
 

 

 

Size effect on transverse free vibrations of ultrafine nanothreads 

Zhuoqun Zheng(郑卓群), Han Li(李晗), Zhu Su(宿柱), Nan Ding(丁楠), Xu Xu(徐旭),Haifei Zhan(占海飞), and 

Lifeng Wang(王立峰) 

Citation:Chin. Phys. B, 2023, 32 (9): 096202.   DOI: 10.1088/1674-1056/ace037 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb  

 

What follows is a list of articles you may be interested in  

 

Layer thickness dependent plastic deformation mechanism in Ti/TiCu dual-phase 

nano-laminates 

Minrong An(安敏荣), Yuefeng Lei(雷岳峰), Mengjia Su(宿梦嘉), Lanting Liu(刘兰亭), Qiong Deng(邓琼), Haiyang 

Song(宋海洋), Yu Shang(尚玉), and Chen Wang(王晨) 

Chin. Phys. B, 2023, 32 (6): 066201.   DOI: 10.1088/1674-1056/acb48f 

Molecular dynamics simulation of interaction between nanorod and phospholipid 

molecules bilayer 

Xin Wang(王鑫), Xiang-Qin Li(李香琴), Tian-Qing Liu(刘天庆), Li-Dan Zhao(赵丽丹), Ke-Dong Song(宋克东), and 

Dan Ge(葛丹) 

Chin. Phys. B, 2023, 32 (1): 016201.   DOI: 10.1088/1674-1056/ac6ed8 

Strengthening and softening in gradient nanotwinned FCC metallic multilayers 

Yuanyuan Tian(田圆圆), Gangjie Luo(罗港杰), Qihong Fang(方棋洪), Jia Li(李甲), and Jing Peng(彭静) 

Chin. Phys. B, 2022, 31 (6): 066204.   DOI: 10.1088/1674-1056/ac4cc6 

Effect of void size and Mg contents on plastic deformation behaviors of Al-Mg alloy with 

pre-existing void: Molecular dynamics study 

Ning Wei(魏宁), Ai-Qiang Shi(史爱强), Zhi-Hui Li(李志辉), Bing-Xian Ou(区炳显), Si-Han Zhao(赵思涵), and 

Jun-Hua Zhao(赵军华) 

Chin. Phys. B, 2022, 31 (6): 066203.   DOI: 10.1088/1674-1056/ac4a74 

Size effect of the elastic modulus of rectangular nanobeams：Surface elasticity effect 

Yao Hai-Yan (姚海燕), Yun Guo-Hong (云国宏), Fan Wen-Liang (范文亮) 

Chin. Phys. B, 2013, 22 (10): 106201.   DOI: 10.1088/1674-1056/22/10/106201 

 

-------------------------------------------------------------------------------------------------------------------- 

https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ace037
https://doi.org/10.1088/1674-1056/ace037
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/acb48f
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/acb48f
https://doi.org/10.1088/1674-1056/acb48f
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac6ed8
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac6ed8
https://doi.org/10.1088/1674-1056/ac6ed8
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac4cc6
https://doi.org/10.1088/1674-1056/ac4cc6
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac4a74
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac4a74
https://doi.org/10.1088/1674-1056/ac4a74
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/22/10/106201
https://doi.org/10.1088/1674-1056/22/10/106201


Chin. Phys. B 32, 096202 (2023)

SPECIAL TOPIC — Smart design of materials and design of smart materials
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Due to their unique properties and appealing applications, low dimensional sp3 carbon nanostructures have attracted
increasing attention recently. Based on the beam theory and atomistic studies, this work carries out a comprehensive
investigation on the vibrational properties of the ultrathin carbon nanothreads (NTH). Size effect is observed in transverse
free vibrations of NTHs. To quantify such effects, the modified couple stress theory (MCST) is utilized to modify the
Timoshenko beam theory. According to the first four order frequencies of NTHs from atomistic simulations, the critical
length scale parameter of MCST is calibrated as 0.1 nm. It is shown that MCST has minor effect on the first four order
modal shapes, except for the clamped boundary. MCST makes the modal shapes at the clamped boundary closer to those
observed in atomistic simulations. This study suggests that to some extent the MCST-based Timoshenko beam theory can
well describe the transverse vibration characteristics of the ultrafine NTHs, which are helpful for designing and fabricating
the NTH-based nanoscale mechanical resonators.

Keywords: carbon nanothread, size effect, natural frequency, modal shapes, molecular dynamics simulation

PACS: 62.25.–g DOI: 10.1088/1674-1056/ace037

1. Introduction

Due to their excellent physical and chemical properties,[1]

low-dimensional carbon nanostructures are ideal materi-
als for a broad range of applications, such as nanoscale
resonator-based nanoelectromechanical systems,[2,3] flexible
electronics,[4] and next generation devices.[5] Carbon pos-
sesses innumerable allotropes due to its different hybridization
states, including sp1, sp2, and sp3 bonds as well as their com-
bination. In past decades, the sp2 bonded carbon nanostruc-
tures, such as carbon nanotubes (one-dimensional, 1D) and
graphene (two-dimensional, 2D), have received huge inten-
sive interests from academic and engineering communities.
Thanks to the recent successful synthesis of carbon nanoth-
reads (1D)[6,7] and diamane (2D),[8] the sp3 bonded carbon
nanostructures are receiving an increasing research focus.

Compared to well-known sp2 bonded carbon nanostruc-
tures, the novel sp3 bonded carbon nanostructures have unique
properties. For instance, the graphene layer has supreme in-
plane mechanical properties but hardly maintains a flat config-
uration in experiments.[9] However, recent successfully syn-
thesized diamane has been predicted with excellent in-plane
and out-of-plane mechanical properties,[10] which is a good
candidate for nanoscale mechanical resonators.[11] Besides 2D

structures, 1D sp3 bonded carbon nanothreads (NTH), recently
synthesized through high-pressure solid-state reaction of ben-
zene at room temperature,[6] are quite different from the car-
bon nanotubes (CNT). The CNT suffers from lateral flattening
(or buckling),[12] while previous works report that mechanical
properties of the NTH are tunable.[13–16] Unlike the CNT’s flat
surface, NTH possesses a fully hydrogenated surface, which
can be further functionalized without the introduction of ad-
ditional defects.[17] It is known that functionalization is able
to effectively improve the interfacial load transfer efficiency.
Hence, due to the high interfacial load transfer efficiency, NTH
and its functionalized structures are suitable for the applica-
tions as reinforcements for carbon nanofibers[18–20] and poly-
mer nanocomposites.[21]

One of the differences of NTH from CNT is the diam-
eter. It is reported that the diameter of NTH is less than
0.5 nm[22,23], while the diameter of CNT is usually larger than
0.5 nm. Such ultra-fine characteristic enables NTH to have
encouraging applications, such as nanoscale mechanical res-
onators for mass sensing. It is reported that NTHs demonstrate
an extreme mass resolution (∼ 0.58 yg) which is almost one
order of magnitude higher than that of CNTs (∼ 10 yg), and
a high quality factor which is generally two times than that of
CNTs.[24] These intriguing features suggest that NTHs could
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be highly attractive candidates for high performance nanoscale
mechanical resonators. However, the ultra-fine characteristic
of NTHs may introduce the size effect, which could influence
NTHs’ transverse vibrations. Therefore, before designing and
fabricating the NTH-based nanoscale mechanical resonators,
it is necessary to comprehensively understand the transverse
vibration characteristics of NTHs.

From a theoretical perspective, several theories are avail-
able for describing the size effect of nanomaterials, includ-
ing nonlocal theory[25] and modified couple stress theory
(MCST).[26] There have been lots of previous works[27–30] fo-
cusing on theoretical modeling of micro/nano-beams consid-
ering the size effects. However, all these theories contain scale
parameters, which are usually related to the materials. These
parameters are hardly obtained from experiments, especially
for such novel materials. Molecular dynamics simulation is a
powerful tool for calibration of the scale parameter.[31,32] To
this end, this work aims to investigate the transverse vibra-
tional properties of ultra-fine NTHs through large-scale molec-
ular dynamics (MD) simulations. MCST-based Timoshenko
beam model is utilized to describe the size effect of NTHs’
free vibrations. The length scale parameter l of MCST is cal-
ibrated based on the MD simulation results. Furthermore, it
is found that the MCST has a limited influence on the modal
shapes.

2. Methodology
2.1. Atomistic simulation

Figure 1(a) shows the structure of the NTH considered
in this work. Compared with other topologically distinct
NTHs,[33] the tube (3,0) NTHs contain a relatively regular and
uniform structure. The simple and consistent state of the tube
(3,0) NTH makes its vibrational properties free from the influ-
ences originating from topological factors, such as asymmetric
cross-sectional shape and pre-strain. Hence, it is suitable for
the study focusing on the size effect of ultrafine structures.

To acquire its free vibration characteristics, a series of
MD simulations have been performed. In these simula-
tions, the widely used adaptive intermolecular reactive em-
pirical bond order (AIREBO) potential was employed to de-
scribe the C–C and C–H atomic interactions of the NTH.[34,35]

Recent works showed that this potential can well repro-
duce or predict the mechanical properties of different carbon
nanostructures,[36–38] including the NTH.[39–41] To avoid the
spurious high stress at potential high bond strain, the cut-off
distance of the AIREBO potential was chosen as 2.0 Å.[42–44]

The NTH sample was first optimized by the conjugate gradi-
ent minimization method.[45] Then, initial settings were ap-
plied. As shown in Fig. 1(a), in order to mimic the clamped–
clamped (CC) beam, the two ends (two unit cells each) of the

NTH were fixed. While one end was fixed and the other one
remained free for the cantilever (clamped—free, CF) beam.
The initial temperature of the moving part was set to 10 K.
The relatively low temperature was used to eliminate the in-
fluence of thermal fluctuations on the vibration behaviors of
NTHs. After that, the free vibration of the NTH was actuated.
Since the velocity excitation and the displacement excitation
have the same effect in inducing free vibrations,[46] a sinu-
soidal velocity excitation v(x) along NTH’s length direction
was applied. To actuate different vibration modes, excitation
functions similar to corresponding vibration modes were used
as illustrated in Fig. 1(b),

v(x) =
{

A0 sin(kπ
x
L ), for CC beam,

A0 sin
((

k− 1
2

)
π

x
L

)
, for CF beam,

(1)

where, A0 is the actuation amplitude, k is the order of vibration
mode, and L is the effective length of the NTH which excludes
the fixed edges. A convergence study had been conducted on
the magnitude of the actuation amplitude A0 (see supporting
information S1 for details). In order to avoid the introduction
of geometric nonlinearity and large thermal fluctuations, A0

was chosen as 0.1 Å/ps. In this study, the first four modes of
free vibration were considered. So, k was chosen to be 1, 2,
3 and 4, respectively. The NTH sample was oscillating freely
under an energy conserving (NVE) ensemble for 4 ns.

L

d

Clamped-Clamped

Clamped-Free(a)

A

k/

k/

k/

k/

A

k/k/

k/k/

Clamped-Clamped

Clamped-Free

(b)

z zx x

y y

Fig. 1. (a) Schematic view of the NTH sample with different boundary
conditions, (b) the profile of the initial actuations for different vibration
modes and boundary conditions.

For obtaining basic mechanical parameters of tube (3,0)
NTHs, tensile and torsional tests were performed by apply-
ing the MD simulations. In this part, an NTH sample with
the length of 7.56 nm was tested under a canonical ensem-
ble (NVT) by using a Nosé–Hoover thermostat.[45,47] For ten-
sile tests, the sample was stretched under a low strain rate of
10−7 fs−1. And for torsional tests, the sample was twisted un-
der a low rotation rate of 3× 10−7 rad·fs−1. The tensile or
torsional load was applied to one end of the sample, with the
other end being fixed.

A small timestep of 0.5 fs was used for all simulations,
and non-periodic boundary conditions for the simulation box
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were applied in all directions. All simulations were performed
by using the open-source large-scale atomic/molecular mas-
sively parallel simulator (LAMMPS) code.[48]

2.2. Classical beam theories

Based on the previous studies of tube (3,0) NTHs, the
persistence length is approximately 130 nm at 300 K.[14] In
our studies, the maximum length of NTH is no more than
30 nm, which means it can be treated as a beam. Meanwhile,
the cross-section of the tube (3,0) NTH is usually considered
to be a circle with the diameter d of 0.5 nm,[14] as shown in
Fig. 1(a). Two classical beam theories, Euler–Bernoulli beam
theory and Timoshenko beam theory, are utilized to investigate
the NTHs’ free vibration characteristics.

According to the classical Euler–Bernoulli beam theory,
the governing partial differential equation is

EI
∂ 4w
∂x4 +ρA

∂ 2w
∂ t2 = 0, (2)

where E is the Young’s modulus, I is the moment of inertia,
ρ is the density and A is the cross-sectional area. w(x, t) is
the beam’s transverse displacement, x is position and t is time.
For the classical Euler–Bernoulli beam, the rotational angle ϕ

equals to ∂w/∂x.
For the classical Timoshenko beam theory, the governing

partial differential equation is
EI ∂ 2ϕ

∂x2 +KGA
(

ϕ − ∂w
∂x

)
−ρI ∂ 2ϕ

∂ t2 = 0,

KGA
(

∂ϕ

∂x − ∂ 2w
∂x2

)
+ρA ∂ 2w

∂ t2 = 0,
(3)

where G is the shear modulus, K is the shear cross-sectional
shape factor and ϕ(x, t) is the rotational angle. After eliminat-
ing ϕ in Eq. (3), the governing partial differential equation can
be expressed as

EI
∂ 4w
∂x4 +ρA

∂ 2w
∂ t2 −

(
ρI +

EIρ

KG

)
∂ 4w

∂x2∂ t2 +
ρ2I
KG

∂ 4w
∂ t4 = 0. (4)

Different boundary conditions are considered in free vi-
brations. The clamped–clamped boundary conditions are{

w(0) = 0, ϕ(0) = 0,
w(L) = 0, ϕ(L) = 0.

(5)

The clamped–free boundary conditions are{
w(0) = 0, ϕ(0) = 0,
∂ 2w
∂x2 (L) = 0, ∂ 2ϕ

∂x2 (L) = 0.
(6)

By applying the above boundary conditions, characteristic
equations of the Euler–Bernoulli beam and Timoshenko beam
can be obtained respectively. However, these equations have
no explicit expressions. Therefore, the natural frequencies and
vibration modes are determined by numerically solving.

2.3. Theoretical models considering size effect

According to the MCST developed by Yang et al.,[26] the
strain energy density for a linear isotropic elastic material is
given by

U =
1
2

∫∫∫
V
(𝜎𝜀+𝑚𝜒)dV, (7)

where 𝜎, 𝜀, 𝜒 and 𝑚 are the Cauchy stress, the classical strain
and symmetric curvature tensors, and the deviatoric part of the
couple stress tensor, respectively. The tensors are defined as
follows:

σi j = λεmmδi j +2Gεi j, εi j =
1
2
(∂iu j +∂ jui),

mi j = 2Gl2
χi j, χi j =

1
2
(∂iθ j +∂ jθi), θ = curlu, (8)

where i, j = 1,2,3 represent the x, y and z directions, respec-
tively. u and θ are displacements and rotation vectors. l is
the material length scale parameter. λ is the Lame’s parameter
which is defined by λ = Eν/((1+ν)(1−2ν)), where ν is the
Poisson’s ratio.

The motion equations of Timoshenko beam based on the
MCST can be obtained as
GA
(

∂ 2w
∂x2 − ∂ϕ

∂x

)
− 1

4 GAl2
(

∂ 3ϕ

∂x3 + ∂ 4w
∂x4

)
−ρA ∂ 2w

∂ t2 = 0,

GA
(

∂w
∂x −ϕ

)
+EI ∂ 2ϕ

∂x2 + 1
4 GAl2

(
∂ 2ϕ

∂x2 + ∂ 3w
∂x3

)
−ρI ∂ 2ϕ

∂ t2 = 0.

(9)

The corresponding boundary conditions are{
w(0) = 0, ∂w

∂x (0) = 0, ϕ(0) = 0,

w(L) = 0, ∂w
∂x (L) = 0, ϕ(L) = 0,

(10)

for clamped–clamped beams and{
w(0) = 0, ∂w

∂x (0) = 0, ϕ(0) = 0,
∂ 2w
∂x2 (L) = 0, ∂ 2ϕ

∂x2 (L) = 0,
(11)

for clamped–free beams.
The modified Fourier series method combined with

the penalty function method is utilized to numerically cal-
culate the natural frequencies and corresponding vibration
modes.[49,50]

3. Results and discussion
3.1. Calibration of mechanical parameters

For the purpose of investigating the transverse free vibra-
tion properties theoretically, basic mechanical parameters of
NTHs including Young’s modulus, shear modulus and Pois-
son’s ratio are needed. Since NTHs’ static mechanical prop-
erties may be different from the bulk diamond due to the size
effect caused by their ultrafine structures, MD simulations are
used to determine these mechanical parameters.
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Through the uniaxial tension of the NTH sample, Young’s
modulus is extracted from the initial linear regime of the
stress-strain curve. As illustrated in Fig. 2(a), by fitting the
data with the strain up to 2%, the tube (3,0) NTH shows the
Young’s modulus of 1036 GPa, which is consistent with the
known result (1089 GPa),[14] and the value of bulk diamond
(1143 GPa).[51,52] The Poisson’s ratio is also calculated based
on the uniaxial tension simulation, which is defined as the ra-
tio of diameter change to length change. Figure 2(b) shows
the MD results of Poisson’s ratio with the strain from 1% to
2%, which vary considerably between −0.15 and 0.2. Such
fluctuation may be resulted from the irregular cross-sectional
shape of this ultrathin structure and the thermal fluctuation of
the simulation. By averaging these values, the Poisson’s ratio
is calculated to be 0.03, which agrees with the Poisson’s ratio
of bulk diamond (≈ 0.07[51,52]).
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Fig. 2. Tensile tests of the NTH sample. (a) Tensile stress as a function
of strain. The red point shows the stress when the sample is under 2%
strain. The black line is the fitted line based on the data with the strain up
to 2%. (b) Poisson’s ratio with the strain from 1% to 2%.

Torsional tests are applied to the sample to gain its shear
modulus. The torque-angle data are shown in Fig. 3(a). It
is clear to see the torque-angle data experience relatively
large fluctuations, which may be caused by temperature. The
torque-angle curve can be fitted to a function T = GIpθ/L,
where Ip is the polar moment of inertia. The shear modu-
lus is calculated to be 199 (±7) GPa. To ensure the correct-
ness of the calculation, strain energy is also utilized to de-
termine the shear modulus. Figure 3(b) reveals the data of
strain energy changing with the twisted angle. Similarly, the
strain energy varies largely. By fitting the strain energy data
to a function Vε = GIpθ 2/2L, the shear modulus is determined

as 195 (±12) GPa, which is consistent with the above result.
However, this is quite different from the value of bulk diamond
(537.9 GPa[53] and 535 GPa[51]). We suppose that such differ-
ence may be related to its ultrafine structure, the surface effect
and geometric assumptions of its cross section. In all, an av-
eraged shear modulus of 197 GPa is adopted for the following
calculation.
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Fig. 3. Torsional tests of the NTH sample. (a) Torque vs. twisted angle.
(b) Strain energy vs. twisted angle. The black lines are the fitted lines
based on the data with the angle up to 0.5.

3.2. Size effect in free vibrations

From MD simulations of transverse free vibrations, time
history of center of mass of the NTH can be obtained. By
applying the fast Fourier transform (FFT) on the trajectory
of certain parts, the frequencies of corresponding vibration
modes can be determined. Figures 4(a)–4(d) present the 1st
to 4th order frequencies under the clamped–clamped bound-
ary constraint in black dots. With above mechanical param-
eters, the frequencies of classical beam theories are also de-
picted in Figs. 4(a)–4(d). In order to analyze the difference
between the results of MD simulations and classical theories,
the difference is defined as Diff = ( ftheory − fMD)/ fMD. Fig-
ure 4(e) shows the difference of first four order frequencies.
It is found that the frequencies of Euler–Bernoulli beam are
larger than those of MD simulations, while the frequencies of
Timoshenko beam are smaller than those of MD simulations,
especially when the sample length is small. The clamped–free
boundary constraint is also considered (see supporting infor-
mation S2). Similar phenomena are found when the NTHs are
under the clamped–free boundary constraint.
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With the decrease of the slenderness ratio, especially
when the value is smaller than 20, the differences between the
results of MD simulations and classical theories (both Euler–
Bernoulli beam and Timoshenko beam) become larger. Simi-
lar phenomena can be found in clamped–free NTHs (see sup-
porting information Fig. S2 for detailed results). It seems that
size effect exists in transverse free vibrations of NTHs. For
Euler–Bernoulli beam theory, it is known that shear deforma-
tion and moment of inertia are not considered, which might be
one of the reasons for the difference in frequencies. However,
the difference in the Timoshenko beam cannot be explained
by a similar perspective. Hence, these results indicate the ex-
istence of the size effect.

Recall Subsection 3.1, the Young’s modulus, shear mod-
ulus and Poisson’s ratio of NTHs are all from MD simulations.
In other words, the mechanical parameters used in the calcula-
tions of classical theories represent the static elastic properties
of NTHs at this scale. Therefore, in order to capture the size
effect shown in transverse free vibrations of NTHs, classical
beam theories need to be modified. Scale parameters are in-
troduced to refine the classical beam theories, such as nonlo-
cal theory and MCST. The literature[54] suggests that nonlo-
cal theory can account for the softening stiffness of nanobeam
and MCST can induce the stiffness-hardening effect. Based
on above results, the Timoshenko beam with MCST is inves-
tigated in following sections.

3.3. Calibration of the scale parameter

As illustrated in Subsection 2.3, MCST contains a scale
parameter l, which is dependent on materials. However, to the

best of our knowledge, there are no direct reports for the scale
parameters of such novel ultrafine NTHs. In order to apply the
MCST-based Timoshenko beam theory for the transverse vi-
bration analysis of NTHs, it is necessary to provide the value
of scale parameter l. The scale parameters in the range from
0 nm to 0.3 nm are investigated.
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Fig. 5. Variation of frequencies of clamped–clamped NTHs predicted by
MCST with respect to 1/L2 and length scale parameter l: (a) first order
mode, (b) second order mode, (c) third order mode, and (d) fourth order
mode. The black points show the results of atomistic simulations.

In Fig. 5, variation of the 1st to 4th order frequencies
based on MCST under clamped–clamped boundary condition
is depicted with respect to 1/L2 for different values of l. From
the curves with different length scale parameter l, it is seen that
MD simulation results are close to the results of l = 0.1 nm. In
order to obtain a more accurate l, the values of 0.05 nm, 0.1 nm
and 0.15 nm are considered. Table 1 presents the detailed data
of the first four order frequencies of NTHs with slenderness
ratio smaller than 20 and the corresponding absolute value of
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differences. Based on the average differences of the 1st to 4th
order frequencies, the length scale parameter l is estimated as
0.1 nm.

Free vibrations of the NTHs under clamped–free bound-
ary condition are also investigated for the calibration of length

scale parameter l. Similar trends can be found in these
cases (see supporting information Fig. S3 and Table S1 for
detailed results). These results indicate that the length scale
parameter l is estimated as 0.1 nm. It is consistent with the
above results.

Table 1. Frequencies of the NTH under clamped–clamped boundary constraint.

L/h
MD TM TM with MCST (GHz) TM l = 0.05 L = 0.1 l = 0.15

(GHz) (GHz) l = 0.05 l = 0.1 l = 0.15 Diff. % Diff. % Diff. % Diff. %
1st mode

7.72 483.6 478.3 487.4 509.6 543.7 1.1 0.8 5.4 12.4
10.3 286.6 284.5 289.4 302.1 322.1 0.7 1.0 5.4 12.4

12.02 214.7 213.3 216.9 226.4 241.2 0.6 1.0 5.4 12.4
15.44 133.1 132.4 134.6 140.4 149.6 0.5 1.1 5.5 12.4
19.74 82.6 82.2 83.5 87.1 92.9 0.4 1.2 5.6 12.5

2nd mode
7.72 1229.2 1153.4 1182.4 1240.1 1327.3 6.2 3.8 0.9 8.0
10.3 751.2 717.5 732.7 766.0 817.4 4.5 2.5 2.0 8.8

12.02 569.8 548.5 559.3 584.2 622.9 3.7 1.8 2.5 9.3
15.44 358.1 348.8 355.1 370.6 394.9 2.6 0.9 3.5 10.3
19.74 225.1 220.2 223.9 233.6 248.9 2.2 0.5 3.8 10.6

3rd mode
7.72 2206.4 1985.6 2045.8 2155.6 2318.2 10.0 7.3 2.3 5.1
10.3 1387.6 1278.9 1310.6 1373.3 1468.9 7.8 5.6 1.0 5.9

12.02 1065.8 994.8 1017.2 1064.1 1136.2 6.7 4.6 0.2 6.6
15.44 681.6 647.9 660.8 690.2 735.9 4.9 3.0 1.3 8.0
19.74 433.2 416.3 423.9 442.4 471.5 3.9 2.1 2.1 8.8

4th mode
7.72 3329.9 2901.9 3006.0 3182.1 3440.8 12.9 9.7 4.4 3.3
10.3 2147.4 1919.3 1975.7 2075.3 2226.2 10.6 8.0 3.4 3.7

12.02 1669.8 1514.9 1555.1 1629.5 1743.2 9.3 6.9 2.4 4.4
15.44 1086.6 1008.8 1031.8 1078.6 1150.9 7.2 5.0 0.7 5.9
19.74 699.2 660.1 673.4 703.1 749.5 5.6 3.7 0.6 7.2

Ave. Diff. – – – – – 5.1 3.5 2.9 8.4

3.4. Modal shapes

Subsequently, the first four order modal shapes of NTHs’
vibrations are studied. Since the length scale parameter l
in MCST plays an important role in the analysis of short
NTHs (with relatively small slenderness ratio), a 5.15-nm-long
clamped–clamped NTH is chosen.

In Fig. 6, the modal shapes obtained by MD simulations
are shown in black points, while the modal shapes calculated
by MCST-based Timoshenko beam theory are presented in
different lines dependent on the different values of l. From
the left panel of Fig. 6, it is seen that the lines almost over-
lap with each other and basically agree with MD results. It
seems that the introduction of MCST has little effect on the
modal shapes. However, by zooming in the modal shapes of
NTHs’ ends in the right panel of Fig. 6, it is interesting to note
that the modal shapes calculated by MCST-based Timoshenko
beam theory are closer to those obtained by MD simulations
with the increase of l. It is due to the different clamped–
clamped boundary conditions between classical Timoshenko
beam and MCST-based Timoshenko beam. By comparing

Eqs. (5) and (10), it is found that the introduction of MCST
brings ∂w/∂x(0) = 0 and ∂w/∂x(L) = 0 into the boundary
conditions. With the constraint of the first derivative of trans-
verse displacement, the curves of MCST-based Timoshenko
beam tend to flat when they are close to the ends. There-
fore, the introduction of MCST mainly affects the clamped–
clamped boundary conditions and makes the modal shapes a
little closer to those of MD results.

Modal shapes of the NTHs under clamped–free bound-
ary condition are also investigated (see supporting informa-
tion Fig. S4 for detailed results). It is found the modal shapes
from theory calculation have a deviation from those obtained
by MD simulations. Such deviation may be resulted from the
one-end-free boundary condition. For the atomic model, it is
known that the edge effect occurs at the free end of NTH. Both
classical and MCST-based Timoshenko beam theories cannot
capture the edge effect. Therefore, there is a deviation in the
modal shapes between theories and MD simulations. Never-
theless, the introduction of MCST still can make the modal
shapes a little closer to those of MD results.
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Fig. 6. Variation of modal shapes of the 5.15-nm-long clamped–clamped
NTH predicted by MCST with respect to length scale parameter l: (a) first
mode, (b) second mode, (c) third mode, and (d) fourth mode. The black
points show the results of atomistic simulations. The right panels are the
enlarged figures of the red boxes on the left.

4. Conclusion
Based on a series of large-scale molecular dynamics sim-

ulations, we study the transverse free vibrations of the ultra-
fine carbon nanothreads targeting the NTH-based nanoscale
mechanical resonators. By taking the tube (3,0) NTH as rep-
resentative structure, different boundary conditions, including
the clamped–clamped and clamped–free constraints, are con-
sidered. Size effect is found in the transverse free vibrations of
NTHs. From a theoretical perspective, the MCST-based Tim-
oshenko beam theory is utilized for describing the size effect
in free vibrations of the ultrafine NTHs. The results show that
it is appropriate to choose 0.1 nm as the length scale parame-
ter l. Furthermore, for the modal shapes of the first four order
vibrations, it is found that the introduction of MCST makes
the modal shapes at the clamped boundary a little closer to
those of MD results. Overall, it is revealed that to some extent
the MCST-based Timoshenko beam theory can well describe
the transverse vibration characteristics of the ultrafine NTHs,
which shed light on the design and fabrication of the NTH-
based nanoscale mechanical resonators.

Acknowledgments
Project partially supported by the National Natural Sci-

ence Foundation of China (Grant No. 12102176), the China
Postdoctoral Science Foundation (Grant No. 2022M711617),
and the Natural Science Foundation of Jiangsu Province of
China (Grant No. BK20210274). Partially supported by the
High Performance Computing Platform of Nanjing University
of Aeronautics and Astronautics.

References
[1] Shearer C J, Cherevan A and Eder D 2014 Adv. Mater. 26 2295
[2] Sader J E, Hanay M S, Neumann A P and Roukes M L 2018 Nano Lett.

18 1608

[3] De Bonis S, Urgell C, Yang W, Samanta C, Noury A, Vergara-Cruz J,
Dong Q, Jin Y and Bachtold A 2018 Nano Lett. 18 5324

[4] Le T S D, Phan H P, Kwon S, Park S, Jung Y, Min J, Chun B J, Yoon
H, Ko S H and Kim S W 2022 Adv. Funct. Mater. 32 2205158

[5] Nandanapalli K R, Mudusu D and Lee S 2019 Carbon 152 954
[6] Fitzgibbons T C, Guthrie M, Xu E S, Crespi V H, Davidowski S K,

Cody G D, Alem N and Badding J V 2015 Nat. Mater. 14 43
[7] Li X, Wang T, Duan P, Baldini M, Huang H T, Chen B, Juhl S J,

Koeplinger D, Crespi V H and Schmidt-Rohr K 2018 J. Am. Chem.
Soc. 140 4969

[8] Bakharev P V, Huang M, Saxena M, Lee S W, Joo S H, Park S O, Dong
J, Camacho-Mojica D C, Jin S and Kwon Y 2020 Nat. Nanotechnol. 15
59

[9] Deng S and Berry V 2016 Mater. Today 19 197
[10] Wu Y C, Shao J L, Zheng Z and Zhan H 2021 J. Phys. Chem. C 125

915
[11] Zheng Z, Zhan H, Nie Y, Xu X, Qi D and Gu Y 2020 Carbon 161 809
[12] Li H, Li M, Li F and Kang Z 2019 Nanotechnology
[13] Zhan H, Zhang G, Bell J M and Gu Y 2016 Carbon 107 304
[14] Roman R E, Kwan K and Cranford S W 2015 Nano Lett. 15 1585
[15] Zhan H, Zhang G, Tan V B, Cheng Y, Bell J M, Zhang Y W and Gu Y

2016 Nanoscale 8 11177
[16] Zheng Z, Zhan H, Nie Y, Xu X and Gu Y 2019 J. Phys. Chem. C 123

28977
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