
 

 

 

Quantum estimation of rotational speed in optomechanics 

Hao Li(李浩), and Jiong Cheng(程泂) 

Citation:Chin. Phys. B, 2023, 32 (10): 100602.   DOI: 10.1088/1674-1056/ace3b7 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb  

 

What follows is a list of articles you may be interested in  

 

Multilevel atomic Ramsey interferometry for precise parameter estimations 

X N Feng(冯夏宁) and L F Wei(韦联福) 

Chin. Phys. B, 2021, 30 (12): 120601.   DOI: 10.1088/1674-1056/ac0527 

Pre- and post-selected measurements with coupling-strength-dependent modulation 

Zhaoxue Li(李兆雪), Jiangdong Qiu(邱疆冬), Linguo Xie(谢林果), Lan Luo(罗兰), Xiong Liu(刘雄), Zhiyou 

Zhang(张志友), Changliang Ren(任昌亮), JingLei Du(杜惊雷) 

Chin. Phys. B, 2019, 28 (3): 030602.   DOI: 10.1088/1674-1056/28/3/030602 

Quantum parameter estimation in a spin-boson dephasing quantum system by 

periodical projective measurements 

Le Yang(杨乐), Hong-Yi Dai(戴宏毅), Ming Zhang(张明) 

Chin. Phys. B, 2018, 27 (4): 040601.   DOI: 10.1088/1674-1056/27/4/040601 

Optimal quantum parameter estimation of two-qutrit Heisenberg XY chain under 

decoherence 

Hong-ying Yang(杨洪应), Qiang Zheng(郑强), Qi-jun Zhi(支启军) 

Chin. Phys. B, 2017, 26 (1): 010601.   DOI: 10.1088/1674-1056/26/1/010601 

Enhancing the precision of phase estimation by weak measurement and quantum 

measurement reversal 

He Zhi (贺志), Yao Chun-Mei (姚春梅) 

Chin. Phys. B, 2014, 23 (11): 110601.   DOI: 10.1088/1674-1056/23/11/110601 

 

-------------------------------------------------------------------------------------------------------------------- 

https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ace3b7
https://doi.org/10.1088/1674-1056/ace3b7
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac0527
https://doi.org/10.1088/1674-1056/ac0527
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/28/3/030602
https://doi.org/10.1088/1674-1056/28/3/030602
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/27/4/040601
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/27/4/040601
https://doi.org/10.1088/1674-1056/27/4/040601
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/26/1/010601
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/26/1/010601
https://doi.org/10.1088/1674-1056/26/1/010601
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/23/11/110601
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/23/11/110601
https://doi.org/10.1088/1674-1056/23/11/110601


Chin. Phys. B 32, 100602 (2023)

Quantum estimation of rotational speed in optomechanics
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We study the quantum Fisher information (QFI) of the angular velocity of rotation in an optomechanical system.
Based on the Gaussian measurements method, we derive the explicit form of a single-mode Gaussian QFI, which is valid
for arbitrary angular velocity of rotation. The information about the angular velocity to be measured is contained in the
optical covariance matrix, which can be experimentally determined via homodyne measurement. We find that QFI increases
rapidly when driving the system close to the unstable boundary. This result can be attributed to the strong nonlinearity of the
system at the unstable boundary. Our results indicate the possibility of using an optomechanical system for high precision
detection of the angular velocity of rotation.
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1. Introduction

Quantum measurement is an important technology in
quantum information science.[1–4] The bound of the detec-
tion accuracy is essentially due to Heisenberg uncertainty
relationship.[5,6] Quantum parameter estimation can be used
to find this limit in the precision of quantum measurement.[1,7]

For a given measurement, the maximal achievable preci-
sion of the estimation is determined by the so-called Fisher
information.[8] Many effective methods have been proposed
to optimize measurements based on Fisher information, e.g.,
Fisher-information-based estimation of optomechanical cou-
pling strengths,[9] projective photon-counting measurement of
single photons,[10] quantum estimation methods for quantum
illumination,[11] and so on.

In the field of quantum measurement, the ability to de-
tect the properties of a mechanical object at the quantum
precision limit has attracted significant attention because it
can show the boundary of quantum-classical transition,[12,13]

macroscopic quantum effect[14–16] and so on. As a poten-
tial platform for precise measurement,[17–19] an optomechani-
cal system has natural advantages[20–28] because a quantized
light field is very sensitive to mechanical motion.[18,29–31]

With the help of optomechanical coupling, a quantum detector
can detect gravitational waves,[17,32–34] tiny masses,[35,36] tiny
displacements,[37,38] and weak fields with greater precision
than the classical detectors.[30] Among them, the measurement
of angular velocity has attracted considerable attention, and is
used as the basis of a gyroscope.[39,40] Meanwhile, a mechan-
ical object is naturally sensitive to centrifugal force when ro-
tating at a certain angular velocity. Related detection schemes
have also been proposed in optomechanical systems.[40] By
means of semi-classical treatment, the angular velocity can be

introduced by the coefficients of the system operator, or by an
effective drive.[41]

The detection limit of the system has not yet been fully
discussed in these studies. We note that the combination of
the optomechanical system with QFI allows us to estimate the
parameters of the system. In Ref. [9], the designed quadrature
measurements allow very accurate estimation of optomechani-
cal coupling strengths. This offers a possibility to estimate the
angular velocity by using quantum metrology with the plat-
form of optomechanical system. QFI can be used to quantify
this estimation and give the limit. Therefore, in this study we
use QFI to investigate the limit of optomechanical system in
angular velocity detection.

This paper is organized as follows. In Section 2, we in-
troduce the system and derive the dynamical evolution of the
Hamiltonian. In Section 3, we discuss the relationship be-
tween covariance matrix and QFI under Gaussian measure-
ment. The numerical results and the corresponding discussion
are given in Section 4. Finally, a summary is given in Sec-
tion 5.

2. Model

We consider a cavity optomechanical system that consists
of a Fabry–Pérot cavity with frequency ωc and a mechanical
resonator with frequency ωm. The cavity is driven by a coher-
ent laser with driving strength ε and center frequency ω0. The
system is fixed on a rotating table with angular velocity Ω (see
Fig. 1). The Hamiltonian of the system reads[42,43]

Ĥ = h̄ωcâ†â+
1
2

h̄ωm(p̂2 + q̂2)− h̄G0â†âq̂

− h̄
2ωm

Ω
2(R+ q̂)2 + ih̄ε(â† e−iω0t − âe iω0t), (1)
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where the first and second terms describe the energy of the
cavity and mechanical oscillator, respectively. The third term
is the radiation pressure induced optomechanical interaction
with coupling strength G0 = (ωc/L)

√
h̄/(mωm). The fourth

term describes the kinetic energy of the oscillator due to the
rotation of the turntable. The dimensionless rotational iner-
tia satisfis Î = h̄

ωm
(R+ q̂)2 with R = R0/

√
h̄/(mωm), where

R0 is the distance between the center of the turntable and
the oscillator. The last term is the input driving laser with
ε =

√
2Pκ/(h̄ωL), where P is the laser power.

Cavity

Oscillator

ε

Ω

Fig. 1. Schematic diagram of optomechanical gyroscope. A cavity op-
tomechanical system is placed on a rotating platform with its input end
located at the center of the platform. The platform is rotating with angular
velocity Ω .

In the frame rotating at the laser frequency ω0, we can
obtain the following quantum Langevin equations:[44–46]

˙̂q = ωm p̂, (2a)

˙̂p =−(ωm − Ω 2

2ωm
)q̂− γm p̂+G0â†â+

Ω 2

ωm
R+ ξ̂ , (2b)

˙̂a =−(κ + i∆)â+ iG0âq̂+ ε +
√

2κ âin, (2c)

where ∆ = ωc −ω0 is the detuning between the cavity field
and the driving laser. ξ̂ and âin are the noise operators of
the mechanical and optical modes, respectively. If ωm ≫ Ω ,
then the first term in Eq. (2b) reduces to −ωmq̂. Under strong
driving conditions, one can linearize the equations of motion
around the steady-state values, i.e., Ô = O+δ Ô, where O and
δ Ô are the classical mean value and quantum fluctuation of Ô.
The classical steady-state amplitude of the cavity field satisfies

αs = ε/(κ + i∆̄), where ∆̄ = ∆ − G2
0|αs|2
ωm

− G0Ω 2R
ω2

m
. Then, the

linearized equations of motion describing the quantum fluctu-
ations are given by

δ ˙̂a =−(κ + i∆)δ â+ iG0αδ q̂+
√

2κδ âin, (3a)

δ ˙̂q = ωmδ p̂, (3b)

δ ˙̂p =−ωmδ q̂− γmδ p̂+G0(α
*
δ â+αδ â†)+ ξ̂ . (3c)

Here, δ â, δ q̂ and δ p̂ are the quantum fluctuation operators
of the system. By introducing the vector of quantum fluctu-
ations u(t) = (δ X̂ ,δŶ ,δ q̂,δ p̂)T, with δ X̂ = (δ â+ δ â†)/

√
2,

δŶ = (δ â−δ â†)/(i
√

2), one can rewrite the equations of the
quantum fluctuations by

u̇(t) = Au(t)+η(t), (4)

where η(t) = (
√

2κδ X̂in,
√

2κδŶin,0, ξ̂ (t))T is the noise vec-
tor, and the drift matrix A reads

A =


−κ ∆̄ −G0Ys 0
−∆̄ −κ G0Xs 0

0 0 0 ωm
G0Xs G0Ys −ωm −γm

 . (5)

Here, Xs =
√

2Reαs, and Ys =
√

2Imαs. The formal solution
of Eq. (4) can be written as

u(t) = exp(At)u(0)+
∫ t

0
exp(As)η(t − s)ds. (6)

The system is stable and reaches its steady state when all of the
eigenvalues of A have a negative real part. The stability condi-
tions can then be derived by applying the Routh–Hurwitz cri-
terion. From now on, we assume that the stability conditions
are satisfied. If the mechanical quality factor is large enough
𝒬= ωm/γm ≫ 1, then ξ̂ (t) is delta-correlated[45]

(⟨ξ̂ (t)ξ̂ (t ′)+ ξ̂ (t ′)ξ̂ (t)⟩)/2 w γm(2n̄th +1)δ (t − t ′), (7)

where n̄th = [exp( h̄ωm
kBT )− 1]−1 is the mean thermal excitation

number. In the steady-state limit, the covariance matrix can be
defined as σs = (⟨ui(∞)u j(∞)+u j(∞)ui(∞)⟩)/2. As a conse-
quence, it satisfies the following Lyapunov equation:[47]

Aσs +σsA† =−D, (8)

where D is the noise matrix

D =


κ 0 0 0
0 κ 0 0
0 0 0 0
0 0 0 γm(2n̄th +1)

 . (9)

The parameter to be measured, i.e., Ω , is encoded in the drift
matrix A, which determines the steady-state covariance ma-
trix. Therefore, by detecting the output field, one can obtain
information about the covariance matrix, which may help us
to estimate the value of the angular velocity Ω .

Now we take the covariance matrix of our model in this
result. The solution of Eq. (8) can be expressed in the follow-
ing matrix form:

σs =

(
σm σc

σT
c σL

)
. (10)

Here σm (σL) corresponds to the covariance matrix of the me-
chanical (optical) subsystem, while σc brings about the op-
tomechanical correlations. In this system, the output optical
signals can easily be measured through optical homodyne de-
tection, and therefore we can use the input–output relation-
ship δaout =

√
2κδa−δain to obtain the optical output matrix

σL,out.
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3. QFI of optomechanics with Gaussian mea-
surements
In quantum metrology, the Cramér–Rao bound[48] is one

of the most important results in parameter-estimation theory.
For an unbiased estimator, the Cramér–Rao bound of the pa-
rameter θ to be estimated reads

∆θCR =
1√

nF(θ)
, (11)

where n is the number of measurements. For continuous vari-
ables, F(θ) reads

F(θ) =
∫

µ

1
P(µ|θ)

(
∂P(µ|θ)

∂θ

)2

, (12)

where P(µ|θ) = Tr
[
Π̂ρ
]

is the probability distribution of the
outcome µ conditional on the unknown actual value θ of the
parameter, which can be obtained under the measurement of
POVM operator Π̂ . If the measurement is independent of θ ,
then the upper bound of the Fisher information is obtained
by maximizing Eq. (12) over all possible generalized mea-
surements in quantum mechanics, IQ = max{Π̂} F > F , which
is called QFI. So the quantum Cramér–Rao bound ∆θQCR 6

∆θCR For all the possible measured observables, the QFI can
be defined as[49,50]

IQ = Tr
[
ρL2] , (13)

where L is the symmetric logarithmic derivative (SLD) opera-
tor, which satisfy

dρ

dθ
=

1
2
{L,ρ}. (14)

According to the Gaussian measurements method of QFI,[51]

we can derive the following single-mode Gaussian QFI of Ω

(the detailed derivations are given in Appendix A):

IQ(Ω) =
det∂Ω σL,out

2Tr
[
(σL,out/∂Ω σL,out)

2
]
+ 1

2 det∂Ω σL,out

2detσL,out2 − 1
8

.

(15)

Thus, the parameter measurement precision can be evaluated
through Eq. (15) when the covariance matrix σL,out is deter-
mined. We know that the covariance matrix is a positive semi-
definite matrix and its determinant is the product of the eigen-
values of the matrix. Note that the mean values of the lin-
earized fluctuation Eq. (3) is zero. Meanwhile, the system
decoherence dynamics are certainly affected by the optome-
chanical coupling. Thus, according to the Heisenberg uncer-
tainty relation, detσL,out ≥ 1/4. The denominator of Eq. (15)
will remain greater than zero. From the above analysis and
Eq. (15), it can be found that if the input state is a squeez-
ing state, then QFI can be further improved. The information

of the mechanical oscillator is transmitted to the photon via
the optomechanical coupling. When Ω increases, the number
of photons in the cavity increases correspondingly, and conse-
quently δ X̂ and δŶ also increases. The partial derivative of the
covariance matrix with respect to Ω , namely, ∂Ω σL,out, then
increases. This is the reason why the measurement accuracy
of Ω can be improved. Since ∂Ω σL,out should be greater than
zero, this guarantees the non-negativity of QFI in Eq. (15).

4. Rotational speed estimation in optomechani-
cal system
In this section, we numerically study the impact of sys-

tem parameters on QFI. By solving the Lyapunov equation,
the output optical covariance matrix is obtained, and then QFI
can be determined through Eq. (15). Figure 2 shows the den-
sity plot of QFI varies with the laser power P and cavity de-
tuning ∆ . To clearly show the distribution characteristics of
QFI, we only show the regime that IQ > 0.1 (i.e., the irides-
cence line between green and white areas). The green area
represents the stability regime of the system, while the white
area represents the unstable regime. By changing the optical
dissipation rate κ , the stability regime has changed markedly,
and we note that the large values of QFI always appear at the
boundary of the stability regime. Near the unstable regime,
the nonlinear effect of the system plays a leading role, which
greatly affects the value of QFI. Meanwhile, in the unstable
regime, the assumption of steady-state covariance matrix is
not valid and the covariance matrix changes abruptly at the
boundary. This results in the formation of extreme values of
QFI at the boundary. We can also see that the QFI has a lot of
local optimum points at the boundary. This indicates a way to
improve measurement accuracy, i.e., driving the system close
to the unstable regime and finding the global optimum value
for QFI. Comparing Figs. 2(a) and 2(b), we find that we can
improve the QFI of the angular velocity measurement by in-
creasing the Q factor of the cavity. In Fig. 2(c), we present the
partially enlarged drawing of Fig. 2(a), which clearly shows
the behavior of QFI near the boundary. This also provides us
with a reliable range of parameters for achieving large values
of QFI. We plot Fig. 2(d) by fixing the cavity detuning along
the boundary. The small peak in (d) indicates the local optimal
value of QFI. For our numerical analysis, we take experimen-
tally feasible parameters,[52] which are m = 6 ng, L = 25 mm,
ωm/2π = 2.75×105 Hz, γm = 10−5ωm, ωc = 4.8×102 THz.
In addition, we assume that the angular velocity to be mea-
sured is Ω = 35 Hz, and the distance between the center of the
turntable and the oscillator is R0 = 5L.

In the following, we investigate the sensitivity of the an-
gular velocity. We use blue and red detuned lasers to pump
the cavity, and the results are shown in Fig. 3. In Fig. 3(a),
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the laser is blue detuned, and we can see that the steady-
state region increases as Ω gets larger. In this situation, for
Ω < 50 Hz, the required maximum laser power is P ≈ 1 mW.
In the high rotational speed case, the blue detuned laser is
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Fig. 2. (a)–(c) Density plot of QFI as a function of laser power P and
cavity detuning ∆ . (d) QFI as a function of laser power P when ∆

is fixed along the boundary. We set m = 6 ng, R0 = 5L, L = 25 mm,
ωm/2π = 2.75×105 Hz, γm = 10−5ωm, ωc = 4.8×102 THz, n̄th = 100,
and the rotational speed Ω = 35 Hz. In panels (a) and (b) we keep
κ/ωm = 0.05, and 0.5 respectively. The partial enlarged drawing of
panel (a) is plotted in panel (c) for ∆ ∼ 0.6.
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Fig. 3. (a)–(c) Density plot of QFI as a function of the laser power P and
angular velocity Ω . (d) QFI as a function of laser power P when Ω is
fixed along the boundary. The parameters are the same as in Fig. 2. In
panel (a) we keep ∆ =−1 and in panel (b) ∆ = 1. The partially enlarged
drawing of panel (b) is plotted in panel (c) for Ω ∼ 46 Hz.

no longer valid and one should modulate the laser to the
red detuned regime, which is shown in Fig. 3(b). In (b),
the high rotational speed can be measured on the mW scale,
while for Ω < 50 Hz the accuracy of the measurement de-
creased significantly, i.e., QFI< 0.1. The results of Fig. 3
can be understood very clearly because the effective detun-

ing ∆̄ = ∆ − G2
0|αs|2
ωm

− G0Ω 2R
ω2

m
. For the parameters under con-

sideration, G0R ≫ 1. Then, increasing the angular velocity
will effectively decrease the effective detuning, which means
that the appropriate regime for our detection scheme is to keep
∆̄ ≈ −1. We also present the partially enlarged drawing of
Fig. 3(b) in Fig. 3(c), which gives us a clear parameter regime
for achieving large QFI. The local optimal behavior of QFI is
also observed in Fig. 3(d), where the angular velocity is fixed
along the boundary.

5. Conclusion
In conclusion, we have studied the QFI of the rotational

speed in an optomechanical system. We derived the explicitly
single-mode Gaussian QFI for arbitrary angular velocity. Us-
ing this result, we find the way to maximum the value of QFI,
i.e., driving the system close to the unstable boundary. Our
results show that the optomechanical system can be used as a
gyroscope, detecting the rotational speed with high precision.

Appendix A: QFI for Gaussian state
In this appendix, by using the approach proposed in

Ref. [51], we will give a detailed derivation of our main result,
i.e., Eq. (15). For n-mode Gaussian states, the symmetrically
ordered character function is

χS(𝜉) = tr(ρ e i𝑟T𝜉), (A1)

where e i𝑟T𝜉 ≡ D(𝜉) is the shift operator in phase space
D(𝜉)†𝑟̂D(𝜉) = 𝑟̂+ 𝜉 with 𝑟 is the 2n-dimensional vector of
position and momentum operators (X̂1, . . . , X̂n;Ŷ1, . . . ,Ŷn) and
𝜉 is the classical displacement (q1, . . . ,qn; p1, . . . , pn). Accord-
ing to the relationship between the n moment and the charac-
teristic function ⟨𝑟n⟩= 1

in
dnχ(𝜉)

d𝜉n |𝜉=0 then

χS(𝜉) =
∞

∑
n=0

in

n!
· (𝜉n⟨𝑟n⟩). (A2)

By using the exponential expansion and taking the first two
moments, we get

χS(𝜉) = e−
1
2𝜉

T𝛤𝜉+i𝛿T𝜉, (A3)

where δ j = tr(ρr j) and Γjk = 1
2 tr(ρ{∆r j,∆rk}), with ∆r j =

r j −δ j. The quadratic form of Eq. (A3) guarantees the Gaus-
sian state, and the form of SLD is also quadratic. We can then
assume the following expression for the SLD:

L = 𝑟T
Φ𝑟+𝑟T

ζ −ν . (A4)
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Meanwhile, one can easily find that

δ̇ j =
1
2

tr({L,ρ}r j) =
1
2

tr(ρ{L,r j}), (A5)

Γ̇jk =
1
4

tr({L,ρ}{r j,rk}) =
1
4

tr(ρ{L,{r j,rk}}). (A6)

To calculate the traces above, we use the following partially
symmetrically ordered characteristic function:

χP(𝜉1,𝜉2) ≡ 1
2

tr(ρ{e i𝑟T𝜉1 , e i𝑟T𝜉2})

= χ(𝜉1 +𝜉2)cos(
1
2
𝜉T

1 J𝜉2). (A7)

∂
(1,2)
j represent the partial derivative with respect to the j-th

element of 𝜉1,2, we have

∂θ δ j =−iℒ(1)
∂
(2)
j χP|𝜉1,2=0, (A8)

∂θ Γjk =−ℒ(1)
∂
(2)
j,k χP|𝜉1,2=0, (A9)

where

ℒ=−∑
n,m

Φmn∂mn − i ∑
l

ζl∂l −ν . (A10)

Substituting Eq. (A10) into Eqs. (A8) and (A9), then

∂θ δ j = −

(
∑

l
ζl∂

(1)
l

)
∂
(2)
j χP|𝜉1,2=0 = ∑

l
Γjlζl , (A11)

∂θ Γjk =

(
∑
n,m

Φmn∂
(1)
mn +ν

)
∂
(2)
jk χP|𝜉1,2=0

= [tr(Γ Φ)−ν ]Γjk +(2Γ ΦΓ +
1
2

JΦJ) jk, (A12)

where J =

(
0 1

−1 0

)
= −JT = −J−1 is the skew-symmetric

matrix and 1 is the identity matrix. Due to the trace-preserving
condition

tr(Lρ) = ℒχP |𝜉1,2=0 = tr(Γ Φ)−ν = 0, (A13)

we have the following matrix forms:

∂θ δ = Γ ζ , (A14)

∂θ Γ = 2Γ ΦΓ − 1
2

JΦJT. (A15)

This is an implicit matrix equation. One solution is to use
canonical transform to take it into the diagonal representation.
Here we define a matrix S satisfying SJST = J, then

SΓ ST = Γd =

(
𝒟 0
0 𝒟

)
, (A16)

where 𝒟= diag(d1,d2, . . . ,dn)> 1 is a diagonal matrix. Since
the covariance matrix Γ is canonical matrix

S∂θ Γ ST = 2SΓ JJΦJTJT
Γ ST − 1

2
SJJJΦJTJTJTST

= 2SΓ (STJS)JΦJT(STJTS)Γ ST

−1
2

SJ(STJS)JΦJT(STJTS)JTST, (A17)

then

∂θ Γd = 2ΓdΦdΓd −
1
2

JΦdJT, (A18)

where the defined symbol Φd = JSJΦJTSTJT, Notice that Γd

and J are commuted with each other

Γd∂θ ΓdΓd = 2Γ
2

d ΦdΓ
2

d − 1
2

JΓdΦdΓdJT

= 2Γ
2

d ΦdΓ
2

d − 1
2

J
(

1
2

∂θ Γd +
1
4

JΦdJT
)

JT

= 2Γ
2

d ΦdΓ
2

d − 1
4

J∂θ ΓdJT − 1
8

Φd , (A19)

which can be solved explicitly

(Φd) jk =
(Γd∂θ ΓdΓd +

1
4 J∂θ ΓdJT) jk

2d2
j d2

k − (1/8)
. (A20)

An inverse symplectic transformation can transform it back to
Φ . By putting Eq. (A10) into the definition of QFI, we have

IQ = tr(ρL2) = ℒ(1)ℒ(2)
χP|𝜉1,2=0

=

(
∑

j,k,l,m
Φ jkΦlm∂

(1)
jk ∂

(2)
lm +∑

j,k
2νΦ jk∂

(1)
jk

−∑
j,k

ζlζk∂
(1)
l ∂

(2)
k +ν

2
)
|𝜉1,2=0

=
1
2

tr(JΦJΦ)+ tr(Γ ΦΓ Φ)+ tr2(Γ Φ)

−2ν tr(Γ Φ)+ζ
T
Γ ζ +ν

2

= tr[(Γ ΦΓ − 1
2

JΦJT)Φ ]+ζ
T
Γ ζ

= tr(∂θ Γ Φ)+∂θ δΓ
−1

∂θ δ . (A21)

Now we take the covariance matrix of our model in this
result, i.e., the single-mode optical output matrix σL,out. No-
tice that the first moment of quantum fluctuations is zero in
our model, it is necessary to know the expression of Φ in this
case. Due to the canonical transformation requirements, we
can take the matrix in the following form: σd =

√
detσ1 and

S = (detσ)1/4/
√

σ . Using the inverse canonical transforma-
tion STΦdS = STJSJΦJTSTJTS = Φ , we have

IQ =
Tr
[
STσdS∂θ σSTσdS∂θ σ +(1/4)STJS∂θ σSTJTS∂θ σ

]
2detσ2 − (1/8)

,

(A22)

note that J∂θ σJT∂θ σ = det∂θ σ1, therefore

IQ =
Tr
[
STσdS∂θ σSTσdS∂θ σ +(1/4)det∂θ σ1

]
2detσ2 − (1/8)

. (A23)
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For the first term in the trace, notice that we only sum over
diagonal elements and σd is diagonal, and then we have

Tr
[
ST

σdS∂θ σST
σdS∂θ σ

]
= Tr

[
(ST

σdS∂θ σ)2]
= Tr

[
(STJTSσSTJS∂θ σ)2]

= Tr
[
(JT

σJ∂θ σ)2]
= Tr

[
(JT

∂θ σ(∂θ σ)−1
σJ∂θ σ)2]

= det∂θ σ
2Tr
[
((∂θ σ)−1

σ)2] . (A24)

The last step in the above equation uses the rotation property
of trace, and finally we get

IQ(θ) =
det∂θ σ

2Tr
[
((∂θ σ)−1σ)2

]
+(1/2)det∂θ σ

2detσ2 − (1/8)
. (A25)

Acknowledgments
Project supported by the National Natural Science Foun-

dation of China (Grant Nos. 11704205 and 12074206), the
National Natural Science Foundation of Zhejiang Province
(Grant No. LY22A040005), and K.C.Wong Magna Fund in
Ningbo University.

References
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