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Role of excited states in helium-like ions
on high-order harmonic generation

Jiang-Hua Luo(罗江华)† and Jia-Jun Xiao(肖佳俊)

School of Physics and Optoelectronic Engineering, Yangtze University, Jingzhou 434023, China

(Received 10 May 2023; revised manuscript received 22 June 2023; accepted manuscript online 30 June 2023)

We theoretically investigate high-order harmonic generation (HHG) of helium (He), lithium cation (Li+), and beryl-
lium dication (Be2+) using the time-dependent Hartree–Fock method to solve the three-dimensional time-dependent
Schrödinger equation. It is found that the intensity of the HHG increases significantly from a certain harmonic order
below the ionization threshold, and the initial position of the enhancement does not depend on the intensity or the wave-
length of the driving laser field. Further analysis shows that excited states play an important role on this enhancement,
consistent with the excited-state tunneling mechanism [Phys. Rev. Lett. 116 123901 (2016)]. Our results unambiguously
show that excited-state tunneling is essential for understanding the enhancement of HHG. Accordingly, a four-step model
is herein proposed to illustrate the multiphoton excitation effect in helium-like ions, which enriches the physics of HHG
enhancement.

Keywords: high-order harmonic generation, ultrafast phenomena, excited states
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1. Introduction
High-order harmonic generation (HHG) is well known

as a high-nonlinear non-perturbative optical phenomenon pro-
duced by interaction of strong laser fields with atoms or
molecules. The most direct consequence is to generate coher-
ent light in the extreme ultraviolet and even soft x-ray region,
as a very attractive source of attosecond pulses that can make
it possible to capture structures and dynamics of targets with
spatiotemporal resolution on both the attosecond and angstrom
scales.[1–3] The fast developments of HHG have important ap-
plications for understanding attosecond electron dynamics and
other related ultrafast atomic or molecular physics.[4–13]

An HHG spectrum has a very typical structure. First, the
spectral intensity decreases with the increase of harmonic fre-
quency, then remains almost constant starting from the ioniza-
tion threshold, followed by a plateau region, and finally, the
harmonic intensity decreases rapidly after the cutoff energy
Ip + 3.17Up, where Ip is the ionization potential and Up is the
ponderomotive energy of the laser field.[14] The HHG process
can be well described by the classical three-step model:[15]

ionization, acceleration, and recombination. Firstly, when
atoms (ions or molecules) encounter a strong laser electric
field, their potential barrier is lowered and the electrons in the
ground state are ionized by tunneling ionization. Then the ion-
ized electron is accelerated in the electric field and gains ki-
netic energy. Finally, as the electric field reverses its sign, part
of the accelerated electron wavepacket is driven back and re-
combined with the parent ion, releasing both the kinetic energy
and the ionization energy in the form of high-energy photons,
known as HHG radiation.

The three-step model well explains the generation of
high-energy photons, i.e., the HHG above the ionization
threshold. However, it cannot give a clear picture of the ra-
diation mechanism of low-order harmonics below the thresh-
old, because it ignores the influence of the Coulomb potential
and the excited states of atoms. Low-order harmonics below
or near the threshold are an important means of generating
vacuum-ultraviolet combs and have gradually become a hot is-
sue in recent years.[16–18] Generally speaking, the study of har-
monic radiation below the ionization threshold is still on the
basis of quantum path interference theory, combined with the
influence of Coulomb potential. Additionally, excited states
have been found to play an important role in the generation of
lower-order harmonics.[19,20] Under the action of strong fields,
electrons in the ground state may be excited at the same time
as ionization. This process can selectively increase the effi-
ciency of certain low-order harmonics, and a resonance exci-
tation peak corresponding to excited state energy will appear
in the harmonic spectrum. For helium-like ions, such as he-
lium atoms, lithium cations, and beryllium dication, due to the
high ionization energy, the ionization rate of the electrons is
very low, and their HHG efficiency can be expected to be low
as well.

In this paper, we use the time-dependent Hartree–
Fock (TDHF) method to solve the three-dimensional time-
dependent Schrödinger equation (TDSE) and calculate the
HHG spectrum of helium-like ions. The results show that
the intensity of HHG increases obviously from a certain or-
der harmonics with fixed energy below the threshold. This
is quite different from the resonance excitation peaks studied
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before.[19] By our calculation, the harmonic spectrum starts
from the point where enhancement occurs and the intensity of
its subsequent orders all increases substantially. Moreover, the
results also show that the location where the enhancement oc-
curs is independent of the laser intensity as well as the wave-
length. To reveal the inner physics, we propose a “four-step
model” mechanism: (i) The ground-state electrons are reso-
nantly excited or virtually excited to an excited state by a mul-
tiphoton process. (ii) The electrons in the excited states are
further ionized. (iii) The ionized electrons are accelerated in
laser fields. (iv) Parts of the accelerated electrons coincide
with the parent ion and radiate harmonics. Since the ioniza-
tion energy of the excited state is lower than that of the ground
state, the ionization rate of the excited state electron is greatly
improved. As a result, the intensity of the harmonics higher
than the ionization energy of the excited state is significantly
enhanced. Such a four-step model mechanism can reasonably
explain the resonance excitation peak of helium-like ions and
also makes for richer dynamics of harmonic enhancement.

2. Numerical methods
HHG from helium-like ions subjected to a linearly polar-

ized laser field is investigated by using the TDHF method fol-
lowing the approach developed by Zhang et al.[21] The DMT-
DHF package is employed for the simulations. This pack-
age is originally developed for diatomic molecules in prolate
spheroidal coordinates. Here, we have made modifications
such that it can be used for atoms with spherical symmetry.
The central idea is that we can set the nuclear charge of one
nucleus of the diatomic molecule to zero and mimic a spher-
ical symmetric atom. The interaction between the laser field
and the target is described by the TDSE

i
∂

∂ t
𝛹(t) = [H0 +Vl(t)]𝛹(t), (1)

where H0 is the laser-free multielectron operator and Vl(t) the
laser interaction part. The laser interaction term Vl(t) reads

Vl(t) =
2

∑
i=1

𝑟i ·𝐸(t), (2)

where 𝑟i is spatial coordinate of the i-th electron and 𝐸(t) is
the electric field of the laser pulse,

𝐸(t) = E0 sin2(πt/Tp)cos(ωt)𝑒z, 0≤ t ≤ N0T. (3)

Here, ω = 2π/T is the angular frequency, N0 is the total num-
ber of the laser optical cycles, and E0 is the amplitude of the
electric field. Based on the TDHF ansatz, the wave function,
solution of the time-dependent Schrödinger equation (1), is ap-
proximated by an antisymmetrized product of time-dependent
single-electron wave functions. The equations for these single-
electron wave functions, i.e., the so-called TDHF equations,

are numerically solved by employing a computational proce-
dure based on a finite-element discrete-variable representation
(FE-DVR) in prolate spheroidal coordinates. The time prop-
agation is accomplished using a short iterative Lanczos (SIL)
method. HHG spectra are computed as the squared modulus
of the Fourier-transformed electric dipole acceleration, which
is obtained by the second derivative of the dipole moment,

d(t) =−〈𝛹(t)|
2

∑
i=1

zi|𝛹(t)〉, (4)

S(ω) = |a(ω)|2, (5)

where a(ω) = 1√
2π

∫ Tp
0 d̈(t)W (t)exp(iωt)dt. In order to re-

duce the background level of the HHG spectra, the dipole ac-
celeration is multiplied by a Hanning window function W (t)
before the Fourier transform. The time-frequency profiles of
harmonics are obtained via a Gabor transform[22]

ã(ω, t) =
1√
2π

∫ Tp

0
d̈(τ)exp(i

(τ− t)2

2σ2 )exp(iωτ)dτ, (6)

where σ is the width of the Gaussian time window in the Ga-
bor transform.

3. Results and discussions
Figures 1(a)–1(c) present the HHG spectra of a helium

atom, lithium cation, and beryllium dication, respectively. In
the calculations, the intensity of the driving laser pulse is set
to 5.0×1014 W/cm2, the wavelength to 800 nm, and the total
pulse duration to 10 optical cycles. The ionization energies of
the ground state of the three systems on Hartree–Fock level are
24.9788 eV, 75.9841 eV, and 154.2101 eV, respectively. Under
these conditions, the Keldysh parameter of helium-like ions is
much less than 1, so it is in the tunneling ionization region.
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Fig. 1. High harmonic spectra for (a) helium atom, (b) lithium cation,
and (c) beryllium dication. The laser field is linearly polarized along the
z axis at wavelength of 800 nm, with intensity of 5.0×1014 W/cm2 and
total pulse duration of 10 optical cycles. The arrow in each panel indi-
cates the position where the enhancement of harmonic intensity starts.
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Fig. 2. Time-frequency maps for (a) helium atom, (b) lithium cation, and (c) beryllium dication. Laser parameters are the same as those in Fig. 1.

As can be seen in Fig. 1, the harmonic spectra of helium-like
ions show a very typical structure. First, the HHG intensity
decreases rapidly with the increase of frequency. Then, initial
from 22 eV for the helium atom, 62 eV for the lithium cation
and 124 eV for the beryllium dication, the spectral intensities
appear to be significantly enhanced and the magnitude of the
enhancement is about 5–6 orders. Lastly, the harmonic inten-
sity remains basically unchanged after a slight decrease and
presents a plateau structure before the cutoff energy. It is worth
noting that the energy corresponding to the initial position of
harmonic enhancement is less than the ionization energy of the
corresponding atom (ion).

To investigate the detailed structure of the harmonic en-
hancement in Figs. 1(a)–1(c), the time-frequency maps[22] of
the HHG spectra are given in Figs. 2(a)–2(c), respectively. For
the helium atom, as shown in Fig. 2(a), the position of the en-
hancement around 22 eV is not obvious, while a concave struc-
ture can still be seen in the time-frequency distribution below
22 eV, indicating that the harmonic intensity increases from
22 eV. For lithium cation and beryllium dication, visible res-
onance enhancement peaks appear near 62 eV and 124 eV in
Figs. 2(b) and 2(c), respectively. In Figs. 2(b) and 2(c), the in-
tensities of the harmonics below 62 eV and 124 eV are clearly
lower. These time-frequency features are consistent with the
harmonic spectrum structures in Fig. 1.

In the following, we investigate the effect of the driving
laser parameters on the positions of the harmonic enhance-
ment. We first calculate the harmonic spectra of helium atom
with various driving intensities and wavelengths. The results
are shown in Fig. 3. For the same laser wavelength of 800 nm,
Fig. 3(a) exhibits the harmonic spectra with driving intensities
of 2.0× 1014 W/cm2, 3.0× 1014 W/cm2, 4.0× 1014 W/cm2,
and 5.0× 1014 W/cm2, respectively. For the same driving in-
tensity of 3.0× 1014 W/cm2, Fig. 3(b) exhibits the harmonic
spectra with laser wavelengths of 800 nm, 900 nm, 1000 nm,
and 1100 nm, respectively. Despite the difference in spec-
tral profile, these HHG spectra show the common enhanced
position, around 22 eV, as shown in Fig. 3 with a vertical
dashed line. For comparison with Fig. 1 more clearly, we

then calculate the harmonic spectra of helium atom, lithium
cation, and beryllium dication at other driving parameters.
Figures 4(a)–4(c) show the corresponding HHG spectra from
the three ions driven by a mid-infrared laser with the intensity
of 8.0×1014 W/cm2, wavelength of 1200 nm, and total pulse
duration of 10 optical cycles. It can be seen that the harmonic
spectrum driven by the mid-infrared laser in Fig. 4 is similar to
those in Fig. 1. Moreover, in Figs. 1 and 4, the intensity starts
to increase at a same harmonic order below the threshold, cor-
responding to about 22 eV of the helium atom, 62 eV of the
lithium cation, and 124 eV of the beryllium dication. For the
beryllium dication, because of the extremely large ionization
energy, the ionization probability is very small. As a result, the
intensity of the harmonics is very low and almost has the same
level of background noise. The cutoff of the plateau can not be
well resolved. Nevertheless, the peak of the enhancement can
be clearly observed. We expect that the harmonic spectrum
can be well resolved using a laser pulse with higher intensity,
which is out of our computational capability. Additionally, the
enhancement position of the same ion does not alter with the
change of driving laser parameters. These imply that the ini-
tial position of enhancement is determined by the ion itself,
i.e., the ion potential function and the properties of the excited
state, and has nothing to do with the parameters of the driving
laser.
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Fig. 3. (a) HHG spectra for helium with different laser intensities. The
wavelength is set to 800 nm. (b) HHG spectra for helium with different
laser wavelengths. The intensity is set to 3.0×1014 W/cm2. The verti-
cal dashed line shows the position where the enhancement of harmonic
intensity starts.
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Fig. 5. Linear excitation spectra for (a) helium atom, (b) lithium
cation, and (c) beryllium dication. A delta pulse with an intensity of
2.0×1012 W/cm2 is adopted.

To analyze the relationship between the harmonic en-
hancement effect and the excited states of ions, we calculate
the linear excitation spectra of the three targets. The linear
excitation spectrum is obtained by first calculating the dipole
moment of the electron through short pulse excitation in the
form of the delta function, and then taking the Fourier trans-
form of the dipole moment. Figure 5 presents the linear ex-
citation spectra of helium-like ions, where the driving laser
parameters are the same as those in Fig. 1. As can be seen
from Fig. 5, the first peak of the linear excitation spectrum cor-
responds to the multi-photon excitation transition of an elec-
tron from 1s2 to 1s2p, and the peak positions of the three
ions are located at 21.7 eV, 62.7 eV, and 124.2 eV, respec-
tively. These energies are slightly different from the NIST
data 21.2 eV, 61.3 eV, and 121.9 eV. This is due to the mean-
field approximation used in our TDHF model, which can not
reproduce the fully correlated excited state energies. Com-
bined with the HHG of Fig. 1, it can be found that the initial

position of resonance enhancement of harmonic spectrum is
consistent with the position of multi-photon excitation transi-
tion from 1s2 to 1s2p in the linear excitation spectrum. Ob-
viously, the excitation transition of the electron is involved in
the HHG process and has an important influence on the inten-
sity of harmonics.[20] It should be noted that, unlike the pre-
vious work,[19] our results show that the excitation transition
enhances the harmonic intensities of all orders after the reso-
nance energy of 1s2 to 1s2p, i.e., the intensity of the harmonics
above the enhancement peak is in orders of magnitude higher
than those below the peak. This phenomenon is rarely studied
before.
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Fig. 6. Ionization probability of helium atom calculated by TDHF (blue
curve) and ADK (red curve). Laser parameters are the same as those in
Fig. 1.

Finally, we calculate the time-dependent ionization prob-
ability of the He atom to further analyze the specific role of
electron excitation in the HHG process. In the calculation,
the laser parameters are the same as those in Fig. 1. Figure 6
shows the ionization rate in terms of the TDHF method, which
considers the ionization of ground and excited state electrons.
The traditional ADK ionization rate[23] of the ground state is
also plotted in Fig. 6 for comparison. We figure out that the
ionization rate by the TDHF method is higher than that of
ADK. Under the laser conditions of our calculation, most of
the electron wave packets are in the ground state but not ion-
ized owing to the high ionization energy of the system. Ac-
cording to the strong field approximation model, the harmonic
efficiency is proportional to the electron ionization probability.
It is inferred that the harmonic enhancement effect is due to
the increase in the ionization rate of the system, i.e., the con-
tribution of the excited state electrons. Similar to the three-
step model, we hereby propose a four-step model for HHG
of helium-like ions: under the action of the driving field, the
electrons in the ground state 1s2 is excited to the state of 1s2p
by a multi-photon transition; subsequently, the electron in the
excited state 1s2p is ionized by laser field; the ionized elec-
tron then accelerates in the laser field and finally recombine,
radiating HHG. In this process, the ionization probability in-
creases because the ionization energy of the excited state is

113201-4
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lower than that of the ground state. Therefore, the intensity
of those harmonics with energies above the excitation energy
of 1s2 to 1s2p is significantly enhanced because of the higher
ionization probability.

4. Conclusions
In summary, we have used the time-dependent Hartree–

Fock method to systematically investigate the enhancement
effect of HHG in helium-like ions. It is shown that HHG in-
tensity increases significantly from a certain order harmonics
with energy below the ionization threshold. In addition, the
initial location of this enhancement is independent of the in-
tensity and wavelength of the driving laser field. Further anal-
ysis shows that the excitation transition enhances the harmonic
intensities of all orders after the resonance energy of 1s2 to
1s2p, and consequently the intensity of the harmonics above
the enhancement peak is orders of magnitude higher than those
below the peak. The reionization mechanism of electron ex-
citation is discussed and a four-step model is proposed to de-
scribe the physical process of harmonic enhancement. This
study can provide theoretical guidance for generation of vac-
uum UV frequency combs by subthreshold harmonics.
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Z H, Zhang D W, Yuan J M, Chen J and Zhao Z X 2021 Ultrafast Sci.
2021 9837107

[10] Li J, Ren X M, Yin Y C, Zhao K, Chew A, Cheng Y, Cunningham E,
Wang Y, Hu S Y, Wu Y, Chini M and Chang Z H 2017 Nat. Commun.
8 186

[11] Shafir D, Soifer H, Bruner B D, Dagan M, Mairesse Y, Patchkovskii S,
Ivanov M Y, Smirnova O and Dudovich N 2012 Nature 485 343

[12] Silva R E F, Blinov I V, Rubtsov A N, Smirnova O and Ivanov M 2018
Nat. Photon. 12 266

[13] Zhang Y F, Huang T F, Li J P, Yang K, Li L, Zhu X S, Lan P F and Lu
P X 2021 Chin. Phys. B 30 074204

[14] Krause J L, Schafer K J and Kulander K C 1992 Phys. Rev. Lett. 68
3535

[15] Corkum P B 1993 Phys. Rev. Lett. 71 1994
[16] Liu J C, Kohler M C, Keitel C H and Hatsagortsyan K Z 2011 Phys.

Rev. A 84 063817
[17] Henkel J, Witting T, Fabris D, Lein M, Knight P L, Tisch J W G and

Marangos J P 2013 Phys. Rev. A 87 043818
[18] Hostetter J A, Tate J L, Schafer K J and Gaarde M B 2010 Phys. Rev. A

82 023401
[19] Xiong W H, Geng J W, Tang J Y, Peng L Y and Gong Q H 2014 Phys.

Rev. Lett. 112 233001
[20] Serebryannikov E E and Zheltikov A M 2016 Phys. Rev. Lett. 116

123901
[21] Zhang B, Yuan J M and Zhao Z X 2015 Comput. Phys. Commun. 194

84
[22] Sarantseva T S, Silaev A A, Romanov A A, Vvedenskii N V and Frolov

M V 2021 Opt. Express 29 1428
[23] Tong X M, Zhao Z X and Lin C D 2002 Phy. Rev. A 66 033402

113201-5

http://doi.org/10.1126/science.1059413
http://doi.org/10.1126/science.1075873
http://doi.org/10.1126/science.1090277
http://doi.org/10.1038/nature02277
http://doi.org/10.1038/nature03183
http://doi.org/10.1038/nature08253
http://doi.org/10.1038/s42254-018-0015-1
http://doi.org/10.1038/s41467-022-32313-0
http://doi.org/10.34133/2021/9837107
http://doi.org/10.34133/2021/9837107
http://doi.org/10.1038/s41467-017-00321-0
http://doi.org/10.1038/s41467-017-00321-0
http://doi.org/10.1038/nature11025
http://doi.org/10.1038/s41566-018-0129-0
http://doi.org/10.1038/s41566-018-0129-0
http://doi.org/10.1088/1674-1056/abf3b9
http://doi.org/10.1103/PhysRevLett.68.3535
http://doi.org/10.1103/PhysRevLett.68.3535
http://doi.org/10.1103/PhysRevLett.71.1994
http://doi.org/10.1103/PhysRevA.84.063817
http://doi.org/10.1103/PhysRevA.84.063817
http://doi.org/10.1103/PhysRevA.87.043818
http://doi.org/10.1103/PhysRevA.82.023401
http://doi.org/10.1103/PhysRevA.82.023401
http://doi.org/10.1103/PhysRevLett.112.233001
http://doi.org/10.1103/PhysRevLett.112.233001
http://doi.org/10.1103/PhysRevLett.116.123901
http://doi.org/10.1103/PhysRevLett.116.123901
http://doi.org/10.1016/j.cpc.2015.04.008
http://doi.org/10.1016/j.cpc.2015.04.008
http://doi.org/10.1364/OE.413768
http://doi.org/10.1103/PhysRevA.66.033402

	1. Introduction
	2. Numerical methods
	3. Results and discussions
	4. Conclusions
	References

