1+µ2 . (36)

The energy eigenvalues and eigenstates in the EMSP are re-
spectively

Em1m2
emsp (g) = ε1,emspm1 + ε2,emspm2 +EG,emsp, (37)
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emsp (g)

〉
± =𝒟†

2(±βg)𝒟†
1(±αg)𝒮†

2 [r2,emsp(g)]

×𝒮†
1 [r1,emsp(g)]

∣∣m1,m2,↓±
〉
, (38)

where

∣∣↓±〉=± 1− iµ√
1+µ2

√
1−g−2

2
|↑⟩+

√
1+g−2

2
|↓⟩ . (39)

To ensure the ground state energy is real, g1 and g2 have to
satisfy g1 = g2 = g > 1.

In the above three cases, if not equal to zero, there are
two values for α = ±αg or β = ±βg, leading to an identical
spectrum, which is correlated with the parity symmetry of the
system. The high-order corrections in Eqs. (4), (15), (23), and
(33) vanish in the η → ∞ limit, therefore the Hnp,Hesp,Hmsp

and Hemsp are exact low-energy effective Hamiltonian for the
NP, ESP, MSP and EMSP respectively. The Eqs. (7), (17),
(25), and (35) give the ground state energy of four phases re-
spectively. Take the limit η → ∞, the rescaled ground state
energy of four phases are respectively

eG,np =
1
η

EG,np =−ω

2
, (40)

eG,esp =
1
η

EG,esp =−ω

4
(g2

1 +g−2
1 ), (41)

eG,msp =
1
η

EG,msp =−ω

4
(g2

2 +g−2
2 ), (42)

eG,emsp =
1
η

EG,emsp =−ω

4
(g2 +g−2). (43)

The above exact solutions show that g1 = 1,g2 = 1 is the
quadruple point. The phase diagram is displayed in the Fig. 1.
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Fig. 1. The ground-state phase diagram as a function of g1/gc and g2/gc.
The regime g1/gc < 1 and g2/gc < 1 denotes the normal phase (NP). The
regime g1/gc > 1 and g1/gc > g2/gc denotes the electric superradiant
phase (ESP). The regime g1/gc > 1 and g2/gc > g1/gc denotes the mag-
netic superradiant phase (MSP). The white solid line denotes the electro-
magnetic superradiant phase (EMSP) with regime g1/gc = g2/gc > 1.

For the phase transition from the NP to the ESP,

eG,np(g1 = 1) = eG,esp(g1 = 1), (44)

deG,np

dg1

∣∣∣∣
g1=1

=
deG,esp

dg1

∣∣∣∣
g1=1

, (45)

d2eG,np

dg2
1

∣∣∣∣
g1=1

̸=
d2eG,esp

dg2
1

∣∣∣∣
g1=1

. (46)

Therefore, this phase transition is of second order. Similarly, it
is not hard to confirm that the phase transition from the NP to
the MSP is also of second order. When considering the phase
transition from the ESP to the MSP, we take the derivatives of
eG,esp and eG,msp along the unit vector 𝑛 = −(1/

√
2)(𝑥−𝑦)

where 𝑥 and 𝑦 are unit vectors along the horizontal and verti-
cal axes respectively. There are

eG,esp(g1 = g2) = eG,msp(g1 = g2), (47)

deG,esp

d𝑛
|g1=g2 ̸=

deG,msp

d𝑛
|g1=g2 . (48)

Therefore the phase transition from the ESP to the MSP is of
first order. In Fig. 2, we plot the rescaled ground-state en-
ergy, its first-order and second-order derivatives from the NP
to the ESP. It is obvious that eG and deG/dg1 are continu-
ous at g1 = 1.0, while d2eG/dg2

1 is not. Since the symme-
try of the phase diagram, for the phase transition from NP to
MSP, the ground-state energy, its first-order and second-order
derivatives are similar with that of the phase transition from
NP to ESP. See Appendix A for a detailed derivation of the
effective Hamiltonians and their analytical diagonalization.

0

-0.5

-1.0

-1.5

-2.0

0 0.5 1.0 1.5 2.0

eG(g1)

deG
dg1

g/gc

d2eG
dg1

2

Fig. 2. The ground-state energy eG, its first-order derivative deG/dg1
and second-order derivative d2eG/dg2

1 from the NP to the ESP. For sim-
plicity, we take ω = 1.0. We can see that eG and deG/dg1 are continuous
at g1 = 1.0, while d2eG/dg2

1 is not. Thus the phase transition from NP to
ESP is of second-order.

3. Symmetries
To understand the phase transition, it is necessary to dis-

cuss the breaking of symmetries. Firstly, the Hamiltonian (1)
has a discrete Z2 symmetry. Take a transformation: x → −x,
y →−y, we have

H[a† +a,b† −b,σ++σ−,σ+−σ−]

= H[−(a† +a),−(b† −b),−(σ++σ−),−(σ+−σ−)]. (49)

It is known from Eqs. (20), (21), (28), and (29) that the ground
states of ESP and MSP are doubly degenerate. Therefore, the
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phase transition from the NP to the ESP (MSP) is associated
with the breaking of the discrete Z2 symmetry.

When λ1 = λ2 = λ , the Hamiltonian becomes

Hλ = ωa†a+ωb†b+
Ω

2
σz +λ (a† +a)(σ++σ−)

+λ (b† −b)(σ+−σ−). (50)

For the above Hamiltonian, we find a conserved quantity

C = a†b+ab† − 1
2

σz, (51)

which satisfies [H,C] = 0 and results in a continuous U(1)
symmetry. To prove it, we introduce a unitary operator Uθ =

e iθ(a†b+ab†− 1
2 σz) to perform a unitary transformation to the

Hamiltonian (50) so that

HU = Uθ HU†
θ

= ωa†a+ωb†b+
Ω

2
σz

+(λ1 cos2
θ +λ2 sin2

θ)(a† +a)(σ++σ−)

+(λ1 sin2
θ +λ2 cos2

θ)(b† −b)(σ+−σ−)

−i(λ1 −λ2)sinθ cosθ(a† +a)(σ+−σ−)

+i(λ1 −λ2)sinθ cosθ(b† −b)(σ++σ−). (52)

If λ1 ̸= λ2, there is nothing we can know from the above equa-
tion. However, in the case of λ1 = λ2 = λ (g1 = g2), we find
that

HU =Uθ HU†
θ
= Hλ . (53)

Therefore, the Hamiltonian Hλ is invariant under the continu-
ous U(1) transformation.

Moreover, when g > gc = 1, the system enters into the
EMSP in which the ground state is infinitely degenerate since
for a given ground-state energy, an infinite number of values
of the parameter µ in the eigenstate can be taken, as long as
the condition α2+β 2 = (η/4)(g2−g−2) is satisfied. This sig-
nifies that the continuous U(1) symmetry breaks down in the
EMSP.

4. The excitation spectra, photon number and
fluctuations of field quadratures

4.1. Excitation spectra

Since we don’t know whether |1,0⟩ or |0,1⟩ is the first ex-
cited state, the excitation energy is the smaller one of two val-
ues of energy from |0,0⟩ to |1,0⟩ and |0,1⟩. In the NP, when
the system excites from the ground state to |1,0⟩, the energy
needed is the single-photon energy of cavity field a, which is
given by the first expression in Eq. (6). When the system ex-
cites from the ground state to |0,1⟩, the energy needed is the
single-photon energy of cavity modes b, which is given by the

second expression Eq. (6). The excitation energy of the whole
system is

εnp = min(ε1,np,ε2,np) =

ω

√
1−g2

1, g1 > g2,

ω

√
1−g2

2, g1 < g2.
(54)

In the ESP, when the system excites from the ground state to
|1,0⟩ and |0,1⟩, two values of energy needed are respectively
given by the two expressions in Eq. (18). The excitation en-
ergy of the whole system is

εesp = min(ε1,esp,ε2,esp) =


ω

√
1−g−4

1 , g1g2 6 1,

ω

√
1− g2

2
g2

1
, g1g2 > 1.

(55)

In the MSP, when the system excites from the ground state to
|1,0⟩ and |0,1⟩, two values of energy needed are respectively
given by the two expressions in Eq. (26). The excitation en-
ergy of the whole system is

εmsp = min(ε1,msp,ε2,msp) =


ω

√
1−g−4

2 , g1g2 6 1,

ω

√
1− g2

1
g2

2
, g1g2 > 1.

(56)

In the EMSP, when the system excites from the ground state
to |1,0⟩ and |0,1⟩, two values of energy needed are respec-
tively given by the two expressions in Eq. (36). The excitation
energy of the whole system is

εemsp = min(ε1,emsp,ε2,emsp) =


ω

√
1−g−4

1+µ2 , |µ|> 1,

ω

√
µ2(1−g−4)

1+µ2 , |µ|< 1.
(57)

Therefore, we know that from the NP to the ESP, ε ∼ |g1 −
gc|1/2, which gives its critical exponent as 1/2. From the
NP to the MSP, ε ∼ |g2 − gc|1/2, thus the critical exponent
of excitation energy is also 1/2. In Fig. 3, the excitation
energy is shown when the system excites from the ground-
state to the lowest excited state. For simplicity, we take
ω = 1.0. It has been shown that the breaking of continu-
ous symmetry leads to a gapless excitation spectrum (Nambu–
Goldstone mode).[68–70] There are three critical lines in this
figure: g1 = 1,0 6 g2 6 1; g2 = 1,0 6 g1 6 1 and g1 =

g2 > gc = 1. The excitation energy in these three lines be-
comes zero. For the diagonal critical line, the continuous
U(1) symmetry breaks down, and the corresponding mode
is the Nambu–Goldstone mode. For the system with single-
mode photon, the emergence of Nambu–Goldstone needs
the rotating-wave approximation and strong collective atom-
photon coupling.[65,71–73] However, the rotating-wave approx-
imation breaks down when the collective atom–photon cou-
pling is strong. Here no rotating-wave approximation is ap-
plied and we show that Nambu–Goldstone mode can exist
when the system has a strong atom–photon coupling. This
phenomenon also emerges in the two-mode Dicke model.[66]
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Fig. 3. The excitation spectra as a function of g1 and g2 with ω = 1.0.
There are three critical lines in this figure: g1 = 1,0 6 g2 6 1; g2 = 1,0 6
g1 6 1 and g1 = g2 > gc = 1. The excitation energy in these three lines
becomes zero. For the diagonal critical line, the continuous U(1) sym-
metry breaks down, and the corresponding mode is the Nambu–Goldstone
mode.

4.2. Critical photon number

For the NP, the rescaled average photon number of the
first cavity field a in the ground state is

n1,np =
1
η

〈
φ

00
np (g1,g2)

∣∣a†a
∣∣φ 00

np (g1,g2)
〉

=
1

4η
[(1−g2

1)
1/2 +(1−g2

1)
−1/2 −2]. (58)

Similarly, the rescaled average photon number of the second
cavity field b in the ground state is

n2,np =
1
η

〈
φ

00
np (g1,g2)

∣∣b†b
∣∣φ 00

np (g1,g2)
〉

=
1

4η
[(1−g2

2)
1/2 +(1−g2

2)
−1/2 −2]. (59)

When η → ∞, n1,np = 0, and n2,np = 0. Therefore, there is no
collective excitation for both cavity fields a and b when the
system is in the NP.

For the ESP, the rescaled average photon number of the
first cavity field a in the ground state is

n1,esp =
1
η

±
〈
φ

00
esp(g1,g2)

∣∣a†a
∣∣φ 00

esp(g1,g2)
〉
±

=
1
4
(g2

1 −g−2
1 )

+
1

4η

[
(1−g−4

1 )1/2 +(1−g−4
1 )−1/2 −2

]
. (60)

Similarly, the rescaled average photon number of the second
cavity field b in the ground state is

n2,esp =
1
η

±
〈
φ

00
esp(g1,g2)

∣∣b†b
∣∣φ 00

esp(g1,g2)
〉
±

=
1

4η

[(
1− g2

2

g2
1

)1/2

+

(
1− g2

2

g2
1

)−1/2

−2

]
. (61)

When η → ∞, n1,esp = (1/4)(g2
1 −g−2

1 ) and n2,esp = 0. There-
fore, there is collective excitation for cavity field a but no col-
lective excitation emerges for cavity field b. The coupling of
cavity field a with atom represents the interaction of electric
field and spin, that is why this phase is called the electric su-
perradiant phase. From the NP to the ESP, the rescaled average
photon number n1 is an order parameter with critical exponent
as 1.

For the MSP, the rescaled average photon number of the
first cavity field a in the ground state is

n1,msp =
1
η

±
〈
φ

00
msp(g1,g2)

∣∣a†a
∣∣φ 00

msp(g1,g2)
〉
±

=
1

4η

[(
1− g2

1

g2
2

)1/2

+

(
1− g2

1

g2
2

)−1/2

−2

]
. (62)

The rescaled average photon number of the second cavity field
b in the ground state is

n2,msp =
1
η

±
〈
φ

00
msp(g1,g2)

∣∣b†b
∣∣φ 00

msp(g1,g2)
〉
±

=
1
4
(g2

2 −g−2
2 )

+
1

4η

[
(1−g−4

2 )1/2 +(1−g−4
2 )−1/2 −2

]
. (63)

When η →∞, n1,msp = 0 and n2,msp =(1/4)(g2
2−g−2

2 ). There-
fore, there is no collective excitation for cavity field a but col-
lective excitation emerges for cavity field b. The coupling of
cavity field b with atom represents the interaction of magnetic
field and spin, that is why this phase is called the magnetic
superradiant phase. From the NP to the MSP, the rescaled av-
erage photon number n2 is an order parameter with critical
exponent as 1.

For the EMSP, the rescaled average photon number of the
first cavity field a in the ground state is

n1,emsp =
1
η

±
〈
φ

00
emsp(g)

∣∣a†a
∣∣φ 00

emsp(g)
〉
±

=
1

4η

[(
1−g−4

1+µ2

)1/2

+

(
1−g−4

1+µ2

)−1/2

−2

]

+
1

4(1+µ2)
(g2 −g−2). (64)

The rescaled average photon number of the second cavity field
b in the ground state is

n2,emsp =
1
η

±
〈
φ

00
emsp(g)

∣∣b†b
∣∣φ 00

emsp(g)
〉
±

=
1

4η

[
|µ|
(

1−g−4

1+µ2

)1/2

+
1
|µ|

(
1−g−4

1+µ2

)−1/2

−2

]

+
µ2

4(1+µ2)
(g2 −g−2). (65)
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When η → ∞, n1,emsp = (1/(4(1+µ2)))(g2 −g−2), n2,emsp =

(µ2/(4(1+µ2)))(g2 −g−2). Therefore, collective excitations
emerge for both cavity fields a and b and this phase is called
the electromagnetic superradiant phase.

4.3. The fluctuations of field quadratures

In the ground state of NP, for the first cavity field, it is not
hard to obtain that the fluctuation of position operator of the
first oscillator x1 = (a† +a)/

√
2 is

∆x1,np =

√〈
x2

1

〉
−⟨x1⟩2 =

1√
2
(1−g2

1)
−1/4. (66)

Similarly, for the momentum operator p1 = i(a† −a)/
√

2, we
have

∆p1,np =

√〈
p2

1

〉
−⟨p1⟩2 =

1√
2
(1−g2

1)
1/4. (67)

For the second cavity field,

∆x2,np =
1√
2
(1−g2

2)
1/4, ∆p2,np =

1√
2
(1−g2

2)
−1/4. (68)

While the ∆x plays an analogous role of the diverging length
scale in the extended quantum system, the critical point ac-
companies an infinite amount of squeezing in the momen-
tum quadrature p, so that it remains in the minimum un-
certainty state for any g1 and g2, i.e., ∆x1,np∆p1,np = 1/2,
∆x2,np∆p2,np = 1/2.

In the ESP, it is not hard to obtain that the fluctuation of
quadratures of the cavity field a is respectively

∆x1,esp =
1√
2
(1−g−4

1 )−1/4, ∆p1,esp =
1√
2
(1−g−4

1 )1/4. (69)

For the cavity field b, it is easy to obtain

∆x2,esp=
1√
2

(
1− g2

2

g2
1

)1/4

, ∆p2,esp=
1√
2

(
1− g2

2

g2
1

)−1/4

. (70)

In the MSP, the fluctuations of quadratures of the cavity
field a are respectively

∆x1,msp=
1√
2

(
1− g2

1

g2
2

)−1/4

, ∆p1,msp=
1√
2

(
1− g2

1

g2
2

)1/4

. (71)

For the second cavity field, it is easy to obtain

∆x2,msp=
1√
2

(
1−g−4

2
)1/4

, ∆p2,msp=
1√
2

(
1−g−4

2
)−1/4

. (72)

In the EMSP, the fluctuations of quadratures of the cavity
field a are respectively

∆x1,emsp =
1√
2

(
1−g−4

1+µ2

)−1/4
,

∆p1,emsp =
1√
2

(
1−g−4

1+µ2

)1/4
.

(73)

For the cavity field b, it is easy to obtain
∆x2,emsp =

1√
2

[
µ2(1−g−4)

1+µ2

]1/4
,

∆p2,emsp =
1√
2

[
µ2(1−g−4)

1+µ2

]−1/4
.

(74)

In the ESP, MSP and EMSP, the system also remains in the
minimum uncertainty state for any g1 and g2, i.e., ∆x1∆p1 =

1/2, ∆x2∆p2 = 1/2. In the four phases, the critical exponents
of ∆x1 and ∆p1 are −1/4 and 1/4 respectively, which are the
same with that in the single-mode QRM. However, the criti-
cal exponents of ∆x2 and ∆p2 are 1/4 and −1/4 respectively,
which are the opposite with that in the single-mode QRM.[15]

This may be attributed to the fact that the coupling of field a
with atom in our model represents the interaction of electric
field with spin, which is the same as that in the single-mode
QRM. However the coupling of field b with atom represents
interaction of the magnetic field with spin, which is different
from that in the single-mode QRM.

5. Finite-frequency scaling
To derive analytically the finite-frequency scaling expo-

nents of important quantities, we need to take the higher-order
(up to fourth order) correction of perturbation into consider-
ation. After adding the higher-order correction, the Hamilto-
nian of the NP is

H̃np = ωa†a+ωb†b+
Ω

2
σz +

ω2

4Ω
(g2

1 +g2
2)

−ω

4
[g2

1(a
† +a)2 −g2

2(b
† −b)2]

+
ω2

2Ω
g1g2(a†b+ab†)

+
ω2

16Ω
[g2

1(a
† +a)2 −g2

2(b
† −b)2]2, (75)

where the fourth-order correction adds a quartic potential for
the cavity field. The above Hamiltonian cannot be analytically
diagonalized, but we can use a variational method to derive its
expectation value. We propose a trial wave function of ground
state as

|ψ00(s1,s2)⟩ = 𝒮†
2 (s2)𝒮†

1 (s1) |0,0⟩

= e−(s2/2)(b†2−b2) e−(s1/2)(a†2−a2) |0,0⟩ , (76)

where s1 and s2 are variational parameters. The energy expec-
tation value in the ground state is

E00(s1,s2) = ⟨ψ00(s1,s2)| H̃np |ψ00(s1,s2)⟩

=
ω

2

[
cosh(2s1)−

g2
1

2
e−2s1

]
+

ω

2

[
cosh(2s2)−

g2
2

2
e2s2

]
+

ω2

16Ω

[
3g4

1 e−4s1 +2g2
1g2

2 e2(s2−s1)
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+3g4
2 e4s2

]
− Ω

2
−ω +

ω2

4Ω
(g2

1 +g2
2). (77)

To decide the minimum of E00(s1,s2), it is required that{
∂E00(s1,s2)

∂ s1
= 0,

∂E00(s1,s2)
∂ s2

= 0.
(78)

At the critical point g1 = g2 = gc = 1, the above equations
become 

e6s1 − 1
2η

[
e2(s1+s2)+3

]
= 0,

1
2η

[
3e6s2 + e2(2s2−s1)

]
−1 = 0.

(79)

By canceling the es2 term in these equations and defining
u = η e6s1 , we have

(u−2)(6u2 −14u+9) = 0. (80)

The three solutions for Eq. (80) are u = 2, (7±
√

5i)/6. To
ensure the squeezing operator 𝒮1(s1) is unitary, the parameter
s1 has to be real. Hence we have only one sensible solution
u = 2 and

s1 =−1
6

ln
η

2
, s2 =

1
6

ln
η

2
. (81)

To know whether the extreme values we obtained are min-
imum, we calculate the second-order partial derivatives of
E00(s1,s2) as

∂ 2E00

∂ s2
1

= ω
[

e2s1 +(1−g2
1)e−2s1

]
+

ω2

2Ω

[
6g4

1 e−4s1 +g2
1g2

2 e2(s2−s1)
]
, (82)

∂ 2E00

∂ s2
2

= ω
[
(1−g2

2)e2s2 + e−2s2
]

+
ω2

2Ω

[
6g4

2 e4s2 +g2
1g2

2 e2(s2−s1)
]
. (83)

It is evident that ∂ 2E00/∂ s2
1 > 0 and ∂ 2E00/∂ s2

2 > 0. There-
fore, we have the minimum point as the critical parameters

(s1c,s2c) = [s1(η ,g1,g2),s2(η ,g1,g2)]min|g1=g2=gc

=

(
−1

6
ln

η

2
,

1
6

ln
η

2

)
. (84)

Substituting the above values of s1 and s2 into Eq. (77), we
can obtain the minimum expectation value of energy corre-
sponding to the trial wave function as the approximation of
ground-state energy

E00(s1c,s2c) =
3ω

4

(
η

2

)−1/3
+

ω

4

(
η

2

)−1
− Ω

2
−ω. (85)

When the higher-order correction is not taken into considera-
tion, the ground-state energy in the NP at the critical point is
EG,np(g1 = g2 = gc) = −(Ω/2)−ω . Thus we can obtain the

finite-frequency correction for the rescaled ground-state en-
ergy at critical point is

eG (η ,g1 = g2 = gc)

=
1
η

[
E00(s1c,s2c)−EG,np(g1 = g2 = gc)

]
=

3ω

8

(
η

2

)− 4
3
+

ω

8

(
η

2

)−2
. (86)

The rescaled cavity photon number of cavity field a is

n1c (η ,g1 = g2 = gc)

=
1
η
⟨ψ00(s1c,s2c)|a†a |ψ00(s1c,s2c)⟩

=
1
8

(
η

2

)−2/3
− 1

4

(
η

2

)−1
+

1
8

(
η

2

)−4/3
. (87)

The rescaled cavity photon number of cavity field b is

n2c (η ,g1 = g2 = gc)

=
1
η
⟨ψ00(s1c,s2c)|b†b |ψ00(s1c,s2c)⟩

=
1
8

(
η

2

)−2/3
− 1

4

(
η

2

)−1
+

1
8

(
η

2

)−4/3
. (88)

The finite-frequency scaling exponents of eG, n1c and n2c are
found to be same as those of corresponding observables for the
one-mode QRM,[15] Dicke model[74] and LMG model.[75,76]

The leading-order corrections of the fluctuations of cavity field
quadratures of mode a are respectively∆x1 (η ,g1 = g2 = gc) =

1√
2

(
η

2

)1/6
,

∆p1 (η ,g1 = g2 = gc) =
1√
2

(
η

2

)−1/6
.

(89)

The leading-order corrections of the fluctuations of cavity field
quadratures of mode b are respectively∆x2 (η ,g1 = g2 = gc) =

1√
2

(
η

2

)−1/6
,

∆p2 (η ,g1 = g2 = gc) =
1√
2

(
η

2

)1/6
.

(90)

We assume that the excited states corresponding to the quan-
tum number m1,m2 are

𝒮†
2 [s2,min(η ,g1,g2)]𝒮†

1 [s1,min(η ,g1,g2)] |m1,m2⟩ ,

where (s1,min,s2,min) is a pair of parameters for the ground-
state energy to achieve its minimum. The energy gap between
the states 𝒮†

2 [s2,min(η ,g1,g2)]𝒮†
1 [s1,min(η ,g1,g2)] |n1,n2⟩

and 𝒮†
2 [s2,min(η ,g1,g2)]𝒮†

1 [s1,min(η ,g1,g2)] |m1,m2⟩ at the
quadruple point is

ε(η ,g = gc) = ⟨m1,m2|𝒮2𝒮1Hnp𝒮†
1𝒮

†
2 |m1,m2⟩

−⟨n1,n2|𝒮2𝒮1Hnp𝒮†
1𝒮

†
2 |n1,n2⟩ . (91)

At the critical point, substituting the relevant parameters and
simplifying the result, we can obtain

ε(η ,g = gc) =
ω

16

(
η

2

)−1/3 [
3(m2

1 +m2
2 −n2

1 −n2
2)
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+13(m1 +m2 −n1 −n2)

+4(m1m2 −n1n2)
]
. (92)

For the cavity field a, the energy correction from the ground
state (n1 = 0,n2 = 0) to the first excitation state (m1 = 1,m2 =

0) is

ε1,gc(η) = ω

(
η

2

)−1/3
. (93)

For the cavity field b, the energy correction from the ground
state (n1 = 0,n2 = 0) to the first excitation state (m1 = 0,m2 =

1) is

ε2,gc(η) = ω

(
η

2

)−1/3
, (94)

which is the same with that of cavity field a. Therefore, for the
whole system, the correction of excitation energy is

εgc(η) = ω

(
η

2

)−1/3
. (95)

Now we confirm the validity of the low-energy effec-
tive Hamiltonians in Eqs. (4), (15), (23), and (33). For the
phase transition from the NP to the ESP, according to the
scaling theory of phase transition, the critical behavior of the
average photon number of cavity field a at critical point is
n1 ∼ |g1−gc|γ ∼ η−γ/ν , (g1 → gc), where γ and ν are the crit-
ical exponents of n1 and η respectively. The finite-frequency
scaling ansatz predicts that, for a large η and near the critical
point, the expectation value of n1 can be written in terms of a
variable-dependent scaling function f1(x)

n1η
γ/ν = f1[(g1 −gc)η

1/ν ]. (96)

From Subsection 4.2 and Eq. (87), we know that γ = 1, and
the finite-frequency scaling exponent of n1 is −γ/ν = −2/3.
Therefore, we have ν = 3/2. Equation (96) becomes

n1η
2/3 = f1[(g1 −gc)η

2/3]. (97)

If all the data about n1 calculated from numerically diagonaliz-
ing the two-mode quantum Rabi Hamiltonian Eq. (1) for many
various g1 and η is plotted in a rescaled axis, there must be a
single curve that reveals the scaling function f1(x). In Fig. 4,
one can indeed see that all curves collapse into a single curve,
revealing an observable-dependent scaling function f1(x).

For the phase transition from the NP to the MSP, there is
a similar scaling relation for the averaged photon number n2

n2η
2/3 = f2[(g2 −gc)η

2/3], (98)

where f2(x) is another scaling function. The expectation val-
ues n2 for various g2 and η are plotted in Fig. 5, from which
one can see that all curves collapse into a single curve. Based
on the numerical confirmation, we conclude that the effective
Hamiltonians in Eqs. (4), (15), (23), and (33) are indeed cor-
rect low-energy effective Hamiltonians of the two-mode QRM
in the limit η → ∞.

2.0

1.5

1.0

0.5

0

n
1
η
2
/
3

-2 -1 0 1 2

(g1-gc)η
2/3

η=600
η=800
η=1000
η=1500
η=2000

Fig. 4. For the phase transition from NP to ESP, the values of averaged
photon number n1 calculated by numerically diagonalizing the two-mode
quantum Rabi Hamiltonian for many various g1 and η are plotted in a
rescaled axis. One can clearly see that all curves collapse into a single
curve, revealing an observable-dependent scaling function f1(x).

2.0

1.5

1.0

0.5

0

n
2
η
2
/
3

-2 -1 0 1 2

(g2-gc)η
2/3

η=1000
η=1500
η=2000
η=2500
η=3000

Fig. 5. For the phase transition from NP to MSP, the values of averaged
photon number n2 calculated by numerically diagonalizing the two-mode
quantum Rabi Hamiltonian for many various g2 and η are plotted in a
rescaled axis. One can clearly see that all curves collapse into a single
curve, revealing an observable-dependent scaling function f2(x).

6. Summary and conclusions

We investigate the ground-state phase diagram, symme-
tries, excitation spectra and finite-frequency scaling of the
two-mode quantum Rabi model. Based on the Schrieffer–
Wolff transformation, we obtain the low-energy effective
Hamiltonians for various phases of two-mode quantum Rabi
model, by which we find the quartic critical point and a rich
phase diagram, including a normal phase, an electric super-
radiant phase, a magnetic superradiant phase and an electro-
magnetic superradiant phase. The phase transitions from the
normal phase to the electric (magnetic) superradiant phase are
of second order with the averaged photon number as order pa-
rameter, and associate with the breaking of a discrete Z2 sym-
metry, while the phase transition from the electric superradiant
phase to the magnetic superradiant phase is of first order. If
the collective atom–photon coupling strength parameters are
equal, there is a continuous U(1) symmetry, which breaks
down in the electromagnetic superradiant phase because the
ground state of this phase is infinitely degenerate. We calculate
analytically the excitation energy, photon number and fluctu-
ations of field quadratures. In the excitation spectra, there are
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three critical lines in which the excitation energy becomes zero
and the Nambu–Goldstone mode is found. The critical expo-
nents of excitation energy and photon number are the same
with those of the single-mode quantum Rabi model. The crit-
ical exponents of ∆x and ∆p of the first cavity field a in the
four phases are the same with those in the single-mode quan-
tum Rabi model, while the critical exponents of the ∆x and ∆p
of the second cavity field b are the opposite with that in the
single-mode quantum Rabi model. At last, in order to con-
firm the validity of the low-energy effective Hamiltonians of
four phases analytically derived by us, we obtain the analyt-
ical finite-frequency scaling exponents and verify the finite-
frequency scaling relation of averaged photon number of two
cavity fields by numerically diagonalizing the two-mode quan-
tum Rabi Hamiltonian. The results show that all data for many
different g1 (g2) and η collapses into a single curve, conclud-
ing that the Hamiltonians we calculated are correct in the limit
η → ∞.

Appendix A: Derivation of effective Hamiltonian
In this section, we give detailed derivation of low-

energy effective Hamiltonians and ground-state energy by the
Schrieffer–Wolff (SW) transformation. Based on the idea of
perturbation theory, H can be written in the form of

H = H0 +V, (A1)

where

H0 = ωa†a+ωb†b+
Ω

2
σz, (A2)

V = λ1(a† +a)(σ++σ−)+λ2(b† −b)(σ+−σ−)

=
√

2(λ1x1σx +λ2 p2σy), (A3)

where x1 = (a† + a)/
√

2 and p2 = i(b† − b)/
√

2. The eigen-
values and eigenvectors of H0 are given by

E(0)
±,m1,m2

= (m1 +m2)ω ± Ω

2
, |↑ (↓),m1,m2⟩ . (A4)

According to Schrieffer–Wolff (SW) transformation, we
need to find a unitary operator U = eS such that the trans-
formation H̃ =UHU† converts H into a block-diagonal form.
Define a superoperator L as

LA = [S,A]. (A5)

We expand S and L in series

S =
∞

∑
n=1

Sn, L =
∞

∑
n=1

Ln, (A6)

where LnA = [Sn,A]. If we split V into block-diagonal part Vd

and block-off-diagonal Vod, the leading-order terms of S are

S1 = L−1
0 Vod, (A7)

S2 = L−1
0 L1Vd, (A8)

S3 =−1
3

L−1
0 L3

1H0 +L−1
0 L2Vd, (A9)

where L0A = [H0,A] and

L−1
0 A =−i lim

κ→0

∫
∞

0
e−κt e iH0tAe−iH0t dt (A10)

for an arbitrary operator A. The leading-order terms of low-
energy effective Hamiltonian (up to fourth order) are given by

H̃(1) = PVdP, (A11)

H̃(2) = (1/2)PL1VodP, (A12)

H̃(3) = (1/2)PL2VodP, (A13)

H̃(4) = (1/2)PL3VodP− 1
24

PL3
1VodP, (A14)

where P = |↓⟩⟨↓| is the project operator onto the low-energy
space.

For the Hamiltonian of two-mode QRM, it is not hard to
confirm that the perturbation Eq. (A3) is block-off-diagonal,
namely, Vd = 0 and Vod = V . Therefore, we have S2 = 0 and
H̃(1) = H̃(3) = 0.

Now we calculate S1. According to Eqs. (A7) and (A10),

S1 =−i lim
κ→0

∫
∞

0
e−κt e iH0tVod e−iH0t dt. (A15)

We need to first calculate the temporal evolution of Vod,

Vod(t) = e iH0tVod e−iH0t

=
√

2λ1 e iωa†atx1 e−iωa†at e i Ω
2 σztσx e−i Ω

2 σzt

+
√

2λ2 e iωb†bt p2 e−iωb†bt e i Ω
2 σztσy e−i Ω

2 σzt . (A16)

For a one-dimensional harmonic oscillator with Hamiltonian
ωa†a, the temporal evolution of position x and momentum p
can be derived by the Heisenberg equation as{

x(t) = e iωa†atxe−iωa†at = xcos(ωt)+ psin(ωt),

p(t) = e iωa†at pe−iωa†at = pcos(ωt)− xsin(ωt),
(A17)

where x = x(0) and p = p(0).
Substituting Eq. (A17) into Eq. (A16) and using operator

relation e iσzθ = cosθ + iσz sinθ , then substituting the result
into Eq. (A15), we obtain

S1 =

√
2i

Ω 2 −ω2

[
λ1(Ωx1σy +ω p1σx)

−λ2(ωx2σy +Ω p2σx)
]

=

√
2iΩ

Ω 2 −ω2 (λ1x1σy −λ2 p2σx)+𝒪(
λ1,2ω

Ω 2 )

=
Ω

Ω 2 −ω2 [λ1(a† +a)(σ+−σ−)

+λ2(b† −b)(σ++σ−)]+𝒪
(

λ1,2ω

Ω 2

)
. (A18)
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In order to evaluate S3, we need to calculate L3
1H0 =

[S1, [S1, [S1,H0]]]. From Eq. (A7) we know that

[S1,H0] =−V. (A19)

After neglecting the high-order small quantities, we can obtain

[S1, [S1,H0]] =−[S1,V ]

≈− 2Ω

Ω 2 −ω2 [λ
2
1 (a

† +a)2
σz

−λ
2
2 (b

† −b)2
σz], (A20)

L3
1H0 = [S1, [S1, [S1,H0]]]

≈ 8
√

2Ω 2

(Ω 2 −ω2)2 (λ
3
1 x3

1σx +λ
2
1 λ2x2

1 p2σy

+λ1λ
2
2 x1 p2

2σx +λ
3
2 p3

2σy). (A21)

Since Vd = 0, the second term in the right side of Eq. (A9)
vanishes. Similar to the procedure of calculating S1, we can
obtain

S3 = − 4Ω 5

3(Ω 2 −ω2)3(Ω 2 −9ω2)

[
λ

3
1 (a

† +a)3(σ+−σ−)

+λ
2
1 λ2(a† +a)2(b† −b)(σ++σ−)

−λ1λ
2
2 (a

† +a)(b† −b)2(σ+−σ−)

−λ
3
2 (b

† −b)3(σ++σ−)
]
+𝒪

(
λ 3

1,2ω

Ω 4

)
. (A22)

According to Eqs. (A12) and (A14), H̃(2) and H̃(4) can be
calculated as

H̃(2) ≈− Ω

Ω 2 −ω2 [λ
2
1 (a

† +a)2 −λ
2
2 (b

† −b)2], (A23)

H̃(4) ≈ Ω 3(Ω 2 +3ω2)

(Ω 2 −ω2)3(Ω 2 −9ω2)
[λ 2

1 (a
† +a)2 −λ

2
2 (b

† −b)2]2.

(A24)

Summing up the above results, the low-energy effective
Hamiltonian is

Heff ≈ ωa†a+ωb†b+
Ω

2
σz

− Ω

Ω 2 −ω2 [λ
2
1 (a

† +a)2 −λ
2
2 (b

† −b)2]

+
Ω 3(Ω 2 +3ω3)

(Ω 2 −ω2)3(Ω 2 −9ω2)

[
λ

2
1 (a

† +a)2

−λ
2
2 (b

† −b)2
]2
. (A25)

Under the condition Ω ≫ ω , H̃(2) and H̃(4) can be simplified,
thus we have

Heff ≈ ωa†a+ωb†b+
Ω

2
σz

− 1
Ω

[
λ

2
1 (a

† +a)2 −λ
2
2 (b

† −b)2]

+
1

Ω 3

[
λ

2
1 (a

† +a)2 −λ
2
2 (b

† −b)2]2 . (A26)

Considering the limit η = Ω/ω → ∞, and projecting the
Hamiltonian to the spin-down subspace, we can obtain the ef-
fective Hamiltonian of the normal phase (NP) as

Hnp = ωa†a+ωb†b− Ω

2
− 1

Ω
[λ 2

1 (a
† +a)2 −λ

2
2 (b

† −b)2].

(A27)

By applying unitary transformations with squeezing oper-
ators 𝒮1(r1,np) = exp[(r1,np/2)(a†2 − a2)] and 𝒮2(r2,np) =

exp[(r2,np/2)(b†2 −b2)] to Hnp and using equation e−BAeB =

∑
∞
n=0[A,B]

(n), where [A,B](n) = [[A,B](n−1),B] with [A,B](0) =
A, we can obtain

H ′
np = ω

[
cosh(2r1,np)−

g2
1

2
e−2r1,np

]
a†a

+ω

[
cosh(2r2,np)−

g2
2

2
e2r2,np

]
b†b

−ω

2

[
sinh(2r1,np)+

g2
1

2
e−2r1,np

]
(a†2

+a2)

−ω

2

[
sinh(2r2,np)−

g2
2

2
e2r2,np

]
(b†2

+b2)

+
ω

2

[
cosh(2r1,np)−

g2
1

2
e−2r1,np

]
+

ω

2

[
cosh(2r2,np)−

g2
2

2
e2r2,np

]
− Ω

2
−ω, (A28)

where g1 = 2λ1/
√

ωΩ and g2 = 2λ2/
√

ωΩ . Since the new
Hamiltonian needs to be diagonal, we require that (a†2

+ a2)

and (b†2
+b2) terms vanish, thereforesinh(2r1,np)+

g2
1

2 e−2r1,np = 0,

sinh(2r2,np)−
g2

2
2 e2r2,np = 0.

(A29)

Their solutions are

r1,np =
1
4

ln(1−g2
1), r2,np =−1

4
ln(1−g2

2). (A30)

Substituting these solutions to Eq. (A28), the diagonalized
Hamiltonian can be obtained as

H ′
np = ε1,npa†a+ ε2,npb†b+EG,np, (A31)

where

ε1,np = ω

√
1−g2

1, ε2,np = ω

√
1−g2

2 (A32)

are the excitation energy of two cavity fields respectively and

EG,np = (1/2)(ε1,np + ε2,np)−ω − Ω

2
(A33)

is the ground-state energy. The energy eigenvalues and eigen-
states in the NP are respectively

Em1m2
np (g1,g2) = ε1,npm1 + ε2,npm2 +EG,np, (A34)
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np (g1,g2)

〉
= 𝒮†

2 [r2,np(g2)]𝒮†
1 [r1,np(g1)] |m1,m2,↓⟩ .

(A35)

Since EG,np must be real, for the NP we have g1 6 1, g2 6 1.
For g1 > 1 or g2 > 1, the discussion and calculations are

given in the main text.
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