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One of the key features required to realize fault-tolerant quantum computation is the robustness of quantum gates
against errors. Since geometric quantum gate is naturally insensitivity to noise, it appears to be a promising routine to
achieve high-fidelity, robust quantum gates. The implementation of geometric quantum gate however faces some troubles
such as its complex interaction among multiple energy levels. Moreover, traditional geometric schemes usually take more
time than equivalent dynamical ones. Here, we experimentally demonstrate a geometric gate scheme with the time-optimal
control (TOC) technique in a superconducting quantum circuit. With a transmon qubit and operations restricted to two
computational levels, we implement a set of geometric gates which exhibit better robustness features against control errors
than the dynamical counterparts. The measured fidelities of TOC X gate and X /2 gate are 99.81% and 99.79% respectively.
Our work shows a promising routine toward scalable fault-tolerant quantum computation.

Keywords: superconducting qubits, geometric quantum computation, time-optimal control

PACS: 03.67.—a, 03.67.Lx, 03.65.Vf

1. Introduction

Due to the advantages of potential quantum speeding
up, quantum computation!!! has been widely considered a
promising routine to solve some NP problems which can-
not be processed effectively by traditional computers. Up to
now, various physical systems have been proposed to real-
ize quantum computation, such as nuclear magnetic resonance
(NMR),?! trapped ions,*! quantum dots,*! and superconduct-
ing circuits.>! Among these candidate systems, superconduct-
ing qubit is one of the most promising routines implementing
universal quantum computation. In the last two decades, many
technological breakthroughs in superconducting qubits have
occurred,®! and the state of the art superconducting quan-
tum processors have the ability to integrate tens of qubits and
solve specific NP problems much faster than state-of-the-art
supercomputers.'” 1% However, the imperfection of quantum
gates is still one of the main limitations that hinders the scale-
up of superconducting qubits.

Geometric quantum computation (GQC) offers a promis-
ing scheme to suppress errors induced by imperfect opera-
tions and decoherence. Quantum gates based on adiabatic
geometric phases have been demonstrated,!!!~13] which show
robustness against operation errors. However, due to the
speed limitation of the adiabatic condition, the decoherence

effect induces more errors on adiabatic geometric gates than
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on dynamical ones. Thus some methods have been pro-
posed to accelerate adiabatic geometric quantum gates and
reduce errors caused by decoherence, which are based on
both Abelian!!4~!8] and non-Abelian geometric phases.!!°-2!]
Although these schemes have been demonstrated on various
physical systems, the implementation is complicated because
of the requirement of auxiliary energy levels. And the dura-
tion that a geometric gate takes is still longer than that of an
equivalent dynamical gate.

Recently another scheme of nonadiabatic GQC utilizing
the time-optimal control (TOC) technique!*?! has been pro-
posed to accelerate geometric quantum gates with smooth evo-
lution paths. Instead of utilizing multiple waveforms to elimi-
nate the dynamical phase, this scheme sets several restrictions
to make the dynamical phase have geometric properties and re-
duce the sensitivity to noise. Meanwhile, the TOC technique
is used to find the shortest geometric path of this nonadiabatic
scheme. In addition, this scheme is easy to implement because
it only utilizes the lowest two levels of each qubit.

In this paper, we experimentally implemented this nona-
diabatic time-optimal GQC framework on a superconducting
transmon qubit. This geometric scheme shows better robust-
ness against control errors than the traditional dynamic gate
while maintaining averaged fidelity above 99.80%. For the
case of a universal single qubit gate, this scheme takes less
time than the dynamical one under the same hardware limi-
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tation. Our work provides a promising candidate for scalable
quantum computation.

2. Main text

First, we explain how to realize time-optimal geometric
gates in a single qubit. The general Hamiltonian of a driven
two-level system (as shown in Fig. 1(a)) in the frame rotating
at qubit’s frequency can be expressed as

Q(r)e 10)
Alt) ) M

1 —A
H(t)= ) (Q(I) e(itq)ﬁ(t)

where Q () is the time-dependent driven Rabi frequency of the
resonant microwave field, ®() is the phase of the microwave
field, A(r) is the detuning of frequency between the qubit and
the microwave field.

Different from the traditional geometric phase of the
cyclic path, the unconventional geometric phase used here
arises from non-cyclic path. This geometric phase is propor-
tional to the solid angle enclosed by the evolution path and the
geodesic line between the initial point and the final point in
the parameter space.?? To eliminate the sensitivity of the dy-
namical phase against error, this scheme set a restriction on the
evolution path to make the dynamical proportional to the ge-
ometric phase.*?! The time optimal control technique is used
to find the Hamiltonian which implements the desired unitary
operation in the shortest time, by solving the quantum brachis-
tochrone equation.[>>23 After the acceleration, TOC geomet-
ric gate is executed much faster than traditional nonadiabatic
geometric gates.??!

To implement a TOC geometric gate, a rotation around X
axis and Y axis are done by a driving field

Q(t) = Qusin (%’) :

T Tt
D(t) = ¢0+cot(9/2)QmE [1 —cos ?} — At,

/ 2
Al = —sz 1+cot(9/i) +200t(9/2)’

2

where @ is the phase of the driving field. In our experi-
ment ¢y = — /2 corresponds to R, rotation and &y = 0 cor-
responds to Ry rotation, 6 is the amplitude (ampl.) of rotation.
For example, &y = —7/2 , 6 = 7 corresponds to X gate. For
demonstration, the time-dependent Hamiltonian of the TOC X
gate is shown in Fig. 1(b), while the corresponding evolution
path of the qubits state is shown in Fig. 1(c), which moves
from B to D on the Bloch sphere.

In this scheme, the envelope of the driven field can be co-
sine function or sine function, and the simulation shows that
the results of them are equivalent. The o7 term of the Hamil-
tonian is realized by adding a fixed detuning between the fre-
quencies of the qubit and driven microwave. The ox and oy

terms are realized by modulating the amplitude and phase of
the microwave field.
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Fig. 1. Diagrams of the TOC geometric gates. (a) The level structure of
a transmon qubit and the profile of our control pulse. The scheme utilizes
a detuning microwave drive on the transition between the state [0) and |1).
(b) The time-dependent parameters of effective control Hamiltonian during
the execution of a TOC X gate. (c) The evolution path of the quantum state
during the implementation of ox gate is labeled as B-C-D on the Bloch
sphere. (d) Time durations (dashed line) and upper bound of fidelity limited
by the decoherence (solid line) of conventional geometric gates and TOC
gates. Here the same sine-enveloped pulses with the same strength are used
for both schemes. The decoherence time used in this estimation is consis-
tent with the sample we used in our experiment. (e) Optical micrograph of
the transmon qubit and schematic diagram of our experimental system. Our
system consists of the control system and the readout system.

We implement this experiment on a quantum processor
which consists of six transmon qubits. Only one of these
The layout of the

qubit and the diagram of the measurement system are shown in

qubits (Q1) is used in our experiment.

Fig. 1(e). The cross capacitor in the center of this microphoto
is the shunt capacitor of the Xmon qubit, and the frequency of
this qubit was set at 5.844 GHz during our experiment. The
XY control line on the left capacitively couples to the qubit.
On the right side, there is a capacitively coupled A /4 copla-
nar waveguide resonator for qubit readout. The resonator fre-
quency is 6.935 GHz. The measured relaxation time 77 of
this qubit is 27 ps and the decoherence time 75 is 12 ps. In
this experiment, we neglected higher energy levels above the
first excited state, since the anharmonicity of this qubit is large
enough (—274 MHz).
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The benefit of the acceleration in the TOC scheme is
shown in Fig. 1(d). Here we set the maximum driven field
as 20 MHz and compare the time duration of the TOC scheme
with that of the conventional geometric scheme. For fairness,
the envelope of the driven field is chosen as a sine function for
both schemes. We can see that the TOC gates take less time
than the equivalent conventional geometric gates, and this ad-
vantage is more significant in small-angle rotations since this
scheme is noncyclic. Then the corresponding upper bounds of
fidelities limited by decoherence are estimated by the formula
from Ref. [24] while the decoherence parameters are the same

as above.
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Fig. 2. Quantum state tomography for TOC geometric gates which include
X, X/2,Y,Y/2 gates. The initial states are all prepared in the ground state
|0). Solid lines correspond to the results of the simulation, and the dots cor-
respond to the experimental data. (a)—(d) The expectation values of Pauli
operators. Here we use different colors (green, red, and purple) to represent
different expectation values: (o), <Gy> ,(0z). (e) and (f) Trajectories of X
and Y (X/2 and Y /2) gates on the Bloch sphere. The red dots are the results
of the X-axis rotation while the green ones are those of the Y-axis rotation.
We perform state tomography to characterize the evolu-
tion of the quantum state during the geometric manipulation,
while the state of the qubit was prepared at |0) initially. The
expectation values of three Pauli operators o, 0y, 0, are dis-
played in Figs. 2(a)-2(d), and these four graphs are the re-
sults of geometric X, X/2, Y, Y /2 gates respectively. In all

these experiments, the evolution time of the geometric gates

is set to 30 ns. These evolution trajectories of quantum states
are demonstrated on Bloch sphere (Figs. 2(e) and 2(f)). In
Fig. 2, the solid lines correspond to the results of the simula-
tion by numerically calculating the master equation, while the
dots correspond to the experimental data. We can see that the
experimental results agree very well with the simulation.

To benchmark the fidelity of TOC geometric gates, the
Clifford-based randomized benchmarking (RB) technique (>3]
is utilized. The results of RB are shown in Fig. 3. By changing
the length of the random sequence and measuring the residual
population in |0), we can get an exponentially decaying curve
that fits with P = Ap™ + B, where P is the population of the
ground state, p is the depolarizing factor which is related to
the fidelity, A and B parameters are relevant to the readout of
the qubit. By fitting the parameters of the reference curve (Pret)
and interleaved curve (Pyaee), we can get the fidelity of the in-
terleaved gate by

Fiat _(1_Pga‘e)(d_1)
ate — )
£ Pres d

where d = 2 in our case of a single qubit. The fidelities
of Ry(m) and R,(7/2) TOC geometric gates are 99.81% and
99.79% respectively. In addition, we also simulate these fideli-
ties by solving the master equation and take the decoherence
and the qubits anharmonicity into consideration. By using the
standard process tomography method, the simulated fidelities
of R,(7) gate ~ 99.76% and R, (7 /2) gate ~ 99.83% are ob-
tained. According to the formula proposed by Ref. [24], the
upper limit of fidelity is 99.86%, which is calculated by the
duration of the gate and the decoherence time 71, Ty. We can
infer that the main error of the geometric gates originates from

the decoherence of the qubit.
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o § Ref 0.9986
+ 0 9 k-
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The m-number of Cliffords
Fig. 3. Standard randomized benchmarking (RB) results of TOC geometric
gates. The blue curve is the result of reference RB, while the others are the
results of interleaved RB. The sequence fidelity of each curve decays as a
function of the number of Clliford gates. By fitting the decay rate, we can
get that the fidelities of X gate and X /2 gate are 99.81% and 99.79% re-
spectively, while the average fidelity of the reference is 99.86%. Each curve
is averaged from 20 independent repeats, while error bars demonstrate the
standard deviations calculated from those repeats.

To examine the robustness against control error of the

time-optimal geometric gates, the standard quantum process
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tomography?®?7! is used to measure the fidelities of the geo-
metric gates and dynamical gates. The fidelity of a quantum

process is obtained by

Fgate = tr(%cxp%id)~ 3

Here yexp is the y matrix of the quantum process rebuilt by
experiment, while Jjq is calculated by theoretically applying
process tomography to the corresponding perfect gate. To get
the Xexp, the process tomography sequences were executed
as follows: we initialize the qubit by four different opera-
tions: {7,X/2,Y/2,X}, next apply the targeted gate to the
qubit, then the four final states are obtained by quantum state
tomography.!!! The density matrices of the four initial states
are calculated theoretically. After we obtain the density matri-
ces of all these initial states and final states, we can reconstruct
the process matrix Yexp by quantum process tomography, then
the fidelities of the target gates can be calculated by Eq. (3).
To compare the robustness of TOC geometric gates and con-
ventional Rabi-based dynamical gates, we intentionally add
relative amplitude error A/Qy and detuning error 0A /Qy
to our control pulse. In practical, these errors may occur in
the case that the system parameters are not well calibrated or
spectator qubits shift the parameters of the operating qubit due
to residual qubit—qubit coupling. Here we characterize the ro-
bustness of Ry () gate [Figs. 4(a) and 4(b)] and R, (7/2) gate
[Figs. 4(c) and 4(d)] against amplitude error [Figs. 4(a) and
4(c)] and detuning error [Figs. 4(b) and 4(d)] of the control
pulse. We vary each kind of error from —0.3 to 0.3 and re-
peat the process tomography to measure the fidelities of both
geometric gates and dynamical gates. As shown in Fig. 4, the
fidelity of the TOC geometric gate declines much slower than
that of the corresponding dynamical gate while the control er-
ror increases, thus TOC geometric gates show better robust-
ness than dynamical ones, and this advantage is more obvious
in the case of detuning error than that in the case of amplitude
error. The robustness of TOC geometric gates comes from
their natural geometric feature, which reduces their sensitivity
to errors that originate from imperfect control or environmen-
tal noise.

This scheme is also applicable for nontrivial two-qubit
geometric gate. The similar scheme for entangled gates
can be realized by utilizing the interactions of the single-
excitation subspace {|01),]10) }. By using parametric modula-
tion, the coupled Hamiltonian in the {|01),|10)} subspace(??!
and equation (1) are similar in form, we can implement non-
trivial two-qubit geometric gates by modulating the amplitude,

frequency, and phase of the longitudinal driving field.
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Fig. 4. Gate performance of TOC geometric gates and dynamical gates as a
function of control error. The green dots and green solid lines are the exper-
imental fidelities and simulated fidelities of TOC gates respectively, while
the red dots and red solid lines correspond to those of dynamical gates. Here
we characterize the robustness of Y gate [(a) and (b)] and Y /2 gate [(c) and
(d)] against relative amplitude error §A/Qy [(a) and (c)] and detuning error
S8A /2 [(b) and (d)]. We can see that TOC geometric gates perform better
than traditional dynamical gates when the amplitude error or the detuning
error exists. The advantage is larger in the case of detuning error than that
in the case of amplitude error.

3. Conclusion

In conclusion, we experimentally demonstrate the scheme
of time-optimal geometric gates on a single superconducting
qubit and obtain the averaged fidelity above 99.8% for single-
qubit gates. Moreover, these geometric gates reveal better ro-
bustness against amplitude error and detuning error than dy-
namical gates. In this scheme, the most important improve-
ment is that the geometric gates can be accelerated by the time-
optimal control technique and take less time than traditional

geometric gates.
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