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Electroencephalogram (EEG) signals contain important information about the regulation of brain system. Thus, auto-
matic detection of epilepsy by analyzing the characteristics obtained from EEG signals has important research implications
in the field of clinical medicine. In this paper, the horizontal visibility graph (HVG) algorithm is used to map multifractal
EEG signals into complex networks. Then, we study the structure of the networks and explore the nonlinear dynamics
properties of the EEG signals inherited from these networks. In order to better describe complex brain behaviors, we use
the angle between two connected nodes as the edge weight of the network and construct the weighted horizontal visibility
graph (WHVG). In our studies, fractality and multifractality of WHVG are innovatively used to analyze the structure of
related networks. However, these methods only analyze the reconstructed dynamical system in general characterizations,
they are not sufficient to describe the complex behavior and cannot provide a comprehensive picture of the system. To this
effect, we propose an improved multiscale multifractal analysis (MMA) for network, which extends the description of the
network dynamics features by focusing on the relationship between the multifractality and the measured scale-free intervals.
Furthermore, neural networks are applied to train the above-mentioned parameters for the classification and identification
of three kinds of EEG signals, i.e., health, interictal phase, and ictal phase. By evaluating our experimental results, the
classification accuracy is 99.0%, reflecting the effectiveness of the WHVG algorithm in extracting the potential dynamic
characteristics of EEG signals.

Keywords: epilepsy, EEG signal, horizontal visibility graph, complex network

PACS: 05.10.–a, 87.18.–h, 87.85.Ng, 87.19.X– DOI: 10.1088/1674-1056/acdfbf

1. Introduction

Epilepsy is a common chronic neurological disorder char-
acterized by recurrent seizures, which are sudden and tempo-
rary disturbances and abnormalities in the electrical activity
of the brain. These surges of abnormal electrical activity can
temporarily impact a person’s behavior and can even conse-
quence in loss of consciousness.[1] Status epilepticus is a pro-
longed seizure state, nevertheless there can be numerous dif-
ficulties in detecting epilepsy, as symptoms can be varied and
not always obvious. In addition, electroencephalogram (EEG),
which aids in the diagnosis of epileptic disorders, is performed
by medical professionals specializing in neurology due to its
specialized nature but is less efficient due to the sporadic and
recurrent nature of seizures. The limitations of conventional
tools have promoted the development of innovative methods,
and rapid and cost-efficient diagnosis of seizures is the future
tendency.

The studies on seizure detection have focused on time–
frequency analysis and nonlinear dynamics.[2] The advan-

tage of the time–frequency analysis method[3–5] is reflected in
the instantaneous frequency and amplitude change capture.[6]

Nonlinear analysis methods explore the differences between
patients and healthy individuals by extracting nonlinear
features such as entropy,[7,8] Hurst exponent,[8] Lyapunov
exponent,[9] and multifractal characteristics.[10] Due to the
complex nature of EEG signals, nonlinear dynamics has lately
been widely used to study epilepsy detection. In recent years,
the use of complex network methods to analyze time series,
is the latest direction of nonlinear dynamics development. In
2006, Zhang and Small for the first time realized the conver-
sion of pseudoperiodic time series into complex networks and
analyzed the difference in the topological statistical charac-
teristics of chaotic signals and Gaussian white noise complex
networks. Based on the proposed complex network construc-
tion algorithm, they analyzed the characteristics of complex
networks on a variety of time series and found time series
of different properties. In 2008, Lacasa et al.[11] proposed
visibility graphs (VG) to establish a new connection between
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time series and complex networks. Subsequently, Luque et
al.[12] proposed a more simplified structure of horizontal vis-
ibility graphs (HVG), which preserved the nature of the time
series so that the nodes in the horizontal visibility would have
“inferior visibility” than their visible counterparts.[13] Nowa-
days, VGs and HVGs are widely used algorithms in time se-
ries construction graphs, which provides a fresh perspective
for time series analysis. Electroencephalogram (EEG) signal,
as a time series composed of potential change patterns, can
be applied to study brain function and mental state. In the
study of complex network analysis of EEG signals, the sam-
pled EEG signals are converted into the corresponding com-
plex networks, so as to realize the modeling of the brain sys-
tem and analyze the properties of complex networks to reflect
the dynamic characteristics of the brain system. Zhu et al.[14]

defined the weight values of HVG and extracted the network
parameters of weighted HVG (WHVG) from the EEG signal
to detect epilepsy. Bhaduri et al.[15] measured the scale-free
nature of the VGs mapped by the EEG signals and detected the
difference between epileptic and normal signal by analyzing
the change in its value. Supriya et al.[16] set the weight value
for the connected edges of the VG to be the visible angle be-
tween the two nodes, and then used this weighted VG (WVG)
algorithm to analyze the epileptic EEG signal and used ma-
chine learning for network features for automatic seizure de-
tection. Mohammadpoory et al.[17] used entropy for the anal-
ysis of epileptic EEG signals based on the WVG proposed by
Supriya et al.

On the other hands, fractal is a mathematical concept that
describes the structure of complex networks with self-similar
patterns. In 2005, Song et al.[18] revealed the degree distribu-
tion of the network follows a power law, which means that the
number of nodes with a given degree decreases as the degree
increases, following a power function. Network multifractal
analysis is an extension of the fractal analysis that allows the
study of the complexity of the network structure by consid-
ering different fractal scaling exponents in different regions of
the network.[19] Furuya and Yakubo[20] performed multifractal
analysis of the network using an improved compactboxburn-
ing algorithm in the study of Song et al.[18] Meanwhile, Wang
et al.[21] proposed the box-covering algorithm and used the
algorithm to calculate the generalized fractal dimensions of
theoretical networks and real networks. Immediately follow-
ing, Liu et al.[22] adapted the Sandbox algorithm[23] for sig-
nal fractal analysis to multifractals of complex networks with
a lower time complexity compared to previous algorithms.
Pavón-Domı́nguez et al.[24,25] analyzed multifractals of net-
works with another fixed-quality approach. The existing net-
work multifractal studies only concern to limited scales that
may loss some details. We now propose the multiscale multi-

fractal analysis (MMA) of the networks to research the EEG
time series, which could greatly enrich the information of their
fractal structure.

In this study, we work on weighted horizontal visibil-
ity graphs (WHVG) algorithm to map EEG signals into com-
plex networks, which focus more on the topology and scale-
free properties of the networks. Based on the research ideas
of Bhaduri et al.,[15] novel scale-free parameters of fractality
and multifractality are extracted to comprehensively charac-
terize the WHVG. The fractality and multifractality could in-
dicate the self-similarity and complexity of the network, but
they have some problems in the scale-free intervals. Mul-
tiscale multifractal analysis of the is originally proposed by
Gierałtowski et al.[26] as an improvement to the multifractal
detrended fluctuation analysis (MF-DFA) method. We refer to
their ideas and adapt it to the multifractal analysis of the net-
work, which can capture more comprehensive nonlinear infor-
mation based on fractal and multifractal algorithms. In Sec-
tion 2, we describe these methods and also present the data
used in this study. In Section 3, we depict the analysis and
results of the study, which contains comparisons of the frac-
tal and multifractal parameters. Then the MMF analysis is
taken a step further and contrasted. Finally, the extracted net-
work parameters are trained through neural network (NN). The
classification and identification of three EEG signals, namely
health, interictal phase and ictal phase, are realized with 99.0%
classification accuracy. In Section 4, we draw conclusions.

2. Materials and methods
2.1. Dataset

The study used the dataset[27] from the University of
Bonn, Germany, which contained EEG signals from healthy
and epileptic subjects. The dataset is comprised of five sub-
sets, each with 100 single-lead EEG signals. These segments
have a duration of 23.6 seconds, a sampling rate of 173.61 Hz,
and are removed from interference. Sets A and B are sur-
face EEG recordings of five healthy volunteers with eyes open
(A) and eyes closed (B) in a relaxed state. Sets C, D, and
E are EEG recordings from five patients with epilepsy. Seg-
ments in set C were recorded activity measured from the hip-
pocampal formation in the opposite hemisphere of the brain
during seizure-free intervals, and those in set D from within
the epileptogenic zone. Set E contained seizure activity within
the epileptogenic zone.

To attain a precise classification of healthy, interictal and
ictal EEG signals, we determine three of these subsets and
name the sets B, D, and E as health, interictal phase, and ictal
phase, respectively. Examples of the EEG signals in each set
are shown in Fig. 1.
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Fig. 1. Examples of three different types of EEG signals, from top to bot-
tom, are the healthy EEG signal, the interictal EEG signal, and the ictal EEG
signal.

2.2. Weighted horizontal visibility graphs (WHVG)

The EEG signals are mapped into networks by WHVG
algorithm,[12] figure 2 is a graphic illustration of HVG. Let
a time series be X = (xt)

N
t=1, where N is the length of the

time series. Let G = (V,E,W ) be the graph (network) struc-
ture of WHVG, where V = {vi}N

i=1 is the vertex (node) set,
E =

{
ei j = (vi,v j) |vi,v j ∈V

}N
i, j=1 is the edge (link) set and

W =
{

wi j|ei j∈E
}N

i, j=1 is the weight set in the graph. If vertex
vi and vertex v j are connected, the weight values of the con-
nected edges are related to their corresponding series sampling
values and the expression of the weight values is

wi j =

∣∣∣∣arctan
(

x j− xi

j− i

)∣∣∣∣ . (1)

Let A be the adjacency matrix of WHVG with size N×N, and
the equation for a time series mapped to A is defined as

Ai j =


wi j, |i− j|= 1,

wi j
j−1
∏

k=i+1
[Θ (x j− xk)Θ (xi− xk)], |i− j|> 1,

(2)

where Θ (t) =
{

0, t ≤ 0,
1, t > 0 is the step function.
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Fig. 2. Illustrative example of the HVG algorithm, each sample value
in the series is mapped to a node in the network. If two nodes corre-
sponding values of series are greater than all the values between them,
there is an edge between the two nodes. (a) The network created by the
HVG algorithm of a series. (b) The corresponding series.

2.3. Fractality and multifractality of the network

As mentioned in the introduction, the topology of a com-
plex network is fractal and self-similar at different scales, i.e.,
the topology of the overall network is similar to the topology

of its parts. In the case of multifractality, different values of α

identify different components of the network structure, which
means that the spectrum f (α) can be formed.[28] We use the
Sandbox algorithm proposed by Liu et al.[22] to study the mul-
tifractality of WHVGs. The algorithm can be described as fol-
lows:

(i) Set the radius r of sandbox to cover the nodes in the
graph, let r ∈ [rmin : rmax], and this study uses the diameter of
the graph as rmax, and the average value of the weights as rmin.
The interval for r is also taken as an average of the weights to
ensure that the number of sandboxes covering different graphs
is appropriate.

(ii) Select each node of the graph as the center of the sand-
box, and starting with the center of the sandbox, search for all
nodes less than or equal to r and cover them. Count the num-
ber of nodes in each sandbox of radius r, denote as M(r). The
equation is

M (r) =
N

∑
i, j

Θ (r−di j+1) , (3)

where di j denotes the distance between node i and node j.
(iii) Calculate [M(r)/N]q−1 and the average value〈

[M(r)/N]q−1
〉
, where q can be any real number except q = 0.

(iv) Iterate through the different sandbox radii r and re-
peat steps 2 and 3 to calculate the average value of each radius.

The multifractal scale factor τ (q) is defined as

τ (q) = lim
r→0

ln
〈
[M(r)/N]q−1

〉
ln(r/rmax)

. (4)

And the generalized fractal dimension is shown in Fig. 3(a)
and is defined as

D(q) =
τ (q)
q−1

, (5)

where D(0), D(1), and D(2) are the fractal dimension, infor-
mation dimension, and correlation dimension of the network,
respectively.

The singularity spectrum f (α) is related to τ (q) through
the Legendre transformation as α =

dτ (q)
dq

,

f (α) = qα− τ (q) .
(6)

The curve α ∼ f (α) is the singular spectrum of mul-
tifractality. The quantity of singular spectrum width ∆α =

max(α)−min(α) describes the inhomogeneity of the prob-
ability distribution measured by the total fractal structure and
determines the degree of multifractality. The larger the value
of ∆α , the stronger the corresponding multifractal degree.[28]

The q-values for this study are chosen in the range of −20 to
20, as shown in Fig. 3(b).
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Fig. 3. Multifractality of EEG-mapped WHVGs. (a) The red curve is the
generalized fractal dimension for an EEG-mapped WHVG in the interictal
phase, and D(0), D(1), and D(2) are the fractal dimension, information di-
mension, and correlation dimension of the network, respectively. (b) The
red curve is the singular spectrum of multifractality for an EEG-mapped
WHVG in the interictal phase, and the width of the singular spectrum is
∆α = max(α)−min(α).

2.4. Multiscale multifractality of the network

In multifractal analysis, there are occasional cases of ac-
curacy degradation due to unreasonable choice of scale-free
intervals. The existing methods could solve it, but there is a
possibility that some information would be discarded. Some
methods of selecting scale-free intervals usually choose inter-
vals with good linearity and discard other slightly weaker in-
formation. Therefore, we integrate the multiscale approach
into the multifractal analysis of the network, preserving all
information while retaining well-fitting scale-free intervals,
which improves the accuracy of the analysis and classification
process.
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Fig. 4. The MMA of EEG-mapped WHVGs. (a) The scatter from top to bot-
tom are τ (q) fitted plots for q = 2, 8, 14, and 20 in interictal phase. When
the fit is performed, the results of the first part of the fit (blue line) have a
large difference from the results of the last part of the fit (red line). (b) The
MMA using interval = rmax/6 and spacing = (rmax− rmin)/20 in interictal
phase. The n-th square of the fixed q value represents the τ (q) fitted value
within the interval from rmin + spacing× (n−1).

As shown in Fig. 4(a), we can see that the fitted values of
its multifractal scale factors are different within different inter-
val windows. This makes it inevitable that errors exist when
we use all the points for the fitting analysis and requires us to
adopt the idea of multiscale. For multiscale multifractal anal-
ysis (MMA), we define the size and start position of the fitting
interval.

Figure 4(b) shows the two-dimensional relationship ma-
trix between the fitted intervals and the scale factor q-values.
Each square represents the fitted value within the fitted inter-
val corresponding to this q-value. The vertical coordinate is
the starting position of the fixed fit interval for the size of the
moving fitted interval. In this way, the problem of different
fitting results for different intervals appearing in Fig. 4(a) is
solved. For the length of the fitted interval we use 1/6 of the
diameter, namely interval = rmax/6. The start position is re-
lated to the spacing and the choice of spacing is related to the
density of the grid we need, and this study uses 21 fitted in-
tervals, then spacing = (rmax− rmin)/20. As can be seen from
Fig. 4(b), the region where the maximums located is concen-
trated in the lower left corner, and the region where the mini-
mums are located is concentrated in the middle above.

3. Analysis and results
The EEG signals from the University of Bonn have been

eliminated from possible interferences such as muscle artifacts
and blink artifacts. Therefore, in this study, we only performed
a simple filtering process to extract the 0.3 Hz–30 Hz band.
For the three EEG sets of health, interictal phase, and ictal
phase, there are 100 signals in each set and each segment is
selected for its 4096 sequential sampling points. To reduce the
time complexity, we divide each signal into 4 segments and
map them into WHVGs. In the parametric analysis, the net-
work features extracted from the 4 segments are averaged to
represent the identity of that signal for analysis, which facili-
tates the strengthening of its own characteristics.

3.1. Fractal and multifractal analysis of EEG-mapped
WHVGs

First, we explored the differences among different EEG
sets by examining the structural features of WHVGs. We com-
pared the ∆α of the three sets of EEG-mapped WHVGs during
healthy, interictal, and ictal phases, as shown in Fig. 5. As can
be seen from Fig. 5, EEG-mapped WHVGs in the health have
a stronger degree of multifractality compared to the other two
sets, while those in the ictal phase have a weaker degree of
multifractality, and the interictal multifractality is between the
two sets. The degree of multifractality decreases with the de-
gree of EEG signal disturbance.
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We also compared the three dimensions of the EEG-
mapped WHVGs in the healthy, interictal, and ictal phases,

as shown in Fig. 6. As shown in Fig. 6, the EEG-mapped
WHVGs in the interictal phase have smaller dimensions com-
pared to the other two sets. As the value of q increases, the av-
erage D(q) of healthy EEG-mapped WHVGs decreases faster
compared with that of ictal phase, and the average fractal di-
mension D(0) is similar for q = 0, while the average corre-
lation dimensions D(2) of healthy EEG-mapped WHVGs is
significantly smaller than that of ictal phase when q = 2. We
can also see from the decreasing trend of D(0) to D(2) that the
dimensions of healthy individuals decrease faster, indicating
a greater variation, implying a broader range of multifractal
spectra.

3.2. Multiscale multifractal analysis of EEG-mapped
WHVGs

Then we performed MMA on three sets of signals. Fig-
ure 7 shows the average values of MMA for the three sets of
EEG-mapped WHVGs. In the region where the maximums
are located (dark red), it is clear from the figure that in the
ictal phase there has deeper values and a greater range com-
pared to the other two sets, in the interictal phase there has
lighter values and a smaller range, and in the healthy phase
the values and range are between the other two sets. In the
region where the minimums are located (dark blue), it is clear
that in the healthy phase there has deeper values and a greater
range compared to the other two sets, in the ictal phase has
lighter values and a smaller range, and in the seizure phase
the values and range are between the other two sets. And it is
observed that the minimums region of EEG-mapped WHVGs
in ictal phase is more concentrated in the direction of larger
q value compared to the other two sets. The results of the
MMA of different signals have different detailed information
that we cannot represent by one or a few parameters. We think
it makes sense to use the convolution operation for MMA to
extract the most adequate information possible.
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Fig. 7. The average values of MMA for the three sets of EEG-mapped WHVGs. (a) The average values of MMA in health. In the region where the
minimums are located (dark blue), it has deeper values and a greater range compared to the other two sets. And in the region where the maximums are
located (dark red), it is between the other two groups in terms of depth and range. (b) The average values of MMA in interictal phase. It has lighter
values and a smaller range in the region where the minimums and maximums are located compared to the other two sets. (c) The average values of
MMA in ictal phase. It has deeper values and greater range in the region where the maximums are located compared to the other two sets.

3.3. Classification results

The parameters extracted from each EEG-mapped WHVG are eventually used in this study for multi-classification using
neural network (NN) algorithms. Figure 8 depicts the block diagram of the proposed model. We use the dataset of the University
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of Bonn for validating the model and the whole process is divided into three stages: The first is the mapping of signal, we filter
the signal with a bandpass from 0.3 Hz to 30 Hz and map it to WHVG. The second stage is the feature extraction from WHVG,
including fractality, multifractality and multiscale multifractality of the network. The parameters of fractality and multifractality
are represented by the average values of the segments, respectively, and the parameter of multiscale multifractality is represented
by the concatenation of the 4 segments. The final stage is parameter fusion and classification to obtain the final detection result.

Generalized 
fractal dimension

WHVG
Singularity 
spectrum

MMF

Filtered 
EEG signal

Segmented average

Segmented average

Component vector 
for linear layer

Segment 2 for 
conv layer

Segment 1 for 
conv layer

Segment 3 for 
conv layer

Segment 4 for 
conv layer

Concatenate

Signal mapping to network Network parameters extraction

Concatenate
and classify

Result

Classification

D↼↽↪ D↼↽↪ D↼↽

Dα

Fig. 8. Block diagram of the proposed model. The model is constituted by three panels, i.e., network construction, parameters extraction,
and classification. The filtered segmented signal is mapped to WHVG. The fractal, multifractal, and MMF parameters are extracted, where
the fractal and multifractal parameters are averaged to form a vector and the MMF parameters are convolved and then concatenated. The
classification result is obtained by a fully connected network after all parameters are concatenated together.
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Fig. 9. Confusion matrix of NN classifier, the rows of the confusion
matrix represent the true values and the columns represent the predicted
values. The diagonal values are the result of the correct classification
and the sum is 297, the accuracy rate is 99.0%.

We obtained classification results by 10-fold cross-
validation, and the results are given by Fig. 9. The diagonal of

the matrix represents the number of true positives, the darker
the color means that the model is better at correctly predict-
ing the positive class. From the calculation, the classification
accuracy rate is 99.0%

Table 1 provides a comparison of this study with other
network-related previous studies. In comparison, our pro-
posed model algorithm possesses the highest accuracy. This
reflects the large accessibility of multifractals as well as MMA
in extracting HVG feature information. The study has some
accuracy advantages compared to other studies related to fea-
ture extraction. The results of this comparison are given by
Table 2. Among them, the accuracy of the multifractal anal-
ysis of the frequency sub-bands by Sikdar et al.[10] is higher
than ours because the model of this study employed more pa-
rameters than ours. This shows that our approach is effective.

Table 1. Comparative analysis of accuracy with existing network-related works that was studied using three sets of EEG data
from the Bonn dataset: healthy eyes open (set A), healthy eyes closed (set B), interictal (set D), and ictal (set E) phases.

Authors Features Classifiers Datasets Accuracy (%)
Zhu et al. (2014)[14] WHVG KNN B–E

D–E
97
94

Supriya et al. (2016)[16] WVG SVM B–E
D–E

97.25
93.25

Mohammadpoory et al. (2017)[17] WVG, entropy DT A–D–E 97
Diykh et al. (2017)[29] Weighted network LS-SVM B–E

D–E
98
97

Our proposed WHVG, fractality,
multifractality, MMF

CNN B–D–E
B–E
D–E

99.0
99.0
100
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Table 2. Comparative analysis of the accuracy with other existing parameter extraction efforts that was studied using three sets of EEG data from the
Bonn dataset: healthy eyes open (set A), healthy eyes closed (set B), interictal (set D), and ictal (set E) phases.

Authors Features Classifiers Datasets Accuracy (%)

Song & Liò (2010)[30] sample entropy ELM A–D–E 95.67
Orhan et al. (2011)[31] DWT, K-means clustering MLPNN A–D–E 96.7
Guo et al. (2011)[32] GP KNN A–D–E 93.5
Martis et al. (2012)[33] EMD C4.5 A–D–E 95.3
Martis et al. (2013)[34] ITD, nonlinear features DT A–D–E 95.7
Kaya et al. (2014)[35] 1D-local binary patterns BayesNet A–D–E 95.7
Sikdar et al. (2018)[10] multifractality,

frequency sub-bands
SVM B–D–E 99.6

Abdulhay et al. (2020)[36] entropy, nonlinear features,
higher order spectra

KNN, SVM, BN, SCANN A–D–E 98.5

Liu et al. (2021)[37] energy, ApEn with LPP LS-SVM A–D–E 98
Liu et al. (2022)[38] PSD, FI SLPCCA A–D–E 98
Our proposed WHVG, fractality,

multifractality, MMF
CNN B–D–E 99.0

4. Conclusions
In order to realize the effective detection of epilepsy, we

proposed a new method for analyzing nonlinear time series.
This study uses WHVG algorithm to map EEG signals into
complex networks and extracts novel parameters. The struc-
tures of these networks are studied by calculating fractality,
multifractality, and multiscale multifractality of each network
to explore the nonlinear dynamical properties of the EEG sig-
nals inherited in networks. The fractality and multifractality of
the networks effectively characterize their self-similarity and
complexity properties, and MMA extends fractality and mul-
tifractality to make information more comprehensive. Finally,
tensors consisting of these parameters are classified using NN
classifiers and the results show that the method can signifi-
cantly differentiate among healthy, interictal, and ictal EEG
signals with an accuracy of 99.0%. The results reflect the ef-
fectiveness of WHVG as well as fractality, multifractality, and
multiscale multifractality in extracting the potential dynamic
characteristics of EEG signals. This also has implications for
the analysis of other multifractal chaotic time series, e.g., ECG
signals, financial time series, etc.

There are still some areas to be further improved and ex-
panded in this study. The sub-bands of EEG signal (i.e., δ , θ ,
α , β , and γ bands) can be further combined in future studies.
These sub-bands have characteristic frequency ranges and dis-
tributions. They are often associated with different functional
states of the brain, considering the characteristics of its fre-
quency sub-bands may result in more comprehensive range of
features and higher accuracy of classification.
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