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We study the relationship between quench dynamics of entanglement and quantum phase transition in the antifer-
romagnetic Ising model with the Dzyaloshinskii–Moriya (DM) interaction by using the quantum renormalization-group
method and the definition of negativity. Two types of quench protocols (i) adding the DM interaction suddenly and (ii)
rotating the spins around x axis are considered to drive the dynamics of the system, respectively. By comparing the behav-
iors of entanglement in both types of quench protocols, the effects of quench on dynamics of entanglement are studied. It
is found that there is the same characteristic time at which the negativity firstly reaches its maximum although the system
shows different dynamical behaviors. Especially, the characteristic time can accurately reflect the quantum phase transition
from antiferromagnetic to saturated chiral phases in the system. In addition, the correlation length exponent can be obtained
by exploring the nonanalytic and scaling behaviors of the derivative of the characteristic time.

Keywords: quantum entanglement, quantum phase transition, quantum quench, quantum renormalization
group
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1. Introduction
Due to nonclassical correlation properties of quantum en-

tanglement, it has been widely applied in quantum informa-
tion and computation.[1–8] Nowadays, it has been accepted as
a useful tool to describe some important physical phenom-
ena in quantum spin systems, such as quantum phase transi-
tion (QPT) which occurs at zero temperature and is driven by
quantum fluctuation.[9–16] The equilibrium properties of quan-
tum entanglement and QPT have been extensively studied in
some spin systems.[17,18] One of the most representative work
is that Osterloh et al. investigated the concurrence in the one-
dimensional XY model with a transverse magnetic field and
found that the entanglement plays an important role in the de-
tection of QPT.[11] Then the Ising, XY and XXZ spin chains
were studied by the quantum renormalization-group (QRG)
method, and it is found that the first derivatives of the entangle-
ments show the scaling behaviors close to the quantum critical
points of these models.[19–26]

In recent years, with the advances in experiments of ul-
tracold atom, the dynamical evolution of the spin system has
become a frontier problem in the field of condensed matter
physics.[27–33] Quantum quench is a typical method which can
drive the dynamics of the spin system, and up to now most
of the attentions have been devoted to the dynamical quanti-
ties following sudden quench.[34–43] In 2013, Karrasch et al.

applied the matrix product state method to study three types
of Ising models in the presence of two additional terms which
break integrability, and they found that the rate functions for
the return probability to the initial state in all of the Ising
models become a nonanalytic function of time in the thermo-
dynamic limit.[37] In 2014, Hazzard et al. investigated the
time evolution of quantum correlation and entanglement fol-
lowing three types of quantum quench protocols which are
initiated from uncorrelated states that are easily prepared in
the experiment using complementary analytic and numerical
methods.[38]

However, there are still some open questions in the dy-
namics of quantum spin systems: How is the relation between
entanglement and QPT in quantum quench protocol? Espe-
cially, if we adopt both types of quench protocols, what are
the different behaviors of entanglement? Does the scaling be-
havior of entanglement exist? To answer these questions, we
study the dynamics of entanglement and QPT in the antiferro-
magnetic (AF) Ising model with Dzyaloshinskii–Moriya (DM)
interaction in both types of quench protocols. The manuscript
is organized as follows: The model and QRG method are in-
troduced in Section 2. We analyze the dynamical behavior of
entanglement near the critical point In Section 3. Then the
nonanalytic and scaling behaviors of the time are discussed in
Section 4. We summarize our results in Section 5.

†Corresponding author. E-mail: kongxm668@163.com
© 2023 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

100303-1

https://doi.org/10.1088/1674-1056/ace15c
mailto:kongxm668@163.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 32, 100303 (2023)

2. Model and method
The Hamiltonian of one-dimensional AF Ising model

with DM interaction in the z direction on a periodic chain of L
sites can be written as

H0 =
J
4

L

∑
i

[
σ

z
i σ

z
i+1 +D

(
σ

x
i σ

y
i+1−σ

y
i σ

x
i+1
)]
, (1)

where σα
i (α = x,y,z) are Pauli matrices on the i-th site.[44–46]

The parameter J > 0 denotes the AF coupling and D is the re-
duced parameter which is related to DM interaction.

Next, we apply the QRG method to discuss the properties
of the above system.[47–49] This method not only simplifies the
degree of freedom of the system, but also maintains the invari-
ance of the low-energy spectrum, which is very important for
exploring quantum problems at zero temperature. A brief in-
troduction to the steps of QRG is following. The Hamiltonian
of the system is divided into block Hamiltonian and interblock
one. The Hamiltonian of each block is diagonalized exactly,
and the double degenerate ground states are kept to construct
the basis for renormalized Hilbert space. Then the Hamilto-
nian is projected onto the renormalized space, and the effective
Hamiltonian is obtained. However, the effective Hamiltonian
is not exactly similar to the initial one, that is, the sign of DM
interaction is changed. To have a self-similar Hamiltonian, we
implement a π rotation around x axis on all sites.[23,50] The
Hamiltonian H0 is transformed to

H =
J
4

L

∑
i

[
σ

z
i σ

z
i+1−D

(
σ

x
i σ

y
i+1−σ

y
i σ

x
i+1
)]
. (2)

The specific transformation steps are as follows. Consid-
ering three sites as a block, the Hamiltonian can be written as
H =HB+HBB, where HB and HBB are the block Hamiltonian
and interblock one, respectively,

HB =
L/3

∑
k

HB
k , (3)

HBB =
J
4

L/3

∑
k

[
σ

z
k,3σ

z
k+1,1−D

(
σ

x
k,3σ

y
k+1,1−σ

y
k,3σ

x
k+1,1

)]
, (4)

where

HB
k =

J
4

[
σ

z
k,1σ

z
k,2 +σ

z
k,2σ

z
k,3

−D
(

σ
x
k,1σ

y
k,2−σ

y
k,1σ

x
k,2 +σ

x
k,2σ

y
k,3−σ

y
k,2σ

x
k,3

)]
. (5)

The two degenerate ground states of the three-
site block Hamiltonian HB

k in the space spanned
by {|↑↑↑〉 , |↑↑↓〉 , |↑↓↑〉 , |↑↓↓〉 , |↓↑↑〉 , |↓↑↓〉 , |↓↓↑〉 , |↓↓↓〉}
(where |↑〉 and |↓〉 denote the eigenstates of σ z) can be ob-
tained as

|ϕ0〉 = −
1√

λ 2 +2
(|↑↑↓〉−λ |↑↓↑〉− |↓↑↑〉) , (6a)

∣∣ϕ ′0〉 = − 1√
λ 2 +2

(|↑↓↓〉−λ |↓↑↓〉− |↓↓↑〉) , (6b)

where

λ =
1+µ

2D
, µ =

√
1+8D2. (7)

The projection operator of the ground state is defined as
P0 = ∏

L/3
k=1 Pk

0 , where Pk
0 = |⇑〉〈ϕ0|+ |⇓〉

〈
ϕ ′0
∣∣, in which the

|ϕ0〉 and
∣∣ϕ ′0〉 are the two degenerate ground states of HB

k , and
the |⇑〉 and |⇓〉 are the renamed states of the k-th block in effec-
tive Hilbert space. The effective Hamiltonian can be obtained
by applying the projection operator to H, that is,

Heff = P0HP†
0 = P0HBP†

0 +P0HBBP†
0 . (8)

By P0σα
k,iP

†
0 = ξ α

k,iσ
′α
k , the Pauli matrices have the following

transformations

P0σ
x
k,1P†

0 =
2D
µ

σ
′y
k , P0σ

x
k,3P†

0 =−2D
µ

σ
′y
k , (9)

P0σ
y
k,1P†

0 =−2D
µ

σ
′x
k , P0σ

y
k,3P†

0 =
2D
µ

σ
′x
k , (10)

P0σ
z
k,1P†

0 =
1+µ

2µ
σ
′z
k , P0σ

z
k,3P†

0 =
1+µ

2µ
σ
′z
k . (11)

The effective Hamiltonian is obtained by bringing the
above formula into Eq. (8). For the request of QRG method
is that the effective Hamiltonian has a similar structure to the
initial one, the effective Hamiltonian is expressed as

Heff =
J′

4

L

∑
i

[
σ

z
i σ

z
i+1−D′

(
σ

x
i σ

y
i+1−σ

y
i σ

x
i+1
)]
, (12)

where

J′ = J
(

1+µ

2µ

)2

, D′ =
16D3

(1+µ)2 . (13)

By analyzing Eq. (13), the fixed points are obtained by
only solving D

′
=D. The stable fixed points locate at D= 0,∞,

and the unstable fixed point (the critical point) locates at D= 1.
Under QRG iterations, the coupling constant D goes to zero
for D < 1 and infinity for D > 1. At the stable fixed point
D= 0, the ground state of the system is AF phase (Néel phase).
With the increasing of the DM interaction, the quantum fluctu-
ation destroys the AF order in z direction and gradually makes
spins to be oriented in the “XY plane”. The QPT happens at
the critical point Dc = 1. For D > 1, the system represents a
saturated chiral phase.[23]

3. Dynamical behavior of entanglement

In order to study the dynamical behavior of entanglement
near the critical point, we adopt the negativity to measure the
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ground-state entanglement between two sites. The density ma-
trix of the system consisting of two subsystems is positive def-
inite, and the density matrix can be written in the direct prod-
uct form (ρ = ρ1⊗ρ2) for the separable states. In this case,
the partial transposition density matrix is still a non-negative
separable matrix

(
ρT1 = ρT

1 ⊗ρ2
)
, and its eigenvalues are all

positive, otherwise, the system is in the entangled state.[51]

Therefore, the negativity is defined as

N (ρ) = ∑
i
|ui| , (14)

where ui are the negative eigenvalues of the partial transposi-
tion density matrix, and ρ is the density matrix for the system
of two sites.[52]

Next, we investigate the time evolution of the entangle-
ment by considering two types of quench protocols (i) adding
the DM interaction suddenly and (ii) rotating π around x axis
on all sites to drive the dynamics of the system.

Quench protocol (i): The system starts with one of the
two degenerate ground states of the pure Ising Hamiltonian

H1 =
J
4

L

∑
i

σ
z
i σ

z
i+1, (15)

and then make the Hamiltonian change abruptly to H at t = 0
to realize quench. In order to apply the QRG method to calcu-
late the entanglement in a large system, we firstly consider a
three-spin system. The initial density matrix for this system is
ρ (0) = |ψ0〉〈ψ0|, where |ψ0〉= |↑↓↑〉 is one of the degenerate
ground states of the Hamiltonian (three-spin case)

H01 =
J
4
(
σ

z
1σ

z
2 +σ

z
2σ

z
3
)
. (16)

The DM interaction is added at t = 0, suddenly, and the den-
sity matrix for three-spin system at time t can be obtained by
ρ (t) =U (t)ρ (0)U† (t), where U (t) = e−iHt is the evolution
operator

U (t) =



u 0 0 0 0 0 0 0
0 v −x 0 w 0 0 0
0 x 0 0 −x 0 0 0
0 0 y v 0 −x w 0
0 w x 0 v 0 0 0
0 0 0 x 0 y −x 0
0 0 0 w 0 x v 0
0 0 0 0 0 0 0 u


, (17)

in which

u = e−iJt/2,

v =
1+ e iJt/4

(
cos(µJt/4)− sinh(iµJt/4)

µ

)
2

,

w =
1− e iJt/4

(
cos(µJt/4)− sinh(iµJt/4)

µ

)
2

,

x =
2De iJt/4 sinh(iµJt/4)

µ
,

y =
e iJt/4

[
µ2 cos(µJt/4)+µ sinh(iµJt/4)

]
µ

.

Without loss of generality, we trace over the spin 2 and
calculate the pairwise entanglement of spins 1 and 3. The re-
duced density matrix for spins 1 and 3 can be obtained as

ρ13 =


m 0 0 0
0 −n n 0
0 n −n 0
0 0 0 0

 , (18)

where

m =
1+4D2 +4D2 cos(µJt/2)

µ2 ,

n =
4D2 sinh(iµJt/4)2

µ2 . (19)

According to Eq. (14), the negativity for sites 1 and 3 is ob-
tained as

N1 (t) = (a1−b1)/2µ, (20)

where

a1 =
√

µ2 +48D4 +8D2 cos(µJt/2)+16D4 cos(µJt),

b1 = 1+4D2 +4D2 cos(µJt/2) . (21)

Supposing J = 1, the negativity N1 (t) versus time t for D =

0.9, 1.0 and 1.1 is shown in Fig. 1. It is found that the nega-
tivity starts from zero and oscillates periodically over the time
whatever D = 0.9, 1.0 or 1.1. This is due to that the initial
pure Ising state is separable such that the negativity equals
zero, and the AF order competing with saturated chiral order.
The variation of the entanglement on left side of the critical
point (D = 0.9) is different from that of the right (D = 1.1).
As the length of the chain increases, the amplitude of N1 (t)
decreases gradually and finally vanishes when the quench oc-
curs at D = 0.9 in Fig. 1(a). The reason for this is that AF
phase plays a main role when the coupling constant D goes to
zero with QRG iterations. Conversely, the amplitude of N1 (t)
in Fig. 1(c) increases gradually as the size of the system be-
comes large when the quench occurs at D = 1.1. The running
of coupling constant D goes to infinity at the thermodynamic
limit, and the saturated chiral order has main effect on dynam-
ical evolution of the system. When the system is in the critical
point Dc, the correlation length of quantum fluctuation is di-
vergent, so the evolutions of N1 (t) coincide with each other
for different sizes of the system in Fig. 1(b).
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Fig. 1. The evolution of N1(t) in terms of QRG iterations versus t (where the unit of time is 1/J) in the quench protocol (i). panel (a) corresponds to the left
of critical point, panel (b) corresponds to the critical point, and panel (c) corresponds to the right of critical point.

Quench protocol (ii): Let the system start with one of the degenerate ground state of the Hamiltonian H2 which can be
written as

H2 =
J
4

L

∑
i

[
σ

z
i σ

z
i+1 +D

(
σ

x
i σ

y
i+1−σ

y
i σ

x
i+1
)]
, (22)

and then the Hamiltonian is changed to H by implementing a π rotation around x axis on all sites at t = 0. Similarly, the negativity
for sites 1 and 3 can be obtained as

N2 (t) = (a2−b2)/4µ
3, (23)

where

a2 = 2
√

1+4D2 +192D4 +256D6 +16Dµ2 cos(µJt/2)+64D4 cos(µJt),

b2 = 1+µ +8D2 (µ−1)+16D4 cos(µJt/2) . (24)

Figure 2 shows the relations of N2 (t) versus t under different QRG iterations for D = 0.9, 1.0 and 1.1. The result is far from
the quench protocol (i). The entanglement starts to oscillate periodically from nonzero with time t. For D = 0.9, the amplitude of
N2 (t) first increases and then decreases due to the quantum fluctuation caused by spin rotation as the size of the system becomes
large and becomes zero at L→ ∞ when the system becomes AF order in Fig. 2(a). In the case of D = 1.1, the amplitude of
N2 (t) decreases gradually and finally keeps stable because of the influence at the saturated chiral order in a large system. When
D = 1.0, the negativity of different-length chains coincides with each other in Fig. 2(b), and the physical cause is the same as the
quench protocol (i).
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Fig. 2. The evolution of N2(t) under QRG steps versus t (where the unit of time is 1/J) in the quench protocol (ii). Panels (a), (b), and (c) correspond to the
left of critical point, the critical point, and the right of critical point, respectively.

Next, the evolutions of negativity versus D for t = 1.0 in
the quench protocols (i) and (ii) are given in Fig. 3. For the
quench protocol (ii), the negativity oscillates from zero with
the DM interaction in Fig. 3(a). With the length of the chain
increasing, it is found that the oscillation behavior of N1(D)

becomes more and more intense, and the first peak of negativ-

ity will approach to the critical point D = 1.0. For the quench
protocol (ii), the negativity starts from zero to maximum and
then decreases gradually, and finally oscillates slightly at the
near of a certain point with the DM interaction increasing in
Fig. 3(b). The height of each peak decreases gradually and
then finally decreases to a fixed value as D→ ∞. As the size
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of the system becomes large, the first peak of the negativity
also approaches to Dc. The fact shows that no matter what
quench method is chosen, the entanglement always suddenly
changes at the critical point.

N
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D

Fig. 3. The variation of N1(D) and N2(D) under QRG steps versus D
when t = 1.0. Panels (a) and (b) correspond to both types of quench
protocols (i) and (ii), respectively.

4. Nonanalytic and scaling behaviors
By analyzing the above results, we find that although the

system shows different dynamical behaviors in both quench
protocols (i) and (ii), there is a same characteristic time T
at which the N1(t) and N2(t) firstly reach its maximum. The
characteristic time T is

T =
2π√

1+8D2
. (25)

The characteristic time T versus D for different sizes of
the system is given in Fig. 4. It is found that the characteris-
tic time decreases with the increase of DM interaction. At the
left side of the critical point, D gradually approaches the sta-
ble fixed point D = 0 with the increase of the number of QRG
iterations, and T gradually increases. In the thermodynamic
limit, the system is in the AF phase. At the right side of the
critical point, D gradually approaches the stable fixed point
D = ∞ with the increase of the system size, and the character-
istic time gradually decreases. By increasing the size of the
system, T develops two saturated values gradually at D = 1.0,
and equation (25) becomes a discontinuous function, which
reflects the quantum phase transition from antiferromagnetic
to saturated chiral phases.

For understanding the phase transition deeply, the first
derivatives of the time T versus D under QRG steps are shown

in Fig. 5. As the size of system becomes large through QRG
iterations, the first derivative of T shows a nonanalytic behav-
ior at the critical point (D = 1.0) obtained in Section 2, which
indicates that the first derivative of the characteristic time can
accurately reflect the quantum phase transition and the charac-
teristic time can characterize the phase transition.
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Fig. 4. The characteristic time T versus D for different QRG steps. The
singular behaviors of T at the large QRG iterations correspond to the
emerging of the phase transition.
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tation towards divergence as the number of QRG iterations increases.
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Fig. 6. The scaling behavior of the maximum for absolute value of
dT/dD versus systems of various sizes.

In order to prove the above case, we calculated the scal-
ing behavior of the maximum of absolute value |dT/dD|max.
As shown in Fig. 6, there is a linear relation between
ln(|dT/dD|max) and lnL, i.e., |dT/dD|max ∼ Lθ with the ex-
ponent θ = 0.43 (the exponent of T ). The divergent behavior
of correlation length in the vicinity of Dc can be written as ξ ∼
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|D−Dc|−ν . After the n-th (n = 0,1,2, . . .) RG steps, the cor-
relation length performs as ξn = ξ/bn and ξn ∼ |Dn−Dc|−ν ,
that is, the correlation length diverges at Dc = 1.0, where b= 3
is the scale transformation factor. Moreover, at the critical
point, |dT/dD|Dc

∼ |dDn/dD|Dc
. Combining with the above

formulas, the relation between the correlation length critical
exponent ν and exponent θ of T can be obtained as θ = 1/ν .
The critical behavior of the system can be obtained by the
characteristic time of the negativity, that is, the quantum phase
transition can be described by the characteristic time.

5. Summary
In this manuscript, the dynamical behaviors of quantum

entanglement in the Ising model with DM interaction under
two types of quench protocols are studied by using QRG
method. The entanglement periodically oscillates over the
time for a certain DM interaction, and the variations in the
amplitudes of negativity on the left side of the critical point
for different QRG steps are different from that of the right in
the protocol (i) or (ii). The variations of negativity with DM
interaction in quench protocol (i) are different from those of
the quench protocol (ii) for a certain time. It is found that the
first derivative of the characteristic time can precisely reflect
the quantum phase transition from antiferromagnetic to satu-
rated chiral phases. Finally, we investigate the scaling behav-
ior of the first derivative of T and obtain the relation between
the exponents of correlation length and the characteristic time.
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