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The fault-tolerant control problem is investigated for high-speed trains with actuator faults and multiple disturbances.
Based on the novel train model resulting from the Takagi–Sugeno fuzzy theory, a sliding-mode fault-tolerant control strat-
egy is proposed. The norm bounded disturbances which are composed of interactive forces among adjacent carriages and
basis running resistances are rearranged by the fuzzy linearity technique. The modeled disturbances described as an ex-
ogenous system are compensated for by a disturbance observer. Moreover, a sliding mode surface is constructed, which
can transform the stabilization problem of position and velocity into the stabilization problem of position errors and ve-
locity errors, i.e., the tracking problem of position and velocity. Based on the parallel distributed compensation method
and the disturbance observer, the fault-tolerant controller is solved. The Lyapunov theory is used to prove the stability of
the closed-loop system. The feasibility and effectiveness of the proposed fault-tolerant control strategy are illustrated by
simulation results.
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1. Introduction
High-speed railway occupies an important position in

modern transportation systems due to its advantages of large
carrying capacity, fast running speed, high safety, and low en-
ergy consumption. At the same time, high-speed trains have
become one of the preferred modes of transportation for peo-
ple because of the comfortable seats, large room, better bud-
get, and nice view outside the window.[1–3] With the con-
tinuous increase of the operating mileage of high-speed rail-
ways around the world, the safe operation of high-speed trains,
which is the fundamental prerequisite and basic guarantee for
the rapid development of high-speed railways, has become
more and more prominent and poses a great challenge to the
design of train driving strategies.[4–7] A very important and
convenient way to develop train driving strategy is to establish
train dynamics model and to conduct research on this basis.[8]

The matching degree between the dynamics model and the ac-
tual operating characteristics of the train is a key factor af-
fecting the effectiveness and reliability of the designed train
driving strategy.

In order to obtain reasonable train dynamics models and
design effective operation strategies, many scholars have car-
ried out a lot of meaningful research.[9–20] Generally speak-
ing, train dynamics models can be roughly divided into two
categories: single-particle model and multiple-particle model.
In the single-particle model, the train is considered as a rigid
body and the elastic dynamics among adjacent carriages are
ignored. Based on this method, the influence of external

factors including random disturbance, time-varying running
resistance and modeling uncertainty on train operation per-
formance can be easily studied.[9–11] On the basis of the
single-particle model, different control strategies, such as slid-
ing mode control strategy,[9,12,13] approximation-based robust
adaptive control strategy,[14] and backstepping adaptive driv-
ing strategy,[15,16] have been proposed to improve the control
accuracy of trains. Meanwhile, the multiple-particle model
treats each carriage as a particle, so the train can be de-
scribed as a cascade of single-particles connected by flexi-
ble couplers. Compared with the single-particle model, it is
more realistic and suitable for designing distributed train con-
trol strategies.[17] On the basis of the multiple-particle model,
Song et al.[18] provided an advanced operation strategy for
high-speed trains subject to traction/braking failures; Zhou et
al.[19] considered uncertain parameters and designed a driv-
ing strategy based on multiple-model adaptive control with
second-level adaptation; Dong et al.[20] proposed a sliding
mode fault-tolerant control strategy in the absence of actuator
faults and bounded parameters. The control strategies based
on the single-particle model or the multiple-particle model are
proved to be effective and feasible, and can ensure good posi-
tion and velocity tracking performance.

Based on the above analysis, we find that the single-
particle and multiple-particle models have played a certain
positive role in research of high-speed train dynamics mod-
eling and operation control, while there are still some defi-
ciencies in accurately describing the actual dynamic charac-
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teristics of the train. They are mainly reflected in two as-
pects. One is that factors such as rotating mechanical resis-
tance, aerodynamic resistance, external disturbances, and in-
sulated gate bipolar transistor (IGBT) failures are neglected in
the modeling process, which may affect the dynamics of the
train. The other is that most of the dynamic parameters in
the model are assumed to be fixed or time-varying values in
a single mode, which makes it difficult to describe the com-
plex and changeable line environment and frequent switching
conditions. It is noted that the Takagi–Sugeno (T–S) fuzzy
modeling method[21–24] can describe the models of a system
in different forms at the same time, and when applied to high-
speed trains, it can analyze the influence of different operating
states on the train dynamics modeling. Therefore, it is possi-
ble to solve the above problems to some extent by modeling
train dynamics based on fuzzy logic rules.

The modeling method based on fuzzy logic proposed by
Takagi and Sugeno[21,25] has received extensive attention from
different scholars all over the world, and has made great re-
search progress in different fields in recent years.[26,27] Tseng
et al.[26] proposed a fuzzy tracking control method for non-
linear dynamic systems described by the T–S fuzzy model.
Through introducing a reference model, the tracking control
problem of two-link robot systems is converted to the stabi-
lization problem of the estimate errors, the reference state and
the original state. Wu et al.[27] presented a composite ℋ2/ℋ∞

control to deal with the dynamics modeling problem of hyper-
sonic vehicles. By defining the error between the output vector
and the given command, a new function was introduced. The
tracking control problem of hypersonic vehicles is also con-
verted to a stabilization problem of the state variables in the
overall fuzzy system. Similar techniques can also be found in
Refs. [28–32]. Although modeling methods based on fuzzy
logic have been widely used, they are less common in high-
speed train dynamics modeling.[33,34]

However, most of the existing research on automatic train
driving technology for high-speed trains relies on the assump-
tion of the single operating state.[35–37] In this case, the stabi-
lization problem based on the fuzzy logic model can be ad-
dressed. However, for the tracking problem of high-speed
trains, when the position and velocity are both regarded as
state variables, the above stabilization method based on fuzzy
logic is no longer applicable, and the stabilization problem
is meaningless at all. In order to obtain the desired position
tracking performances and velocity tracking performance of
high-speed trains, the research in the existing literature can be
divided into three parts: The first one is the stabilization prob-
lem of position tracking errors and velocity tracking errors,
in which the desired position and velocity tracking curves are
designed.[38] The second is the arrival problem of the slid-
ing mode surface, which implies the stabilization problem

of the position and velocity tracking errors.[9,12,20] The third
is the stabilization problem of the equilibrium errors, where
the position, velocity, and acceleration at the equilibrium are
introduced.[35,39] However, these methods can only describe
the dynamic characteristics of high-speed trains under a sin-
gle operating condition, and cannot fully reflect the complex
operating environment. Specifically, in the process of train
dynamics modeling, the influence of different working condi-
tions is ignored, and the coefficients of the dynamics expres-
sion are designed to be in a single scenario. Consequently, it
is extraordinary meaningful to model the fuzzy dynamics for
high-speed trains.

Through the above analysis, we notice that the research
on train dynamics modeling and operation strategy design can
be further improved from the following two aspects. First, the
accuracy of train dynamics modeling and the degree of match-
ing with the actual operating conditions need to be improved,
because the existing models seldom consider the influence of
different operating dynamic parameters and speed limit curves
under complex operating conditions. Second, in terms of train
operation strategy, most of the existing control strategies are
based on a single operating parameter, while the fuzzy control
strategy based on the T–S model is almost absent. Therefore,
in this paper, the problems of dynamical model with fuzzy
logic and tracking controller design for high-speed trains sub-
ject to actuator faults and multiple disturbances are addressed.
According to defining new variables, the multi-mass point
model of high-speed trains subject to actuator faults and mul-
tiple disturbances can be rearranged as a linear system. Then,
the overall fuzzy system of high-speed trains can be obtained.
For sake of describing the train operation state in more de-
tail, T–S fuzzy rulers are applied to show the dynamical model
under different running parameters. The parallel distributed
compensation theory is applied to design the disturbance ob-
server and the fuzzy fault-tolerant controller. The exogenous
system is introduced to describe the modeled disturbance, and
a disturbance observer is presented to estimate the modeled
disturbance. By designing the linear sliding mode surface, the
tracking control problem can be rearranged as the arrival prob-
lem of the sliding mode surface. Based on the disturbance
observer, a fuzzy fault-tolerant control scheme for high-speed
trains is presented. Then, the stability of the closed-loop sys-
tem can be proved by the Lyapunov theory. Simulation results
show that the proposed control strategy is feasible and effec-
tive. In general, the main contributions of this paper are as
follows:

(i) A novel dynamical model with T–S fuzzy rulers is
proposed, which can describe different running conditions of
high-speed trains.

(ii) The parallel distributed compensation theory is used
to design the disturbance observer and controller. Through the
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linear sliding mode surface with proportional and differential
coefficients, the stabilization problem of the tracking error for
high-speed trains is transformed to the arrival problem of the
sliding mode surface.

(iii) A fuzzy logic-based sliding mode fault-tolerant drive
strategy is proposed for high-speed trains subject to actuator
faults and multiple disturbances, which can guarantee the de-
sired position and velocity tracking performances.

The rest of the paper is organized as follows: In Section 2,
the overall fuzzy system of high-speed trains subject to the in-
teractive forces, the time-varying gusts, the basis running re-
sistances, the aerodynamic resistances and actuator faults is
reconstructed. In Section 3, a disturbance observer and a fault-
tolerant driving strategy are presented, which can be proved to
be feasible and effective in Section 4. In Section 5, the con-
clusion is given.

2. Problem statement and some preliminaries
Without loss of generality, the longitudinal dynamics of a

high-speed train with n carriages reads[20,35]

mī ¨̄xī(t) = ū f
ī (t)− ϕ̄ī,ī+1(t)− ϕ̄ī,ī−1(t)− d̄ī(t)− f̄ī(t), (1)

where mī is the ī-th carriage’s mass, ī = 1, . . . ,n; ¨̄xī(t) and
ū f

ī (t) denote the ī-th carriage’s acceleration and control input
subject to actuator faults, respectively; ϕ̄ī,ī−1(t) and ϕ̄ī,ī+1(t)
denote the interactive forces among the connected carriages,
which can be formulated as ϕ̄ī,ī−1(t) = k(x̄ī(t)− x̄ī−1(t)) and
ϕ̄ī,ī+1(t) = k(x̄ī(t)− x̄ī+1(t)), k denotes the stiffness coeffi-
cient and satisfies k > 0, x̄ī(t) denotes the ī-th carriage’s po-
sition, ϕ̄1,0(t) = ϕ̄n,n+1(t) = 0; d̄ī(t) denotes the time-varying
gusts acting on the ī-th carriage; f̄ī(t) is the basis running re-
sistances, which can be composed of the rotating machinery
resistances f̄ī,1(t) = comī + cv ˙̄xī(t)mi and the aerodynamic re-
sistances f̄ī,2(t). To further study, it is necessary to meet these
formulations f̄1,2(t) = ca ˙̄x2

1(t)M, M = ∑
n
ī=1 mī, and f̄2,2(t) =

· · ·= f̄n,2(t) = 0, where co, cv and ca denote the Davis’ coeffi-
cients obtained by a wind tunnel test.

Remark 1 In this paper, the time-varying gusts and the
basis running resistance are viewed as multiple disturbances,
where the former is the modeled disturbance and the latter is
the bounded disturbance.

Remark 2 From a practical perspective, the velocity ˙̄xī(t)
is the bounded signal, implying that f̄ī(t) is bounded.

Through considering the effects of actuator faults on
Eq. (1) and defining the following new variables: X(t) =
[x̄1(t) · · · x̄n(t) ˙̄x1(t) · · · ˙̄xn(t)]T ∈ ℜ2n, u(t) = [ū1(t) · · · ūn(t)]T ∈
ℜn and d(t) = [d̄1(t) · · · d̄n(t)]T ∈ ℜn, then, the dynamic model
for high-speed trains with actuator faults can be rearranged as

Ẋ(t) =Ψ(t)+B f u(t)−Bd(t), (2)

where B f = BL f =

[
0n×n
B2 f

]
∈ ℜ2n×n, B =

[
0n×n
B2

]
∈

ℜ2n×n, B2 f = B2 · L f , B2 = drag{1/m1, . . . ,1/mn}, L f =

diag{l f
1, . . . , l

f
n} ∈ ℜn×n is a diagonal matrix and the diagonal

element implies the effective performance of the correspond-
ing actuator. The new variable Ψ(t) ∈ ℜ2n satisfies

Ψ
T(t) =

[
˙̄x1(t) · · · ˙̄xn(t) (−ϕ̄1,2(t)− ϕ̄1,0(t)− f̄1(t))/m1

· · ·(−ϕ̄n,n+1(t)− ϕ̄n,n−1(t)− f̄n(t))/mn
]
.

Remark 3 The failure factor of actuator l f
ī , ī = 1, . . . ,n

satisfies 0 < l f
ī ≤ 1, where l f

ī = 1 denotes that the i-th actuator
uī(t) is in the fault-free case, i.e., u f

ī (t) = uī(t).
Remark 4 In the new system (2), d(t) can be viewed as

the modeled disturbance. Moreover, its amplitude, frequency
and phase are designed to be known.

Aiming at the system (2), our objective is to ensure good
tracking and velocity tracking performances for high-speed
trains subject actuator faults by designing an appropriate op-
eration strategy. However, it is very hard to deal with the non-
linear term Ψ(t) during designing the control scheme. Based
on this, the system (2) is rearranged as a new linear system
by combining with the extraordinary nature of the T–S fuzzy
theory.[21,22] The i-th fuzzy rule of the new linear model is as
follows:
Plant rule 𝑖

IF z1(t) is µi1 · · · and zθ (t) is µiθ ,

THEN Ẋ(t) = AiX(t)+B f u(t)−Bd(t), (3)

where zφ1(t) and µiφ1 (φ1 = 1, . . . ,θ) denote the premise vari-
able and the grade of membership for the i-th rule, θ is a inte-

ger and θ ∈ Z+; Ai =

[
0n×n In×n
A21 Ai22

]
∈ ℜ2n×2n, i = 1, . . . , l̄, l̄ is

the number of IF-THEN rules, and

Ai22 = diag{−cv1 −2ca1 ˙̄xiM
m1

,
cv2

m2
,

cv3

m3
, . . . ,−cvn

mn
},

A21 =



− k
m1

k
m1

0 0 0 · · · 0
k

m2
− 2k

m2
k

m2
0 0 · · · 0

0 k
m3

− 2k
m3

k
m3

0 · · · 0
0 0 k

m4
− 2k

m4
k

m4
· · · 0

...
...

...
...

...
...

...
0 · · · 0 k

mn−1
− 2k

mn−1
k

mn−1
0

0 · · · 0 0 0 k
mn

− k
mn


.

According to the above fuzzy rules, the overall fuzzy sys-
tem can be written as

Ẋ(t) =
l̄

∑
i=1

hi(zi(t))[AiX(t)+B f u(t)−Bd(t)], (4)

where hi(zi(t)) =
Mi(zi(t))

∑
l̄
i=1 Mi(zi(t))

, Mi(zi(t)) = ∏
θ
φ1=1 µiφ1 . More-

over, the function hi(zi(t)) is assumed to satisfy the following
conditions: hi(zi(t))> 0, ∑

l̄
i=1 hi(zi(t)) = 1.
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So far, the fault-tolerant controller design problem of the
nonlinear system (2) has been transformed into the fuzzy fault-
tolerant controller design problem of the linear system (4).

To design a reasonable fault-tolerant controller for high-
speed trains subject to actuator faults and multiple distur-
bances, the following assumption lemma can be necessary.

Lemma 1[35] For any Θ1, Θ2 and Θ3, if Σ(t)Σ T(t) ≤ I
exists, then the sufficient and necessary condition of

Θ1 +Θ2Σ(t)Θ3 +Θ
T
3 Σ

T(t)Θ T
2 < 0

is

Θ1 +
[

ε0Θ T
3 ε

−1
0 Θ2

][ ε0Θ3
ε
−1
0 Θ T

2

]
< 0,

where ε0 > 0.

3. Main results
In this section, a sliding mode fault-tolerant control

scheme which is based on a disturbance observer is proposed
to ensure the desired tracking performances for high-speed
trains subject to actuator faults. The system block diagram
is shown in Fig. 1. To guarantee the desired tracking perfor-
mances for the overall fuzzy system, in this paper we apply
the parallel distributed compensation theory[27] to design the
control law.

Carriage Carriage Carriage

Velocity
V

S

n i 1

Control

objective

Fuzzy logic

Modeled

disturbance

Disturbance observer

Parallel distributed

compensation theory

Fuzzy dynamical model for high-speed trains

Fuzzy fault-tolerant controller

Desired position and velocity

Fig. 1. Schematic diagram of the system.

3.1. Disturbance observer design

According to Refs. [40–43], it is reasonable that the mod-
eled disturbance d(t) in the system (4) can be expressed by the
following exogenous system:{

d(t) = Gw(t),
ẇ(t) = (W +∆W (t))w(t)+Mδ (t), (5)

where w(t) is an unknown state variable of the exogenous sys-
tem (5); δ (t) resulting from the perturbations and uncertain-
ties is additional disturbance with a boundary; G ∈ ℜn×p and
M ∈ ℜp×q are known matrixes; W ∈ ℜp×p is a known matrix

and satisfies W =

[
0 β

−β 0

]
, β is a known positive constant;

∆W (t) ∈ ℜp×p is a known time-varying function and satisfies

∆W (t) = EΣ(t)F, (6)

where E and F are known matrices; Σ(t) is a known time-
varying matrix and satisfies Σ(t)Σ T(t) ≤ I. For sake of uti-
lizing disturbance-observer-based control formulation for the
exogenous system with the unknown variable w(t), the follow-
ing assumption is necessary.

Assumption 1 For any i(i = 1, . . . , l̄), (
l̄
∑

i=1
hi(zi(t))Ai,B)

is controllable and (W +∆W (t),BG) is observable.
Remark 5 In Eq. (6), the matrices W and ∆W (t) are the

parameters related to the gust frequency. The latter ∆W (t) im-
plies that the gust frequency is time-varying.

In order to compensate the modeled disturbance d(t) with
the unknown state variable w(t), a disturbance observer which
is based on Assumption 1 and Eq. (5) is constructed as follows:{

d̂(t) = Gŵ(t),
ŵ(t) = ν(t)−LX(t),

(7)

where d̂(t) and ŵ(t) are the estimates of d(t) and w(t), respec-
tively; L is the gain matrix to be determined; ν(t) shows the
internal state of the disturbance observer, which is generated
by

ν̇(t) =(W +∆W (t)−LBG)(ν(t)−LX(t))

+L
( l̄

∑
i=1

hi(zi(t))AiX(t)+B f u(t)
)
. (8)

Thus, by combining Eqs. (5), (7) and (8), the new error
system can be inferred as

˙̃w(t) = (W +∆W (t)−LBG)w̃(t)+Mδ (t), (9)

where w̃(t) is the error between w(t) and ŵ(t), and satisfies
w̃(t) = w(t)− ŵ(t). Moreover, the reference output zw(t) can
be defined as Zw(t) =CT

ww̃(t), where Cw is an appropriate ma-
trix.

On account of the ℋ∞ theory, we can design the perfor-
mance index function as follows:

J =
∫ t

0

[
zT

w(τ)zw(τ)− γ
2
0 δ

T(τ)δ (τ)
]
dτ, (10)

where γ0 is a positive constant to be designed.
Aiming at the above exogenous system (5) and the distur-

bance observer (7), we can summarize the following theorem.
Theorem 1 Consider the error system (9) of the modeled

disturbance d(t). The disturbance observer in the form of (7)
is effective. If the following cases are guaranteed, For a given
positive parameter γ̄0, the error system (9) will be asymptoti-
cally stable with ℋ∞ performance index function (10). If there
exist a constant ε̄0 > 0 and matrices Q0,P0 > 0, the following
inequality will holds:

Qw =


Q̄w P0M P0E Cw
* −γ̄0I 0 0
* * −ε̄0I 0
* * * −I

< 0, (11)
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with

γ̄0 = γ
2
0 , ε̄0 = ε

2
0 > 0,

Q̄w = (P0W −Q0BG)+(P0W −Q0BG)T + ε̄0FTF.

Moreover, the gain of the disturbance observer can be cal-
culated by

L = P−1
0 Q0.

Proof In order to prove Theorem 1, the following appro-
priate Lyapunov function is selected for the error system sub-
ject to d(t):

Vw(t) = w̃T(t)P0w̃(t)≥ 0, (12)

which implies

V̇w(t) = w̃T(t)P0(W +∆W (t)−LBG)w̃(t)

+ w̃T(t)(W +∆W (t)−LBG)TP0w̃(t)

+ w̃T(t)P0Mδ (t)+δ (t)TMTP0w̃(t). (13)

Substituting Eqs. (12) and (13) into the performance in-
dex function in the form of (10) yields

J+Vw(t) =
∫ t

0

{
η

T
w(τ)Q̆wηw(τ)

}
dτ, (14)

with

ηw(t) =
[

w̃(t)
dw(t)

]
, Q̆w =

[
Q̆w1P0M

* −γ2
0 I

]
,

Q̆w1 = P0 {W +∆W (t)−LBG}+{W +∆W (t)−LBG}T P0

+CT
wCw.

In consideration of Schur complement and Lemma 1, sub-
stituting the inequality (11) into Eq. (14) yields Q̆w < 0, i.e.,
J < 0. Hence, the proof of Theorem 1 is completed. To sum
up, the disturbance observer in the form of Eq. (11) is effec-
tive.

Remark 6 The unknown parameter ε̄0 > 0 and matrices
Q0,P0 > 0 in Theorem 1 are solved by linear matrices inequal-
ity, which can be viewed as known quantities during designing
the controller.

3.2. Fault-tolerant driving strategy design

To handle the tracking control problem of high-speed
trains with actuator faults, new error terms are introduced:
E1(t) =X1(t)−Xr(t) and E2(t) =X2(t)− Ẋr(t), where X1(t) =
[x̄1(t) · · · x̄n(t)]T ∈ ℜn, X2(t) = [ ˙̄x1(t) · · · ˙̄xn(t)]T ∈ ℜn, Xr(t) =
[x̄r1(t) · · · x̄rn(t)]T ∈ ℜn, Ẋr(t) = [ ˙̄xr1(t) · · · ˙̄xrn(t)]T ∈ ℜn, and
x̄r1(t), . . . , x̄rn(t) and ˙̄xr1(t), . . . , ˙̄xrn(t) represent the desired po-
sition and the velocity of high-speed trains, respectively.

Meanwhile, for the sake of maintaining good robustness
of the system, the following sliding mode surface can be de-
signed:

S(t) = N
[

E1(t)
E2(t)

]
=
[

N1 N2
][ E1(t)

E2(t)

]
, (15)

where N =
[

N1 N2
]

denotes the sliding mode surface coef-
ficient. Normally, for the sake of simplicity, the matrix N2 is
defined as an identity matrix with the appropriate dimension.
Through Eqs. (4) and (15), for the i-th rule of the system (3),
the closed-loop system can be formulated as

Ṡ(t) = N1{Ẋ1(t)− Ẋr(t)}+N2{Ẋ2(t)− Ẍr(t)}. (16)

Then, on the basis of the above disturbance observer (7),
the i-th rule for the control algorithm can be inferred.

Controller rule 𝑗

IF z1(t) is µ j1 and · · · and z
β̄
(t) is µ jβ̄ ,

THEN u j(t) = L−1
f d̂(t)+B−1

2 f K jS(t)+B−1
2 f Ẍr(t)

−B−1
2 f A21Xr(t)−B−1

2 f A22iẊr(t),

where zφ2(t) and µ jφ2(φ2 = 1, . . . , β̄ ) denote the premise vari-
able and the grade of membership for the j-th rule, β̄ is an
integer and β̄ ∈ Z+; j = 1, . . . , l̄, l̄ is the number of IF-THEN
rules. K j denotes the controller gain.

Therefore, the T–S fuzzy controller can be rewritten as

u(t) =
l̄

∑
j=1

h j(z j(t)){L−1
f d̂(t)+B−1

2 f [K jS(t)+ Ẍr(t)

−A21Xr(t)−A22iẊr(t)]}. (17)

Then, the following theorem can be concluded.
Theorem 2 Consider the T–S fuzzy controller (17) and

the closed-loop system (16) with the disturbance observer (7).
Given the parameter ε̄0 > 0, λ > 0, if there exist the parame-
ter γ̄s and matrices 𝒬 j,𝒫 > 0, then the following linear matrix
inequalities hold:

𝒬̆i,i < 0, i = 1, . . . , l̄,
1

l̄ −1
𝒬̆i,i +

1
2
(𝒬̆i, j + 𝒬̆ j,i)< 0, 1 ≤ i ̸= j ≤ l̄, (18)

with

𝒬̆i, j =


𝒬̆i, j,11 𝒬̆i, j,12 −NT

1𝒫B2G 0 0
* 𝒬̆i, j,22 −𝒫B2G 0 0
* * 𝒬̆i, j,33 P0M P0E
* * * −γ̄sI 0
* * * * −ε̄0I

 ,
𝒬̆i, j,11 =sym(NT

1𝒫A21 +NT
1𝒬 jN1)+λNT

1𝒫N1,

𝒬̆i, j,12 =NT
1𝒫N1 +NT

1𝒫A22i

+NT
1𝒬 j +AT

21𝒫+NT
1𝒬T

j +λNT
1𝒫,

𝒬̆i, j,22 =sym(𝒫N1 +𝒫A22i +𝒬 j)+λ𝒫,

𝒬̆i, j,33 =sym{P0(W −LBG)}+λP0 + ε̄0FTF.

Then, the closed-loop system is asymptotically stable and all
signals of the closed-loop system converge to a ball.
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Moreover, if the above conditions are feasible, then the
gain of the controller (17) can be calculated by

K j = 𝒫−1𝒬 j. (19)

Proof To verify the feasibility and effectiveness of the
control strategy (17), an appropriate Lyapunov function is se-
lected as

V (t) = ST(t)𝒫S(t)+ w̃T(t)P0w̃(t), (20)

where 𝒫 is a positive definite matrices; P0 > 0 can be defined
in Theorem 1. Thus, along the trajectories of (16), substituting
the disturbance observer (7) and the adaptive law (17) into the
time derivative of (20) yields

V̇ (t) =
l̄

∑
i=1

l̄

∑
j=1

hi(zi(t))h j(z j(t))sym{ST(t)𝒫N1E2(t)

+ST(t)𝒫A21E1(t)+ST(t)𝒫A22iE2(t)

−ST(t)𝒫B2d̃(t)+ST(t)𝒫K jS(t)

+ w̃T(t)P0[W −LBG+∆W (t)]w̃(t)+ w̃T(t)P0Mδ (t)},
(21)

where sym(·) = (·)+(·)T, the symbol (·) replaces any matrix.
Define 𝒱(t) = V̇t + λV (t) − γ2

s δ T(t)δ (t) and 𝒳 (t) =

[E1(t);E2(t); w̃(t);δ (t)]. Then, we can have

𝒱(t) =
l̄

∑
i=1

l̄

∑
j=1

hi(zi(t))h j(z j(t))𝒳 T(t)Qi, j𝒳 (t), (22)

with

Qi, j =


Qi, j,11 Qi, j,12 −NT

1𝒫B2G 0
* Qi, j,22 −𝒫B2G 0
* * Qi, j,33 P0M
* * * −γ2

s I

 ,
Qi, j,11 = sym(NT

1𝒫A21 + NT
1𝒫KjN1) + λNT

1𝒫N1, Qi, j,12 =

NT
1𝒫N1 + NT

1𝒫A22i + NT
1𝒫K j + AT

21𝒫 + NT
1 KT

j 𝒫 + λNT
1𝒫 ,

Qi, j,22 = sym(𝒫N1 + 𝒫A22i + 𝒫Kj) + λ𝒫 , Qi, j,33 =

sym{P0(W+∆W(t)−LBG)}+λP0.
Define ε̄s = ε2

s . Combining Eqs. (7), (18), (19), (22),
Schur complement and Lemma 1, it is obviously obtained that
Qi, j < 0, which implies 𝒱̇i j(t)< 0. Therefore, we can get

V̇ (t)<−λV (t)+ γ
2
s δ

T(t)δ (t)≤−λV (t)+ζ , (23)

where ζ is a positive constant and satisfies δ T(t)δ (t)≤ ζ/γ2
s .

Hence, the solution of the inequation (23) can be derived
as follows:

0 <V (t)≤ exp(−λ t)V (0)+
ζ

λ
[1− exp(−λ t)], (24)

where V (0) = ST(0)𝒫S(0)+ w̃T(0)P0w̃(0).

Combining Eqs. (20) and (24), we can have 0 < V (t) ≤
ζ/λ , which implies

|S(t)| ≤

√
ζ

λ λ̄ (𝒫)
, |w̃(t)| ≤

√
ζ

λ λ̄ (P0)
, (25)

where λ̄ (·) denotes the maximum eigenvalue of a matrix.
Thus, we obtain that the signals of the closed-loop system con-
verge to a ball, whose radii are decided by Eq. (25). The proof
is completed.

Remark 7 According to Theorem 2 and Eq. (25), it is
noted that the size of |S(t)| and |w̃(t) can be freely adjusted by
the design parameters λ , ζ and matrices 𝒫 , P0.

Remark 8 Based on the proposed disturbance observer
and the fuzzy fault-tolerant controller, the tracking control
problem is transformed into the problem of solving inequal-
ities. Moreover, if the parameter λ , the characteristic roots of
𝒫 and 𝒬 become smaller, then the convergence performances
of the closed loop system will be reduced. Conversely, if the
parameter ζ becomes smaller, then the convergence perfor-
mances of the closed loop system will be improved.

Remark 9 From Refs. [35,36], the gusts can be calcu-
lated as a cosine function. Consequently, it is reasonable that
the gusts are viewed as the harmonic signal.

Corollary 1 Given the dynamics of high-speed trains (1)
without actuator faults and based on the following disturbance
observer:

{
d̂(t) = Gŵ(t),
ŵ(t) = ν(t)−LcoX(t),

(26)

where ν̇(t) = (W + ∆W (t) − LcoBG)(ν(t) − LcoX(t)) +

Lco(
l̄
∑

i=1
hi(zi(t))AiX(t) +Bu(t)), the fuzzy fault-tolerant con-

troller is designed as

u(t) =
l̄

∑
j=1

h j(z j(t))(d̂(t)+B−1
2 [Ẍr(t)−A21Xr(t)

−A22iẊr(t)+K j,coS(t)]), (27)

where K j denotes the controller gain. With given parameters
ε̄0,co > 0, λco > 0, P0,co > 0, if there exist the parameter γ̄s,co

and matrices 𝒬 j,co,𝒫co > 0, then the following linear matrix
inequalities hold:

𝒬̆i,i,co < 0, i = 1, . . . , l̄,
1

l̄ −1
𝒬̆i,i,co +

1
2
(𝒬̆i, j,co + 𝒬̆ j,i,co)< 0, 1 ≤ i ̸= j ≤ l̄, (28)
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with

𝒬̆i, j,co=

[
𝒬̆i, j,co,1 𝒬̆i, j,co,2

* 𝒬̆i, j,co,3

]
, 𝒬̆i, j,co,2=

 0 0
0 0

P0,coM P0,coE

 ,
𝒬̆i, j,co,3 =

[
−γ̄s,coI 0

* −ε̄0,coI

]
,

𝒬̆i, j,co,1 =

 𝒬̆i, j,11,co 𝒬̆i, j,12,co −NT
1𝒫coB2G

* 𝒬̆i, j,22,co −𝒫coB2G
* * 𝒬̆i, j,33,co

 ,
𝒬̆i, j,11,co = sym(NT

1𝒫coA21 +NT
1𝒬j,coN1)+λcoNT

1𝒫coN1,

𝒬̆i, j,12,co = NT
1𝒫coN1 +NT

1𝒫coA22i

+NT
1𝒬 j,co +AT

21𝒫co +NT
1𝒬T

j,co +λcoNT
1𝒫co,

𝒬̆i, j,22,co = sym(𝒫coN1 +𝒫coA22i +𝒬j,co)+λco𝒫co,

𝒬̆i, j,33,co = sym{P0,co(W−LBG)}+λcoP0,co + ε̄0,coFTF.

Then, the closed-loop system is asymptotically stable and all
signals of the closed-loop system converge to a ball.

Moreover, if the above conditions are feasible, then the
gain of the controller (17) can be calculated by

K j,co = 𝒫−1
co 𝒬 j,co. (29)

The proof of Corollary 1 can refer to Theorem 2, which is
omitted here.

4. Simulation results
In this section, for the sake of verifying the effective-

ness of the proposed fuzzy fault-tolerant controller in The-
orem 2, simulation experiments can be given, based on the
following parameters of high-speed trains with n = 8 car-
riages: co = 0.01176 N/kg, cv = 7.77616×10−4 N · s/m ·kg,
ca = 1.6 × 10−5 N · s2/m2 ·kg, g = 9.82 m/s2, k = 80000,
l f
1 = 0.2, l f

2 = 1, lf
3 = 0.6, lf

4 = 0.5, l f
5 = 0.1, l f

6 = 0.8,
l f
7 = 1, l f

8 = 0.02, m1 = 65000 kg, m2 = 70000 kg, m3 =

72000 kg, m4 = 54000 kg, m5 = 70000 kg, m6 = 71000 kg,
m7 = 50000 kg, m8 = 48000 kg. We select Σ(t) = 0.01sin t,
M′ =

[
1 1

]
, C′

w =
[

1 1
]
, E ′ =

[
0.3142 0.3142

]
and F ′ =[

0.1571 0.1257
]
. Meanwhile, in order to facilitate the sim-

ulation, we select l̄ = 2, and define z1(t) = ˙̄x1(t)− ˙̄xr1(t),

h1(t) = 1− z2
1(t)

2.25 , h2(t) = 1−h1(t).
The designing parameters are chosen as γ = 1, λ = 0.02.

By applying the above parameters, the solutions of the in-
equality (11) can be obtained as follows: ε̄0 = 1.5194, L =[

02×8 L1 L2
]
, P0 =

[
1.0726 −0.5684
−0.5684 0.8438

]
,

L1 =

[
0.6856 0.7160 0.7353 0.9883
0.7012 0.7324 0.7521 1.0109

]
,

L2 =

[
0.9160 0.5063 0.5366 1.1297
0.9369 0.5178 0.5488 1.1555

]
.

Combining with the parallel distributed compensation
theory, one can take the solutions of the inequality (11) in
Theorem 1 as a known quantity and substitute them into the
inequality (18) in Theorem 2. Then, one can obtain

K1 = 104 ×
[

K111 0
0 K112

]
, K2 = 104 ×

[
K211 0

0 K212

]
,

K111 =


−2.4 0 0 0

0 −2.4 0 0
0 0 −1.2 0
0 0 0 −2.4

 ,

K112 =


−1.2 0 0 0

0 −1.2 0 0
0 0 −2.4 0
0 0 0 −2.4

 ,

K212 =


−1.2 0 0 0

0 −1.2 0 0
0 0 −2.4 0
0 0 0 −2.4

 ,

K211 =


−0.88576 0 0 0

0 −2.4 0 0
0 0 −1.2 0
0 0 0 −2.4

 .
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Fig. 2. Desired position and velocity tracking curves for high-speed trains.
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On the basis of the above simulation conditions, the de-
sired running curves and the modeled disturbance states are
shown in Figs. 2 and 3. We define the initial value of the
system and the disturbance observer as 0. To compensate
the modeled disturbance, the disturbance observer is designed,
whose states can be described as shown Fig. 4, which proves
that the proposed disturbance observer in Eq. (7) can well
estimate the harmonic interference signal, i.e., the proposed
disturbance observer is feasible and effective. Figures 5–8
describe the running curves of high-speed strains with the
proposed fault-tolerant control scheme. Here, Figs. 5 and 6
demonstrate the position tracking errors of high-speed trains,
and Figs. 7 and 8 demonstrate the velocity tracking errors of
high-speed trains, which imply that the actual position and ve-
locity curves can track the desired position and velocity curves
well, i.e., the presented control scheme is feasible and effec-
tive. Comparing Figs. 5 and 6 with Figs. 7 and 8, we can obtain
that the convergence time of velocity tracking error is shorter
than that of position tracking error of carriage i, i = 1,2, . . . ,8.
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Fig. 4. State estimate error curves for the disturbance observer.
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Fig. 5. Position error curves of the i-th carriage for high-speed trains,
i = 1,2,3,4.

Moreover, comparing the simulation results with the
robust adaptive nonsingular terminal sliding mode control
scheme in Ref. [9] for the same parameter settings, such as the

total mass and Davis’ coefficients, we can obtain that in this
paper the position tracking accuracy and the velocity racking
accuracy can be increased to 10−5 and 10−4. Consequently,
we can reach the higher tracking accuracy of position and ve-
locity by using the proposed fuzzy fault-tolerant driving strat-
egy of high-speed trains.
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5. Conclusion
In this paper, a novel dynamical model with Takagi–

Sugeno fuzzy rulers is proposed for high-speed trains subject
to actuator faults and multiple disturbances, which is based
on the traditional multi-mass point model. To compensate the
modeling disturbance, the exogenous system whose states are
unknown is introduced. The disturbance observer is designed
to observe the unknown states. Combining the disturbance
observer and the parallel distributed compensation theory, we
propose a controller rulers-based T–S fuzzy fault-tolerant drive
strategy for high-speed trains with actuator faults and multiple
disturbances. The feasibility and effectiveness of the distur-
bance observer and the drive scheme can be proved by sim-
ulation results. In the near future, research of the coopera-
tion fault-tolerant control for multiple high-speed trains will
be conducted, based on the proposed fuzzy fault-tolerant con-
trol scheme.
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