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The moving media theory is applied to a photonic confined structure which is a continuous dielectric slab waveguide
with the uniaxial anisotropy and without the discrete translational symmetry. The moving effect not only brings about
non-reciprocity to the whole photonic band structure in the co-moving and counter-moving directions, but also leads to the
topological transition of local degenerate points within the band diagram. We demonstrate through calculation that the type-
II Dirac point can be turned into type-I Dirac point when the uniaxial slab is moving over certain speed. Our results provide
a new approach to regulate the topology of degeneracy for two-dimensional photonic bands in the continuous translational
symmetry condition.
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1. Introduction
The nodal degeneracies, such as Dirac points (DPs) and

Weyl points (WPs), in band structures in various lattice sys-
tems may provide a platform to conduct the synergy in-
vestigation between the different fields of physics.[1–12] For
instance, the structural transition between type-I and type-
II Dirac points is considered in condensed matter physics
and is proposed to explore the black hole physics and
astrophysics.[13–17] Therefore, the design of nodal degenera-
cies and the study of their transitions in momentum space
are of fundamental interest. Through dispersion engineering,
the two-dimensional (2D) DPs can be realized with photonic
guided modes along the direction where continuous transla-
tional symmetry retains.[18–20] Straightforwardly, a two-band
degeneracy can be designed between the transverse electric
(TE) and transverse magnetic (TM) guided modes for a slab
of dielectric medium, and a simple approach is to introduce
the in-plane anisotropy to cause the band crossing between
TE and TM branches with mirror symmetry protection.[21]

Furthermore, because of the simultaneous positivity of the
slopes of both guided modes, the resultant degeneracy is es-
sentially of type-II cone in the continuous medium case, as
illustrated in Fig. 1(a). To evoke the type-I cone and the tran-
sition between both cones, Bloch periodicity is employed to
reverse the slope of the band, where the dispersion of the
guided modes is back-folded within the first Brillouin zone

arising from spatial periodicity in Bloch lattices.[18,22] No-
tably, the graphene lattice is an excellent 2D platform to en-
gineer the type-I Dirac cone. Even remarkably, double Dirac
cone (type-I) can be realized with photonic periodical struc-
tures through aligning TM-polarized cone and TE-polarized
cone at the same frequency.[23,24] However, how to obtain the
type-I cone in the uniform medium lack of the discrete trans-
lational symmetry is a question.
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Fig. 1. Sketches of guided modes (upper row) and zoomed Dirac cones
(lower row) around the degenerate point in a uniaxial crystal slab waveguide
with in-plane optical axis for (a) static case and (b) moving case, respec-
tively. The slab with the finite thickness along the x direction is illustrated
by the insets. The moving direction is assumed along the optical axis, i.e.,
horizontal direction, labeled as z axis in the insets. The dark red lines rep-
resent TE modes and the dark blue lines represent TM modes, and the dash
line denotes the light line in air.
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Here, we propose a method to realize the 2D type-I DPs
in the uniform dielectric medium slab. This method dates
to the 19th century when Fresnel predicted the dragging of
light in moving media.[25] The Fresnel’s theory was verified
by Fizeau’s celebrated experiment with flowing water, expos-
ing the difference of the speed of light in the up-stream and
down-stream direction.[26] In the study, we find that moving
the dielectric slab can lift the otherwise overtilted Dirac cone
along the counter-moving direction, because the dragging ef-
fect manifests very different intensity to TE and TM guided
modes. Therefore, we may realize the transition of the Dirac
cone from type-II to type-I in the continuous medium through
tunning the moving speed of the slab, as shown in Fig. 1(b).

2. Electromagnetic parameters of moving uniax-
ial crystal slabs

In the following, we will discuss the dispersion relations
in an inertial frame S fixed to the laboratory where a uniax-
ial medium is moving. We attach an inertial frame S′ to the
medium (choosing the optical axis as one of coordinate axes,
e.g., z′ axis) where the medium is observed being rest and has
the uniaxial permittivity tensor diag

[
ε ′,ε ′,ε ′z

]
and the uniaxial

permeability tensor diag
[
µ ′,µ ′,µ ′

z
]

(the isotropic permittivity
or permeability case can be obtained through making ε ′ = ε ′z
or µ ′ = µ ′

z). Consider the simple case in which the coordinate
axes of S and S′ are parallel to each other, that is, orthonormal
vectors x̂‖ x̂′, ŷ‖ ŷ′, and ẑ‖ ẑ′. The medium, i.e., the frame S′,
is moving with velocity v̄ in the frame S. The Lorentz trans-
formation of the electromagnetic field can be written as[27]

[
cD̄′

H̄ ′

]
= γ

[
α
−1

β

−β α
−1

]
·
[

cD̄
H̄

]
, (1)

[
Ē ′

cB̄′

]
= γ

[
α
−1

β

−β α
−1

]
·
[

Ē
cB̄

]
, (2)

where c is the speed of light in vacuum and

β̄ = βxx̂+βyŷ+βzẑ =
v̄
c
, (3)

γ =
1√

1−β 2
=

1√
1− (β 2

x +β 2
y +β 2

z )
, (4)

α = I +(γ−1)
β̄ β̄

β 2 =

 1 0 0
0 1 0
0 0 1


+

γ−1
β 2

 β 2
x βxβy βxβz

βyβx β 2
y βyβz

βzβx βzβy β 2
z

 , (5)

β =

 0 −βz βy
βz 0 −βx
−βy βx 0

 . (6)

From Eqs. (1) and (2) we can obtain the constitutive matrix of
the moving medium in the frame S:

C =


ε 0 0 0 ξ 0
0 ε 0 −ξ 0 0
0 0 εz 0 0 0
0 −ξ 0 µ 0 0
ξ 0 0 0 µ 0
0 0 0 0 0 µz

=

[
ε ξ

−ξ µ

]
, (7)

in which we have assumed that the medium moves along the
optical axis or the z direction, namely, βx = 0, βy = 0, and
β̄ = β ẑ. And we have

ε =
ε ′
(
1−β 2

)
(1−n′2β 2)

, εz = ε
′
z, (8)

µ =
µ ′ (1−β 2

)(
1−n′2β 2

) , µz = µ
′
z, (9)

ξ =
−β

(
n
′2−1

)
c
(
1−n′2β 2

) , (10)

n
′2 = c2

µ
′
ε
′, (11)

where ξ is the magnetoelectric coupling matrix caused by mo-
tion. Therefore, the static uniaxial medium can become a bi-
anisotropic medium in the frame S when it is moving. Fur-
thermore, the permittivity component ε and the permeability
component µ that are orthogonal to the z direction are related
to normalized velocity β , and so we can adjust the moving
speed of the medium to achieve the purpose of regulating the
electromagnetic parameters.

The bulk modes of EM wave in moving media have been
investigated intensely.[27] For the ordinary wave, E-field has
zero component along the propagating direction k̂ = k̄/k and
nonzero components being transverse to the propagating di-
rection. The dispersion relation can be obtained as follows:

εω
2 =

k2
⊥

µz
+

(k‖−ξ ω)2

µ
, (12a)

where k‖ (k⊥) represents the wave number parallel (orthog-
onal) to the moving direction of the medium and satisfies
k2
‖+ k2

⊥ = k2. For the extraordinary wave, E-field has nonzero

component being both parallel to k̂ and transverse to k̂. The
dispersion relation is

µω
2 =

k2
⊥

εz
+

(k‖−ξ ω)2

ε
. (12b)

The dispersion of the ordinary wave is plotted in Fig. 2,
which shows the Fresnel drag by the moving medium. When
the medium is at rest (β = 0), the dispersion curve is displayed
as a circle, where the nonmagnetic condition µ ′

z = µ ′ = µ0

has been applied. In the velocity range where 1− n′2β 2> 0,
the curve is stretch into an ellipse which is symmetric about

107802-2



Chin. Phys. B 32, 107802 (2023)

the k‖ axis, we call it non-relativistic zone. For the velocities
where 1− n′2β 2< 0, the ellipse is transformed into a hyper-
bola. This is the relativistic case and the velocity region is
called the Cerenkov zone. The velocity that divides the non-
relativistic zone and the Cerenkov zone is β = 1/n′, which is

the speed of light that propagates in the stationary medium.
In addition, the reversed transition of the iso-frequency con-
tour from hyperbola to ellipse may be realized when assuming
the hyperbolic property for the medium in the frame S′,[28–32]

seeing the supplementary material (Section A).
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Fig. 2. (a) Bulk dispersion of the ordinary wave at different velocities with n′ = 4. (b) The iso-frequency contour in the bulk medium at
ω = 0.3 GHz with different velocities labeled, respectively, by different colors. The green line represents the light cone in air at ω = 0.3 GHz.
The Cerenkov zone is pointed out with an arrow. The results of the extraordinary wave are similar, except the uniaxial anisotropy indicated by
ε ′z ̸= ε ′, and are not plotted here.

3. Guided modes in the moving uniaxial crystal
slab
Equation (12) is the dispersion relation of EM wave in

the bulk moving material, and in contrast the investigated slab
has a finite thickness d, as shown in Fig. 3(a). To solve the
guided modes in the moving slab, we impose the boundary
condition that requires both tangential electric field and mag-
netic field are continuous on the boundary.[27] In the first place,
we consider the guided modes with the propagating direction
along the optical axis, and the mirror symmetry My : (x,y,z)→
(x,−y,z) enables both TE and TM modes. Thus, we can ob-
tain the characteristic equation for TE modes in the moving
dielectric slab waveguide in the frame S:

2α

µzr
kxcoskxd +

(
α

2 − k2
x

µ2
zr

)
sinkxd = 0, (13)

in which µzr = µz/µ0 and kx satisfies Eq. (12a) in the region I,
seeing Fig. 3(a). Likewise, we have the characteristic equation
for TM mode:(

α
2 − k2

x

ε2
zr

)
sinkxd +

2αkx

εzr
coskxd = 0, (14)

in which εzr = εz/ε0 and kx satisfies Eq. (12b) in the region
I. In the above, α is the evanescent wavenumber in regions II
and III, satisfying k2

z −α2 = ω2µ0ε0.
For concreteness, the parameters of the stationary

medium are chosen as d = 2 mm, ε ′ = 16ε0 = (n′o)
2,

ε ′z = 100ε0 = (n′e)
2, and µ ′ = µ ′

z = µ0, so that n′ = n′o = 4.
It is has known that the nonmagnetic planar slabs have been
extensively used as basic waveguides in microwave engineer-
ing and devices where a broad horizon of dielectric materi-
als, e.g., high-k printed circuit board (PCB) and ceramics, is
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Fig. 3. (a) The schematic picture of the uniaxial crystal slab waveguide,
where (x, y, z) denotes the reference frame S, (x′, y′, z′) denotes the refer-
ence frame S′, and (n′o, n′o, n′e) is the dielectric principal axes for the uniaxial
anisotropy. The red arrow represents the propagation direction of electro-
magnetic wave. The purple arrow shows the velocity of the slab relative to
the frame S. The angle θ denotes the in-plane rotation of the optical axis and
the velocity direction. The panel in the right shows the three layers structure
in our system. (b) and (c) Dispersion diagram of the lowest band of TE and
TM mode when θ = 0, where the black, orange, and blue lines correspond to
the velocities n′β = 0, n′β = 0.1, and n′β = 0.2, respectively, and green line
represents the light line.

available.[33,34] The dispersion curves of the lowest band of TE
and TM modes for different velocity are depicted in Figs. 3(b)
and 3(c). We limit the normalized wavenumber kz/(π/d) from
−0.4 to 0.4 and calculate the characteristic equation in non-
relativistic case. When the waveguide stays stationary in the
frame S (β = 0), the dispersion relation of ωkz consists of two
branches which are symmetric about the ω-axis (black line in
Figs. 3(b) and 3(c)), in agreement with the parity symmetry
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in the stationary system. The two branches correspond to the
waves traveling in opposite directions, respectively. Further-
more, the slope of TE and TM modes are both positive (nega-
tive) in +z direction (−z direction). However, the parity sym-
metry is broken as soon as the medium begin to move, which
causes the +z and −z directions inequivalent. Then, as we in-
crease the velocity, the asymmetry of the dispersion is more
evident. What is more, comparing β = 0.1 (that is, n′β = 0.4)
with the case of β = 0.2 (that is, n′β = 0.8), the sign of group
velocity (dω/dk) of TM mode has a switch along the negative
kz-direction and the switching point is at kz ≈ −0.104(π/d),
whereas the group velocity of TE mode keeps the sign un-
changed in the range from kz = 0 to kz =−0.4(π/d). In terms
of the classification of DPs, where the type-I DP comes from
the crossing of two bands with opposite slope, the normal-
ized velocity β of the medium should not be lower than 0.1 to
obtain the crossing between TE and TM bands with opposite
slope. To display an explicit result, we take the velocity β = 0
and β = 0.16 in the following calculation.

4. Type-I Dirac degeneracy in the moving uniax-
ial crystal slab
As shown in Figs. 4(a) and 4(b), the analytical results

are solved using Eqs. (13) and (14). When β = 0, the TE2

(subscript labeling the TE band number) band crosses linearly
with the TM3 (subscript labeling the TM band number) band
at point A′ at the frequency 23.7 GHz, see Fig. 4(a), where
their slope is of the same sign. In contrast, when β = 0.16,
the degeneracy labeled as point A is reduced to 18.36 GHz
due to the moving effect, see Fig. 4(b), where their slope is
noticed of opposite sign. The analytical results can be veri-
fied by numerical calculations. Using the eigenmode solver of
finite-element simulation software COMSOL and representing
the moving effect with bi-anisotropic parameters, we calculate
the dispersion of the stationary and moving uniaxial crystal
slab for TE and TM modes at β = 0 and β = 0.16, and plot
them in Figs. 4(a) and 4(b). It is seen that good agreement
between analytical and numerical results is achieved. In addi-
tion, either TE or TM mode can be further classified with even
or odd parity, because of the mirror symmetry Mx (the system
having the mirror plane x = d/2). The parity is alternative for
either TM or TE modes. Namely, TMn modes with even mode
number n and TEn modes with odd mode number n are anti-
symmetric, and TMn modes with odd n and TEn modes with
even n are symmetric. The numerical calculation reveals that
TE2 and TM3 have the same parity, and the insets in Figs. 4(a)
and 4(b) are the Hz map of TE2 mode from COMSOL.

In order to exhibit the complete dispersion structure
around the degenerate points A′ and A, we need calculate the
band diagram ω(ky, kz). In the calculation, we first rotate the
in-plane dielectric principal axes around the x direction by an
angle θ , as shown in Fig. 3(a). The non-diagonalized per-
mittivity (permeability) tensor εθ (µθ ) after rotation can be

written in the frame S as

εθ =

 εxx 0 0
0 εyy εyz
0 εzy εzz

 , (15)

µθ =

 µxx 0 0
0 µyy µyz
0 µzy µzz

 , (16)

in which

εxx = ε, µxx = µ, (17)

εyy = ε cos2
θ + εz sin2

θ ,

µyy = µ cos2
θ +µz sin2

θ , (18)

εzz = εz cos2
θ + ε sin2

θ ,

µzz = µz cos2
θ +µ sin2

θ , (19)

εyz = εzy = (ε − εz)sinθ · cosθ ,

µyz = µzy = (µ −µz)sinθ · cosθ . (20)

And the magnetoelectric coupling matrix ξ θ after rotation has
the form in the frame S:

ξ θ =

 0 ξ cosθ ξ sinθ

−ξ cosθ 0 0
−ξ sinθ 0 0

 . (21)

The θ -dependence of EM parameters is derived in the sup-
plementary material (Section B). Then, we assume that the
wave still propagate along the z direction and express the elec-
tric fields and magnetic fields in different regions. Because
the mirror symmetry ℳy is broken due to the rotation, the
guided modes are no longer pure TE or TM mode but are
their combination which we call hybrid mode. The character-
istic equation for hybrid mode is solved by matching boundary
conditions, which gives us the dispersion ωθ (kz). The calcu-
lated results are plotted in the right panels of Figs. 4(a) and
4(b), and three θ -cut dispersions for the β = 0.16 case are
shown in Figs. 5(a)–5(c). When the medium is in motion,
we can see from Figs. 5(a)–5(c) that the degeneracy of point
A is lifted upon θ being nonzero. So is the static case, too.
This is because the ℳy symmetry does not exist anymore and
meanwhile two degenerate bands have the same parity under
ℳx.[21]

In the static case, TE2 and TM3 linearly cross at the de-
generate point A′ and form an over-tilted Dirac cone, which
gives rise to a type-II DP in momentum space, as shown in the
right panel of Fig. 4(a). In the moving case of β = 0.16, both
modes cross with positive and negative group velocities and
display a type-I cone or DP, as illustrated in the right panel
of Fig. 4(b). Furthermore, the tilting term in the type-I DP
Hamiltonian can be entirely neglected, seeing the supplemen-
tary Material (Section C), which demonstrates an upright coni-
cal band structure near the degenerate point. Therefore, by em-
ploying the motion of medium we can “drag” the Dirac point
from type-II to type-I.
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5. Discussion
It is also noted in Fig. 4 that a lower-frequency degen-

eracy is caused by the crossing between the fundamental TE
and TM modes (TE1 and TM1). The calculation reveals that
the degeneracy transforms topologically from type-II to type-I
upon moving, see Figs. 4(a) and 4(b), and furthermore the de-
generacy is not lifted in three θ -cut plots though its frequency
and the momentum are shifting, see Figs. 5(a)–5(c). In fact, it
is a line degeneracy protected by the symmetry ℳx (TE1 and
TM1 having the opposite parity under ℳx). The line degener-

acy is the type-II Dirac line in the static case,[21] and its tilting
will be regulated in a θ -dependent way by the velocity in the
moving case.

On the other hand, the spatial inversion symmetry in our
system is broken due to the moving, and ω(kz) is not symmet-
rical along +kz and −kz directions, and our study is mainly
focused on the −kz direction. As an accompanying effect, the
type-II degeneracies in the +kz direction become even more ti-
tled when the slab changes from the static state to the moving
state, which is the consequence of the spatial inversion sym-
metry broken by the moving.

Last, we make a discussion from an experimental point
of view. Although achieving a speed of 0.16c is challenging, a
moving medium can be effectively simulated by using space–
time-modulated methodology.[35] Therefore, by changing the
electromagnetic parameters of a static and anisotropic medium
in both temporal and spatial domains, the similar effects to the
band structure as those in our study would be anticipated both
theoretically and experimentally.

6. Conclusion
In conclusion, the physics of Fizeau’s flowing water ex-

periment has been applied to a photonic confined structure
which is a continuous dielectric slab waveguide and where the
uniaxial anisotropy is involved. The moving effect not only
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brings about non-reciprocity to the band structure in the up-
stream and down-stream directions, but also leads to the topo-
logical transition of local degenerate points within the band
structure. We calculated an explicit case in which the type-II
DP can be turned into type-I DP when the slab waveguide is
moving. Our results provide a new approach to regulate the
topology of degeneracy for 2D photonic bands in the continu-
ous translational symmetry situation.
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