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Multiple mixed state variable incremental integration for
reconstructing extreme multistability in a novel memristive
hyperchaotic jerk system with multiple cubic nonlinearity

Meng-Jiao Wang(王梦蛟)† and Lingfang Gu(辜玲芳)

School of Automation and Electronic Information, Xiangtan University, Xiangtan 411105, China

(Received 15 April 2023; revised manuscript received 2 June 2023; accepted manuscript online 13 June 2023)

Memristor-based chaotic systems with infinite equilibria are interesting because they generate extreme multistabil-
ity. Their initial state-dependent dynamics can be explained in a reduced-dimension model by converting the incremental
integration of the state variables into system parameters. However, this approach cannot solve memristive systems in the
presence of nonlinear terms other than the memristor term. In addition, the converted state variables may suffer from a
degree of divergence. To allow simpler mechanistic analysis and physical implementation of extreme multistability phe-
nomena, this paper uses a multiple mixed state variable incremental integration (MMSVII) method, which successfully
reconstructs a four-dimensional hyperchaotic jerk system with multiple cubic nonlinearities except for the memristor term
in a three-dimensional model using a clever linear state variable mapping that eliminates the divergence of the state vari-
ables. Finally, the simulation circuit of the reduced-dimension system is constructed using Multisim simulation software
and the simulation results are consistent with the MATLAB numerical simulation results. The results show that the method
of MMSVII proposed in this paper is useful for analyzing extreme multistable systems with multiple higher-order nonlinear
terms.

Keywords: extreme multistability, hyperchaotic, jerk system, nonlinearity
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1. Introduction
In recent years, chaotic systems have gradually become

a popular issue in nonlinear scientific research due to their
complex phenomena in nonlinear systems.[1–10] In general, a
system with one positive Lyapunov exponent (LE) is called a
chaotic system and a chaotic system with at least two Lya-
punov exponents (LEs) greater than zero is called a hyper-
chaotic system.[11–13] Hyperchaos belongs to a kind of chaos
but since hyperchaotic systems have at least two positive LEs,
their dynamical behavior folds and expands in more directions,
and the dynamic properties of hyperchaotic systems are more
complex than those of chaotic systems. Therefore, they have a
wider prospect for application.[14,15]

The phenomenon of initially correlated multistability is a
unique phenomenon for nonlinear dynamical systems and is
essential in the search for potential uses in chaotic engineer-
ing applications.[16–18] Multistability is the property of multi-
ple different types of attractors coexisting under the same set
of system parameters.[19–23] In other words, when the system
parameters are fixed, different initial conditions will induce
the system to enter different orbits, resulting in very differ-
ent attractors.[24,25] When the number of coexisting attractors
in the same set of parameters tends to infinity, then the sys-
tem has extreme multistability.[26] Multistability is an intrinsic
property of many nonlinear systems and it allows the system
to switch between different states without adjusting the pa-

rameters, thus increasing the flexibility of the system. Con-
sequently, multistability has become an important research
topic.[22,23] Moreover, due to the complexity of hyperchaotic
systems, the discovery of extreme multistable hyperchaotic
systems is relatively rare.

Due to the special intrinsic structure relationship of ideal
memristors, chaotic systems based on memristors usually ex-
hibit extreme multistability phenomena. They generally have
no equilibrium points or have line equilibrium points[27–29] or
surface equilibrium points[30,31] related to the initial condi-
tions; therefore, they are difficult to operate stably in the long
term. Since memristors are often described as dynamic com-
ponents in the flux-charge domain, the flux and charge can be
used as state variables of the system and modeled in a reduced-
order form for memristor circuits, which can effectively sim-
plify the system analysis. With this transformation, the initial
values of the primitive system can be represented as parame-
ters of the reduced-order system, and the initial relevant dy-
namical behavior of the primitive system can be shown in the
flux-charge domain. Therefore, the incremental flux-charge
analysis method[33,34] can easily be used in the study of rela-
tively complex memristive circuits.

Based on the duality of circuit variables,[35] memristive
chaotic circuits made up of linear discrete electronic compo-
nents can easily be modeled as flux-charge. Since flux and
charge are time integrals of voltage and current, the basic prin-
ciple of flux analysis methods is the incremental integral trans-
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formation of state variables,[31] so memristive systems with
normalized state variables can be modeled using the incre-
mental integral transformation for order reduction. However,
since the integration of higher-order nonlinear terms is difficult
to express explicitly, this method can only deal with mem-
ristor systems without complex nonlinear terms other than
memristors.[28]

To address both of these issues, a hybrid state variable
incremental integration (HSVII) method consisting of incre-
mental integral transformations of state variables and linear
transformations has been proposed in Ref. [28]. In this pa-
per, a multiple mixed state variable incremental integration
(MMSVII) method is proposed based on the HSVII method
to solve amnesiac hyperchaotic jerk systems with multiple
distinct cubic nonlinear terms. The validity of the proposed
method is demonstrated with a four-dimensional memristive
hyperchaotic jerk system with two distinct cubic nonlineari-
ties. This four-dimensional amnestic hyperchaotic jerk sys-
tem has three line equilibria and a large number of coexisting
attractors. As a result, it is not easy to measure stably in a
hardware circuit. Using the proposed method, the incremental
integral transformation is carried out first, and then the integral
of the cubic nonlinear term is represented by the newly intro-
duced state variable. However, the new mapping suffers from a
certain degree of divergence in the different state variables. In
addition, in combination with the characteristics of the equa-
tion, the difference between the 1st and 5th state variables and
the sum of the 3rd and 4th state variables are selected as the
two new state variables, respectively. Through this method,
the divergence problem has been successfully solved and a
three-dimensional reduced-dimension system has been con-
structed, which facilitates the mechanistic analysis and phys-
ical measurements of the initial state-dependent dynamics of
the primitive system. Numerical simulations and simulation
experiments demonstrate that the coexisting attractors of the
initial four-dimensional memristive hyperchaotic jerk system
varying with the initial state of the memristive can be visual-
ized in the reduced-dimension system.

In this paper, a four-dimensional memristive hyperchaotic
jerk system is proposed in Section 2, whose extreme multi-
stability phenomena are revealed numerically by bifurcation
diagrams, LEs spectra, and phase diagrams. In Section 3, a
dimensionality reduction model of this dimensional memris-
tive jerk hyperchaotic memristive system is constructed based
on the HSVII. The mechanism for the generation of the ini-
tial correlation dynamics is explored by analyzing the stability
of the equilibrium point. Finally, in Section 4, simulation cir-
cuit experiments are carried out to verify the theoretical and
numerical results.

2. A memristive hyperchaotic jerk system with
three linear equilibrium points

2.1. Mathematical models

The American scientist Sprott proposed the jerk system
in 2000,[36] which is mathematically modeled as ẋ1 = x2,

ẋ2 = x3,
ẋ3 =−x2−βx3 + f (x1) ,

(1)

where β = 0.45–0.7, when f (x1) = |x1| − 1, a single scroll
chaotic attractor is produced; when f (x1) = sgn (x1)− x1, a
double-scroll chaotic attractor is produced.

The flux-controlled memristor[37] used in this paper is

q(ϕ) = ϕ− 1
3

ϕ
3, (2)

where q(ϕ) is a nonlinear function and ϕ is magnetic flux.
The incremental memductance function is

W (ϕ) =
dq(ϕ)

dϕ
= 1−ϕ

2. (3)

To verify the characteristics of the memristor, a bipolar si-
nusoidal voltage is applied across the memristor. When the
frequency Fm is 0.5, 2 and 8 for a fixed amplitude Am = 2,
three “8” shaped hysteresis lines are generated, as shown in
Fig. 1(a), and it is found that the flap area of the “8” shaped
hysteresis lines shrinks as Fm increases. When the frequency
is fixed at Fm = 2 and the amplitude Am is 1, 2 and 3, three “8”
shaped hysteresis lines are generated as shown in Fig. 1(b),
and the flap area of the “8” shaped hysteresis lines can be
found to expand as Am increases. In summary, it can be seen
that the model satisfies the fingerprint characteristics associ-
ated with the memristor.
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Fig. 1. The relationship between voltage and current for the memristor.
(a) Am = 2, (b) Fm = 2.

By introducing this memristor into the first equation of
the original jerk system and adding the fourth equation as the
internal equation of state of the memristor, as well as adding
some linear and nonlinear terms to the second and third equa-
tions, a new four-dimensional jerk memristive chaotic system
can be constructed with the following mathematical model:

ẋ1 = (1− x2
4)x2,

ẋ2 = x3 + x3
3,

ẋ3 = x1−ax2− x3−bx3
1− x3

3,

ẋ4 = x2,

(4)
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where parameters a and b are set to 0.68 and 20, respec-
tively, and when the initial conditions of the model are set
to x2(0) = 10−6 and x1(0) = x3(0) = x4(0) = 0, the memris-
tive jerk system generates a double-scroll chaotic attractor, as
shown in Fig. 2.
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Fig. 2. Phase diagram of the double-scroll chaotic attractor generated
by the memristive jerk system when a = 0.68, b = 20, x1(0) = x3(0) =
x4(0) = 0. (a) Phase portrait in the x1–x2 plane. (b) Phase portrait in the
x1–x3 plane. (c) Phase portrait in the x2–x3 plane.

2.2. System dynamics analysis
2.2.1. LEs spectrum and bifurcation diagram

When the initial condition x4(0) of the memristor
changes, the dynamical behavior of the system will also
change greatly. Taking x4(0) as the change parameter, the
bifurcation diagram and the corresponding LEs spectrum are
shown in Fig. 3. It is clear that the stable and unstable state re-
gions reflected by each trajectory in the diagram are consistent.
The system exhibits complex dynamical behaviors, including
periodic attractors, chaotic attractors, proposed periodic at-
tractors, tangential bifurcations, doubly periodic bifurcations,
inverse doubly periodic bifurcations, and crises. Observation
of the LEs spectrum reveals that in the interval (−0.2,0.5), as
x4(0) gradually increases, LE1 is always positive, while LE2
is sometimes positive and sometimes negative, thus alternat-
ing between hyperchaotic and chaotic states of motion of the
system.
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Fig. 3. Bifurcation diagram and LEs spectrum of the memristive jerk sys-
tem with respect to when a= 0.68, b= 20, x2(0)= 10−6, x1(0)= x3(0)=
0. (a) Bifurcation diagram, (b) finite time LEs spectra.

Furthermore, the coexistence bifurcation behavior with
respect to parameter a when the initial conditions of the sys-

tem (1) are set to (0, 10−6, 0, 0) and (0, −10−6, 0, 0), respec-
tively, is shown in Fig. 4. It is not difficult to observe that
within the interval (0.6,1.2), with the increase of the value
of parameter a, the system enters period 1 after experienc-
ing chaos, periodic window, and bifurcation, respectively, and
then enters short chaotic mode through twice period-doubling
bifurcation, and finally reaches the stable point through anti-
period-doubling bifurcation and twice period-doubling bifur-
cation.
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Fig. 4. Bifurcation diagram and LEs spectrum of the memristive jerk sys-
tem with respect to the parameters when a = 0.68, b = 20, x2(0) = 10−6,
and x1(0) = x3(0) = 0. (a) Bifurcation diagram, (b) finite time LEs spectra.

2.2.2. Extreme multistability of system

From the bifurcation diagram and the LEs spectrum, it
can be seen that the initial conditions have a strong influ-
ence on the dynamical behavior of the system and that the
system (1) produces various attractors under different initial
conditions of the memristor, which means that there is extreme
multistability in the system. Some of the typical attractors are
shown in Fig. 5. We can also find that tiny changes in the ini-
tial conditions of the memristor can lead to significant changes
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Fig. 5. Memristive chaotic system with various attractors generated un-
der different initial condition. (a) x4(0) = −0.7, (b) x4(0) = −0.31, (c)
x4(0) =−0.27, (d) x4(0) =−0.23, (e) x4(0) =−0.16, (f) x4(0) =−0.14.
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in the phase diagram of the system, which also reflects the high
sensitivity of chaotic systems to initial conditions.

2.2.3. Equilibrium points and stabilities

Zero the right-hand side of system (1), i.e.,
0 = (1− x2

4)x2,

0 = x3 + x3
3,

0 = x1−ax2− x3−bx3
1− x3

3,

0 = x2.

(5)

For b ≥ 0, it is clear that the equilibrium points of the system
can be given by the following equation:

S+ =

(√
1
b ,0,0,γ

)
,

S0 = (0,0,0,γ),

S− =

(
−
√

1
b ,0,0,γ

)
,

(6)

where γ is an arbitrary constant, so that system (4) has three-
line equilibrium points parallel to the x4-axis. For the Jacobi
matrix at the equilibrium points can be expressed as

Js =


0 1− γ2 0 0
0 0 1 0

1−3bx2 −a −1 0
0 1 0 0

 . (7)

For S0, the characteristic equation of Eq. (7) can be expressed
as

λ
[
λ

3 +λ
2 +aλ + γ

2−1
]
= 0. (8)

For S+ and S−, the characteristic equation of Eq. (7) can be
expressed as

λ
[
λ

3 +λ
2 +aλ +2(1− γ

2)
]
= 0. (9)

It can be found that the position of the trilinear equilibrium
point is determined by the system parameter b and the ini-
tial condition x4(0) of the memristor, while its stability is de-
termined by the system parameter a and the initial condition
x4(0) of the memristor.

-5
-5

5
-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0

0

0.5

1.0

1.5

5

R
e
a
l(
λ
)

Real(λ)

γ

γ

(a) (b)

2

2

0

0

-2

-2

Im
a
g
(λ
)

0

λ

λλ

λ

Fig. 6. For S0, the distribution of eigenvalues about γ . (a) Real, imaginary
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The eigenvalue curves for S0 are shown in Fig. 6, where
λ1 and λ2 are real eigenvalues, λ3 and λ4 are a pair of com-
plex conjugate eigenvalues, and it can be seen from the Fig. 6

that for γ < −1.073 and γ > 1.073, S0 is a saddle focus for
indicator 2; for −1.073 < γ < 1.073, S0 is a saddle focus for
indicator 1. The eigenvalue curves for S+ and S− are shown in
Fig. 7. Similarly, for γ <−0.961 and γ > 0.961, S± is the sad-
dle focus of both indicators 1; for −0.961 < γ and γ > 0.961,
S± is the saddle focus of both indicators 2.
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Fig. 7. For S+ and S−, the distribution of eigenvalues about S0. (a) Real,
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on γ .

3. Dimensionality reduction modeling through
the MMSVII method
System (4) can easily be implemented using resistors, ca-

pacitors, multipliers, and operational amplifiers, but it is diffi-
cult to set up the initial conditions of the system in a hardware
circuit with strict accuracy. To address this issue, we adopt the
MSVII method to reduce the dimensionality of the proposed
four-dimensional memristive hyperchaotic jerk system. This
results in a three-dimensional reduced model that maps the ini-
tial state of the original system to its parameters. The reduced
model can effectively analyze the dynamical behavior mech-
anism and control related to the initial values of the original
system, making it easier to capture the extreme multistability
phenomenon related to initial values in hardware circuits.

3.1. Incremental integral transformations of state vari-
ables

Denoting

Xi(t) =
∫ t

0
x(i)dτ, σi = xi(0), (i = 1,2,3,4). (10)

Integrating system (4) from 0 to t,

x1(t)− x1(0) = X2(t)−
∫ t

0 x2
4(τ)x2(τ)dτ,

x2(t)− x2(0) = X3(t)+
∫ t

0 x3
3(τ)dτ,

x3(t)− x3(0) = X1(t)−aX2(t)−X3(t)
−b

∫ t
0 x3

1(τ)dτ−
∫ t

0 x3
3(τ)dτ,

x4(t)− x4(0) = X2(t).

(11)

From system (4), it is known that ẋ4 = x2, so that∫ t
0 x2

4(τ)x2(τ)dτ in system (11) can be expressed as∫ t

0
x2

4(τ)x2(τ)dτ =
∫ t

0
x2

4(τ)d [x4(τ)] =
1
3
[
x3

4(t)− x3
4(0)

]
. (12)

Integrating both sides of ẋ4 = x2 simultaneously from 0 to t
gives

x4(t)− x4(0) =
∫ t

0
x2(τ)dτ = X2(t). (13)
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The difference of squares formula is then used and simplified
to give

1
3
[
x3

4(t)− x3
4(0)

]
=

1
3
[x4(t)− x4(0)] ·

{
[x4(t)− x4(0)]

2 +3x4(t) · x4(0)
}

=
1
3

X2 ·
[

X2
2 +3 · (X2 +2σ4)

2−X2
2

4

]
=

1
3

X3
2 +σ4X2(X2 +σ4). (14)

Substituting into Eq. (11) gives
Ẋ1 = X2− 1

3 X3
2 −σ4X2(X2 +σ4)+σ1,

Ẋ2 = X3 +
∫ t

0 x3
3(τ)dτ +σ2,

Ẋ3 = X1−aX2−X3−b
∫ t

0 x3
1(τ)dτ−

∫ t
0 x3

3(τ)dτ +σ3,

Ẋ4 = X2 +σ4.

(15)

Clearly the fourth equation in system (15) is independent of
the other three equations, so system (15) can be simplified to

Ẋ1 = X2− 1
3 X3

2 −σ4X2(X2 +σ4)+σ1,

Ẋ2 = X3 +
∫ t

0 x3
3(τ)dτ +σ2,

Ẋ3 = X1−aX2−X3−b
∫ t

0 x3
1(τ)dτ−

∫ t
0 x3

3(τ)dτ +σ3.

(16)

As the special intrinsic structure relation of the memristor,
the higher-order integral terms associated with the memris-
tor can be represented by the state variables of the new map-
ping, whereas for the higher-order terms of the second and
third equations, it is difficult to represent them. To solve this
problem, new state variables can be defined as{

W =
∫ t

0 x3
3(τ)dτ,

V = b
∫ t

0 x3
1(τ)dτ.

(17)

Adding Eq. (17) to system (16) yields a new system of

Ẋ1 = X2− 1
3 X3

2 −σ4X2(X2 +σ4)+σ1,

Ẋ2 = X3 +W +σ2,

Ẋ3 = X1−aX2−X3−V −W +σ3,

Ẇ = (X1−aX2−X3−V −W +σ3)
3 ,

V̇ = b
{

X2− 1
3 X3

2 −σ4X2(X2 +σ4)+σ1
}3

.

(18)

From Eq. (10), the initial value of system (18) is 0. How-
ever, when σ2 = 10−6, σ1 = σ3 = σ4 = 0, the trajectory of
system (18) gradually begins to expand, as shown in Fig. 8.

3.2. Linear transformation of state variables

Looking at Fig. 8, one can see that the system diverges to
some extent in all planes, and a synthesis of Ref. [13], together
with the characteristics of the three equations of the system,
allows for the introduction of three new state variables as

Y1 = 2(X1−V ),

Y2 = X2,

Y3 = 2(X3 +W ).

(19)

Deriving Eq. (19) and substituting it into Eq. (18) gives

Ẏ1 = 2
{

Y2− 1
3Y 3

2 −σ4Y2(Y2 +σ4)+σ1

−b
[
Y2− 1

3Y 3
2 −σ4Y2(Y2 +σ4)+σ1

]3}
,

Ẏ2 = 0.5Y3 +σ2,

Ẏ3 = 2
[
0.5Y1−0.5Y3−aY2 +σ3

+(0.5Y1−0.5Y3−aY2 +σ3)
3
]
.

(20)

Since the initial values X1(0), X2(0), X3(0), and W (0) of the
system (18) are both 0, the initial values Y1(0), Y2(0), and
Y3(0) of the system (20) are also fixed to 0. When the pa-
rameters of system (20) are set to be the same as those of sys-
tem (18), the phase diagram of the system is shown in Fig. 9. It
is clear that the method of dimensionality reduction modeling
of the system proposed in this paper can effectively eliminate
divergence.
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Comparing system (20) with system (4), it can be found
that the final system obtained is related to the initial system (4)
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as 
x1(t) = Ẋ1 = Y2− 1

3Y 3
2 −σ4Y2(Y2 +σ4)+σ1,

x2(t) = Ẋ2 = 0.5Y3 +σ2,

x3(t) = Ẋ3 = 0.5Y1−0.5Y3−aY2 +σ3,

x4(t) = Ẋ4 = Y2 +σ4.

(21)

Let Z1 = x1(t), Z2 = x2(t), Z3 = x3(t), and Z4 = x4(t). The
phase diagrams drawn from the relations described in Eq. (21)
are shown in Fig. 10; it can be noticed that they show the same
topology as the initial system (4).
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Fig. 10. Phase diagram of system (21) when a= 0.68, b= 20, σ2 = 10−6,
and σ1 = σ3 = σ4 = 0. (a) Z1–Z2 plane, (b) Z1–Z3 plane, (c) Z2–Z3 plane.

3.3. Switching equilibrium points and stabilities

Let Ẏ1 = Ẏ2 = Ẏ3 = 0,

0 = 2
{

Y2− 1
3Y 3

2 −σ4Y2(Y2 +σ4)+σ1

−b
[
Y2− 1

3Y 3
2 −σ4Y2(Y2 +σ4)+σ1

]3}
,

0 = 0.5Y3 +σ2,

0 = 2
[
0.5Y1−0.5Y3−aY2 +σ3

+(0.5Y1−0.5Y3−aY2 +σ3)
3
]
.

(22)

Clearly, the equilibrium point of the system (20) can be ex-
pressed as E = (2(aµ−σ2−σ3),µ,−2σ2), when the param-
eters satisfy

µ− 1
3

µ
2− (µ +σ4)σ4µ +σ1 = 0 or

µ− 1
3

µ
2− (µ +σ4)σ4µ +σ1 =±

√
1
b
. (23)

Conversely, when b≤ 0, µ satisfies

µ− 1
3

µ
2− (µ +σ4)σ4µ +σ1 = 0. (24)

When the parameter σ4 is a variable and a = 0.68, b = 20,
σ1 = 0, σ2 = 10−6, σ3 = 0, this gives the Jacobian matrix of

the system at the equilibrium point

Js =

 0 K 0
0 0 0.5
1 −2a −1

 . (25)

By calculation, the characteristic equation can be expressed by
the following equation:

λ
3 +λ

2 +aλ −0.5K = 0, (26)

where K = 2
(
−µ2−2σ4µ +1−σ2

4
)

when µ satisfies µ −
1
3 µ3−(µ +σ4)σ4µ = 0, and when µ satisfies µ− 1

3 µ3+(µ−
σ4)σ4µ =±

√
1/b, K =−4(−µ2−2σ4µ +1−σ2

4 ).
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Fig. 11. The equilibrium point is about the position and stability of the
parameter σ4, (a) E1, (b) E2, (c) E3, (d) E4, (e) E5.

Table 1. The type of the equilibrium points of parameter σ4.

Equilibrium 

points
The range of parameter 4σ

The type of equilibrium 

points

1E index-2 saddle-foci

1E stable saddle-foci 

stable saddle-foci 

stable saddle-foci 

1E index-1 saddle-foci

2E

2E index-2 saddle-foci

2E index-1 saddle-foci

3E

3E index-1 saddle-foci

3E index-2 saddle-foci

4E index-1 saddle-foci

5E index-1 saddle-foci

(-∞,-1.29)    (1.29,+∞)

∩

(-1.29,-1)    (1,1.29)

∩

(-2,-1.97)    (0.671,1)

(-1,1) 

(1,2) 

(-2,1) 

(-0.671,1.97) 

(-2.071,+∞) 

(-1.97,0.671) 

∩

(-1,-0.671)    (1.97,2)

∩

(-1.921,0.4708)    (1.442,+∞)

∩

020504-6



Chin. Phys. B 33, 020504 (2024)

Fig. 12. Multisim simulation circuit diagram for system (20).
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When µ satisfies µ − 1
3 µ3− (µ +σ4)σ4µ = 0, the real

number solution to the equation can be expressed as
µ1 = 0, µ2 =

−3σ4+
√

12−3σ2
4

2 ,

µ3 =
−3σ4−

√
12−3σ2

4
2 , (−2≤ σ4 ≤ 2),

µ1 = µ2 = µ3 = 0, (σ4 ∈ (−∞,−2)∪ (2,+∞)).

(27)

Therefore, when −2 ≤ σ4 ≤ 2, the equilibrium points of the
system (20) are

E1 = (0,0,0),

E2 = (0.68(−3σ4 +
√

12−3σ2
4 ),
−3σ4+

√
12−3σ2

4
2 ,0),

E3 = (0.68(−3σ4−
√

12−3σ2
4 ),
−3σ4−

√
12−3σ2

4
2 ,0).

(28)

Furthermore, when σ4 < −2 or σ4 > 2, the equilibrium point
of the system (20) is E1 = (0,0,0), their positions and stabil-
ities are shown in Figs. 11(a)–11(c) and Table 1. And when
µ satisfies µ− 1

3 µ3− (µ +σ4)σ4µ =±
√

1/b, using the Car-
dano formula, the real number solution to the equation can be
expressed as

µ4 =
3

√
− q1

2 +

√( q1
2

)2−1

+
3

√
− q1

2 −
√( q1

2

)2−1−σ4,

µ5 = ω2 3

√
− q2

2 +

√( q2
2

)2−1

+ω
3

√
− q2

2 −
√( q2

2

)2−1−σ4,

(29)

where q1 = −σ3
4 + 3σ4+3

√
1/b and q2 = −σ3

4 + 3σ4 −
3
√

1/b.
Therefore, the equilibrium points of the system at µ −

1
3 µ3 + (µ − σ4)σ4µ = ±

√
1/b can be expressed as Ei =

(2(aµi−σ2−σ3),µi,−2σ2), where i = 4,5. Through cal-
culation, it can be found that when σ4 ∈ (−1.921,0.4708)∪
(1.442,+∞), µ4 is a constant solution, and when σ4 ∈
(−2.071,+∞), µ5 is a constant solution. The position and
stabilities of the equilibrium points E4 and E5 are shown in
Figs. 11(d)–11(e) and Table 1.

4. Multisim digital circuit implementation

To verify the results of the MATLAB numerical sim-
ulation, a Multisim equivalent circuit for system (20) was
constructed, based on Eq. (20) and the basic operational cir-
cuit modules (summation, integration, inverse, etc.), using an
equivalent circuit model designed with components such as
resistors, capacitors, operational amplifiers, and analog mul-
tipliers. Through Kirchhoff’s laws, we can obtain the circuit

equations of the system (20) can be expressed as

R0C0Y1 =
R
R6

(
R
R1

Y2− R
R2

Y 3
2 −

R
RS

Y 2
2

)
− R

R7

(
R
R1

Y2− R
R2

Y 3
2 −

R
RS

Y 2
2

)3
,

R0C0Y2 =
R
R8

Y3 +
R
R9
,

R0C0Y3 =
R

R10

(
R
R3

Y1− R
R4

Y3− R
R5

Y22

)
+ R

R11

(
R
R3

Y1− R
R4

Y3− R
R5

Y22

)3
,

(30)

where R
R6

= 2, R
R1

= 1−σ2
4 , R

R2
= 1

3 , R
RS

= σ4, R
R7

= 2b, R
R8

=

0.5, R
R9

= σ2, R
R10

= 2, R
R3

= 0.5, R
R4

= 0.5, R
R5

= a, R
R11

= 2,
C1 =C2 =C3 = 33 nF, R12 =R13 =R14 =R15 =R16 = 100 kΩ,
R17 = R18 = R19 = 50 kΩ, R20 = R21 = R22 = R23 = R24 =

R25 = R26 = R27 = R28 = R29 = 10 kΩ. So we can ob-
tain RS = R

σ4
, R1 = 100

1−σ2
4

kΩ, R2 = 300 kΩ, R3 = 200 kΩ,

R4 = 200 kΩ, R5 = 100
a kΩ, R6 = 50 kΩ, R7 = 100

2b kΩ,
R8 = 200 kΩ, R9 = 100

σ2
kΩ, R10 = 50 kΩ and R11 = 50 kΩ.
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The circuit diagram and simulation results for system (20) are
shown in Figs. 12 and 13. In addition, the phase diagram of
the system (20) was also numerically simulated for different
values of σ4, as shown in Figs. 14(a)–14(f).

5. Conclusion
In this paper, a four-dimensional memristive hyperchaotic

jerk system is obtained by adding an ideal memristor to the
jerk chaotic system. This four-dimensional memristive hyper-
chaotic jerk system has three equilibrium points controlled by
the system parameters b and the initial condition x4(0). Thus,
with the system parameters a and b held constant, the system
generates multiple coexisting attractors as the initial value of
the memristor changes, resulting in an extreme multistability
phenomenon.

To explain the control mechanism of extreme multista-
bility phenomena from within, this paper uses a method con-
sisting of incremental integral transformations of state vari-
ables and linear transformations to reconstruct and model
this memristive jerk system, successfully constructing a three-
dimensional reduced-dimension system that maintains the dy-
namics of the original four-dimensional system. A phase di-
agram based on the relationship between the primitive sys-
tem and the reduced-dimension system then reveals that the
method can be very effective in solving the divergence prob-
lem arising from the newly mapped state variables. Finally,
based on this reduced-dimension model, extreme multistabil-
ity phenomena with a large number of coexisting attractors are
explained by analyzing the deterministic equilibrium points of
the system. In addition, Multisim simulated circuit simula-
tions of the reduced-dimension system are carried out, and the
simulation results are in agreement with the MATLAB numer-
ical simulation results.
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