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This article proposes a non-ideal flux-controlled memristor with a bisymmetric sawtooth piecewise function, and a
new multi-wing memristive chaotic system (MMCS) based on the memristor is generated. Compared with other existing
MMCSs, the most eye-catching point of the proposed MMCS is that the amplitude of the wing will enlarge towards the
poles as the number of wings increases. Diverse coexisting attractors are numerically found in the MMCS, including chaos,
quasi-period, and stable point. The circuits of the proposed memristor and MMCS are designed and the obtained results
demonstrate their validity and reliability.
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1. Introduction
In 1963, Lorenz discovered the classic butterfly attractor

and first proposed the concept of chaotic systems.[1] Many the-
ories on chaotic systems have been established in the decades
since then. Chaos has drawn much attention from various aca-
demics due to chaos behaving randomly and unpredictably.
What is more, it had a lot of essential applications in image
encryption, security, and other engineering fields.[2–8]

In the past few decades, researchers have been explor-
ing the chaos that can produce complex dynamical behav-
ior, and it is worth mentioning that multi-scroll attractors
and coexisting attractors have become a hot topic in nonlin-
ear research.[9–19] The state variable can go through multi-
ple orbital states and jump randomly in different transitions
for the multi-scroll attractors. The coexisting attractors can
provide multiple optional steady states for the system to re-
spond to different needs, so it is very meaningful to con-
struct multi-scroll systems with abundant coexisting attrac-
tors. On the other hand, memristors are the fourth funda-
mental circuit component, reflecting the nonlinear relationship
between current and voltage, expressed via a shrinking hys-
teresis loop.[20] Besides, the memristor has lower power con-
sumption, smaller size, and memory characteristics, making it
particularly useful for studying nonlinear science, especially
chaos.[21–26] Thus, memristors are often added to chaotic sys-
tems as nonlinear terms to construct more complex dynamical
behavior and more multi-scroll attractors.[27,28]

In recent years, much research has been done on the
non-memristor-based multi-scroll chaotic systems, but the
memristor-based chaotic systems have infinite scrolls, which

are still rare.[29–33] Xia et al.[25] proposed two kinds of novel
non-ideal voltage-controlled memristors. Adding these mem-
ristor models to a three-dimensional (3D) jerk system estab-
lishes a novel memristive multi-scroll hyperchaotic jerk sys-
tem with 2N +2-scroll and 2M+1-scroll hyperchaotic attrac-
tors. Lai et al.[35] based on a simple 3D chaotic system, grid-
scroll chaotic attractors were constructed by adding a flux-
controlled non-volatile memristor. Yu et al.[36] designed a
novel local active and non-volatile memristor and constructed
a four-dimensional (4D) memristive Hopfield neural network
with the memristor, which have controllable double-scroll at-
tractors. Lai et al.[37] presented a new Hopfield neural network
(HNN) that can generate multi-scroll attractors by utilizing a
new memristor as a synapse in the HNN.

The above review of the MMCS shows that there are still
two issues for further consideration. For one issue, although
the number of scrolls in the MMCS has increased, the size of
expanded scrolls is not changed. For another issue, the coex-
isting attractors of the MMCS mentioned above are not rich
due to the coexisting attractors are homogeneous. Inspired
by the above-mentioned considerations, we propose a bipolar-
growth multi-wing memristive chaotic system (BMMCS), nu-
merically drawing the phase planes with different parameters
of BMMCS and analyzing the dynamic behavior of BMMCS
by the bifurcation diagrams and Lyapunov exponents (LEs).

2. Chaotic system with a memristor model
2.1. System and memristor description

We obtained the following numerical simulation results
through Matlab2018a. Setting the step size of phase planes,

†Corresponding author. E-mail: laiqiang87@126.com
© 2023 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

100504-1

https://doi.org/10.1088/1674-1056/ace1d9
mailto:laiqiang87@126.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 32, 100504 (2023)

bifurcation diagrams and LEs to 0.01, 0.5, and 0.1.
Considering a simple chaotic system[38]

ẋ = yz,
ẏ = z2−1,
ż =−yz+ x,

(1)

where x, y, z are different state variables. We propose a non-
ideal flux-controlled memristor model. By coupling the mem-
ristor and adding a linear term to system (1), we can obtain
BMMCS 

ẋ = yz,
ẏ = z2−1,
ż =−ayz−W (ϕ)x−bz,
ϕ̇ = x−ϕ,

(2)

where a, b are positive parameters, ϕ is the internal state vari-
able of the memristor. The memristor model can be expressed
as {

i =W (ϕ)v,
ϕ̇ = v−ϕ,

(3)

with the current i, voltage v, flux ϕ . The memductance func-
tion W (ϕ) is described as

W (ϕ) =
2
k
|ϕ|−2N−1

+
N

∑
i=0

[sgn (ϕ + ki)− sgn (ϕ− ki)] , (4)

where k > 0 and N = 0, 1, 2 . . .. Let k = 1 and N = 0,1, we
obtain{

W (ϕ) = 2 |ϕ|−1,(N = 0),
W (ϕ) = 2 |ϕ|+ sgn(ϕ +1)− sgn(ϕ−1)−3, (N = 1),

(5)

and the curves of Eq. (5) are displayed in Fig. 1. We numer-
ically calculate the relationship between voltage and current,

the input voltage v = vq sin(2π f t) with voltage amplitude vq

and power frequency f . Let vq = 5 V, k = 5, N = 1, and f
respectively set as 0.1 Hz, 1 Hz, 10 Hz, then keep f = 1 Hz,
set vq = 5 V, 8 V, 10 V, the results are presented in Fig. 2.
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Fig. 2. Pinched hysteresis loops of the memristor for (a) frequency
f = 0.1 Hz, 1 Hz, 10 Hz; (b) amplitude vq = 5 V, 8 V, 10 V.

In addition, we design the equivalent circuit model of the
memristor as shown in Fig. 3. One selects the IN4148 diode,
operational amplifier TL082 is powered by ±15 V-dc, and the
multiplier AD633JN gains 0.1. Let C1 = 100 nF, R0 = 100 kΩ,
R1 = 10 MΩ, R2 = 10 MΩ, the memristor circuit is powered
by sinusoidal voltage source Vp sin(2πFt), which Vp is volt-
age amplitude, and F is power frequency. Selecting Vp = 5 V,
k = 5, N = 1, and let F = 0.1 Hz, 10 Hz, the relationship
between voltage and current is displayed in Fig. 4. The nu-
merical simulation and circuit experiment both show that the
flux-controlled memristor can exhibit pinched hysteresis loops
that pinched at the origin. The lobe area decreases with the in-
crease in frequency.
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(a)

(b)

Fig. 4. The relationship between voltage and current of the memristor
for: (a) f = 0.1 Hz, (b) f = 10 Hz.

2.2. Equilibrium points and stability analysis

Suppose S(x̃, ỹ, z̃, ϕ̃) is an equilibrium point of BBMCS,
then 

ỹz̃ = 0,
z̃2−1 = 0,
−aỹz̃−W (ϕ̃)x̃−bz̃ = 0,
x̃− ϕ̃ = 0.

(6)

By solving Eq. (6), one has x̃ = ϕ̃ , W (ϕ̃)ϕ̃ = ±b, ỹ = 0, and
z̃ = ±1. Linearizing BBMCS at S(ϕ̃ , 0, ±1, ϕ̃), the Jacobian
matrix is obtained as

𝐽 =


0 ±1 0 0
0 0 ±2 0

−W (ϕ̃) ∓a −b −W
′
(ϕ̃)ϕ̃

1 0 0 −1

 .

By calculating |λ𝐼−𝐽 |= 0, we can get the characteristic

equation is

λ
4 +m1λ

3 +m2λ
2 +m3λ +m4 = 0, (7)

where m1 = b + 1, m2 = 2a + b, m3 = 2a + 2W (ϕ̃), m4 =

2W (ϕ̃) + 2W ′(ϕ̃)ϕ̃ . For the parameters a = 0.74, b = 2.8,
k = 5, N = 1, BBMCS can produce 10 equilibrium points.
Taking them into Eq. (7), their corresponding eigenvalues and
equilibrium point types are shown in Table 1.

Table 1. The eigenvalues and types of equilibrium points.

Equilibrium points Eigenvalues Types

(–5,0,±1,–5) λ1 =−10.9779,λ2 = 9.0769, unstable index-1
(5,0,±1,5) λ3,4 =−0.9495±9.9707i saddle-focus point

(–8.34,0,1,–8.34) λ1,2 =−2.2081±0.9168i, unstable index-2
(8.34,0,–1,8.34) λ3,4 = 0.3081±1.0908i saddle-focus point

(–6.41,0,–1,–6.41) λ1,2 =−2.1395±0.9935i, unstable index-2
(6.41,0,1,6.41) λ3,4 = 0.2395±0.8411i saddle-focus point

(–4.18,0,1,–4.18) λ1,2 =−2.0570±0.5547i, unstable index-2
(4.18,0,–1,4.18) λ3,4 = 0.1570±1.0041i saddle-focus point

Table 2. The relationship between ϕ̃m and BFn.

The range of n ϕ̃m BFn

n < 0

( ϕ̃2n−1, ϕ̃2n ) BFn

...
...

( ϕ̃−5, ϕ̃−4 ) BF−2

( ϕ̃−3, ϕ̃−2 ) BF−1

n = 0 ( ϕ̃−1, ϕ̃1 ) BF0

n > 0

( ϕ̃2, ϕ̃3) BF1

( ϕ̃4, ϕ̃5 ) BF2

...
...

( ϕ̃2n, ϕ̃2n+1) BFn
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Fig. 5. The corresponding relationship between the BMMCS with a 6-wing attractor and ϕ̃m.

Here ϕ̃m, BFn (|m| = 1, 2, 3, . . ., |n| = 0, 1, 2, . . .) re-

spectively represent the unstable index-2 saddle-focus points

on the ϕ-axis and the expanded 2-wing attractors, the rela-

tionship between ϕ̃m and BFn is described in Table 2, and their

corresponding phase plane is shown in Fig. 5. It is obvious that

the ϕ̃ of BF0 is bipolar, and the others are unipolar. Hence BF0

differs in shape from BFn (n 6= 0). Let N = 3, d|n| is the dis-

tance of the two equilibrium points of BFn on the ϕ-axis, and

it can be seen that d|n| is smaller as |n| increase from Fig. 6.

If d|n| is too small, BFn will not appear. And we can in-

crease b to broaden the distance so that one can obtain more

BFn as N increases, thus let b = 6, N = 7, the phase plane is

displayed in Fig. 7. Moreover, we find that with the increase

of |n|, the amplitude of BFn becomes larger. So it can gener-

ate more BFn with different amplitude ranges by controlling

N and b. Meanwhile, figure 8 displays more phase planes of
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BBMCS with N = 0, 3.
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3. Dynamic analysis
3.1. Bifurcation diagrams and LEs

The parameters have a great influence on the dynamic be-
havior of chaotic systems, so we analyze the bifurcation dia-
grams and the LEs with a step size is 0.001.

Fixing b = 2.8, k = 5, N = 2, and a ∈ [0.8, 1.4], the bi-
furcation diagram from Fig. 9(a) indicates that BBMCS has a
10-wing attractor. The LEs from Fig. 9(b) show that BBMCS
has experienced chaos, quasi-period, and stable point. a ∈
[0.8, 1.32) with a positive LE indicates that BBMCS is chaos.
BBMCS with a ∈ [1.32, 1.34] is quasi-period due to the first
two LEs are zero. And all LEs less than zero shows that
BBMCS is a stable point when a ∈ (1.34, 1.4]. Accordingly,
setting a = 1, 1.21, 1.34, 1.4, the phase planes of BBMCS are
shown in Fig. 10. It should be noted that the multi-wing attrac-
tor may break,[39] especially a ∈ [1.1, 1.25], and we can find a
10-wing attractor and a 3-wing attractor from Figs. 10(a) and
10(b), respectively.
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Fig. 9. (a) The bifurcation diagram about ϕ , (b) the LEs of the coexist-
ing attractors with N = 2.
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Fig. 10. The phase planes of BBMCS for (a) the multi-wing attractor with
a = 1, (b) the broken chaotic attractor with a = 1.21, (c) the quasi-period with
a = 1.34, (d) the stable point with a = 1.4.

3.2. Coexisting attractors

Adjusting a = 1.8, b = 3, k = 6, N = 2, and initial con-
ditions set as (x(0),1,1,1), x(0) ∈ [−20, 20], the bifurcation
diagram of ϕ and the LEs are displayed in Fig. 11. From
Fig. 11(a), it is obvious that BBMCS has coexisting attrac-
tors. And figure 11(b) shows that BBMCS has chaos, stable
point, and quasi-period. Accordingly, let x(0) = 0, ±5, ±10,
±15, the phase planes are shown in Fig. 12. One can observe
that the multi-wing attractor breaks up, BF0 of BBMCS breaks
up into a quasi-period and two stable points, the others break
up into single BFn.
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However, if x(0) is less than −20 or greater than 20, the
number of BFn no longer increases with this parameter. It is
found that N controls the number of the coexisting attractors,
so set N = 3, 6, BBMCS can break up into 9 and 15 attractors.
Correspondingly, the phase planes for the coexisting attractors
can be obtained and shown in Fig. 13. From Fig. 13(b), it
is worth noting that as |n| increases, BFn offset to the poles
along the ϕ-axis. Meanwhile, the amplitude of BFn also en-
larges at ϕ ∈ [−33,−7]∪ [7,33]. What is more, d|n| becomes
smaller with |n| increase, resulting in the coexisting attrac-
tors that begin to transform into the period as n increase at
ϕ ∈ [−52, −33]∪ [33, 52]. Accordingly, let x(0)∈ [−50, 50],
the bifurcation diagram about y and the LEs are displayed in
Fig. 14.
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Fig. 14. (a) The bifurcation diagram about y and (b) the LEs of the
coexisting attractors with N = 6.

We further studied the impact of tiny dn on the formation
of the multi-wing attractors. Let a = 1, b = 0.8, k = 5, N = 2,
set x(0) =±0.5, ±10, ±15. From Fig. 15(a), the phase planes
show that the multi-wing attractor breaks up into periodic at-
tractors. From Fig. 15(b), the bifurcation diagram about ϕ in-
dicates that BBMCS is always in a periodic state under these
parameters at x(0) ∈ [−20, 20]. Besides, with |n| increase, the
periodic attractors offset to the poles on the w axis as well as
the positive on the y axis, and figure 16 shows 2 and 10 peri-
odic attractors with N = 0, 4 in the phase planes.
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Fig. 15. Coexisting attractors with N = 2: (a) the phase plane on ϕ–y
axis, (b) the bifurcation diagram about ϕ .
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Fig. 16. The phase planes of the coexisting attractors for: (a) N = 0, (b)
N = 4.

4. Circuit implementation

We designed the circuit with operational amplifiers
TL082, switching diode 1N4148, multiplier AD633JN, and so
on, as shown in Fig. 17. The powered voltages of operational
amplifiers are ±15 V-dc, and the output gain of the multiplier
is 0.1.
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Fig. 17. The circuit diagram of BBMCS.

The state variables of BBMCS are compressed to (2x, 2y,
2z, 2ϕ), and BBMCS yield the following equations:

v̇x =
1

RC2

(
R
R3

vyvz

)
,

v̇y =
1

RC3

(
R
R4

v2
z −

R
R5

)
,

v̇z =
1

RC4

(
− R

R6
vyvz−

R
R7

W (2vϕ)vx−
R
R8

vz

)
,

v̇ϕ =
1

RC1

(
R
R1

vx−
R
R2

vϕ

)
,

(8)

where R is a reference resistor, vx, vy, vz, vϕ are the terminal
voltages of C1, C2, C3, C4, and separately correspond to the
state variables x, y, z, ϕ of BBMCS.

Setting R = 10 kΩ, C1 = C2 = C3 = C4 = 100 nF, and
BBMCS with parameters a = 0.74, b = 2.7, k = 5, N = 1,
2. The circuit parameters can be obtain as R0 = R2 = 10 kΩ,
R1 = 5 kΩ, R3 = R4 = 500 Ω, R5 = 20 kΩ, R6 = 680 Ω,
R7 = 1 kΩ, R8 = 3.6 kΩ. Figure 18 shows the experimental
results with a 3-wing and 10-wing attractor.

(a)

(b)

Fig. 18. The experimental results for (a) 6-wing attractor and (b) 10-
wing attractor.
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5. Conclusion
This paper proposed a non-ideal flux-controlled memris-

tor with a bisymmetric sawtooth piecewise function. BMMCS
was generated based on the memristor. It should be noted that
BFn can expand to the poles, and the amplitude of the wing
will gradually enlarge. Another significant feature was that
BBMCS had rich coexisting attractors including chaos, quasi-
period, stable point. More interestingly, when the multi-wing
attractors break up into periodic attractors, the periodic attrac-
tors will offset to the poles on the w axis as well as the positive
on the y axis with |n| increase. We designed the circuit of
BBMCS, and the experimental results showed the reliability
of BMMCS. It is worth noting that the amplitude of the scroll
enlarges as the number of scroll increase in MMCS. This kind
of attractor has a more complex structure and richer dynamic
behavior, it has more extensive application value in engineer-
ing, and there is still much room for further study on this type
of system.
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